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Near horizon OTT black hole asymptotic symmetries and soft hair”
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Abstract: We study the near horizon geometry of both static and stationary extremal Oliva Tempo Troncoso (OTT)

black holes. For each of these cases, a set of consistent asymptotic conditions is introduced. The canonical generator

for the static configuration is shown to be regular. For the rotating OTT black hole, the asymptotic symmetry is
described by the time reparametrization, the chiral Virasoro and centrally extended u(1) Kac-Moody algebras.
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1 Introduction

The long-standing problem of the origin of black hole
entropy is one of the most important open questions in
contemporary physics. There are many proposals for in-
terpreting the black hole entropy and the corresponding
micro-states, such as: entanglement entropy [1], fuzz-ball
[2] or soft hair on the horizon [3, 4]. The issue has also
been the starting point of many ingenious discoveries,
the most impressive of which is the holographic nature
of gravity [5].

Holographic duality [6] states that the gravitational
theory in an asymptotically anti de Sitter (AdS) space-
time is dual to a non-gravitational theory defined on the
conformal boundary of space-time. Although it is still a
conjecture, there is a large number of results supporting
this statement. Let us mention, for the purpose of this
paper, that holographic duality offers many insights into
the black hole physics, including the black hole infor-
mation paradox and the origin of the black hole micro-
states. In fact, holography provides a a way to derive the
black hole entropy from the near horizon micro-states
via the Cardy formula [7], whose applicability crucially
relies on the existence of 2D conformal symmetry as a
subgroup of the asymptotic symmetry group. In spite
of this, the present understanding of the holographic du-
ality is not sufficient for the most general purpose, and
we need further generalizations. A notable progress rep-
resents the derivation of the Cardy-like formula in the
Warped Conformal Field Theory (WCFT), see ref. [8].

A particularly interesting generalization is given in
[9], where the authors propose that the extremal Kerr
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black hole is dual to the chiral 2D CFT. There are in-
dications that this chiral CFT should arise as Discrete
Light Cone Quantized (DLCQ) [10]. More precisely, the
extremal black hole, non necessarily Kerr-like, possesses
an intriguing feature that its near horizon geometry is
an exact solution of the theory. This allows to study the
physics on the horizon by investigating the properties of
the near horizon geometry. For a review of the subject
see [11].

In this article, we analyse the near horizon limit of
a black hole with soft hair known as the Oliva-Tempo-
Troncoso (OTT) black hole [12], which is the solution of
the BHT gravity [13], as well as of the Poincaré gauge
theory of gravity [14] for the special choice of action pa-
rameters. The leading idea of this analysis is a study of
the influence of the hair parameter on the micro-states
of the extremal black hole. The obtained near horizon
geometries exist, without any reference to the extremal
black hole, as independent solutions and are important
on their own.

We first analyse the static OTT black hole, which
becomes extremal for the specific value of the hair pa-
rameter, and obtain the corresponding near horizon ge-
ometry. We then study the asymptotic structure of the
near horizon geometry and obtain the asymptotic sym-
metry group.

We continue with a study of the rotating OTT black
hole which can be made extremal in two different ways:
either by tuning the hair parameter or the angular mo-
mentum. The solution obtained by tuning the hair pa-
rameter, surprisingly, leads to the same near horizon ge-
ometry as in the non-rotating case. The extremal OTT
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black hole with maximal angular momentum leads to
a geometry with a richer structure. We conclude that
the asymptotic symmetry is a direct sum of the time
reparametrization, the Virasoro algebra and the centrally
extended u(1) Kac-Moody algebra. The entropy of the
extremal rotating OTT black hole can be expressed in
terms of the central extension of the Kac-Moody algebra
and the on-shell value of the zero mode Virasoro gener-
ator
1 on—shell
§LO K. (1)
Our conventions are the same as in Ref. [14]: the
Latin indices (,7,k,...) refer to the local Lorentz frame,
the Greek indices (u,v,p,...) refer to the coordinate
frame, e’ is the orthonormal triad (coframe 1-form), w*
is the Lorentz connection (1-form), the respective field
strengths are the torsion T?=de'+w’,,Ae™ and the cur-
vature RY =dw"+w*, Aw* (2-forms), the frame h; dual
to e is defined by h; e’ =47, the signature of the metric
is (+,—,—), totally antisymmetric symbol €¥* is normal-
ized to €2 =1, the Lie dual of an antisymmetric form
X is X;:=—¢;;#X7%/2, the Hodge dual of a form « is
*a, and the exterior product of forms is implicit.

