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Abstract: The  momentum-space  subtraction  (MOM)  scheme  is  one  of  the  most  frequently  used  renormalization
schemes in perturbative QCD (pQCD) theory. In this paper, we discuss in detail the gauge dependence of the pQCD
predictions obtained under the MOM scheme. Conventionally, a renormalization scale ambiguity exists for the fixed-
order pQCD predictions; this assigns an arbitrary range and error for the fixed-order pQCD prediction and makes the
discussions  on  the  issue  of  the  gauge  dependence  much  more  involved.  The  principle  of  maximum  conformality
(PMC) adopts the renormalization group equation to determine the magnitude of the coupling constant; hence, it de-
termines the effective momentum flow of the process, which is independent of the choice of renormalization scale.
Thus, no renormalization scale ambiguity exists in PMC predictions. To focus our attention on the MOM scheme's
gauge dependence, we first apply the PMC to deal with the pQCD series. As an explicit example, we adopt the Higgs
boson decay width  up to  its  five-loop QCD contribution,  to  demonstrate  the  behavior  of  the  gauge de-
pendence before and after applying the PMC. Interaction vertices are chosen to define five different MOM schemes:
mMOM,  MOMh,  MOMq,  MOMg,  and  MOMgg.  Under  these  MOM  schemes,  we  obtain 

, , ,
, and ; here, the central values corres-

pond to the Landau gauge with the gauge parameter , the first errors correspond to , and the
second ones arise through taking . The uncertainty of the Higgs mass  causes
an extra error of  (or ) keV for all the aforementioned MOM schemes. It is found that the Higgs decay
width  depends  very  weakly  on  the  choice  of  MOM  scheme,  which  is  consistent  with  renormalization
group invariance. It is found that the gauge dependence of  under the  scheme is less than ±1%,
which is the smallest gauge dependence among all the aforementioned MOM schemes.
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1    Introduction

Quantum chromodynamics (QCD) is considered to be
the field theory of hadronic strong interactions. Due to its
asymptotic  freedom  property  [1, 2],  the  QCD  strong

coupling constant becomes numerically small at short dis-
tances,  allowing  perturbative  calculation  of  high-energy
processes.  The  QCD  theory,  in  the  case  of  a  covariant
gauge  with  massless  quarks,  features  three  fundamental
propagators (corresponding to the gluon, ghost, and quark
fields)  and  four  fundamental  vertices  (i.e.,  the  triple-,
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four-, ghost-, and quark-gluon vertices). In the literature,
various  renormalization  schemes  have  been  adopted  to
regularize and remove the ultraviolet divergences that oc-
cur at  higher  perturbative  orders.  Among  these,  the  mo-
mentum space subtraction (MOM) scheme [3-8] has been
frequently  used  alongside  the  conventional  minimum
subtraction scheme [9]; it contains a considerable amount
of information regarding the various quark and gluon in-
teraction vertices  at  specific  momentums  and  can  en-
hance  convergence  in  certain  cases.  Initially,  the  MOM
scheme is  defined  by  renormalizing  the  three-point  ver-
tices of  the  QCD Lagrangian at  the  completely  symmet-
ric point [3, 4]; i.e., the squared momenta of each extern-
al momentum of the vertex are equal. Recently, an asym-
metric point  at  which  one  of  the  external  momenta  van-
ishes for the three-point vertex has been suggested [7, 10,
11];  this  prevents  infrared  divergence  in  massless  QCD.
More  explicitly,  the  minimal  MOM  (mMOM)  scheme
[7],  which  subtracts  at  the  asymmetric  point  where  one
external  momentum  vanishes,  has  been  suggested  as  an
alternative  to  the  original  symmetric  MOM  scheme.  It
represents  an  extension  of  the  MOM  scheme  on  the
ghost-gluon  vertex  and  allows  the  strong  coupling  to  be
fixed solely by determining the gluon and ghost propagat-
ors.  There  are  four  further  variants  of  the  asymmetric
MOM scheme:  one  with  a  vanishing  momentum for  the
incoming ghost in the ghost-gluon vertex, one with a van-
ishing  momentum  for  the  incoming  quark  in  the  quark-
gluon vertex, and two that tackle the case of a vanishing
momentum  for  the  incoming  gluon  in  the  triple-gluon
vertex.  Following  Ref.  [11],  we  label  these  MOM
schemes  as  MOMh,  MOMq,  MOMg,  and  MOMgg  [12,
13],  respectively.  MOM schemes have been successfully
applied  in  various  high-energy  processes;  however,  in
contrast  to  the  minimum  subtraction  scheme,  the  MOM
scheme has been found to violate  gauge invariance.  It  is
interesting to show whether the gauge dependence exists
for  all  (typical)  MOM  schemes  and  to  find  a  MOM
scheme with minimum gauge dependence.

β

MS
{βi}

MS
{βi}

The strong coupling is the most important component
of  pQCD;  its  exact  magnitude  at  any  scale  must  be
known when deriving an accurate pQCD prediction. The
scale running  behavior  of  the  strong  coupling  is  con-
trolled  by  the  renormalization  group  equation  (RGE)  or
the -function. The RGE of the MOM scheme can be re-
lated to that of the modified minimal subtraction scheme
(i.e.,  the  scheme  [14])  via  the  proper  relations.  At
present,  explicit  expressions  for  the -functions  under
the  scheme have been found up to the five-loop level
(see Refs. [15-25]). Thus, the five-loop -functions for
the MOM schemes (i.e.,  mMOM, MOMh, MOMq, MO-
Mg,  and  MOMgg)  can  be  determined  using  the  known

MS

β Λ

MS

Z0 αMS
s (MZ) =

0.1181±0.0011 Λ
n f=5

MS
= 0.210±0.014

five-loop relations [7, 11, 26, 27] of the  scheme. An-
other  method  of  deriving  the  running  behavior  of  the
MOM  scheme's  strong  coupling  (up  to  the  five-loop
level)  can  be  found  in  Ref.  [28].  A  key  component  for
solving  the -function  is  the  QCD  asymptotic  scale .
The asymptotic  scale  in  the -scheme can be fixed by
using the PDG world average of the strong coupling con-
stant  at  the  scale  of  the  boson  mass 

;  this results in  GeV
[29].  The asymptotic  scale  for  the  MOM scheme can be
derived using the Celmaster–Gonsalves relation [3-7]:

ΛMOM

ΛMS
= exp

[
−b1(ξMOM)

2β0

]
. (1)

ξMOM b1(ξMOM)

αMOM
s αMS

s

αMS
s /4π = αMOM

s /4π+b1(ξ)(αMOM
s /4π)2+b2(ξ)(αMOM

s /4π)3+ · · ·

Here,  is  the gauge parameter,  and  is  the
next-to-leading order (NLO) coefficient of the perturbat-
ive  series  of  expanded  over ;  i.e.,

.  This  relation is  correct  up to  all  orders  [30]. As an ex-
ample, for the mMOM scheme, we have

ΛmMOM

ΛMS
= exp


(
9ξ2,mMOM+18ξmMOM+169

)
CA−80Tn f

264CA−96Tn f

 ,
(2)

CA = 3 T = 1/2
n f

where  and  for the SU(3) color group, and
 is the active flavor number.

MS

MS
MS

The MOM scheme could be a useful alternative to the
 scheme for studying the behavior and truncation un-

certainty of the perturbation series. Many MOM applica-
tions have been considered in the literature; e.g., two typ-
ical  MOM  applications  for  the  Higgs  boson's  decay  to
gluons  and  the R-ratio  for  electron-positron  annihilation
can  be  found  in  Refs.  [6, 30-33]. Moreover,  the  pro-
cesses involving three- and four-gluon vertices provide an
important  platform  for  studying  the  renormalization
scale-setting  problem.  For  the  three-gluon  vertex,  it  has
already been  found  that  the  typical  momentum flow ap-
pearing in the three-gluon vertex should be a function of
the virtuality of three external gluons [34].  For example,
because  of  the  improved  convergence,  a  more  accurate
and  reliable  pQCD  prediction  for  the  Pomeron  intercept
can be achieved under  the MOM scheme than under  the

 scheme [35-38]. The MOM scheme can also help to
avoid  the  small-scale  problem that  occurs  under  the 
scheme [39, 40]1).

H→ gg
MS

The Higgs  boson is  a  crucially  important  component
of the Standard Model (SM), and its various decay chan-
nels are important components of Higgs phenomenology.
Of these decay channels, the decay width of  has
been  calculated  up  to  the  five-loop  level  under  the 
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113102-2



Γ(H→ gg)
MS

Γ(H→ gg)

scheme  [41-50].  Using  the  relations  among  the  strong
coupling  constants  under  various  renormalization
schemes,  one  can  obtain  the  five-loop  MOM expression
for  the  Higgs  boson  decay  width  from  the
known  expression.  A  method  of  transforming  the
pQCD  predictions  from  one  renormalization  scheme  to
another  has  been presented in  detail  in  Ref.  [51].  In  this
paper,  we  adopt  the  decay  width  up  to  the
five-loop  QCD  contribution  as  an  explicit  example,  to
demonstrate how the gauge dependence of the MOM pre-
diction behaves with increasing perturbative orders.

Γ(H→ gg)

Following standard  renormalization  group invariance
(RGI), a  physical  observable  (corresponding to  an  infin-
ite-order pQCD prediction) should be independent of the
choice of renormalization scale and scheme. Convention-
ally,  for  a  fixed-order  pQCD  prediction,  researchers  use
an estimated renormalization scale together with an arbit-
rary  range  to  estimate  the  uncertainty;  this  leads  to  the
mismatch of the strong coupling constant with its coeffi-
cient at  each  order  and  subsequently  results  in  conven-
tional  renormalization  scheme  and  scale  ambiguities.
Many scale-setting approaches have been suggested to re-
solve  the  renormalization  scale  ambiguity.  Of  these,  the
principle  of  maximum  conformality  (PMC)  [52-56]  has
been suggested to eliminate the conventional renormaliz-
ation  scheme  and  scale  ambiguities  simultaneously.  In
contrast  to  other  scale-setting  approaches  (e.g.,  the  RG-
improved  effective  coupling  method  [57, 58]; the  prin-
ciple  of  minimum sensitivity  [59-63];  and the  sequential
BLM procedure [64, 65] and its variant, modified seBLM
[66]), the PMC's purpose is not to find an optimal renor-
malization  scale  but  to  fix  the  running  behavior  of  the
strong coupling constant; for this, it uses the RGE, whose
argument is referred to as the PMC scale. The PMC scale
is physical in the sense that its value reflects the ''correct"
typical momentum  flow  of  the  process,  which  is  inde-
pendent of the choice of renormalization scale. After ap-
plying the PMC, the convergence of the pQCD series can
be greatly  improved  due  owing  to  the  elimination  of  di-
vergent renormalon terms. The PMC has a solid theoret-
ical foundation; it satisfies standard RGI and all self-con-
sistency  conditions  of  the  RGE  [67]. Detailed  discus-
sions  and  numerous  applications  of  the  PMC  can  be
found  in  Refs.  [68-71].  In  this  paper,  we  first  adopt  the
PMC  to  eliminate  the  renormalization  scale  ambiguity;
then, we discuss the gauge dependence of the MOM pre-
dictions for the decay width .

