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Particles accelerated in Hertzian magnetic dipole field of a pulsar”
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Abstract: Supernova remnants are supposed to be the most possible sources of cosmic rays. However, alternative

sources of cosmic rays, such as an active galactic nucleus, gamma-ray bursts, and pulsars, have not be excluded. In

this study, we investigate the possibility of cosmic rays being generated by pulsars. The pulsar is simply described as

a rotational magnetic dipole, the so-called Hertzian magnetic dipole, an exact solution of the d'Alembert equations.

In the rotational magnetic dipole field, charged particles experience an accelerated electric field with their radiation
reaction. The particles, which are initially static out of the light cylinder radius, can be accelerated up to a high energy.
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I. INTRODUCTION

Cosmic rays are observed high energy particles com-
ing from outer space. The energy range of cosmic rays is
significantly wide, from 10 to 10%° eV. The particles
with energies higher than 1 EeV are known as ultra-high
energy cosmic rays. They are believed to originate out-
side our galaxy [1], e.g., from an active galactic nucleus.
The most likely sources for the lower energy cosmic rays
are galactic supernova remnants [1-3]. The shock waves
produced by the supernova explosion accelerates particles
to relativistic speeds, known as shock acceleration.
However, shock acceleration does not explain all the cos-
mic rays; alternative acceleration mechanisms have not
been excluded. In the early stage of pulsar discover, it
was proposed that pulsars can generate cosmic rays [4, 5].
Most charged particle acceleration mechanisms related to
pulsars refer to the pulsar magnetosphere structure. In a
gap region of the magnetosphere, where the plasma force-
free condition could break down, particles can be acceler-
ated by the residual electric field around pulsars [6-9].
Other acceleration mechanisms rely on plasma properties
in the magnetosphere; for instance, electromagnetic en-
ergy of the plasma can be transferred into kinetic energy
of particles, such as Landau damping [10] or magnetic re-
connection [11-13].

The pulsar magnetosphere model was proposed by
Goldreich and Julian [14]. Its recent developments
mainly rely on numerical simulations [15-19]. In prin-
ciple, the pulsar magnetosphere model is constructed by
initially inserting a magnetic dipole. Then, one obtains

charged matter distribution of pulsars with plasma force-
free condition. The condition can still be satisfied outside
the pulsars leading to co-rotation plasma around pulsars,
known as the magnetosphere. In the magnetosphere, the
accelerated electric field can be entirely screened. This
introduces controversies about particle acceleration from
pulsars and motivates varieties of acceleration mechan-
isms to be proposed [6-13].

In the seminal paper [16], Spitkovsky obtained nu-
merical solutions for a realistic pulsar magnetosphere.
However, the inserted dipole in the magnetosphere mod-
el for oblique rotational pulsar is not a solution to the
d'Alembert equations. In this paper, we set up a scenario
for acceleration mechanism of cosmic rays in pulsars us-
ing an exact solution of the d'Alembert equations, known
as the Hertzian magnetic dipole [20-22]. The electromag-
netic field configuration of pulsars and the dipole radi-
ation are presented. Particle acceleration via the electro-
magnetic field of a rotational magnetic dipole is studied
numerically. To avoid the impacts of possible magneto-
sphere structure, charged particles are initially located out
of the light cylinder radius, where electric field strength
exceeds the magnetic field and magnetosphere may not
form. The paper is organized as follows. In section II, we
show that the Hertzian magnetic dipole adequately de-
scribes the electromagnetic properties of pulsars. In sec-
tion III, we discuss particle acceleration in the rotational
magnetic dipole field. It is shown that particles out of the
light cylinder radius can be accelerated significantly. Fi-
nally, the conclusions and remarks are provided in sec-
tion IV.
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II. ROTATIONAL MAGNETIC DIPOLE MODEL

Pulsars are highly magnetized rotational celestial ob-
jects. To describe the magnetic properties of the pulsars,
the magnetic monopole model [23, 24], dipole model [25,
26], or multipole model [27] have been suggested. The
dipole model was widely accepted and discussed [15, 28].
In the solar system, the earth and Jupiter also have mag-
netic dipole fields. Unlike the earth, the pulsars generally
have a strong magnetic field. In addition, due to rapid ro-
tation of pulsars, its induced electric field is significantly
strong. Pulsars are usually not a single rotational magnet-
ic dipole in space. The strong electromagnetic field can
cause electron-positron production. Moreover, the
charged particles are rapidly filled with the region of the
magnetosphere [6]. The co-rotation plasma in the mag-
netosphere increases the complexity of the electromag-
netic structure of pulsars to some degree. Recent studies
mostly rely on numerical methods [16-19].

