Chinese Physics C  Vol. 45, No. 10 (2021) 104102

Systematic study of two-proton radioactivity with a screened
electrostatic barrier”

You-Tian Zou(4B &) Xiao Pan(% )’

Xi-Jun Wu(5 5%)"

Xiao-Hua Li(Z5/NAe)" >

Hong-Ming Liu(XZ4%)"
Biao He(fi[ %)’

'School of Nuclear Science and Technology, University of South China, Hengyang 421001, China
*School of Math and Physics, University of South China, Hengyang 421001, China
3Cooperative Innovation Center for Nuclear Fuel Cycle Technology & Equipment, University of South China, Hengyang 421001, China
4Key Laboratory of Low Dimensional Quantum Structures and Quantum Control, Hunan Normal University, Changsha 410081, China
SCOIIege of Physics and Electronics, Central South University, Changsha 410083, China

Abstract: In this study, a phenomenological model is proposed based on Wentzel-Kramers-Brillouin (WKB) the-
ory and applied to investigate the two-proton (2p) radioactive half-lives of nuclei near or beyond the proton drip

line. The total diproton-daughter nucleus interaction potential is composed of the Hulthen-type electrostatic term and

the centrifugal term. The calculated 2p radioactive half-lives can accurately reproduce the existing 10 experimental

datasets of five true 2p radioactive nuclei with o = 0.736. In addition, we extend this model to predict the half-lives

of possible 2p radioactive nuclei whose 2p radioactivity is energetically allowed or observed but not yet quantified

in NUBASE2016. The predicted results are in agreement with those obtained using the Gamow-like model, general-

ized liquid drop model, Sreeja formula, and Liu formula.
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I. INTRODUCTION

The stability of nuclei in the ground state depends on
a complicated balance between the number of protons
and neutrons. In the vicinity of the proton drop line,
where this balance is strongly disturbed, the nuclear force
no longer binds the additional nucleon. However, in the
case of proton-rich nuclei, the Coulomb potential barrier
resulting from the charged protons can keep one (for odd-
Z nuclei) or two (for even-Z nuclei) additional protons in-
side the nucleus for a finite time [1]. These protons will
eventually be emitted through the Coulomb barrier, lead-
ing to proton or two-proton (2p) radioactivity. These two
decay modes were predicted by Goldansky et al. using
the isobaric invariance principle and the isotopic invari-
ance principle in the 1960s [2-4]. Proton radioactivity
was initially discovered by Jackson ef al. from the iso-
meric state of >3Co in 1970 [5, 6]. In terms of 2p radio-
activity, in theory, it can be divided into two cases de-

pending on the single-proton emission released energy.
One is not true 2p radioactivity, where Q», > 0 and Q, >
0 (Q»p and Q, are the released energies of 2p radioactiv-
ity and the single-proton emission, respectively), mean-
ing the two emitted protons actually sequentially decay.
The other is true 2p radioactivity, where Q»,> 0 and
0, < 0 [7], meaning the two protons are emitted simul-
taneously. Not true 2p radioactivity was initially ob-
served by a series of extremely short-lived ground-state
2p radioactivity emitters before 2002, such as SBe [8],
120 [9], and '*Ne [9]. With the development of experi-
mental facilities and radioactive beams, true 2p radio-
activity was first reported in 2002 via the decay of “Fe in
experiments performed at GANIL [10] and GSI [11], re-
spectively. Later, true 2p radioactivity of Mg, **Ni,
7n, and “’Kr was also observed in different experi-
ments [12-15].