MS
MS

The  remainder  of  this  paper  is  organized  as  follows.
In Sec. 2, we explain the basic components and formulas
used to  transform  the  strong  coupling  constants  of  vari-
ous MOM schemes into that of the  scheme; this is im-
portant for transforming the known  pQCD series in-
to  a  MOM one.  In  Sec.  3,  we  briefly  review  the  PMC's
single-scale  approach,  which  is  adopted  to  perform  our

Γ(H→ gg)
present PMC analysis. In Sec. 4, we discuss the gauge de-
pendence  of  the  decay  width  under  the  five
asymmetric  MOM  schemes  mentioned  above.  Sec.  5
summarizes the paper. Detailed formulas are presented in
the Appendices.

2    The momentum-space subtraction schemes

β
The scale  dependence  of  the  strong  coupling  is  con-

trolled by the -function expressed as

β(a(µ)) = µ2 ∂a(µ)
∂µ2 = −

∞∑
i=0

βia(µ)i+2, (3)

µ a(µ) ≡ αs(µ)/(4π)
{βi}

MS

a = a(µ)

where  is  the  renormalization  scale, .
The -functions are  scheme-dependent,  and  their  ex-
pressions up to the five-loop level under the -scheme
can be found in Refs. [15-25]. For brevity, when there is
no possibility of confusion, we set  in the follow-
ing discussions.

For  an  arbitrary  renormalization  scheme R, the  re-
spective  renormalizations  of  the  gluon,  quark,  and  ghost
fields are of the form

(AB)b
ν =

√
ZR

3 (AR)b
ν , (4)

ψB =

√
ZR

2ψ
R, (5)

(cB)b =

√
Z̃R

3 (cR)b, (6)

ZR
3 ZR

2 Z̃R
3

ψ

respectively,  where , ,  and  are the  renormaliza-
tion  constants  of  the  gluon  field A,  quark  field ,  and
ghost  field c,  respectively.  The superscripts  "B"  and "R"
denote the bare and renormalized fields, respectively. The
superscript  "b" is  the  color  index  for  the  adjoint  repres-
entation of the gauge group.

D = 4−2ϵ
ξ

By  using  the  typical  dimensional  regularization  [72]
(we  work  in  dimensions),  the  renormalized
strong coupling a and  gauge  parameter  can  be  written
as

aB = µ2ϵZR
a aR, (7)

ξB = ZR
3 ξ

R, (8)

β

where we have used the fact  that  the gauge parameter is
also renormalized by the gluon field renormalization con-
stant. The bare strong coupling is scale invariant, and the
D-dimensional -function  for  the  renormalized  strong
coupling  can  be  derived  by  taking  the  derivative  over
both sides of Eq. (7), as follows:

0 =
daB

dlnµ2 (9)

= ϵZR
a aRµ2ϵ +

dZR
a

daR

daR

dlnµ2 aRµ2ϵ +ZR
a

daR

dlnµ2 µ
2ϵ . (10)
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Then, we obtain
daR

dlnµ2 = −
ϵZR

a aR

dZR
a

daR aR+ZR
a

= −ϵaR+β
(
aR

)
. (11)

The  gluon,  ghost,  and  quark  self-energies  can  be
renormalized as

1+ΠR
A = ZR

3 (1+ΠB
A), (12)

1+Π̃R
c = Z̃R

3 (1+Π̃B
c ), (13)

1+ΣR
V = ZR

2 (1+ΣB
V ), (14)

and  the  triple-,  ghost-, and  quark-gluon  vertices  can  be
renormalized  as

T R
i = ZR

1 T B
i , i = 1,2, (15)

Γ̃R
i = Z̃R

1 Γ̃
B
i , i = h,g, (16)

ΛR
i = Z̄R

1Λ
B
i ,Λ

T,R
i = Z̄R

1Λ
T,B
i , i = q,g, (17)

where  the  vertex  renormalization  constants  relate  to  the
field  and  coupling  renormalization  constants  via  the
Ward– Slavnov– Taylor  identities  (i.e.,  the  generalized
Ward–Takahashi identities [73-76]) via√

ZR
3 ZR

a =
ZR

1

ZR
3

=
Z̃R

1

Z̃R
3

=
Z̄R

1

ZR
2

. (18)

MS
1/ϵ

ZMS
k

Under  the  minimal  subtraction  scheme  ( )  [9],  in
which the ultraviolet divergence ( -terms of the pQCD
series) is  directly  subtracted,  the  renormalized  paramet-
ers  can be written as

ZMS
k = 1+

∞∑
n=1

 n∑
m=1

bMS
m,n

ϵm

aMS,n, (19)

bMS
m,n µ

ZMS
a

where the coefficients  are free of -dependence [77].
The renormalized constant  is gauge independent and
takes the following form:

ZMS
a =1− β0

ϵ
aMS+

β2
0

ϵ2 −
β1

2ϵ

a2,MS−
β3

0

ϵ3 −
7β0β1

6ϵ2

+
β2

3ϵ

)
a3,MS+

β4
0

ϵ4 −
23β1β

2
0

12ϵ3 +
20β2β0+9β2

1

24ϵ2

−β3

4ϵ

)
a4,MS−

β5
0

ϵ5 +
172β2β

2
0+157β2

1β0

120ϵ3

−
163β1β

3
0

60ϵ4 − 34β1β2+39β0β3

60ϵ2 − β4

5ϵ

a5,MS+ · · · .

(20)

{βi} MS

MS MS

Here, the -functions are for the  scheme; they are
the same  for  all  the  other  dimensional-like  renormaliza-
tion schemes. This is because the strong couplings among
the dimensional-like schemes can be simply related via a
scale shift [55]; e.g., the  scheme differs from the 

ln4π−γE

MS µMS

µ2
MS = µ

2
MS

exp(ln4π−γE)
{βi}

scheme  by  an  additional  absorbtion  of ,  which
corresponds  to  redefining  the  scale  as

.  Gross  and  Wilczek  found  that
the leading-order (LO) -functions under dimensional-
like renormalization schemes are gauge independent [78];
more  recently,  Caswell  and  Wilczek  proved  such  gauge
independence up to all orders [79]1).

MS

Using  Eq.  (8),  we  obtain  the  following  relations  for
the  strong  coupling  and  gauge  parameters  between  the
MOM and  schemes:

aMOM =
ZMS

a

ZMOM
a

aMS, (21)

ξMOM =
ZMS

3

ZMOM
3

ξMS. (22)

q2 = −µ2

It has been found that the MOM scheme is gauge depend-
ent.  Under  the  MOM  scheme  [7, 11, 26],  the  gluon,
ghost, and quark self-energies are absorbed into the field
renormalization  constants  at  the  subtraction  point

, as follows:

1+ΠMOM
A (−µ2) = ZMOM

3

[
1+ΠB

A(−µ2)
]
= 1, (23)

1+Π̃MOM
c (−µ2) = Z̃MOM

3

[
1+Π̃B

c (−µ2)
]
= 1, (24)

1+ΣMOM
V (−µ2) = ZMOM

2

[
1+ΣB

V (−µ2)
]
= 1. (25)

MS
Using Eq. (8), we obtain the following relationship of

the  gauge  parameters  between  the  and  MOM
schemes:

ξMOM =
(
1+ΠMS

A

)
ξMS. (26)

MS

In the following subsections, we introduce five asym-
metric  MOM  schemes,  explaining  the  relationships
between the strong couplings of those schemes with those
in  the  conventional  scheme,  as  well  as  their  gauge-
dependent basic  components,  which  are  found  by  renor-
malizing  the  three-point  vertices  (e.g.,  the  ghost-gluon,
gluon-quark, and triple-gluon vertices) at the asymmetric
point  where  one  of  the  external  momenta  of  the  vertex
vanishes.

2.1    The propagators

The  gluon,  quark,  and  ghost  propagators  (shown  in
Fig. 1) are expressed as

Dab
µν(q) = −δ

ab

q2

[(
−gµν+

qµqν
q2

) 1
1+ΠA(q2)

− ξ
qµqν
q2

]
, (27)
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1) A demonstration of the gauge independence of the anomalous dimensions which ensure the scale invariance of a physical observable has also been given there.
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S i j(q) = − δi j ̸q
q2

(
1+ΣV (q2)

) , (28)

∆ab(q) = − δab

q2
(
1+Π̃c(q2)

) , (29)

ξ = 0
ξ = 1

Π(q2) ΣV (q2) Π̃(q2)

where a and b are color indices, and i and j denote quark
flavors.  The  gauge  parameter  corresponds  to  the
Landau gauge,  corresponds to the Feynman gauge,
and so on. The self-energies , , and  can
be extracted  from  the  corresponding  one-particle  irredu-
cible diagrams by applying the proper projection operat-
ors  [11] (the  same  holds  for  the  vertex  functions  dis-
cussed below).

2.2    The ghost-gluon vertex

−igs f abcqµ
qµ

The tree-level ghost-gluon vertex is , where
 denotes the outgoing ghost momentum. There are two

ways  of  setting  one  of  the  external  momenta  to  zero  for
the ghost-gluon  vertex.  The  first  is  to  set  the  gluon  mo-
mentum to zero (as shown in Fig. 2(a)); hence, the renor-
malized vertex can be written as

Γ̃abc
µ (0;−q,q) = −igs f abcqµΓ̃g(q2), (30)

The  second  method  is  to  set  one  of  the  incoming  ghost
momenta to zero (as shown in Fig. 2(b)); thus, the renor-
malized vertex can be written as

Γ̃abc
µ (q;−q,0) = −igs f abcqµΓ̃h(q2). (31)

Γ̃g(q2) Γ̃h(q2)Here,  and  denote  the  Lorentz-invariant
function with  vanishing  gluon  or  ghost  momentum,  re-
spectively. At the tree-level, we have

Γ̃h(q2)
∣∣∣
tree= Γ̃g(q2)

∣∣∣
tree= 1. (32)

The  MOMh  scheme  is  defined  by  renormalizing  the
ghost-gluon vertex (Fig. 2(b)) using the following condi-

tion:

Γ̃MOMh
h (q2 = −µ2) = Z̃MOMh

1 Γ̃B
h (q2 = −µ2) = 1, (33)

MS

Using Eqs.  (15)–(18) and (22)–(25),  we can connect
the  strong  coupling  in  the  MOMh  scheme  to  that  in  the

 scheme through the following equation:

aMOMh(µ) =

(
Γ̃MS

h (−µ2)
)2

aMS(µ)(
1+ΠMS

A (−µ2)
) (

1+Π̃MS
c (−µ2)

)2 . (34)

MS

In  addition,  motivated by the non-renormalization of  the
ghost-gluon  vertex  in  the  Landau  gauge  [76],  the  vertex
renormalization  constant  for  this  vertex  is  chosen  to  be
identical to its value in ; that is,

Z̃mMOM
1 = Z̃MS

1 , (35)

which is equal to 1 in the Landau gauge. We can then de-
rive  the  following  relation  for  the  coupling  constants  in
those two schemes,

amMOM(µ) =
aMS(µ)(

1+ΠMS
A (−µ2)

) (
1+Π̃MS

c (−µ2)
)2 . (36)

ξmMOM = ξMOMh = 0

We  present  the  derivation  in  Appendix  A.  It  shows  that
the  MOMh scheme is  equivalent  to  the  mMOM scheme
for the Landau gauge ( ).