S=2r

2 Conformally flat Riemannian solutions
in PGT

In the sector with a unique AdS ground state, the
BHT gravity possesses an interesting black hole solu-
tion, the OTT black hole [12]. One of the key features
of this solution is its conformal flatness, such that it is
also a Riemannian solution of PGT in vacuum [14], for
the special choice of the Lagrangian parameters.

The general parity preserving Lagrangian 3-form of
PGT, which is mostly quadratic in field strengths is given
by:

o1 o
LG = —QofijkelRJk—§A0€ijkelejek+LT2+LR2,
LT2 = Ti* (CL1(1)Ti+a2(2)Ti+a3(3)Ti),
1_.. 5
Liz = 5 R (0 Ryy+b5" Ry +b6* Ry ). (2)

where (7T, and (“R;; are irreducible components of the
torsion and the RC curvature, see [15], ap=1/167G, A,
is a cosmological constant, and (a1,as,a3) and (by,by,b3)
are the coupling constants in the torsion and the curva-
ture sector, respectively. In [14], it was shown that any
conformally flat solution of the BHT gravity (in partic-
ular the OTT black hole) is also a Riemannian solution
of PGT, provided that

The conformal properties of 3D spacetime, where the
Weyl curvature vanishes identically, are characterized

by the Cotton 2-form C* [16], defined by C*:= VL' =
dL'4w*,, L™ where L™:=Ric™—1Re™ is the Schouten 1-
form. The conformal flatness of space-time is expressed
by the condition C*=0.

By using the BHT condition that ensures the exis-
tence of the unique maximally symmetric background
[14], the identification (3) can be expressed in the fol-
lowing way:

Aoz_a0/2€2, b4:2a0€2. (4.)

3 Canonical generator and conserved
charges

The usual construction of the canonical generator
of the Poincaré gauge transformations, including diffeo-
morphisms and Lorentz rotations [17], makes use of the
canonical structure of the theory. The construction can
be substantially simplified by using the first order for-
mulation of the theory, in which the Lagrangian (3-form)
reads:

) |
LG:TlTi“I‘iRZin]‘_V(e,T,p),

see [15]. In this formulation, 7™ and p,;; are indepen-
dent dynamical variables, the covariant field momenta
conjugate to e' and w. The presence of the potential
V ensures the validity of the on-shell relations 7, = H;
pi; =H;;. These relations can be used to transform L
into its standard quadratic form (2).

The construction of the canonical generator G in the
first order formulation can be found in [15]. The action
of G on the basic dynamical variables is defined via the
Poisson bracket operation, so that G has to be a differ-
entiable phase space functional. The examination of the
differentiability of G starts from its variation

5G = — / P2(6G,+0G,),
b3}

0G, = 6“*’85“(eiuaa5Tig+wiuaa6pi5+TiM8aéei6
+piu8a5ww)+7€, (5a)
8Gy = £"°P0'0,0pis+R. (5Db)

Here, X is the spatial section of spacetime, the variation
is performed in the set of adopted asymptotic states, R
stands for regular (differentiable) terms, and we use p°
and w?, the Lie duals of p,,, and wy,, to simplify the
formulas. Diffeomorphisms are parametrized by £*, and
the parameters of local Lorentz rotations are 6.