For the true 2p radioactivity process, the protons can
emit from two kinds of states of the parent nucleus. One
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state involves an isotropic emission with no angular cor-
relation, while the other has a strong correlation occur-
ring as a *He-like emission from the parent nuclei. Based
on these two descriptions and Wentzel-Kramers-Bril-
louin (WKB) theory, a number of theoretical models
and/or empirical formulas were proposed for investiga-
tion of 2p radioactivity, such as the direct decay model
[16-18], the diproton model [17, 19-24], the three-body
model [25-28], the empirical formulas of Sreeja [29] and
Liu [30], and others [31-34]. These theoretical ap-
proaches have partially improved our understanding of
the 2p radioactivity phenomenon. However, the calcula-
tions in these theoretical approaches do not take into ac-
count the electrostatic screening effect caused by the su-
perposition of the involved charges, the magnetic field
generated by the movement of the two emitted protons, or
the inhomogeneous charge distribution of the nucleus
[35-37]. This effect was first considered by Hulthen ez al
in 1942 [38]. In their study, they proposed an analytic
form of electrostatic interaction to describe this effect,
named Hulthen potential. In recent years, this potential
has been extensively employed to study the half-lives of
a decay and proton radioactivity [36, 37, 39, 40]. The cal-
culated results reproduce the experimental data well. The
2p radioactivity process shares the same theory, i.e., bar-
rier penetration as a decay and proton radioactivity [41-
50]. Whether the Hulthen potential can be extended to
study 2p radioactive half-lives is an interesting topic. In
this study, based on the WKB theory and employing the
Hulthen potential as a replacement for Coulomb poten-
tial to consider the electrostatic screening effect, we sys-
tematically investigate the half-lives of 2p radioactive
nuclei near or beyond the proton drip line.

The article is arranged as follows. In the next section,
the theoretical framework is briefly presented. The de-
tailed calculations and discussion are presented in Sec-
tion III. Finally, a summary is given in Section IV.

II. THEORETICAL FRAMEWORK

The 2p radioactive half-life T/, can be calculated us-
ing the decay constant 4 and expressed as

In2
Tip= = (D
with
A=S8,,vP. 2

Here, S,, = Gj[A/(A-2)]*"p* denotes the spectroscopic
factor of 2p radioactivity estimated using the cluster
overlap approximation [20] with G} =(2n)!/[2*"(n!)*]
[51], where n ~ (3Z)!/3—1 is the average principal pro-

ton oscillator quantum number [52], 4 and Z denote the
mass number and proton number of the parent nucleus,
respectively, p> = 0.015 denotes the proton overlap func-
tion, which is determined by a y? optimization from the
experimental half-lives of Mg, “Fe, “®Ni, and >*Zn
[16], and v is the assault frequency, which can be calcu-
lated by the oscillation frequency w and expressed as [53]

3 3
w (2n,+l+ E)h (G+ z)h

T o 1.27uR>2 - 1.27T/JR%0,

)

3 .
where R, = \/;Roo is the nucleus root-mean-square

o 1.646 A-27Z
(rms) radius with Roo = 1.24A'3[1 + — —0191——

[54], and G =2n,+! is the principal quantum number,
with n, and / being the radial and angular momentum
quantum numbers, respectively. For 2p radioactivity, we
set G =4 or 5 corresponding to the 47w or 5hw oscillator
shells, depending on the individual two-proton emitters.
The reduced mass of the decaying nuclear system is giv-
en by M =mgmyp/(mg +map) ~ 9383 x2x (A-2)/A
MeV/c?, with my and my, being the mass of daughter
nucleus and the two emitted protons, respectively. Fi-
nally, 7 is the reduced Planck constant.

The quantity P given in Eq. (2) is the penetration
probability of the two emitted protons crossing the barri-
er. It can be calculated by the semi-classical WKB ap-
proximation [55, 56] and written as

2 (R
pP= CXP{ -3 fR \2ulV(r) - sz]df} , “4)

where V(r) is the diproton-daughter nucleus interaction
potential, R,y is the outer turning point of potential barri-
er satisfying the condition V(Row) =02y, and
R, =R;+R, isthe distance of the touching configura-
tion, where R; and R,, are the radii of daughter nucleus
and the two emitted protons, respectively. They can be
calculated using [57]

R=1.28A"%-0.76+0.847"73. (5)