2.3    The quark-gluon vertex

There are two non-trivial cases with vanishing incom-
ing external momenta for the quark-gluon vertex: the case
of  a  vanishing  incoming  gluon  momentum (as  shown in
Fig.  3(a))  and  the  case  of  a  vanishing  quark  momentum
(as  shown in Fig.  3(b)). It  is  clear  that  nullifying the in-
coming  quark  momentum  is  equivalent  to  nullifying  the
outgoing  quark  momentum;  therefore,  the  vertex  in Fig.
3(a) can be written as

Λa
µ,i j(0;−q,q) = gT a

i j

[
γµΛg(q2)+γν

(
gµν−

qµqν
q2

)
ΛT

g (q2)
]
,

(37)
and the vertex in Fig. 3(b) can be written as

Λa
µ,i j(q;−q,0) = gT a

i j

[
γµΛq(q2)+γν

(
gµν−

qµqν
q2

)
ΛT

q (q2)
]
.

(38)

T a
i j S U(3)

The subscripts "g" in Eq. (37) and "q" in Eq. (38) indic-
ate  the  functions  with  vanishing  gluon  and  incoming
quark  momenta,  respectively.  is  the  color
group generator for the quark. At the tree-level, we have

Πab
µν(q) Σi j(q) Π̃ab(q)Fig. 1.    (color online) The gluon, quark, and ghost propagators: , , and , respectively.

 

 

Γ̃abc
µ (0; q,q)

Γ̃abc
µ (q;

q,0)

Fig. 2.    (color online) The ghost-gluon vertex: (a) -
for an incoming gluon with zero momentum and (b) -

 for an incoming ghost with zero momentum.
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Λg(q2)
∣∣∣
tree= Λq(q2)

∣∣∣
tree= 1, (39)

ΛT
g (q2)

∣∣∣
tree= Λ

T
q (q2)

∣∣∣
tree= 0. (40)

The  MOMq  scheme  is  defined  by  renormalizing  the
quark-gluon vertex with a vanishing incoming quark mo-
mentum; for example,

Λ
MOMq
q (q2 = −µ2) = Z

MOMq
1 (µ2)ΛB

q (q2 = −µ2) = 1. (41)

MS
Therefore, the relations between the coupling constants in
the MOMq and  schemes is

aMOMq(µ) =

(
ΛMS

q (−µ2)
)2

aMS(µ)(
1+ΣMS

V (−µ2)
)2 (

1+ΠMS
A (−µ2)

) . (42)

2.4    The triple-gluon vertex

The triple-gluon  vertex  is  symmetric  under  the  ex-
change of any two of its gluons. As shown in Fig. 4, we
can  set  the  momentum  of  the  right-hand  gluon  to  zero
without  loss  of  generality.  Under  this  condition,  the
triple-gluon vertex generally takes the form

Γabc
µνρ(q,−q,0) =− igs f abc

[
(2gµνqρ−gρνqµ−gµρqν)T1(q2)

−
(
gµν−

qµqν
q2

)
qρT2(q2)+qµqνqρT3(q2)

]
,

(43)

f abc S U(3)
T1(q2)

T1(q2)
∣∣∣
tree= 1 T2(q2)

T3(q2)

where  is  the  structure  constant  of  the  color
group.  corresponds  to  tree-level  vertex;  i.e.,

.  is  always  absent  at  tree-level  but
arises  from  radiative  corrections.  vanishes  due  to
the  Ward– Slavnov– Taylor  identity  for  the  triple-gluon
vertex [11, 26]. The MOMg scheme is defined by renor-
malizing  the  aforementioned  triple-gluon  vertex  with  a
vanishing incoming gluon momentum; for example,

T MOMg
1 (q2 = −µ2) = ZMOMg

1 (µ2)T B
1 (q2 = −µ2) = 1. (44)

MS
Therefore, the relation between the coupling constants in
the MOMg and  schemes is

aMOMg(µ) =

(
T MS

1 (−µ2)
)2

aMS(µ)(
1+ΠMS

A (−µ2)
)3 . (45)

The MOMgg scheme is another MOM scheme based
on the triple-gluon vertex; it  is defined using the follow-
ing renormalization condition [12, 13]:

T MOMgg
1 (q2 = −µ2)− 1

2
T MOMgg

2 (q2 = −µ2) = 1. (46)

MS
This  gives  the  following  coupling  relation  between  the
MOMgg and  schemes:

aMOMgg(µ) =

(
T MS

1 (−µ2)− 1
2 T MS

2 (−µ2)
)2

aMS(µ)(
1+ΠMS

A (−µ2)
)3 . (47)

β2.5    The MOM scheme -function

ΠMS
A (−µ2)

Π̃MS
c (−µ2) ΣMS

V (−µ2)

ΛMS
q (−µ2)

Γ̃MS
h (−µ2) T MS

1 (−µ2)
T MS

2 (−µ2)
MS

The gluon  self-energies ,  the  ghost  self-en-
ergies ,  the  quark  self-energies ,  the
quark-gluon vertex  with  vanishing  incoming  quark  mo-
mentum , the  ghost-gluon  vertex  with  vanish-
ing  incoming  ghost  momentum,  the  two  functions

 and  defined in Eq. (45), and the func-
tion  defined in  Eq.  (47)  have  all  been  calcu-
lated up to their four-loop QCD corrections under the 
scheme (c.f. Refs. [11, 26]). Using the formulas given in
those two references, the relations expressed in Eqs. (34,
36,  42,  45,  47),  and  Eq.  (26),  we  obtain  the  expressions
for the strong coupling and gauge parameters under vari-
ous  MOM  schemes.  For  convenience,  we  present  these
relations in Appendix B.

MS

β

αs

β

The relations  are  useful  for  converting  the  conven-
tional  series  into  another  series  under  a  specific
MOM scheme. They are also important for obtaining the
MOM scheme -function, and they thereby determine the
correct -running  behavior  in  the  MOM  scheme.  The
MOM -function is explicitly gauge dependent; it can be
written as

βMOM = βMS ∂aMOM

∂aMS
+
∂ξMS

∂ lnµ2

∂aMOM

∂ξMS
. (48)

 

Λa
µ,i j(0;−q,

q) Λa
µ,i j(q;−q,

Fig. 3.    (color online) The quark-gluon vertex: (a) 
 with zero incoming gluon momentum and (b) 

0) with vanishing quark momentum.

 

Γabc
µνρ(q,−q,0)

Fig. 4.    (color online) The triple-gluon vertex with one zero
momentum .
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γMS
ξ =

1
ξMS

∂ξMS

∂ lnµ2

(
−γMS

A

)
γMS

A

β

The  anomalous  dimension  of  the  gauge  parameter
 is equal to , where  is the gluon

field's  anomalous  dimension.  Therefore,  the  MOM-
scheme -function takes the form

βMOM =

(
βMS ∂aMOM

∂aMS
− ξMSγMS

A
∂aMOM

∂ξMS

)∣∣∣∣∣∣a
MS→aMOM

ξMS→ξMOM

, (49)

β

αs

{βi}

It  has  been  stated  that  the  gauge  invariance  property
of the renormalization scheme is a sufficient but non-ne-
cessary property for the factorization of the QCD -func-
tion [80]. Thus, a reliable -behavior can be determined
and reliable pQCD predictions for various MOM schemes
can be made by applying a proper scale-setting approach
to deal with the -terms of the process.

3    General PMC  analysis  over  the  perturbat-
ive series

δ(Q)Conventionally, a pQCD approximant  of a phys-
ical observable takes the form

δ(Q) = ap(µ)
∞∑

i=1

Ci(µ)ai−1(µ), (50)

αs

Ci n f
n f

βi

where Q represents  the  scale  at  which  the  observable  is
measured,  and  the  index p indicates  the -order  of  the
leading  order  (LO)  prediction.  Here,  the  perturbative
coefficients  are  usually  in  an  power  series,  where

 is the number of light flavors involved in the process.
Using the degeneracy relations of different orders [55, 56,
81],  the  pQCD series  can  be  written  as  the  following 
series:

δ(Q) =r1,0a(µ)p+

[
r2,0+ pβ0r2,1

]
a(µ)p+1+

[
r3,0+ pβ1r2,1+ (p+1)β0r3,1+

p(p+1)
2

β2
0r3,2

]
a(µ)p+2

+

[
r4,0+ pβ2r2,1+ (p+1)β1r3,1+

p(3+2p)
2

β1β0r3,2+ (p+2)β0r4,1+
(p+1)(p+2)

2
β2

0r4,2

+
p(p+1)(p+2)

3!
β3

0r4,3

]
a(µ)p+3+

[
r5,0+ (p+3)r5,1β0+

(p+2)(p+3)
2

r5,2β
2
0+ (p+2)r4,1β1

+
p(p+1)(p+2)(p+3)

24
r5,4β

4
0+

(p+1)(p+2)(p+3)
6

r5,3β
3
0+

(p+1)(2p+5)
2

r4,2β1β0

+
p(3p2+12p+11)

6
r4,3β1β

2
0+ (p+1)r3,1β2+

p(p+2)
2

r3,2(2β2β0+β
2
1)+ pr2,1β3

]
a(µ)p+4+ · · · , (51)

ri,0 (i = 1,2,3 . . .)
ri, j

1 ⩽ j < i

ri, j =

j∑
k=0

(
j
k

)
lnk(µ2/Q2)ri−k, j−k rm,n = rm,n|µ=Q

n f

αs

{βi}

where  are conformal coefficients that are
generally free from renormalization scale dependence; 
( )  are  non-conformal  coefficients  to

,  where . As

a  subtle  point,  any -terms  that  are  irrelevant  tode-
termining  the -running  behavior  should  be  kept  as  a
conformal  coefficient  and  cannot  be  transformed  into

-terms [68].

{βi}

{βi}

{βi}

For the  standard  PMC  multi-scale  approach  de-
scribed in  Refs.  [53, 55],  we must  absorb  the  same type
of -terms  at  various  orders  into  the  strong  coupling
constant, in an order-by-order manner. Different types of

-terms (determined from the  RGE) result  in  different
running behaviors of the strong coupling constant; hence,
they determine the distinct PMC scales at each order. The
precision of  the  PMC  scale  for  high-order  terms  de-
creases  due  to  the  fewer  known -terms  in  its  higher-
order terms.  Due to the unknown perturbative terms,  the
PMC  prediction  has  a  residual  scale  dependence  [37];
however,  this  differs  from  the  arbitrary  conventional
renormalization scale dependence. The PMC scale, which

αs

reflects the correct momentum flow of the process, is in-
dependent of the choice of renormalization scale, and its
resultant  residual  scale  dependence  is  generally  small,
due to the exponential and  suppression [71]. Alternat-
ively, the PMC single-scale approach has been suggested,
to suppress the residual scale dependence [82]. In effect,
it  replaces  the  individual  PMC  scales  derived  under  the
multi-scale  approach  with  a  single  scale,  using  a  mean
value theorem. The PMC single scale can be regarded as
the  overall  effective  momentum  flow  of  the  process;  it
exhibits  stability  and  convergence  with  increasing  order
in  pQCD,  through  its  use  of  pQCD  approximates.  The
prediction  of  the  PMC  single-scale  approach  is  scheme-
independent up to any fixed order [83]; thus, its value sat-
isfies standard RGI. The examples collected in Ref.  [83]
show  that  the  residual  scale  dependence  arising  in  the
PMC multi-scale  approach  can  indeed  be  greatly  sup-
pressed. In this paper, we adopt the PMC single-scale ap-
proach to conduct our discussions.