The explicit form of the generator of Lorentz rota-
tions, see [15], implies that there is only one possible non-
regular term on the rhs of the variation of the Lorentz
rotations generator G, which is of the form (5b).

In general G # R, so that G is not differentiable.
This problem can be, in principle, easily solved by go-
ing over to the improved generator G := G+T, where
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the boundary term I' is constructed so that SG=R. By
making a partial integration in G, one finds that T is
defined by the following variational equation

6:[‘ = 5F1+5F27
ory, = / " (eiu&—i"‘wiuépi+Tiuéei+piuéwi)’ (6a)
P

15}
o)

In many cases the asymptotic conditions ensure the
regularity of the Lorentz rotations generator and I';=0.
However, it is worth noting that in the particular prob-
lem we are solving the contribution of the surface term
of the Lorentz rotations generator is non-trivial, as we
shall see in section 5.2.

(6b)

4 Static OTT black hole orbifold

Extremal static OTT black hole. The metric of the
static OTT black hole is given by:

ds*=N?dt*— N 2dr’ —r’dy?, (7)
2

where N2=— u—i—br—i—Z—z. Black hole horizons are located
at:

Ti:% (—béziﬂ\/M) :

The black hole is extremal if the horizons coincide,
r, =7_. This condition is satisfied when b?¢*+4u = 0.
Let us note that the existence of the extremal black hole
horizon implies b<0.

Orbifold. Let us now consider the following coordinate
transformation:
t
t—=,
€

(8)

r—rytep.

The metric now becomes:

o PP B, 27 2
In the limit £ =0, the metric (with the prescription p—r)

reads:
2

dz_r de? £2d2 2 42
8_6_2 t—T—Qr—r+go.
It represents a perfectly regular solution, an orbifold.

We choose the triad fields in the simple diagonal form:
14

el=-dr,
r

(9)

eO:idt7

14

The Levi-Civita connection that corresponds to the triad
field reads

e?=r,dep. (10a)

(10D)

The curvature 2-form has only one non-vanishing com-
ponent:
1
R°=0, R*=—¢"",

R'=0, (11a)

2
the scalar curvature is constant, R = 7 and the Ricci

and Shoutten 1-forms are given by:

0 1
Ricoz%, Riclz%, Ric*=0,
e el e?
T Mo e (D)

The solution is conformally flat (as the OTT black hole),
i.e. the Cotton 2-form C*=VL* vanishes and solves the
equations of motion of both BHT gravity and PGT in
the sector by+2bs=0.

4.1 Asymptotic conditions

Let us consider the following asymptotic conditions
for the metric in the region r— oo:

0. 0, O
£2
G~ | O —=+05 0 | (12)
T
0, 0, 0

where O,, denotes a term with an asymptotic behaviour
r~" or faster. In accordance with (12), the the triad
fields behave as:

O, 05 0O,

i 14
€ 12 ~ (91 ; +02 OO
O, 0, O

The condition T% =0, together with (13), gives the fol-
lowing asymptotic behaviour of the spin connection

0, 0, O,
wiMN Ol 03 Ol
O_, O3 O,

(13)

(14)

The diffeomorphisms that leave the metric (12) invariant
are given by:

gt = T(t)+037
§" = rU(p)+0,
£7 = S(p)+0i. (15)

Lorentz transformations that leave the asymptotic
conditions invariant are

60202, 91:(92, 92:(92. (16)

In terms of the Fourier modes £, :=dy(S =€"¢) and
Jn:=00(U=€""%), the algebra of the residual gauge trans-
formations takes the form of a semi-direct sum of the
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Virasoro and the Kac-Moody algebras:

[l ln] = —i(m—n)lpin,
[émajn] = injm+n7
[jnajm] = 0. (17)

4.2 Algebra of charges

The gauge generator is not a priori well-defined be-
cause, for given asymptotic conditions, its functional
derivatives may be ill-defined, as already mentioned in
section 3. This problem can be solved by constructing
an improved generator, which includes suitable surface

terms [18]. Since our solution is Riemannian, 7;=0, re-
lation (6b) reduces to:
6G:/ f”(wiuépi—l-pi#&ui) (18)
o

For the particular asymptotic conditions adopted in
this paper, we conclude that the gauge generator is differ-
entiable, so that there is no need for adding any surface
term,

I'=0. (19)

As a consequence, both the central charge of the Vira-
soro algebra and the level of the u(1) Kac-Moody algebra
both vanish.