In general, the diproton-daughter nucleus electrostat-
ic potential is by default Coulomb type, given as

Ve = ZaZope® |1, (6)

where Z; and Z,, are the proton numbers of the daughter
nucleus and the two emitted protons, respectively, and e?
is the square of the electronic elementary charge.
However, in the 2p radioactivity process, for the super-
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position of the involved charges, due to the magnetic
field generated by the movement of the two emitted pro-
tons and the inhomogeneous charge distribution of the
nucleus, the diproton-daughter nucleus electrostatic po-
tential behaves as a Coulomb potential at a short distance
and drops exponentially at large distance, i.e., the
screened electrostatic effect [38, 58]. This behavior of
electrostatic potential can be described using the Hulthen
type potential and is defined as

aZdZQ p62

9’ 7
o ™

H=

where a is the screening parameter. In this framework,
the total diproton-daughter nucleus interaction potential
V(r), shown in Fig. 1, is given by

_ Vo, 0<
Vin = { V() +Vi(r), r>

o ®)

r<
Ry,
where V) is the depth of square well and V;(r) is the cent-

rifugal potential.
2

1\ . .
As l(l+1)—|I+ 3 is a necessary correction for one-

dimensional problems [59], the centrifugal potential is
chosen as the Langer modified centrifugal potential in
this study. It can be expressed as

n(1+ 1)

Vi(r) =
1(r) 2

; ©)

where / is the orbital angular momentum taken away by
the two emitted protons. It can be obtained by the spin
and parity conservation laws.

Obviously, the outer turning point of potential barrier
Ry given in Eq. (4) is an important quantity in evaluat-
ing the half-life of 2p radioactivity. To obtain an analytic

20
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Fig. 1. (color online) Schematic plot of the potential energy
V(r) for ®7Kr as a function of the distance between the centers
of the daughter nucleus and the two emitted protons.

expression for Ry, the centrifugal term should be ap-
proximated as [60]

1 a?
2 e 1) (10)

with the value of a being small. Under this assumption,
the outer turning point of the potential barrier R,y can be
expressed as

1 2V
Roy = —In ! +1 (11)

a ,[V02+4V1QZP—V0

with

12
ZhZZ_
()

Vo =2ae*Z;, V)=
2u

(12)

We define the Gamow factor as Gy, = -log P for the
outer potential barrier region. It can be given by the def-
inite integral as [36]

1
Gie = —[L1(N+ L] (13)

These two terms, I;(r) and I>(r), have the following ex-
pressions: [36, 37]

Li(r)=- ,[V1x2+Vox—Q2p

xVo =205,

x,¢4Q2pV1 + V02

ln[2 V1x2+V0x sz)+V0+2V1x]

0»parcsin

2\/_
(14)
L(r) =/V1y* + Upy - U,
-2
— /U arctan YWo—2Ui
2NU(Viy? + Ugy—Uy)

U
+5 \/(;/_lln[Z \/Vl(Vlyz +Ugy-Uy)
+U0+2V1y}, (15)

where the following notations are employed:
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xz(ear_l)—l’ y= 1+(ear_1)—l’

U0=V0—2V1, U1=Q2p+V()—V]. (16)

III. RESULTS AND DISCUSSION

In this study, we systematically investigate the 2p ra-
dioactive half-lives of nuclei near or beyond the proton
drip line. The experimental 2p radioactive half-lives and
corresponding released energies are taken from the cor-
responding references of 2p radioactivity. With the
Hulthen potential for the electrostatic barrier being con-
sidered, this model contains one adjustable parameter,
i.e., the screening parameter a, which is obtained by fit-
ting the true 2p radioactive nuclei of "Mg, “Fe, “Ni,
37n, and ’Kr, amounting to 10 experimental datasets.
The standard deviation o, describing the difference
between the experimental data and calculated data, can be
expressed as