The observation of pulsars depends on their electro-
magnetic properties. For pulsars, the most interesting fea-
ture is that the emissions are observed at a regular time
interval, which can be attributed to the rotation of pulsars
and the anisotropy distribution of radiation emission from
pulsars. The standard picture of the pulsars is presented
by acceleration gap models [6-9, 14]. The charged
particles can be accelerated from a gap region of a pulsar,
such as a region near magnetic poles of the pulsar in
Goldreich's model [14]. In other regions, the electric field
can be screened. Thus, the emission beam from the
pulsars is originated from the accelerated particles that
move along the curved magnetic field line, namely, the
curvature radiation. The observation processes are de-
scribed phenomenologically by a hollow cone model [29,
30]. It geometrically assumes that the emission beams
consist of a cone from the magnetic poles of pulsars.
Pulsars rotate rapidly together with magnetic poles. The
emission beam can not be observed until the cone sweeps
to the earth. When the magnetic poles of pulsars point to
the earth, the emission beam is observed; it shows a rota-
tional period of a pulsar.

Most of the pulsars are believed to be neutron stars.
They are of about M mass; their radiuses are less than
20 km. Recently, for the first time, a white dwarf star was
identified as a pulsar [31]. The emission beam can be X-
ray, radio, and gamma-ray [32, 33]. It can be observed by
space or ground telescopes. To date, thousands of pulsars
have been observed [15]. These pulsars rotate with regu-
lar periods in the range from 1073 to 10 s. Especially,
millisecond pulsars have the most regular rotation fre-
quency. Pulsar timing arrays comprising millisecond
pulsars are used to detect gravitational waves.

The surface magnetic field of pulsars ranges from 10*
to 10" T [34]. No detectors are sent to a pulsar. The in-
ferred magnetic fields of pulsars are estimated via the

evolution of their rotation frequency Q. Rotational kinet-
ic energy loss of pulsars equals to the magnetic dipole ra-
diation; it is known as the spin-down equation and given
as

: 2 322
Q:—WQ M~ sin” 6. (1)

The symbols will be explained later. Eq. (1) is estab-
lished by assuming the simplest magnetic dipole radi-
ation in vacuum. For the realistic pulsar magnetosphere
[16], it does not significantly change the spin-down lu-
minosity. For a large distance from a celestial object, it
can be treated as a point-like object. The most simplified
pulsar can be described as a point-like rotational magnet-
ic dipole M. We further show that an exact solution of the
d'Alembert equation can describe the rotational magnetic
dipole of pulsars. The so-called Hertzian magnetic dipole
is of the form [20-22]

¢(t,x) =0, 2
ro.. r
A(t,x):(M+—M) x =, 3)
C ret T
where
M=QxM, 4)

¢ is the speed of light, Q is the rotational velocity of
pulsars, and M = M (t—r/c); A is the retarded potential.
For a quasi-static magnetic dipole M = 0, the potential re-
duces to the common case A = (Mxr)/r*. By using the
solution, we can calculate the electromagnetic field,

. 1 .. 3r
M+ LM
r2c rc? r (r-M)

3r{ 1. r 1 .
2|+ L(r= 1)) |
"\ ¢ B\ 2 et

E(t,x):—V¢—l%:—l(M+fM) xL (6
c Ot Cc c ret r3

)

Using Eq. (5) and Eq. (6), one may investigate con-
figurations of the electromagnetic field of pulsars. Fig. 1
shows the magnetic field lines in 2 dimension. Retarda-
tion of the magnetic field is apparent at a far distance, es-
pecially where r>c/Q. The 2-dimensional flow lines
provide considerable insight of the magnetic field, al-
though it is not legal as the coordinate along the project-
ive direction is not a cyclic coordinate. Fig. 2 shows the
3-dimensional magnetic field lines. The corresponding
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Fig. 1. (color online) The 2-dimension magnetic field lines for a uniform rotational pulsar with angular speed Q = 2, inclination an-

gular 6 = /6 and magnetic moment M = 10?7 Am?. (a) and (b) are projective magnetic field lines at x-y plane with z =0 section. (c) and

(d) are projective magnetic field lines at x-z plane with y = 0 section.