5 Near-horizon geometry of rotating
OTT

Rotating OTT black hole. The rotating OTT black
hole is defined by the metric

ds’=N?dt*—F2dr’—r*(dp+N,dt)?, (20a)
where
H H? b b20?
F= =t ()= (1- )’ —pn,
14 16
be?
N=AF A=14+—(1—
, g ()
l
v =52 1—n?(p—bH),
ME b2t
H= 7"2—7(1—77)—?(1—77)2 (20b)

The roots of N=0 are

o=ty <__ﬁ b"f).

The metric (20) depends on three free parameters, p, b
and 7. For n =1, it represents the static OTT black
hole, and for b=0, it reduces to the rotating BTZ black
hole with parameters (m,j), such that 4Gm := p and

4Gj:=pl/1—n?2.

The conserved charges of the rotating black hole take
the following form:

_ 1 292
E_4G<+b€> (21a)
J = 0/T-2E. (21b)

The rotating OTT black hole is a three-parameter
solution, so that the extremal limit can be achieved in
two different ways. The first is the same as in the non-
rotating case, by requiring 4u+0%¢> = 0. As a simple
consequence, the resulting geometry is the same as if the
black hole were non-rotating. This is not a surprising re-
sult if we note that both energy and angular momentum
vanish in this case.

The second way to obtain an extremal black hole is
to take n=0, which means that angular momentum takes
the maximal possible value. This corresponds to the
usual procedure for the Kerr black hole.

The horizon is located at

N ==

ro= 22
The coordinate change is given as
r—roter
t
t— = (23)
R t
SO SD 662 :

An interesting departure from the usual redefinition of
the coordinates in literature is that, in order to obtain a
non-singular metric, we have to scale the time coordinate
with the same parameter as used in the rescaling of the
radial coordinate but to the power of minus two, instead
of the standard minus one.

After changing the coordinates and taking the limit
e—0, we obtain the near-horizon metric

32(b202+4p) r* & 16r2  \?
d82 Tﬂjdt2 —d ’f'g dQD— 205 dt 5
(24)
. 67 P
ds®=2r2 EYE dtde ——dr —r2dy®. (25)

It is convenient to further rescale the time coordinate
and obtain a more convenient form of the metric

2r2r,
12
We again choose the triad fields in the diagonal form

ds?=

2
dtd(p—f—Qde—ng(pz. (26)

2
o_T .
e ——gzdt, e —;dr, =7

The Levi-Civita connection is given by:

5 dt rodp.  (27)

2 1 0

2¢° e e e
6‘101:_7_’_77 W02 — R 12 = (28)
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The solution is maximally symmetric and therefore we
have:

% ei

02 202’

The rotating OTT black hole for b=0 reduces to the
rotating BTZ black hole. What can be said about the
corresponding near-horizon geometries? If we introduce
p=r?, we obtain a near-horizon BTZ black hole geome-
try with two times smaller ¢, and a different r, [11]. The
only trace of the hair parameter is hidden in 7y, and it
will lead to different values of the central charges. Thus,
we are able to recover the results for the near-horizon
BTZ black hole geometry from those of the OTT black
hole, but not by simply taking b=0.

Ri=—¢'¢’, Ric'= L Ci=0.