1 10 T;:‘/icz:l 2
o= EZ log[Texp’t] 17
i=1 1/2;
Here, 70" and 7<% represent the experimental and cal-

1/2, 1/2,
culated 2/]) radioac/tive half-lives for the i-th nucleus, re-
spectively. Through minimizing o, the screening paramet-
er is determined as a = 2.9647 x 102 fm~!. The value of a
is small, though it observably impacts the classical outer
turning point R,y obtained by Eq. (11), with the 2p ra-
dioactive half-life being sensitive to Roy. For intuitively
displaying the screening effect, in Fig. 2, we illustrate the
difference between RS, - R against the proton number
of the daughter nucleus for different 2p radioactivity re-
leased energies, Q,,. Here, RS, and RY represent the
Rou value calculated using pure Coulomb and Hulthen
potentials, respectively, while the centrifugal potential
contribution is not considered. From this figure, we can
clearly see that the smaller 2p radioactivity released en-
ergy Q», and larger proton number of the daughter nucle-
us Z, increase the difference between RS, and RY .

For a more intuitive illustration of the relationship
between the screening effect and Q,,, taking the true 2p
radioactive nucleus Fe as an example, we plot the dif-
ference of RS, - R against 0, in Fig. 3. From this fig-
ure, we can see an approximately linear relation between
RS, - RM and Q,,, indicating a strong correlation
between the screening effect and 2p radioactivity re-
leased energy.

In the following, using this model and the value of
parameter a, we systematically calculate the 2p radioact-
ive half-lives of nuclei using the experimental data, in-
cluding true and not true 2p radioactive nuclei. The de-

tailed results are listed in Table 1. For comparison, the
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Fig. 2. (color online) Difference between RS, and R, ob-

tained by V(r) = 0, when only considering the Coulomb po-

C

tential. For calculating RS,

the Coulomb potential is taken as
the potential of a uniformly charged sphere, ie., Vc(r) =
Z4Zsp€* [r, while for R

out?

the Coulomb potential is taken as the
a2422,,e2

Hulthen potential, i.e., Vu@r) = e with a =
2.9647x 1072 fm™! .
28 T T T T T T
27F E
E 26 F 45pe E
GEask B
uf E
23 1 1 1 1 1 1
1.10 112 1.14 1.16 1.18 1.20 1.22
Q,, [MeV]
Fig. 3. (color online) Difference between RS, and RY, plot-

ted against the 2p radioactivity released energy Q,, for “Fe.

Gamow-like model [21], generalized liquid drop model
[24], Sreeja formula [29], and Liu formula [30] are also
employed. In this table, the first three columns represent
the 2p radioactive parent nucleus, 2p radioactivity re-
leased energy, and the logarithmic form of experimental
2p radioactive half-lives (Expt), respectively. The last
five columns represent the logarithmic form of theoretic-
al 2p radioactive half-lives, which are calculated in this
study and with the Gamow-like model (GLM) [21], gen-
eralized liquid drop model (GLDM) [24], Sreeja formula
(Sreeja) [29], and Liu formula (Liu) [30], respectively. In
order to intutively provide comparisons of the experi-
mental 2p radioactive half-lives with the calculated val-
ues, we present the decimal logarithm deviations between
the experimental 2p radioactive half-lives and the calcu-
lated values in Fig. 4. From this figure, it can be seen that
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Table 1. Comparisons between the experimental 2p radioactive half-lives and the calculated values using five different theoretical
expt

models and/or formulas. The experimental 2p radioactive half-lives log, 773

and corresponding 2p released energies Q,, are extrac-
ted from the different references.