{βi}

Using  the  standard  procedure  for  the  PMC  single-
scale  approach,  we  can  eliminate  all  the  non-conformal

-terms and rewrite Eq. (50) as the following conform-
al series:
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δ(Q) =
∑
n⩾1

rn,0a(Q)n+p−1, (52)

Q
{βi}

ln Q
2
/Q2 a(Q)

N3LL

where the PMC scale  is fixed by requiring that all the
non-conformal -terms vanish.  The  perturbative  series
of  over  up  to  a  next-to-next-to-next-to-
leading log ( ) accuracy takes the following form:

ln
Q

2

Q2 = λ0+λ1a(Q)+λ2a2(Q)+λ3a3(Q). (53)

λi(i = 0,1,2,3)

Q µ

δ(Q)
4

For convenience, we present the perturbative coefficients
 in  Appendix  C.  We  can  observe  that

neither  the resultant  PMC conformal  series  (Eq.  (52))  or
scale  contain  the  renormalization  scale  ( );  thus,  the
conventional  renormalization  scale  dependence  has  been
eliminated.  A residual  dependence for  remains ow-
ing to the unknown terms (e.g., the unknown N LL-terms
and higher) in the perturbative series (Eq. (53)).

4    Gauge dependence of the total  decay width
Γ(H→gg)

Γ(H→ gg)
In  this  section,  we  consider  the  total  decay  width

 under  various  MOM  schemes  as  an  explicit
example,  to  show  how  the  gauge  dependence  behaves
with increasing numbers of known perturbative orders be-
fore and after applying the PMC.

α6
s H→ ggUp to the -order, the decay width of  takes

the form

Γ(H→ gg) =
M3

HGF

36
√

2π

4∑
i=0

Ci(µ)ai+2(µ), (54)

a(µ) = αs(µ)/(4π) µ
MH GF = 1.16638×
10−5GeV−2

Ci∈[0,4](MH) MS

n f
{βi}

p = 2
ri, j(MH)

MS

Γ(H→ gg) MS

Ci∈[0,4](MH)

where ,  is  the  renormalization  scale,
 is  the  Higgs  boson  mass,  and 

 is the  Fermi  coupling  constant.  The  coeffi-
cients  of  the  scheme  can  be  found  in
Refs. [41-50]; these coefficients are typically given in an

-power series. Before applying the PMC, the perturbat-
ive series (Eq. (54)) should be transformed into the -
series of Eq. (51) with .  For convenience, we place
the  required  coefficients  in  Appendix  D.  Then,
using the formulas given in Appendix B (which give the
perturbative  transformations  of  the  strong  couplings  and
gauge  parameters  for  the  MOM  and  schemes),  we
can  conveniently  transform  the  perturbative  series  of

 from the  scheme into the MOM scheme.
The coefficients  at  any  renormalization  scale  can  be  ob-
tained  from  by  using  the  RGE.  Finally,  by
applying  the  PMC  single-scale  setting  approach,  the
pQCD series (Eq. (54)) can be rewritten as the following
conformal series

Γ(H→ gg) =
M3

HGF

36
√

2π

5∑
i=1

ri,0ai+1(Q), (55)

ln Q
2
/M2

H
a(MH) N3LL

and  the  solution  of  can  be  written  as  a  power
series in  with an -accuracy.

mt = 173.3 GeV
MH = 125.09±0.21±0.11 GeV

αMS
s (MZ) = 0.1181

To  perform  the  numerical  calculation,  we  adopt  the
top-quark  pole  mass  [84, 85]  and  the
Higgs  mass   [86, 87];  the
MOM QCD asymptotic scale is fixed as ,
along with the Celmaster–Gonsalves relation (Eq. (1)).

Q̄

αs(Q̄)

4.1    The gauge dependence of  the effective scale  and
effective  coupling  for  the  five  asymmetric
MOM schemes

Q̄
αs(Q̄)

Q̄

Q

ri, j
i− j = 1

Q
Q̄

Q̄ Q̄
3

3 2

Q̄ ∼ +1
∼ +3

ξMOM ∈ [−3,3]
Q̄ ∼ [31,45] ∼ [25,47]

∼ [109,122]
ξMOM ∈ [−1,1] Q̄ ∼ [43,45]

∼ [40,47]
∼ [119,122]

|ξMOM|
αs(Q)

Q̄
αs(Q̄)

|ξMOM|

αs(Q)

The effective scales  (left column) and their corres-
ponding coupling constants  (right column) with re-
spect to the gauge parameter are shown in Fig. 5. At the
two-loop  level,  the  determined  scale  is gauge  inde-
pendent;  however,  at  the  three-loop  level  or  above, Fig.
5(a1–a5) shows that  is gauge-dependent under the five
aforementioned  MOM  schemes.  This  is  due  to  the  fact
that all the  terms of MOM schemes are gauge depend-
ent, except for those of the  terms. For a specific
gauge,  we  observe  that  the  difference  between  the  two
nearby  values  of  becomes  smaller  when  more  loop
terms are included; this indicates that  the precision of 
is  improved  by  knowing  more  loop  terms,  which  agrees
with  the  perturbative  nature  of .  At  present,  can  be
fixed up to an N LL-accuracy, which is highly accurate;
for example, the N LL-term only shifts the N LL-accur-
ate  by  GeV  for  mMOM,  MOMh,  MOMq,  and
MOMg,  and  GeV  for  MOMgg,  respectively.
Moreover, when setting , the effective scale

 is  GeV  for  the  mMOM  scheme, 
GeV for  the  MOMh,  MOMq,  and  MOMg schemes,  and

 GeV for  the MOMgg scheme.  When setting
, the effective scale  is  GeV for

the mMOM scheme,  GeV for the MOMh, MO-
Mq,  and  MOMg  schemes,  and  GeV  for  the
MOMgg scheme. This indicates that the perturbative be-
havior  is  superior  for  a  smaller  magnitude  of  the  gauge
parameter  under all MOM schemes. Fig. 5(b1–b5)
shows  that  the  effective  coupling  ( )  is  also  gauge
dependent for all five MOM schemes except for the MO-
Mgg scheme, whose gauge dependence is small and even
zero at  the two-loop level.  Numerically,  the scale  and
effective coupling  are almost identical for the three
MOM  schemes  (e.g.,  the  MOMh,  MOMq,  and  MOMg
schemes); if the magnitude of the gauge parameter 
for  these  three  schemes  is  less  than  1,  the  differences
between  the  two  nearby  values  of  at different  or-
ders  are  almost  unchanged  for  a  fixed  gauge  parameter;
this  indicates  that  the  effective  couplings  for  these  three
schemes  quickly  achieve  their  accurate  values  at  lower
orders.

Interestingly, under  the  MOMgg  scheme,  the  effect-
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Q̄ αs(Q̄)
ξ

Fig. 5.    (color online) The PMC effective scales  (left) and their corresponding coupling constants  (right) with respect to the
gauge  parameter  ( ).  Five  asymmetric  MOM schemes  are  adopted:  mMOM, MOMh,  MOMq,  MOMg,  and  MOMgg.  The  dotted,
dash-dot, dashed, and solid lines represent results for two-, three-, four-, and five-loop QCD corrections, respectively.
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αs(Q̄)
|ξMOMgg| ⩽ 1

Q̄
Λ

MOMgg
QCD

ΛMS

ΛMOM/ΛMS n f = 5

Q̄
αs(Q̄) Γ(H→ gg)

ξMOMgg

e50/69 ≈ 2.06 n f = 5

ive  coupling  is  also  accurate  at  lower  orders,  and
its  value  is  almost  gauge  independent  for ;
this  indicates  that  the  gauge  dependence  of  is  well
compensated  for  by  the  gauge  dependence  of .
More explicitly,  the  asymptotic  scales  for  various MOM
schemes can be derived from  by using the Celmas-
ter– Gonsalves  relation  [3-7].  We  present  the  ratios  of

 for  in Fig.  6,  where the ratios  for  the
three aforementioned symmetric MOM schemes are also
presented.  It  is  found  that  the  asymptotic  scales  of  the
MOMg, MOMq, and MOMh schemes are identical; com-
bining this  with  the  similar  values  of ,  we can explain
the similar behaviors of  and  under these
schemes. Almost all of the ratios show an explicit gauge
dependence; the  only  exception  is  the  ratio  of  the  MO-
Mgg scheme, whose value is free of  and fixed as

 for .

Γ(H→ gg)4.2    The  gauge  dependence  of  for  the  five
asymmetric MOM schemes

Γ(H→ gg)

µ ∈ [MH/4,4MH]

Q̄

In Figs.  7-11,  we  present  the  total  decay  width
 up  to  its  two-,  three-,  four-,  and  five-loop

levels  before  and  after  applying  the  PMC. The  conven-
tional  renormalization  scale  dependence  is  estimated  by
varying  and  becomes  smaller  when
more  loop  terms  are  included;  for  example,  the  shaded
bands  become  narrower  under  greater  numbers  of  loop
terms. This accords well with the results in the literature.
Meanwhile, we can observe that the PMC predictions un-
der various MOM schemes are scale-independent for any
fixed  order  but  become  more  accurate  when  more  loop
terms are  included.  Thus,  the  conventional  renormaliza-
tion scale uncertainty is eliminated by applying the PMC,
which is consistent with the previous PMC examples con-
sidered in  the  literature.  As  mentioned  in  the  Introduc-
tion,  the  scale  independence  of  the  PMC  prediction  is
reasonable,  since  the  determined  scale  reflects  the

overall  typical  momentum  flow  of  the  process,  which
should be independent of the induced parameters.

H→ gg

Γ(H→ gg)

335.4 KeV MH = 125.09

ξMOM

ξMOM ∈ [−1,1]

|ξMOMgg|

Ci≥2 ri≥2,0
ξMOM

|ξMOM| ⩽ 1
ξMOM

ξMOM = 0

|ξMOM|

ξMOM ∈ [−1,1]

Figures 7-11 show that the gauge dependence cannot
be  eliminated  by  including  more  higher-order  terms,  for
both the conventional and PMC scale-setting approaches.
More  explicitly,  the  total  decay  widths  of  up  to
the  five-loop  level  under  the  mMOM,  MOMh,  MOMq,
MOMg, and MOMgg schemes are presented in Tables 1
and 2. The present prediction of  by the ''LHC
Higgs  Cross-Section  Working  Group''  is  approximately

 for  GeV1). In  contrast  to  the  di-
mensional-like  schemes  (which  are  gauge  independent),
gauge  dependence  is  an  intrinsic  component  of  MOM
schemes, and we cannot expect to eliminate it by includ-
ing higher-order terms. As discussed in the Introduction,
the MOM schemes have some advantages in dealing with
the  perturbative  series;  as  will  be  shown  below,  the
scheme  independence  of  variance  of  MOM  predictions
can be greatly suppressed at higher orders. Thus, it is in-
teresting to find which regions of  present the most
reliable MOM  predictions.  In  accordance  with  the  sug-
gestions of Ref. [10], Figs. 7–11 show that the gauge de-
pendence  is  relatively  weak  within  the  region  of

.  As an exception, Fig. 11 indicates that at
sufficently  higher  orders,  the  MOMgg prediction  can  be
constant  for  a  wide  range  of .  Thus,  of  all  the
schemes considered, we prefer MOMgg. More explicitly,
the coefficient functions  in Eq. (50) and  in Eq.
(51)  are  power  series  of ;  thus,  a  small  magnitude
(such as )  could result  in a better  convergence
and  steadier  prediction  over  the  change  of ;  this  is
why the Landau gauge (with ) is typically adop-
ted  in  the  literature  [4].  Furthermore,  we  agree  that  a
smaller  value  of  is  preferable  for  various  MOM
schemes.  In  the  following  discussion,  we  adopt

.
To  more  explicitly  show  how  the  scheme  and  scale

dependence  varies  with  the  increasing  orders  under  the

ΛMOM/ΛMS ξ = ξMOM ∈ [−3,3] n f = 5Fig. 6.    (color online) Gauge dependence of the ratio , obtained by varying the gauge parameter , .
(a)  The  ratios  for  five  asymmetric  MOM schemes,  where  the  asymptotic  scales  of  the  MOMg,  MOMq,  and  MOMh schemes  are
identical and shown by the solid line; (b) the ratios for the three symmetric MOM-schemes.
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Γ(H→ gg) ξ = ξmMOM

µ = MH

µ ∈ [MH/4,4MH]

Fig. 7.    (color online) Total decay width  with respect to the gauge parameter  under the mMOM scheme for two-,
three-,  four-,  and five-loop levels,  respectively. The dotted line denotes the conventional scale-setting approach using ,  and
the shaded band denotes its renormalization scale uncertainty, obtained by varying . The solid line is the prediction
for the PMC scale-setting, which is independent of the choice of renormalization scale.