(29)

5.1 Asymptotic conditions

We consider the following asymptotic form of the
metric

O, 05 O
€2

Oy ——+0, O,
T

0, O O

(30)

Guv ™

The asymptotic form of the triad fields is chosen in ac-
cordance with the asymptotic behaviour of the metric
(30)

T2
—+0, 05 O

12
€ O =405 O, (31)
r? "
£—2+(91 Os O
The asymptotic form of the spin connection reads
T2
7 +0, 0Oy O
; 1
W'y~ Oo —;+02 O, (32)
2

r

FTO 0. O,

The condition of vanishing torsion T?=0, together with
(31) and (32), leads to the following constraints

W 4wl=0s5, (33a)
1
w2 =0, (33b)
0 e2
; _7“’—1—0.;1—0.)@:(’)2, (33¢)
62
wi—f_(’)l, (33d)
0
wg—fz(’)l. (33e)

The diffeomorphisms that leave the metric (30) invariant
are given by

£ = T(t)+0s,
57‘ = TU((p)_'—Ola
§7 = S(p)+0.. (34)

Lorentz transformations that leave the asymptotic form
of the triads and the spin connection invariant are

2
0° = 0, L +0,,
e s

2

0! = ——+0,£'+04,
r
2 € o o
0° = a&ﬁ +0,. (35)
5.2 Algebra of charges
The improved generator is given by
G=G+T. (36)

A direct calculation yields the surface term

2m 7'2 60 62
il o)

(@)’ seist (2U () +OT(E))e (37)

The charge is finite due to the conditions that follow from
the constraint T"=0. By using the composition law for
the local Poincaré transformations

" = 70,8 =€ DuE",
6//1‘ — Eijkejelk+€aaa9/i_é—/aaaei (38)

we derive the Poisson bracket algebra for the improved
canonical generators (which are also well-defined [19]).
The Virasoro algebra is not centrally extended

{L.,L,} = —i(m—n)Lin,
{Lm,Jn} = indpin,

(39)
(40)

whereas the Kac-Moody algebra does have a central
charge K

{TmsIn } =—116TaeM07 10,05 (41)
whose value is
=16mao=—. 42
K=16mao= (42)
For related studies, see [20, 21].
e

The entropy of the extremal OTT black hole S= e

can be reproduced in terms of purely algebraic quantities
via a peculiar formula

/1
S:2ﬂ' iLgnfshellKJ’

(43)
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where Lg* """ i the value of the Virasoro generator L,
on the shell

on—shell __ i

0 C2UG’
The entropy formula has a striking resemblance to the
entropy formula of [8]. In our case Jg" " =0, so that
our formula is a consequence of the general expression
for entropy in WCF'T if

) s

Ly~ =—c. 45
0T 3 (45)

One might intuitively expect that the formula for the
black hole entropy in WCFT should correctly reproduce
the entropy of an extremal OTT black hole. The expec-
tation relies on the resemblance of the algebra (39), (40)
with the Euclidean WCFT algebra, and it is anticipated
that the same derivation as in [8] holds in our case.

(44)

6 Sugawara-Sommerfeld construction

It is well-known that the Virasoro algebra can be con-
structed as a bilinear combination of the elements of the
Kac-Moody algebra. We apply this procedure, known as
the Sugawara-Sommerfeld construction [22], to the alge-
bra obtained in the previous section.

First we introduce the auxiliary operators

1
K=o ZJiJn,i, (46)
which obey the following commutation relations
H{ Kyt = —ndimin, (47)
K, K} = (m=n) Ky in, (48)
H{Km, Lo} = (m—n)K 0. (49)

Then, we define generators of the first Virasoro algebra
as

LF=L,—K,, (50)
which satisfy the commutation relations
H Iy I} = EMOpmino, (51)
i{Jm, LE} = 0, (52)
H{ Ly, Ly} = (m=n)Ly ... (53)

The generators of the second Virasoro algebra are defined
as

L
Li:—K?n—Z’naJ,n"';_llén,O' (54‘)