lOglOTl/z/S

Nuclei 0,,/MeV - - -
Expt This study GLM GLDM Sreeja Liu
‘Be 1371 [8] —20.30 [8] ~19.86 ~19.70 -19.37 -21.95 2381
0 1.638 [61] >-20.20 [61] -17.70 ~18.04 -19.71 -18.47 —20.17
1.820 [3] —20.94 [3] —18.03 —18.30 —19.46 -18.79 -20.52
1.790 [62] —20.10 [62] -17.98 —18.26 —19.43 —18.74 —20.46
1.800 [63] —20.12 [63] —18.00 -18.27 —19.44 -18.76 -20.48
“Ne 1.330 [3] —20.64 [3] ~15.47 -16.23 ~16.45 ~15.94 -17.53
1.400 [64] ~20.38 [64] -15.71 ~16.43 ~16.63 -16.16 -17.77
“Mg 0.750 [12] ~11.40 [12] ~10.58 ~11.46 ~11.79 ~10.66 ~12.03
“Fe 1100 [11] —2.40[11] 232 ~2.09 .23 -1.25 221
1.140 [10] —2.07[10] —2.67 —2.58 —2.71 —1.66 —2.64
1.154 [15] —2.55[15] —2.78 -2.74 -2.87 -1.80 -2.79
1.210 [65] —2.42 [65] —3.24 -3.37 -3.50 —2.34 -3.35
*Ni 1.290 [66] ~2.52 [66] -2.55 -2.59 -2.62 -1.61 -2.59
1.350 [15] —2.08 [15] -3.00 -3.21 —3.24 —2.13 -3.13
“Zn 1.280 [67] —2.76 [67] -131 -0.93 —0.87 -0.10 -1.01
1.480 [13] —2.43[13] —2.81 -3.01 —2.95 —1.83 —2.81
Kr 1.690 [14] —1.70 [14] —0.95 -0.76 -1.25 0.31 -0.58
3

[ H GLDM NI ]

L ® GLM 54 4

3 A Sreeja soZn 4

2 F Liu ]

F @ This study| 1

[ 5 i

- r Mg 1.350MeV 1

= I ] = 1

E 1 I b4 L 2 1.480MeV J
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b L i
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F 1.100MeV * 1
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Fig. 4. (color online) Deviations between the experimental 2p radioactive half-lives and the calculated values using different theoret-
ical models and/or formulas for the true and not true 2p radioactive nuclei.

the decimal logarithm deviations between the experi- the values calculated using the theoretical approaches of
mental 2p radioactive half-lives and the values calcu- the Gamow-like model, generalized liquid drop model,
lated in this study are within +1. However, for >*Zn with Sreeja formula, Liu formula, and this study approach ap-
02, = 1.280 MeV, the decimal logarithm deviations proximately an order of magnitude. The result suggests
between the experimental 2p radioactive half-lives and  that this experimental data may not be accurate enough
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for theoretical comparisons. Furthermore, in order to
compare the reproducibility of our model with other the-
oretical models and/or formulas for 2p radioactive half-
lives, we calculate the standard deviation o using Eq.
(17), with the results listed in Table 2. From this table, we
find that the minimum ¢ obtained by our study is 0.736.
Compared to the best resglt (())f7 ggevious studies, the value

of ¢ is reduced by — =13.0%. It means that

0.846
our study can be treated as a new and effective tool to in-
vestigate 2p radioactivity.

Finally, we extend this model to predict the half-lives
of possible 2p radioactive nuclei with Q,, > 0, which are
extracted from the evaluated atomic mass table
AME2016 [68, 69]. The predicted results with other pre-
dictions using the Gamow-like model, GLDM, and two
empirical formulas of Sreeja and Liu are all listed in
Table 3. This table is similar to Table 1, except the exper-
imental 2p radioactive half-lives denoted as "Expt" are
replaced by the orbital angular momentum denoted by / in

Table 2.
las for true 2p radioactivity.

the third column. Based on Table 3, we plot the logar-
ithmic form of the predicted 2p radioactive half-lives for
these possible 2p radioactive nuclei in Fig. 5. From this
figure, we observe that our predicted results are in agree-
ment with the results from the Gamow-like model, gener-
alized liquid drop model, Sreeja formulas, and Liu formu-
las. In addition, we plot the predicted 2p radioactive half-

lives logloT}’/rg against (22'8+lo'25)Q;;/2, i.e., the new
Geiger-Nuttall law for 2p radioactivity, [30] in Fig. 6.
The figure depicts an approximately straight line, which

indicates that our predicted results are reliable.