 

Γ(H→ gg) ξ = ξMOMh

µ = MH

µ ∈ [MH/4,4MH]

Fig. 8.    (color online) Total decay width  with respect to the gauge parameter  under the MOMh scheme for two-,
three-, four-, and five-loop levels, respectively. The dotted line denotes the conventional scale-setting approach with , and the
shaded band shows its renormalization scale uncertainty, obtained by varying . The solid line is the prediction for the
PMC scale-setting, which is independent of the choice of renormalization scale.
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Γ(H→ gg) ξ = ξMOMq

µ = MH

µ ∈ [MH/4,4MH]

Fig. 9.    (color online) Total decay width  with respect to the gauge parameter  under the MOMq scheme for two-,
three-, four-, and five-loop levels, respectively. The dotted line denotes the conventional scale-setting approach with , and the
shaded band shows its renormalization scale uncertainty, obtained by varying . The solid line is the prediction for the
PMC scale-setting, which is independent of the choice of renormalization scale.

 

Γ(H→ gg) ξ = ξMOMg

µ = MH

µ ∈ [MH/4,4MH]

Fig. 10.    (color online) Total decay width  with respect to the gauge parameter  under the MOMg scheme for two-,
three-, four-, and five-loop levels, respectively. The dotted line denotes the conventional scale-setting approach with , and the
shaded band shows its renormalization scale uncertainty, obtained by varying . The solid line is the prediction for the
PMC scale-setting, which is independent of the choice of renormalization scale.
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H→ ggTable 1.    Total decay width (unit: keV) of  under the conventional scale-setting approach up to the five-loop level under the mMOM, MOMh,
MOMq, MOMg, and MOMgg schemes. Typical gauge of conventional scale-setting approach. All other input parameters are set to their central val-
ues.

ξMOM −3 −2 −1 0 1 2 3

Γ|mMOM 627.3 398.7 338.5 337.7 350.1 336.9 273.6

Γ|MOMh 341.3 291.5 301.8 337.7 363.2 338.1 252.5

Γ|MOMq 341.3 291.4 301.8 337.7 363.3 338.1 252.1

Γ|MOMg 341.1 291.4 301.8 337.7 363.2 337.9 251.2

Γ|MOMgg 346.4 340.9 338.8 337.4 335.7 335.3 340.3

H→ ggTable 2.    Total decay width (unit:  keV) of  under PMC scale-setting approach up to the five-loop level under the mMOM, MOMh, MOMq,
MOMg, and MOMgg schemes. Typical gauge of conventional scale-setting approach. All other input parameters are set to their central values.

ξMOM −3 −2 −1 0 1 2 3

Γ|mMOM
PMC 590.9 389.8 333.4 332.8 344.3 327.7 249.8

Γ|MOMh 335.8 288.2 298.2 332.8 360.3 360.7 361.4

Γ|MOMq 335.8 288.2 298.2 332.9 360.2 359.2 352.6

Γ|MOMg 335.5 288.0 298.1 332.7 360.1 360.2 347.5

Γ|MOMgg 345.7 340.8 339.1 337.9 336.2 335.2 334.2

Γ(H→ gg) ξ = ξMOMgg

µ = MH

µ ∈ [MH/4,4MH]

Fig. 11.    (color online) Total decay width  versus gauge parameter  up to two-, three-, four-, and five-loop levels,
respectively, under the MOMg scheme. The dotted line denotes the conventional scale-setting approach with , and the shaded
band shows its renormalization scale uncertainty by varying . The solid line is the prediction for the PMC, which is
independent of the choice of renormalization scale.
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conventional scale-setting  approach,  we  obtain  the  fol-
lowing values:

Γ(H→ gg)|mMOM,2l
Conv. = 332.9+25.9

−7.2 ±7.7±1.7+77.7
−72.0 keV,

Γ(H→ gg)|mMOM,3l
Conv. = 350.6+16.9

−5.0 ±8.4±1.8+2.6
−33.4 keV,

Γ(H→ gg)|mMOM,4l
Conv. = 341.4+12.7

−3.9 ±7.9±1.8+1.1
−16.3 keV,

Γ(H→ gg)|mMOM,5l
Conv. = 337.7+12.5

−3.8 ±7.7±1.7+7.2
−1.4 keV.

Γ(H→ gg)|MOMh,2l
Conv. = 332.9+57.0

−55.3±7.7±1.7+77.7
−72.0 keV,

Γ(H→ gg)|MOMh,3l
Conv. = 350.6+33.8

−42.0±8.4±1.8+2.6
−33.4 keV,

Γ(H→ gg)|MOMh,4l
Conv. = 341.4+24.1

−36.8±7.9±1.8+1.1
−16.3 keV,

Γ(H→ gg)|MOMh,5l
Conv. = 337.7+25.6

−35.9±7.7±1.7+7.2
−1.4 keV.

Γ(H→ gg)|MOMq,2l
Conv. = 332.9+57.0

−55.3±7.7±1.7+77.7
−72.0 keV,

Γ(H→ gg)|MOMq,3l
Conv. = 350.2+33.8

−42.0±8.4±1.8+2.6
−33.3 keV,

Γ(H→ gg)|MOMq,4l
Conv. = 341.4+24.2

−36.8±7.9±1.8+1.0
−16.0 keV,

Γ(H→ gg)|MOMq,5l
Conv. = 337.7+25.7

−35.9±7.7±1.7+7.1
−1.4 keV.

Γ(H→ gg)|MOMg,2l
Conv. = 332.9+57.0

−55.3±7.7±1.7+77.7
−72.0 keV,

Γ(H→ gg)|MOMg,3l
Conv. = 350.4+33.8

−42.0±8.4±1.8+2.6
−33.4 keV,

Γ(H→ gg)|MOMg,4l
Conv. = 341.4+24.2

−36.8±7.9±1.8+1.0
−16.2 keV,

Γ(H→ gg)|MOMg,5l
Conv. = 337.7+25.6

−35.9±7.7±1.7+7.1
−1.4 keV.

Γ(H→ gg)|MOMgg,2l
Conv. = 342.7+0.0

−0.0±8.1±1.8+74.3
−74.0 keV,

Γ(H→ gg)|MOMgg,3l
Conv. = 352.2+2.2

−0.5±8.5±1.8+0.9
−44.4 keV,

Γ(H→ gg)|MOMgg,4l
Conv. = 339.8+1.3

−1.3±7.8±1.8+2.3
−14.8 keV,

Γ(H→ gg)|MOMgg,5l
Conv. = 337.4+1.5

−1.7±7.7±1.7+12.9
−0.7 keV.

nl n = (2, ,5)

ξMOM

[−1,1]
ξMOM = 0

∆αs(MZ) = ±0.0011
∆MH = ±0.24 GeV

µ ∈ [MH/4,4MH]

The central values are for all input parameters to be set to
their  central  values.  Here,  ( )  represents  the
result  up to the n-loop QCD correction, and "Conv." de-
notes the "conventional scale-setting approach." The first
errors (superscript  and  subscript)  indicate  the  gauge  de-
pendence,  obtained  by  varying  within  the  region

 (the  central  value  is  expressed  in  the  Landau
gauge, );  the  second  error  is  found  by  setting

; the third error incorporates the Higgs
mass  uncertainty ;  and  the  final  errors
(superscript  and  subscript)  are  found  by  varying  the
renormalization scale .

∆αs(MZ)

∆MH = 0.24 GeV

ξMOM ∈ [−1,1] Γ(H→

Under  the  conventional  scale-setting  approach,  the
uncertainty attributable  to  is  approximately 4%
for  all  orders.  The  uncertainty  attributable  to  the  Higgs
mass  is approximately  1%  for  all  or-
ders. The uncertainties attributable to the choice of gauge
parameter and renormalization scale are somewhat larger.
By  taking ,  the  total  decay  width 

gg)|mMOM
Conv.

n = 2,3,4,5
Γ(H→ gg)|MOMh,MOMq,MOMg

Conv.
n = 2,3,4,5

Γ(H→ gg)|MOMgg
Conv.

n = 3,4,5

µ ∈ [MH/4,4MH]

n = 2,3,4,5
Γ(H→ gg)|MOMgg

Conv.
n = 2,3,4,5

 is  varied by approximately 10%, 6%, 5%, and
5% for ,  respectively.  The  total  decay  widths

 behave  similarly;  they  vary
by  about  34%,  22%,  18%,  and  18%  for , re-
spectively. The total decay width  is free
of  gauge dependence at  the  two-loop level,  and it  varies
by  about  1% for .  Thus,  the  gauge  dependence
of  the  MOMgg  scheme  is  smallest.  By  taking

,  the  total  decay  width  for  the  mMOM,
MOMh, MOMq, and MOMg schemes can be seen to be-
have similarly; it varies by approximately 45%, 10%, 5%,
and  3%  for ,  respectively.  The  total  decay
width  is  changed  by  about  43%,  13%,
5%,  and  4%  for , respectively.  Thus,  by  in-
cluding more loop terms,  the  renormalization scale  error
can be decreased.

After  applying  the  PMC,  the  renormalization  scale
dependence is removed exactly, and we have

Γ(H→ gg)|mMOM,2l
PMC = 386.7+29.4

−8.3 ±10.0±1.9 keV,

Γ(H→ gg)|mMOM,3l
PMC = 345.9+7.2

−3.0±8.1±1.8 keV,

Γ(H→ gg)|mMOM,4l
PMC = 326.2+4.6

−2.4±6.9±1.7 keV,

Γ(H→ gg)|mMOM,5l
PMC = 332.8+11.6

−3.7 ±7.3±1.7 keV.

Γ(H→ gg)|MOMh,2l
PMC = 386.7+62.8

−66.0±10.0±1.9 keV,

Γ(H→ gg)|MOMh,3l
PMC = 345.9+10.7

−33.1±8.1±1.8 keV,

Γ(H→ gg)|MOMh,4l
PMC = 326.2+8.2

−28.2±6.9±1.7 keV,

Γ(H→ gg)|MOMh,5l
PMC = 332.8+27.5

−34.6±7.3±1.7 keV.

Γ(H→ gg)|MOMq,2l
PMC = 386.7+62.8

−66.0±10.0±1.9 keV,

Γ(H→ gg)|MOMq,3l
PMC = 345.6+10.8

−33.2±8.1±1.8 keV,

Γ(H→ gg)|MOMq,4l
PMC = 326.5+8.4

−28.3±6.9±1.7 keV,

Γ(H→ gg)|MOMq,5l
PMC = 332.9+27.4

−34.7±7.3±1.7 keV.