Fig. 2.  (color online) The 3-dimension magnetic field lines

for a uniform rotation pulsar, whose angular speed Q = 2r, in-
clination angular 6 = /6, and magnetic moment M = 10" Am?.
(a) is plotted in near region and (b) is plotted in far region.

electric fields are shown in Fig. 3. All electric field lines
are circles. The retard of the electric field is indicated via
the difference of the concentric axes of the cycles. One
might be familiar with the magnetic field structure of the
pulsars in Fig. 2(a), since the magnetic field generated by
variation of magnetic dipole M is neglected in the analyt-
ical model [14, 15]. Perhaps, based on the analytical
model, the magnetic field was initially set to be gener-
ated by the quasi-static magnetic dipole in numerical
studies on magnetic field structure of pulsars [16, 19]. In-

Fig. 3. (color online) The 3-dimension electric field lines for

a uniform rotational pulsar, whose angular speed Q =2x, in-
clination angular 6 = /6, and magnetic moment M = 10>’ Am?.
(a) is plotted in near region and (b) is plotted in far region.

terestingly, the analytical solution (Eq. (5)) shown in Fig.
1(a) has similarities with the numerical results [16, 19]. It
may suggest that the electromagnetic field generated by
the variation of the dipole M is included in the dynamic-
al evolution of electromagnetism. The analytical solu-
tions in Egs. (5) and (6) may provide a better understand-
ing of the numerical results.

One can also understand the results in Figs. 2 and 3
via analytical approximations. In the near-field region,
r < ¢/Q, the magnetic field and electric field reduce to
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1

B(t,x) = 5 G3#F-M)—-M) (7
1

E(t,x) = —5(FX( QX M)), @®)

where 7 =r/r. In this case, the magnetic field dominates
the electromagnetic field originating from the pulsars

E(r,x) ~ ?B(r,x) < B(r,x). 9

The magnitude of the electromagnetic field takes the
form

2

M
B(t,x) = r—3

3sin’B+1, (10)

MQ
E(t,x) = ) \/cosz,B+cosza—Zcost%osa/cosﬁ, (11)

-Q -M
where cosa= _— and cosfB = rw Eq. (9) also sug-
r, r
gests that charged particles can satisfy the force-free con-
dition if they move at the speed of rQ. In the far-field re-
gion, r > ¢/Q, one can obtain the electromagnetic field in
the form

1 . .
Bt.0) = (G M)~ M) (12)
E(t,%) = (P x My (13)
cr

where M = QxM+Qx(QxM). In this case, the mag-
nitude of the electric field and magnetic field are compar-
able, namely,

MQ? Q2
E(t.x) ~ B(t.x) = Wwfgsmzwsmzam(é), (14)

where cosy = M— The result in Eq. (14) is not surpris-

ing, since electromagnetic plane waves in vacuum also
have the relation E(t,x) = B(t,x).

Pulsars rotate with dissipation because of electromag-
netic radiation. It is described by the spin-down equation.
The radiation reaction torque is calculated by the surface
integral at spatial infinity,

(15)

2
N:—SE(rxT)-d(r:——3(M><M) :
S 3c ret
where T is the spatial part of the energy-momentum

tensor, T,'j = —(1/(47‘1’)) (E,'Ej + B,’Bj - (1/2)6U(E2 + Bz))

Due to the integral, M, = M(t—1), where fy turns out to
be a constant retard time. For simplicity, we ignore the
subscript "ret" in the following. Using conservation of an-
gular momentum of pulsars together with Eq. (4) and Eq.
(15), we establish the spin-down equation,

IQ:N:—3—23(QxM)x(QxM+Q><(Q><M))
C

- %(Q(Qx M)~ M(2xQ)-M), (16)

where [ is the inertia of momentum of pulsars. The
second term can be neglected.