L
n

The generators L
Virasoro algebras

and LY define the two commuting

L
i{LY LEY = (m—n)L" +%m(m2—1)5m+n,07(55)

m—+n
Ly, Ly} =0, (56)
z{Li?LS} = (m_n)L$n+n7 (57)

with central charges

c"=12ra?, c=0. (58)

In theories with conformal symmetry, it is well-known
that entropy can be reproduced by the Cardy formula.
Sugawara-Sommerfeld construction includes an arbitrary
parameter «, whose value is fixed by requiring that the
Virasoro algebra satisfies certain canonical relations. We
shall fix it by requiring that the Cardy formula

LL L LR R
S=271/ 060 +omy/ 066 , (59)

reproduces entropy correctly. For the orbifold, the values
of the Virasoro zero modes are

S 60
T 247 0 uG’ (60)
which implies that the Cardy formula, in combination
with (58), gives the entropy

Ly

L
S:%:%na?. (61)

Consequently, we get

o’ =25 (62)

7 Thermodynamics at extremality

There is an equivalent Cardy formula in which, in-
stead of using the background values of the Virasoro zero
modes, one uses the temperature. Thus, the required
additional piece of information is the temperature of the
dual CFT, which may be derived from the black hole
thermodynamics.

We start from the first law of black hole thermody-
namics

where J is the angular momentum, €2 is the angular ve-
locity, ¢* are additional conserved charges, and ®; are
potentials conjugate to ¢*. In the case of the extremal
black hole (for more details on extremal black holes and
the first law of thermodynamics, see [23]), for which the
Hawking temperature is zero, Ty =0, the first law implies
that energy is a function of the conserved charges

EExt:EExt(JExhqijxt)' (64)
The corresponding generalized temperatures are defined
by
o 88}3)“ o 8SExt
a‘]Ext ’ ! aq]é}xt ’
where T1, is the left moving temperature.

The entropy, energy and angular momentum of the
extremal OTT black hole are given by:

1y,

(65)

2
TTo T,
JExt >

SExt:?7 :2€2G7 :%

(66)
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From the variation of the entropy of extremal OTT

6JExt

5SExt = TL )

the left moving temperature is determined as
To

==

In the extremal case, the right moving temperature is

Zero

T, (67)

By requiring that the alternative form of the Cardy for-
mula,

w2 w2
SC = ?TLCL—F?TRCR,
reproduces the entropy of the extremal OTT black hole,
we conclude that ¢® is undetermined, and that the

left central charge is two times bigger than the Brown-
Henneaux central charge

L3¢
e
This can be used to fix the constant o appearing in the

Sugawara-Sommerfeld construction. From equation (58)
and the previous formula, we derive

C

(69)

(70)

8 Concluding remarks

We investigated the near horizon symmetry of both
static and stationary OTT black holes in the quadratic
PGT. In the static case, the corresponding asymptotic
symmetry is trivial, whereas in the stationary case, the
set of consistent asymptotic conditions leads to a sym-
metry described by time reparametrization and the semi-
direct sum of the centrally extended u(1) Kac-Moody
and the chiral Virasoro algebras. The improved asymp-
totic conditions that follow from the vanishing of tor-
sion (33c) can be further strengthened, thus making time
reparametrization a pure gauge.

The near horizon limit corresponds to deep infrared
sector of the theory, which implies that only the soft
part of the charge survives. This means that the cor-
responding charges represent the soft hair on the black
hole horizon. Formula

/1
S:2Tr il;gnfshcllli7

shows that there is an intimate relationship between the
black hole entropy and the soft hairs on the horizon, but
more precise statements require further studies.

Using the Sugawara-Sommerfeld construction, we
build the Virasoro algebra as a bilinear combination of
the u(1) Kac-Moody and chiral Virasoro algebras. The
presence of conformal symmetry enables to use the Cardy
formula for entropy, which correctly reproduces the black
hole entropy.
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