Γ(H→ gg)|MOMg,2l
PMC = 386.7+62.8

−66.0±10.0±1.9 keV,

Γ(H→ gg)|MOMg,3l
PMC = 345.8+10.5

−33.0±8.1±1.8 keV,

Γ(H→ gg)|MOMg,4l
PMC = 326.0+8.0

−28.1±6.8±1.7 keV,

Γ(H→ gg)|MOMg,5l
PMC = 332.7+27.5

−34.6±7.3±1.7 keV.

Γ(H→ gg)|MOMgg,2l
PMC = 337.8+0.0

−0.0±7.9±1.7 keV,

Γ(H→ gg)|MOMgg,3l
PMC = 353.6+1.7

−0.1±8.6±1.8 keV,

Γ(H→ gg)|MOMgg,4l
PMC = 343.6+1.3

−1.1±8.1±1.8 keV,

Γ(H→ gg)|MOMgg,5l
PMC = 337.9+1.2

−1.7±7.7±1.8 keV.
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∆αs(MZ) ∆MH

ξMOM ∈ [−1,1] Γ(H→ gg)|mMOM
PMC

n = 2,3,4,5
Γ(H→ gg)|MOMh,MOMq,MOMg

PMC

n = 2,3,4,5
Γ(H→ gg)|MOMgg

PMC
n = 3,4,5

As  seen  for  the  results  obtained  under  the  conventional
scale-setting  approach,  the  uncertainties  caused  by

 and  are small, approximately 4% and 1%,
respectively. However, the uncertainties caused by differ-
ent  choices  of  the  gauge  parameter  are  still  sizable  for
various  MOM  schemes.  For  example,  by  taking

,  the  total  decay  width  is
changed  by  approximately  10%,  3%,  2%,  and  5%  for

,  respectively.  The  total  decay  widths
 behave  similarly;  they  vary

by  approximately  33%,  12%,  11%,  and  19%  for
,  respectively;  the  total  decay  width

 is  almost  independent  of  the  choice  of
gauge parameter; it changes by less than 1% for .

αs

Γ(H→ gg)

αs(Q̄)

K = Γ(H→ gg)/
Γ(H→ gg)|Born

ξMOM = 0

Generally, when  using  the  estimated  scale,  the  con-
vergence of the conventional pQCD series varies consid-
erably  under  different  choices  of  the  renormalization
scale,  due  to  the  mismatching  between  the  perturbative
coefficient  and  the -value at  the  same  order.  For  ex-
ample, a relatively sizeable scale uncertainty is found for
each  term  of  the  pQCD  series  of  [30, 31];
thus,  even if  a  superior  convergence can be  acheived by
choosing  a  proper  scale1),  we  cannot  determine  whether
such  a  choice  leads  to  the  correct  pQCD  prediction.  On
the other hand, by applying the PMC, the scale-independ-
ent  coupling  can  be  determined;  combining  this
with  the  scale-invariant  conformal  coefficients,  we  can
obtain  the  intrinsic  perturbative  nature  of  the  pQCD
series.  By  defining  a K factor  as 

, we can obtain the relative significance of
higher-order  terms  with  respect  to  the  leading-order
terms.  More  explicitly,  under  the  Landau  gauge  (with

), we obtain

KmMOM ≃ 1.07 = 1+0.31−0.17−0.08+0.01, (56)

KMOMh ≃ 1.07 = 1+0.31−0.17−0.08+0.01, (57)

KMOMq ≃ 1.07 = 1+0.31−0.17−0.08+0.01, (58)

KMOMg ≃ 1.06 = 1+0.31−0.17−0.09+0.01, (59)

KMOMgg ≃ 1.45 = 1+0.53+0.04−0.08−0.04. (60)

Γ(H→ gg)

ξMOM ∈ [−1,1] KmMOM = 1.07+0.03
−0.10 KMOMh =

1.07+0.12
−0.19 KMOMq = 1.07+0.12

−0.19 KMOMg = 1.06+0.12
−0.19

KMOMgg = 1.45+0.00
−0.02

These results exhibit a satisfactorily convergent behavior
for , especially for  the mMOM, MOMh, MO-
Mq,  and  MOMg  schemes.  As  seen  for  the  total  decay
width,  the K factor  is  gauge  dependent.  By  varying

,  we  obtain , 
, , ,  and

.

αs

±|r5,0a6
s(Q̄)|

O(α6
s) ±3.1

±9.3

One final remark: We typially wish to know the mag-
nitude  of  the  ''unknown"  high-order  pQCD  corrections.
The conventional error estimates obtained by varying the
scale  over  a  certain  range  are  usually  treated  as  such  an
estimation; however,  this  is  an  unreliable  method  be-
cause  it  partly  estimates  the  non-conformal  contribution
and does not estimate the conformal one. In contrast, after
applying  the  PMC,  the  correct  momentum  flow  of  the
process  (and  hence  the  correct -value)  is  fixed  by  the
RGE and cannot be varied; otherwise, the RGI will be ex-
plicitly  broken,  leading  to  an  unreliable  prediction.  As  a
conservative  estimate  of  the  magnitude  of  the  unknown
perturbative contributions to the PMC series, it is helpful
to use the magnitude of the last known term as the contri-
bution  of  the  unknown  perturbative  term  [69].  In  the
present  case,  we  adopt  as  the  estimation  of
the  unknown  contribution;  it  is  keV  for  the
mMOM, MOMh, MOMq, and MOMg schemes, and 
keV for the MOMgg scheme.

4.3    A  simple  discussion  on  the  symmetric  MOM
schemes

Γabc
µνρ(k, p, l)

k2 = p2 = l2 = −µ2

q,−q,0
k, p, l
Γ̃abc
µ (k, p, l) Λa

µ,i j(k, p, l)

k2 = p2 = l2 = −µ2

MOMggg
MOMh MOMq

MS

Γ(H→ gg) MOMggg MOMh MOMq

In addition to the asymmetric MOM schemes, several
symmetric MOM schemes have been suggested in the lit-
erature.  In the original symmetric MOM scheme [4],  the
triple-gluon vertex function  was defined as the
value  at  the  symmetric  point ;  that  is,
the  Feynman  diagram  of  the  vertex  is  identical  to  that
presented  in Fig.  4,  though  the  three  external  momenta
( )  shown  there  should  be  replaced  by  the  current
( ).  Similarly,  the  ghost-gluon  vertex  function

 and  quark-gluon  vertex  function 
can  also  be  defined  at  the  symmetric  point

 [32, 88, 89].  For  simplicity,  we  label
these  symmetric  MOM  schemes  (defined  at  the  triple-,
ghost-,  and  quark-gluon  vertices)  as  the ,

, and  schemes, respectively. Using the re-
lations  expressed  in  Eqs.  (21)  and  (22),  along  with  the
three-loop  vertex  functions  found  under  the  scheme
(collected  in  Ref.  [32]),  we  obtain  expressions  for  the
strong couplings and gauge parameters of those symmet-
ric MOM schemes up to the three-loop level [89]2). Then,
using  those  expressions,  we  can  obtain  the  pQCD series
for  under  the , ,  and 
schemes up to the three-loop level.

After  applying  the  conventional  and  PMC  scale-set-
ting approaches, we obtain

Chinese Physics C    Vol. 44, No. 11 (2020) 113102

1) In the literature, the renormalization scale is usually chosen as the one so as to eliminate large logs with the purpose of improving the pQCD convergence; And
some scale-setting approaches have been invented to find an optimal scale with the purpose of improve the pQCD convergence but not to solve the renormalization scale
ambiguity.

2) The pQCD correction for the symmetric MOM scheme is much harder to be calculated than the case of asymmetric MOM scheme due to its complexity, and at
present, those vertexes have only been calculated up to three-loop level.
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Γ(H→ gg)|MOMggg,2l
Conv. = 336.2+36.2

−26.9±7.8±1.7+76.7
−72.7 keV,

Γ(H→ gg)|MOMggg,3l
Conv. = 349.5+24.6

−14.5±8.3±1.8+1.9
−32.1 keV,

Γ(H→ gg)|MOMh,2l
Conv. = 350.0+29.3

−26.1±8.4±1.8+70.5
−75.4 keV,

Γ(H→ gg)|MOMh,3l
Conv. = 351.6+20.2

−20.1±8.4±1.8+0.2
−55.9 keV,

Γ(H→ gg)|MOMq,2l
Conv. = 342.9+42.8

−24.0±8.1±1.8+74.2
−74.1 keV,

Γ(H→ gg)|MOMq,3l
Conv. = 342.5+32.2

−14.4±8.0±1.8+0.9
−35.0 keV,

and

Γ(H→ gg)|MOMggg,2l
PMC = 291.5+30.1

−22.6±6.1±1.5 keV,

Γ(H→ gg)|MOMggg,3l
PMC = 323.6+26.0

−14.2±7.1±1.7 keV,

Γ(H→ gg)|MOMh,2l
PMC = 402.2+30.9

−29.8±10.8±2.0 keV,

Γ(H→ gg)|MOMh,3l
PMC = 332.5+6.9

−11.1±7.3±1.7 keV,

Γ(H→ gg)|MOMq,2l
PMC = 396.1+49.1

−26.9±10.5±2.0 keV,

Γ(H→ gg)|MOMq,3l
PMC = 332.5+25.4

−8.7 ±7.4±1.7 keV.

The central values are for all input parameters to be their
central values, and the errors arise through employing the
same input-parameter selection method as that for asym-
metric schemes.

Q̄
αs(Q̄) Γ(H→ gg)

Γ(H→ gg)

Γ(H→ gg)

In Fig. 12, we present the PMC effective scales  and
corresponding  coupling  constants  for 
under three symmetric MOM schemes Fig. 12. The total
decay  widths  with respect  to  the  gauge  para-
meter  for  three  symmetric  MOM  schemes  are  presented
in Fig.  13.  Similar  to  the  case  of  the  asymmetric  MOM
scheme,  the  gauge  dependence  cannot  be  suppressed  by
eliminating  the  scale  dependence.  More  explicitly,  we
present the total decay width  for several typic-
al gauge parameters in Table 3.

5    Summary

Γ(H→ gg)
In  this  paper,  we  presented  a  detailed  discussion  on

the gauge dependence of the total decay width 
up  to  the  five-loop  level  under  various  MOM  schemes.

Our main results are as follows:

Γ(H→ gg)

Γ(H→ gg) MOMgg

●  The  gauge  and  renormalization  scale  dependence
under the MOM schemes are two different entities. Figs.
7-11 show that  under  the  conventional  scale-setting  ap-
proach,  the  total  scale  dependence  of  can  be
greatly suppressed when more loop terms are known, due
to  the  correlations  of  scale  dependence  among  different
orders; however, the gauge dependence of the pQCD ap-
proximant  behaves  differently  for  different  choices  of
scale  and  MOM  scheme.  After  applying  the  PMC,  the
conventional  renormalization  scale  dependence  can  be
eliminated; however, the gauge dependence of the MOM
scheme  remains  and  cannot  be  suppressed  by  including
more  loop  terms.  The  gauge  dependence  may  become
even  larger  at  higher  orders.  Thus,  gauge  dependence  is
an intrinsic property of MOM schemes. Despite this lim-
itation, MOM schemes  offer  several  advantages  in  deal-
ing with pQCD predictions, as explained in the Introduc-
tion. Of all the MOM schemes, the gauge dependence of

 under the  scheme is the smallest (be-
low ±1%). In this sense, the MOMgg scheme can be con-
sidered the ideal type of MOM scheme.