0=I(QxQ)-M=((- %(9(9 x M)?
- M(QXQ)~M))><Q)-M. (17)

Therefore, the vector version of the spin-down equation is
of the form

. 2
Q=-——"_(QxM)?’Q. 18
31 X M) (18)

The spin-down equation indicates that pulsars rotate with
a fixed inclination angle

d (@M (MxQ)-(QxQ)
0=— = =0. 19
a ( oM ) SinOMO> (19)
The electromagnetic luminosity is consistent with the fa-
miliar magnetic dipole radiation

. 2 2
L=I1Q0=———(QxM)*Q-Q =-——0*M?sin>6. (20)
31c3 3c3

The canonical spin-down Eq. (1) can be obtained dir-
ectly. It indicates that the Hertzian magnetic dipole well
describes the pulsars. From the spin-down Eq. (18), one
can obtain the braking index, which is the observable
quantity describing rotation evolution of pulsars. In our
model, the fixed inclination angle means a fixed braking
index

Q0

n

It differs from the results where the pulsar is considered
as a perfectly conducting sphere [35], whose braking in-
dex is larger than 3 and increases with time. The spin-
down equation derived from the Hertzian magnetic di-
pole provides consistent results with the canonical spin-
down equation. Because the observations suggested that
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the braking indices of pulsars are greater than 3 [36-42],
the Hertzian magnetic dipole model cannot tackle the
problem of braking indices either.

III. PARTICLE ACCELERATION

The electromagnetic field of a pulsar is one of the
strongest field among astronomy objects. The surface
magnetic field of pulsars ranges from 10* to 10'! T [34];
the corresponding magnetic moment ranges from 10?* to
10 Am’. We investigate the particle acceleration in the
electromagnetic field of a pulsar by using direct accelera-
tion. Charged particles experience the Lorentz force
along with their radiation damping. The dynamics of
charged particles can be described by the Abraham-
Lorentz-Dirac equations [43, 44],

dut
me = Lpttyy 4 g, (22)
dr ¢

where FY is the electromagnetic tensor, F% =8E,+
ooy EH + e(‘)‘v ABA, g" is the radiation reaction force,

(ﬁpr,'.u”u" + iFfj.Fgup + %F;Fguvupu”),
me me
(23)

g = 2
3mc*

and u” is 4-velocity of a charged particle. There are no
differences between the superscripts and subscripts of
electric and magnetic fields. Here, E; = E', B’ = B;, and
their 0 components are zero. From Egs. (22) and (23), we
know that w* satisfies the normalization condition of 4-
velocity, u"u, = —c?.

In the electromagnetic field of pulsars, the electric
field drives particles to high energies. Details of kinetic
energies and trajectories of particles can be obtained from
the solution of Eq. (22). We solve the equations numeric-
ally for protons and set protons static at a distance bey-

Fig. 5.

Logp(£ieV])

ond the light cylinder radius. It may avoid the impacts of
possible magnetosphere structures.

To show the acceleration quantitatively, we simulate
proton acceleration numerically for different magnetic
moments M with selected angular velocities of pulsars
and initial positions of particles. The results are presen-
ted in Fig. 4. For selected initial positions, protons are ac-
celerated and move away from the pulsars, whereas for
initial positions that are marginally closer to the pulsars,
the protons tend to fall into the pulsars. After being accel-
erated and thrown away, the kinetic energies of 4particleg
do not change significantly and range from 10" to 10
eV. The accelerated energies increase with the magnetic
moments. For elucidating the particle acceleration, we
present the trajectories and time-evolution of kinetic ener-
gies of the photons in Fig. 5. The processes of accelera-
tion are fast. The charged particles might be around the
pulsar at first, and then run away at seconds.

For particles initially located at different azimuth
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Fig. 4. (color online) The kinetic energies of accelerated

protons as a function of magnetic moment of pulsars. The in-
clination angle of pulsars 6 = /6, angular speed Q = 2x or 20x,
and magnetic moment ranges from 102 to 10’ Am?. Particles
are initially static in the equatorial plane that is orthogonal to
the magnetic axis with distance L, = 10% or 10° m from the
pulsars.
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(color online) (left) Trajectories of selected protons experience the electromagnetic field of a pulsar. (right) The kinetic ener-

gies of selected accelerated protons as a function of coordinate time z. The inclination angle of pulsars 6 = x/6, angular speed Q = 27,
and magnetic moment M = 10> Am?. Particles are initially static in the equatorial plane that is orthogonal to the magnetic axis with dis-
tance Lipi = 0.7 x 103 m (black curve), 103 m (red curve), and 2x 108 m (blue curve), respectively. They are all initially beyond the light

cylinder.
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(color online) The kinetic energies of accelerated protons as a function of the initial azimuth angle (a) and velocity direction