IV. SUMMARY

In summary, based on the WKB theory considering
the electrostatic screening effect and using a Hulthen po-
tential to replace the Coulomb potential, we systematic-
ally investigate the 2p radioactive half-lives of nuclei
near or beyond the proton drip line. The screening para-

Standard deviation o between the experimental data and the calculated data using different theoretical models and/or formu-

Model This study Gamow GLDM Sreeja Liu
o 0.736 0.846 0.852 1.221 0.851
Table 3. Comparison of the predicted half-lives for possible 2p radioactive nuclei whose 2p radioactivity is energetically allowed or

observed but not yet quantified in NUBASE2016 [70].

Nuclei 02p/MeV / - logyo T12/s . |
This study GLM GLDM Sreeja Liu
“si 1.283 0 -12.17 ~13.25 -13.30 -12.30 ~13.74
*s 1755 0 ~12.82 ~13.92 ~14.59 -12.71 ~14.16
“Ca 1.474 0 -8.99 -10.10 -10.71 -8.65 -9.93
*Se 1.993 0 -10.79 ~12.00 - ~10.30 ~11.66
*Ti 2743 0 -12.70 ~13.84 ~1427 ~11.93 ~13.35
*Ti 0.758 0 -1.91 ~0.91 ~1.34 ~0.28 -1.19
“y 1.842 0 -8.97 -10.15 - ~8.46 -9.73
“er 1.002 0 -2.87 -2.65 -2.88 -1.78 -2.76
“Co 1.042 0 -1.13 —0.42 - 0.21 ~0.69
*Ga 2.443 0 —7.41 -8.57 - —6.42 ~7.61
“Ge 3.732 0 -11.10 -12.32 ~13.10 -9.53 ~10.85
YGe 2.102 0 ~5.41 -6.31 -6.97 —4.44 ~5.54
“As 2282 0 —5.78 ~6.76 - —4.74 —5.58
“N 1.300 1 -16.76 -17.36 - ~20.04 ~18.59
*cl 1.965 2 -11.78 —13.11 - ~14.52 ~12.46
K 2077 2 -11.13 ~12.49 - ~13.46 -11.55
"Ga 2.047 2 ~4.94 -5.91 - ~5.22 ~4.14
“As 3.492 4 —7.88 —9.40 - ~10.84 -8.33
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Fig. 5.

(color online) Predicted 2p radioactive half-lives using different theoretical models and/or formulas for possible 2p radioact-

ive nuclei whose 2p radioactivity is energetically allowed or observed but not yet quantified in NUBASE2016 [70].

log;, T, '2Prc (s)

20 F 4

(Zd0v8+L0v25)Q2P-I 2
Fig. 6. Predicted 2p radioactive half-lives logy,7}/5 plotted
against (22-8+10-25)Q;;/ 2 ie., the new Geiger-Nuttall law for
2p radioactivity [30].
meter a is obtained by fitting the experimental half-lives

of true 2p radioactive nuclei according to the smallest

standard deviation. The calculated results are found to be
in agreement with the corresponding experimental data.
In addition, we extend this model to predict the half-lives
of possible 2p radioactive nuclei whose 2p radioactivity
is energetically allowed or observed but not yet quanti-
fied in NUBASE2016. The predicted results are in agree-
ment with the results calculated using the Gamow-like
model, generalized liquid drop model, Sreeja formula,
and Liu formula. Furthermore, there is an approximate
linear trend between our predicted 2p radioactive half-
lives logy, T}’/rg and (29 + ZO-ZS)Q;;/ 2 i.e., the new Geiger-
Nuttall law for 2p radioactivity. It indicates that our pre-
dictions are reliable.
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