Q̄

ξMOM ∈ [−3,3] Q̄
∼ [31,45] ∼ [25,47]

∼ [109,122] ξMOM

[−1,1]
Q̄ ∼ [43,45]

∼ [40,47]
∼ [119,122]

Q̄ ξMOM ∈ [−1,1]

Γ(H→ gg) ξMOM ∈ [−1,1]

● By applying the PMC, the scale-independent effect-
ive momentum flow ( ) of  the process  can be fixed us-
ing  the  RGE;  as  shown  in Figs.  5 and 12,  it  differs
between MOM schemes, which ensures the scheme inde-
pendence of  the  pQCD predictions  [40].  For  example,  if
we  set ,  then  the  effective  scale  is

 GeV  for  the  mMOM  scheme,  GeV
for  the  MOMh,  MOMq,  and  MOMg  schemes,  and

 GeV for the MOMgg scheme. If we set 
to within a smaller allowable region , the effective
scale  becomes  GeV for the mMOM scheme,

 GeV  for  the  MOMh,  MOMq,  and  MOMg
schemes,  and  GeV for the MOMgg scheme.
The  small  differences  of  observed  for 
can  be  further  compensated  for  by  the  differences  of
asymptotic scale,  which  results  in  a  weaker  gauge  de-
pendence of  for .

Γ(H→ gg)

●  Applying  the  PMC  eliminates  the  renormalization
scale ambiguity;  hence,  a  more  accurate  pQCD  predic-
tion  for  can  be  achieved.  The  uncertainties

H→ gg MOMggg MOMh MOMqTable  3.    Gauge  dependence  of  the  total  decay  width  (unit:  keV)  for  up  to  the  three-loop  level  under  the , ,  and 
schemes, before and after applying the PMC. The other input parameters are set as their central values.

ξMOM −3 −2 −1 0 1 2 3

Γ|MOMggg
Conv.

101.1 293.9 374.1 349.5 335.3 357.2 395.9

Γ|MOMh
Conv.

404.3 340.1 333.3 351.6 370.0 363.9 322.6

Γ|MOMq
Conv.

472.3 420.7 374.7 342.5 328.2 335.2 370.6

Γ|MOMggg
PMC

107.0 287.3 349.6 323.6 309.4 323.8 336.5

Γ|MOMh
PMC

395.2 331.5 321.5 332.5 339.2 319.6 267.5

Γ|MOMq
PMC

434.5 394.7 357.8 332.5 323.9 336.5 378.7
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∆αs(MZ) ∆MH

ξMOM ∈ [−1,1] Γ(H→ gg)|mMOM
PMC

n = 2,3,4,5

Γ(H→ gg)|MOMh,MOMq,MOMg
PMC

n = 2,3,4,5
Γ(H→ gg)|MOMgg

PMC

n = 3,4,5

Γ(H→ gg)

caused by  and  are found to be small,  ap-
proximately  4%  and  1%,  respectively.  By  taking

,  the  total  decay  width  is
changed by about 10%, 3%, 2%, and 5% for ,
respectively;  the  total  decay  widths

 behave  similarly,  changing
by  approximately  33%,  12%,  11%,  and  19%  for

,  respectively;  the  total  decay  width
 is  almost  independent  of  the  choice  of

gauge  parameter,  and  it  changes  by  only  ~1%  for
.  By  summing  all  the  aforementioned  errors  in

quadrature,  we  obtain  the  five-loop  predictions  of
 under five asymmetric MOM schemes,

Γ(H→ gg)|mMOM
PMC = 332.8+13.8

−8.4 keV, (61)

Γ(H→ gg)|MOMh
PMC = 332.8+28.5

−35.6 keV, (62)

Γ(H→ gg)|MOMq
PMC = 332.9+28.4

−35.5 keV, (63)

Γ(H→ gg)|MOMg
PMC = 332.7+28.4

−35.4 keV, (64)

Γ(H→ gg)|MOMgg
PMC = 337.9+7.6

−7.7 keV. (65)

Γ(H→ gg)

4

Q̄

±|λ3a3(Q)|
4 Q̄

The MOMgg decay width has the smallest net error, due
to  the  small  gauge  dependence.  The  Higgs  decay  width

 is  found  to  vary  weakly  according  to  the
choice  of  MOM  scheme,  which  is  consistent  with  RGI.
Such small  differences  (less  than  ~1%) between  the  dif-
ferent schemes could be attributed to the unknown high-
er-order terms; e.g., the unknown N LL and higher-order
terms in the PMC scale 's  perturbative series  [71].  For
example,  from  Eq.  (53),  we  can  see  that  if  we  treat

 as  the  estimated  contribution  of  the  unknown
N LL-term  of ,  the  change  of  the  total  decay  width

Q̄ αs(Q̄)
ξ Γ(H→ gg) MOMggg MOMh MOMq

Fig. 12.    (color online) The PMC effective scales  (left) and their corresponding coupling constants  (right) with respect to the
gauge  parameter  ( )  of .  Three  symmetric  MOM schemes  ( , ,  and )  are  adopted.  The  dotted  and
dash-dot lines denote the results up to the two- and three-loop QCD corrections, respectively.
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∆Γ(H→ gg)

∆Γ(H→ gg)|PMC ≃ ±2.8

 well  explains  the  disparities  between  the
total  decay  widths  for  different  schemes;  e.g.,

 keV for all the MOM schemes.

αs

αs(Q̄)

● The pQCD convergence of  the conventional  series
varies greatly under different choices of the renormaliza-
tion scale,  due to the mismatch between the perturbative
coefficient and -value at the same order. Thus, it is im-
proper to  use  the  conventional  series  to  predict  the  un-
known terms. On the other hand, after applying the PMC,
the scale-independent coupling  can be determined;

Γ(H→ gg)
±|r5,0a6

s(Q̄)|
O(α6

s)
±3.1

±9.3

combining this with the scale-invariant conformal coeffi-
cients, we can deduce the intrinsic perturbative nature of
the  pQCD  series  and  more  reliably  predict  unknown
terms.  Using  the  known  five-loop  prediction  of

 as  an  explicit  example,  if  we  choose
 as  a  conservative  estimate  of  the  unknown

six-loop  prediction,  we  obtain  the  contribution  as
 keV for  the  mMOM, MOMh, MOMq, and MOMg

schemes, and  keV for the MOMgg scheme.

MSAppendix A: The relations between the renormalization constants of the mMOM and  schemes

Eq. (18) shows that for any scheme R, we have ZR
a =

1
ZR

3

(
Z̃R

1
Z̃R

3

)2

, (A1)

then, we obtain

Γ(H→ gg) ξ

µ = MH

µ ∈ [MH/4,4MH]

Fig. 13.    (color online) Total decay width  with respect to the gauge parameter ( ) up to the two- and three-loop levels un-
der three symmetric MOM schemes. The dotted line represents the conventional scale-setting approach with , and the shaded
band shows its renormalization scale uncertainty, obtained by varying . The solid line is the PMC prediction, which
is independent of the choice of renormalization scale.
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ZMS
a

ZmMOM
a

=
ZmMOM

3

ZMS
3

( Z̃MS
1

Z̃mMOM
1

)2( Z̃mMOM
3

Z̃MS
3

)2

=
ZmMOM

3

ZMS
3

( Z̃mMOM
3

Z̃MS
3

)2

. (A2)

Meanwhile, Eq. (12) leads to

ZmMOM
3

ZMS
3

=
1+ΠmMOM

A

1+ΠMS
A

, (A3)

and Eq. (13) leads to

Z̃mMOM
3

Z̃MS
3

=
1+Π̃mMOM

c

1+Π̃MS
c

. (A4)

q2 = −µ2At the subtraction point , Eqs. (23) and (24) lead to

ZmMOM
3

ZMS
3

=
1

1+ΠMS
A

,

( Z̃mMOM
3

Z̃MS
3

)2

=
1

(1+Π̃MS
c )2

. (A5)

Substituting Eqs. (A2) and (A5) into Eq. (22), we obtain Eqs. (36)
and (26), as required.

MS

Appendix B: Perturbative transformations of the strong couplings and gauge parameters between
the MOM schemes and  scheme

MS
(a, ξ) (a, ξ) (aMS, ξMS)

(aMOM, ξMOM)

In  this  appendix,  we  provide  the  perturbative  transformations
from  the  strong  couplings  and  gauge  parameters  of  a  specific
MOM scheme to those of the  scheme. For convenience, we use
the  notations  and  to  represent  and

, respectively.  The  transformations  were  first  con-
sidered in Ref.  [4] and then improved in Ref.  [80].  Here,  for self-
consistency and in light of our present purposes, we present a more
detailed and one-order higher derivation than that of Ref. [80].

MS
Generally,  the  strong  couplings  and  gauge  parameters  of  a

MOM scheme can be expanded over those of the  scheme. Up
to the presently known order,  and to suit  the needs of  our present
discussion, we have

a = a+
4∑

i=1

ϕi(ξ)ai+1 +O(a6), (B1)

ξ = ξ
(
1+

3∑
n=1

ψn(ξ)an +O(a4)
)
. (B2)

Conversely, we have

a = a+
4∑

n=1

bn(ξ)an+1 +O(a6), (B3)

ξ = ξ
(
1+

3∑
n=1

χn(ξ)an +O(a4)
)
. (B4)

MS
These two expansions  (B3)  and (B4)  are  important  for  transform-
ing the known  perturbative series of a physical observable into
the one expressed under a certain MOM scheme.

bi(ξ) χi(ξ)
ϕi(ξ) ψi(ξ)

Our  task  is  to  derive  the  coefficients  and  from  the
known ones  and . To this  end,  we first  perform the fol-
lowing Taylor expansions:

ϕi(ξ) =
∞∑

n=0

dnϕi(ξ)
n!dξn (ξ− ξ)n, i = 1,2,3,4 . . . , (B5)

ψ j(ξ) =
∞∑

n=0

dnψ j(ξ)
n!dξn (ξ− ξ)n, j = 1,2,3 . . . , (B6)

where

ξ− ξ = ξ
(
χ1(ξ)a+χ2(ξ)a2 +χ3(ξ)a3 +O(a4)

)
. (B7)

ϕi(ξ) ψ j(ξ)Here,  and  can  be  derived  from  Eqs.  (26),  (34),  (36),
(42), (45), and (47), using the known results given in Refs. [11, 26].

bi(ξ) ϕi(ξ) bi(ξ)

χi(ξ) ψi(ξ) χi(ξ)

Substituting Eq. (B3) into (B1) and using Eq. (B5) in combina-
tion with Eq. (B7), an expression of  over  and  can be
obtained.  Similarly,  substituting  Eq.  (B4)  into  (B2)  and  using  Eq.
(B6)  in  combination  with  Eq.  (B7),  we  obtain  the  expression  of

 over  and .  The  following  array  of  transformation
equations can be readily obtained:

b1(ξ) = −ϕ1(ξ) , χ1(ξ) = −ψ1(ξ) , (B8)

b2(ξ) = −ϕ2(ξ)+2ϕ2
1(ξ)+ ξψ1(ξ)

dϕ1(ξ)
dξ

, (B9)

χ2(ξ) = −ψ2(ξ)+ψ2
1(ξ)+ψ1(ξ)ϕ1(ξ)+ ξψ1(ξ)

dψ1(ξ)
dξ

, (B10)

b3(ξ) =−ϕ3(ξ)+5ϕ2(ξ)ϕ1(ξ)−5ϕ3
1(ξ)+ ξψ1(ξ)

dϕ2(ξ)
dξ

− 1
2
ξ2ψ2

1(ξ)
d2ϕ1(ξ)

dξ2 + ξ
dϕ1(ξ)

dξ

(
ψ2(ξ)−ψ2

1(ξ)