(b) of the protons in the celestial coordinate system using Sinusoidal projection. The pulsar is rotating around the axis-y in the celestial

coordinates. The inclination angle of pulsars 6 = 7/6, angular speed Q = 37, magnetic dipole M = 10>’ Am?. The protons are initially stat-

ic at a distance 10%m away from pulsars and uniformly distributed around a sphere surface. In Fig. (a), different colors represent the

kinetic energy of the accelerated protons. In Fig. (b), the grey level represents the kinetic energy.

angles, the accelerated kinetic energies are also different.
We simulate the proton acceleration numerically. They
are initially static at a distance from pulsars and uni-
formly distributed at a sphere surface. For selected para-
meters, the distribution of accelerated kinetic energies is
showed in Fig. 6(a). The ranges of the energies are no
more than two orders. After being accelerated, Fig. 6(b)
shows that a large number of particles are thrown away
from the equatorial plane of the pulsar.

The kinetic energies of the accelerated particles ori-
ginated from the rotational energy of the pulsar. There-
fore, we have to estimate how many particles can be ac-
celerated in our model. For the Crab nebula, the power of
rotational energy losses is about W =10% erg s ' [28].
The maximum density of accelerated protons out of the
light cylinder can be

Pmax 2 (WX—“S))@ ~10 P kgm,  (24)
Ec R}

where we set the kinetic energy of protons E; ~ 102 eV,
radius of the light cylinder Ry ~ 108m, and m, is the pro-
ton mass. Since the density of the interstellar medium is
much less than pn.x, the accelerated protons out of the
light cylinder will not have much influence on the rota-
tion of the pulsars.

IV. CONCLUSIVE REMARKS

We investigated the configurations of the electromag-
netic field of pulsars by using the Hertzian magnetic di-
pole, an exact solution of the d'Alembert equations. We
set up a scenario for the acceleration mechanism of cos-
mic rays in pulsars. The particles out of the light cylinder
radius can be accelerated directly up to a very high en-

ergy.
In our pulsar model, the induced electric field can ac-

celerate all the charged particles around the pulsars up to
a relativistic speed. The accelerated particles, which ex-
perience the magnetic field of pulsars, can emit synchro-
tron radiation. The emission of the radiation can propag-
ate through space and be finally observed by the detect-
ors on earth [45]. It is simple enough and totally beyond
the standard picture of the pulsars presented by the accel-
eration gap model [14, 15]. Interestingly, although a dif-
ferent electromagnetic field structure of the pulsar is sug-
gested by our model, our results on the particle accelera-
tion out of the light cylinder radius are similar to those
from the numerical studies using particle-in-cell simula-
tions [19, 46, 47] and the study based on the transitional
pulsar model [14].

Here, we assumed that the increase in kinetic energy
of charged particles originated from the rotational energy
of a pulsar. Namely, the particles are accelerated via the
electromagnetic force. The corresponding reaction force,
namely, the reaction torque, will cause the spin-down of
the pulsar. If this is true, as shown in Eq. (24), the rota-
tional energy loss for accelerating the particles can be
fairly neglected.

For particle acceleration, the initial states of the
particles were set manually for theoretical studies. Thus,
one cannot obtain the energy spectrum of the accelerated
particles originating from the pulsars if the profiles of the
charged particles around the pulsars and out of the light
cylinder are not given.

There are two major limitations of the model. First, in
the near region with respect to the finite body of pulsars,
the point-like rotational magnetic dipole for pulsars will
not be reasonable. Second, a possible magnetosphere
structure related to our model has not been studied. The
magnetosphere structure may influence particle accelera-
tion. However, in order to avoid the structure impacts as
much as possible, all the particles are chosen initially
beyond the region where the possible magnetosphere
might be formed. Moreover, there is still a possibility that
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the magnetosphere will change the electromagnetic field
described by Egs. (5) and (6). This should be further con-
firmed via numerical simulation using the initial condi-
tions described by Egs. (5) and (6), instead of the quasi-
static one.
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