−5ψ1(ξ)ϕ1(ξ)− ξψ1(ξ)
dψ1(ξ)

dξ

)
, (B11)

χ3(ξ) =−2ϕ1(ξ)ψ1(ξ)2 −2ϕ1(ξ)2ψ1(ξ)+ϕ2(ξ)ψ1(ξ)+2ϕ1(ξ)ψ2(ξ)

−ψ1(ξ)3 +2ψ2(ξ)ψ1(ξ)−ψ3(ξ)+ ξ
[
− dϕ1(ξ)

dξ
w1(ξ)2 +

dψ1(ξ)
dξ

×
(
−2ϕ1(ξ)ψ1(ξ)−3ψ1(ξ)2 +ψ2(ξ)

)
+

dψ2(ξ)
dξ

ψ1(ξ)
]

+ ξ2

−(
dψ1(ξ)

dξ

)2

ψ1(ξ)− 1
2

d2ψ1(ξ)
dξ2 ψ1(ξ)2

 , (B12)

b4(ξ) =14ϕ1(ξ)4 −21ϕ2(ξ)ϕ1(ξ)2 +6ϕ3(ξ)ϕ1(ξ)+3ϕ2(ξ)2 −ϕ4(ξ)+ ξ
[

dϕ1(ξ)
dξ

(
3ψ1(ξ)

(
2ϕ1(ξ)ψ1(ξ)+7ϕ1(ξ)2 −2ϕ2(ξ)

)
−6ϕ1(ξ)ψ2(ξ)+ψ1(ξ)3

−2ψ1(ξ)ψ2(ξ)+ψ3(ξ)
)
+

dϕ2(ξ)
dξ

(
−6ϕ1(ξ)ψ1(ξ)−ψ1(ξ)2 +ψ2(ξ)

)
+

dϕ3(ξ)
dξ

ψ1(ξ)
]

Chinese Physics C    Vol. 44, No. 11 (2020) 113102

113102-19



+ ξ2
[

dϕ1(ξ)
dξ

(
dψ1(ξ)

dξ

(
6ϕ1(ξ)ψ1(ξ)+3ψ1(ξ)2 −ψ2(ξ)

)
− dψ2(ξ)

dξ
ψ1(ξ)

)

+
d2ϕ1(ξ)

dξ2 ψ1(ξ)
(
3ϕ1(ξ)ψ1(ξ)+ψ1(ξ)2 −ψ2(ξ)

)
+3

( dϕ1(ξ)
dξ

)2
ψ1(ξ)2 − dϕ2(ξ)

dξ
dψ1(ξ)

dξ
ψ1(ξ)− 1

2
d2ϕ2(ξ)

dξ2 ψ1(ξ)2
]

+ ξ3
[

d2ϕ1(ξ)
dξ2

dψ1(ξ)
dξ

ψ1(ξ)2 +
dϕ1(ξ)

dξ

(
1
2

d2ψ1(ξ)
dξ2 ψ1(ξ)2 +

( dψ1(ξ)
dξ

)2
ψ1(ξ)

)
+

1
6

d3ϕ1(ξ)
dξ3 ψ1(ξ)3

]
. (B13)

These formulas are adaptable to any MOM scheme, though the
exact expressions for the coefficient functions differ. Interestingly,
at  the  two-loop  level,  the  perturbative  predictions  under  the
MOMh,  MOMq,  and  MOMg  schemes  are  exactly  identical;  this

can  be  demonstrated  using  the  formulas  in  Eqs.  (34),  (42),  and
(45).  The differences  (which are  numerically  very  small)  between
these three renormalization schemes appear at  the three-loop level
and above.

Appendix C: The perturbative coefficients of the PMC scale

λi (i = 0,1,2,3) ln Q̄2/Q2 a(Q)The perturbative coefficients   used for the expansion of  over the coupling constant , up to a NNNLL accur-
acy, are as follows:

λ0 = −
r2,1

r1,0
, (C1)

λ1 =
(p+1)(r2,0r2,1 − r1,0r3,1)

pr2
1,0

+
(p+1)(r2

2,1 − r1,0r3,2)

2r2
1,0

β0, (C2)

λ2 =
(p+1)2

(
r1,0r2,0r3,1 − r2

2,0r2,1
)
+ p(p+2)

(
r1,0r2,1r3,0 − r2

1,0r4,1
)

p2r3
1,0

+
(p+2)

(
r2

2,1 − r1,0r3,2
)

2r2
1,0

β1

−
(p+1)(2p+1)r2,0r2

2,1 − (p+1)2 (
2r1,0r2,1r3,1 + r1,0r2,0r3,2

)
+ (p+1)(p+2)r2

1,0r4,2

2pr3
1,0

β0

+
(p+1)(p+2)

(
r1,0r2,1r3,2 − r2

1,0r4,3
)
+ (p+1)(1+2p)

(
r1,0r2,1r3,2 − r3

2,1

)
6r3

1,0

β2
0, (C3)

λ3 =
1

p3r4
1,0

[
pr2

1,0

( (
p2 +3p+2

)
r3,0r3,1 + p(p+3)

(
r2,1r4,0 − r1,0r5,1

) )
+ (p+1)3

(
r3

2,0r2,1 − r1,0r2
2,0r3,1

)
+ p

(
p2 +3p+2

)
r1,0r2,0

(
r1,0r4,1 −2r2,1r3,0

) ]
+

(p+3)
(
r2

2,1 − r1,0r3,2
)

2r2
1,0

β2

−
(p+1)

[
r1,0

(
(p+3)r1,0r4,2 −2(p+2)r2,1r3,1

)
+ r2,0

(
(2p+3)r2

2,1 − (p+2)r1,0r3,2

)]
2pr3

1,0

β1

−

(
4p2 +9p+3

)
r3

2,1 −6
(
p2 +3p+2

)
r1,0r3,2r2,1 +

(
2p2 +9p+9

)
r2

1,0r4,3

6r3
1,0

β0β1

+
1

2p2r4
1,0

[
(p+1)2r2

2,0

(
3pr2

2,1 − (p+1)r1,0r3,2

)
− (p+1)2r1,0r2,0

(
2(2p+1)r2,1r3,1 − (p+2)r1,0r4,2

)

+ r1,0

(
−2p2(p+2)r3,0r2

2,1 +2p
(
p2 +3p+2

)
r1,0r4,1r2,1 + r1,0(p+1)3r2

3,1 + p(p+2)r1,0

(
(p+1)r3,0r3,2 − (p+3)r1,0r5,2

))]
β0

+
p+1

6 p r4
1,0

[
r2,0

( (
6p2 +5p+1

)
r3

2,1 −3
(
2p2 +3p+1

)
r1,0r3,2r2,1 +

(
p2 +3p+2

)
r2

1,0r4,3

)

+ r1,0

(
−3

(
2p2 +3p+1

)
r3,1r2

2,1 +3
(
p2 +3p+2

)
r1,0r4,2r2,1 +3(p+1)2r1,0r3,1r3,2

−
(
p2 +5p+6

)
r2

1,0r5,3

)]
β2

0 +
p+1

24r4
1,0

[ (
6p2 +5p+1

)
r4

2,1 −6
(
2p2 +3p+1

)
r1,0r3,2r2

2,1

+4
(
p2 +3p+2

)
r2

1,0r4,3r2,1 + r2
1,0

(
3(p+1)2r2

3,2 −
(
p2 +5p+6

)
r1,0r5,4

)]
β3

0. (C4)
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MS ri, j(MH) Γ(H→ gg) α6
sAppendix D: The -scheme coefficients  for  up to -order level

Ck(µ)

µ = MH MS

ri, j(MH)

α6
s

ri, j(MH)

Using the perturbative coefficients  at the renormalization
scale  (taken  from  Ref.  [50]),  we  obtain  the  required -
scheme coefficients ;  these  can be  adapted  for  our  present
PMC analysis. More explicitly, up to the -order, the coefficients

 are as follows:

r1,0(MH) = 16, (D1)

r2,0(MH) = 288, (D2)

r2,1(MH) = 56, (D3)

r3,0(MH) = 3424ln
M2

H

m2
t
−10560ζ3 −

153160
9

, (D4)

r3,1(MH) = − 256
3

ln
M2

H

m2
t
−160ζ3 +

15424
9

, (D5)

r3,2(MH) =
2032

9
− 16π2

3
, (D6)

r4,0(MH) =
286664

3
ln

M2
H

m2
t
+

1196800ζ5

3
− 2136260ζ3

9
− 47446802

81
,

(D7)

r4,1(MH) =856ln2 M2
H

m2
t
+

39028
9

ln
M2

H

m2
t
+

3040ζ5

3

− 712325ζ3

18
+856π2 − 401489

9
, (D8)

r4,2(MH) = −128
3

ln2 M2
H

m2
t
− 2380

9
ln

M2
H

m2
t
−1104ζ3 −

416π2

3
+

695671
81

, (D9)

r4,3(MH) = −32ζ3 +
28508

27
−56π2, (D10)

r5,0(MH) =366368ln2 M2
H

m2
t
−

(
4308480ζ3 +

37289332
9

)
ln

M2
H

m2
t
+

698066944a5

945
+

806396224a4

567
− 125910400ζ7

9

+
9927911216ζ5

945
+8518400ζ2

3 +
121633044056ζ3

4725
− 2786175509π4

127575
− 558112π2

3
+

2542274821357
255150

− 87258368ln5 2
14175

+
100799528ln4 2

1701
+

87258368π2 ln3 2
8505

− 100799528π2 ln2 2
1701

+

(
298190944π4

42525
+

109568
9

π2
)
ln2, (D11)

r5,1(MH) =12916ln2 M2
H

m2
t
+

(
592412ζ3

15
+

46766278
135

)
ln

M2
H

m2
t
− 349033472a5

1575
− 404118752a4

945
− 69440ζ7

9

+
2655253192ζ5

1575
+154880ζ2

3 −
81219195943ζ3

47250
+

3225459599π4

425250
+

1364764π2

45
− 551995547183

212625

+
43629184ln5 2

23625
− 50514844ln4 2

2835
− 43629184π2 ln3 2

14175
+

50514844π2 ln2 2
2835

−
(

149095472π4

70875
+

8192
45

π2
)
ln2, (D12)

r5,2(MH) =
1712

5
ln3 M2

H

m2
t
+

25756
15

ln2 M2
H

m2
t
+

(
32137ζ3

5
− 1712π2

5
+

95279
45

)
ln

M2
H

m2
t
+

2192a4

3

+5144ζ5 +1760ζ2
3 +

(
3520π2 − 92524417

540

)
ζ3 −

183623π4

900
+

118844π2

15
− 52667603

405
+

274ln4 2
9

− 274
9
π2 ln2 2, (D13)

r5,3(MH) =− 128
5

ln3 M2
H

m2
t
− 742

5
ln2 M2

H

m2
t
+

(
128π2

5
− 17948

15

)
ln

M2
H

m2
t
−480ζ5 +

(
160π2 − 21104

3

)
ζ3

− 86794π2

45
+

4999417
108

, (D14)

r5,4(MH) = −448ζ3 +
773024

135
− 4064π2

9
+

16π4

5
. (D15)

ζn an = Lin( 1
2 ) =

∑∞
k=1

(
2kkn

)−1
Here,  is Riemann Zeta function, .
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