Chinese Physics C  Vol. 45, No. 12 (2021) 124103

Modeling complex networks of nuclear reaction data for probing
their discovery processes”

Xiaohang Wang(FE /M)

Long Zhu(fiJ&)

Jun Su( %)

Sino-French Institute of Nuclear Engineering and Technology, Sun Yat-sen University, Zhuhai 519082, China

Abstract: Hundreds of thousands of experimental data sets of nuclear reactions have been systematically collected,
and their number is still growing rapidly. The data and their correlations compose a complex system, which under-
pins nuclear science and technology. We model the nuclear reaction data as weighted evolving networks for the pur-

pose of data verification and validation. The networks are employed to study the growing cross-section data of a

neutron induced threshold reaction (n#,2n) and photoneutron reaction. In the networks, the nodes are the historical

data, and the weights of the links are the relative deviation between the data points. It is found that the networks ex-

hibit small-world behavior, and their discovery processes are well described by the Heaps law. What makes the net-

works novel is the mapping relation between the network properties and the salient features of the database: the

Heaps exponent corresponds to the exploration efficiency of the specific data set, the distribution of the edge-weights

corresponds to the global uncertainty of the data set, and the mean node weight corresponds to the uncertainty of the

individual data point. This new perspective to understand the database will be helpful for nuclear data analysis and

compilation.
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I. INTRODUCTION

Nuclear reaction data underpin nuclear science and
technology [1, 2]. One of the most important works in
nuclear physics is to measure the nuclear reactions and
reduce the data uncertainties in order to achieve the ac-
curacy requirements in fundamental research fields, such
as nuclear astrophysics [3, 4], and many application
fields, such as transmutation of nuclear waste [5] and
design of future nuclear reactors [6]. Since 1935, tens of
thousands of experiments have been performed and hun-
dreds of thousands of experimental data sets have been
systematically collected to develop the experimental nuc-
lear reaction databases, among which the most important
and complete one is EXFOR [7]. In addition to this, eval-
uation and prediction using the historical data have also
attracted attention, resulting in various international nuc-
lear data libraries, such as ENDF [8], CENDL [9], JEFF
[10], JENDL [11], and BROND [12].

Among the methods for data evaluation and predic-
tion, nuclear reaction models combined with the general-
ized least squares method have gained prominence [13].
Successful applications of Monte Carlo evaluation meth-

ods based on the Bayesian statistical inference have also
been reported [14, 15]. To solve illinversed regression
problems for prediction with uncertainty quantification,
machine learning, which is a very powerful tool to learn
complex big data, has been applied [16, 17]. In the past
decade, investigations on advanced reactor systems have
defined new accuracy and scope requirements for nucle-
ar reaction data [1]. To this end, huge investments have
been devoted to salaries, equipment, and working hours
for measuring new data. Meanwhile, statistical verifica-
tion and validation is an effective means for quality im-
provement of the rapidly growing data [18].

The growth of the nuclear reaction data is actually an
innovation process, which is intrinsic for the human ex-
perience. In this respect, fruitful research on complex net-
works [19-22] has made it possible to model and quanti-
fy the innovation. In fact, the abstract process of innova-
tion has been investigated in different domains including
linguistics [23], biology [24], economics [25], know-
ledge [26], and science [27]. Many empirical analyses of
real-world discovery processes have demonstrated that
the basic signature of the innovation process is the Heaps
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law [28-30], which was originally introduced to describe
the number of distinct words in a text document [31].
Various models have proven that the Heaps law well de-
scribes the pace at which scientists discover concepts or
users collect new items [32, 33]. In the case of science,
different networks have been extracted from scholars,
projects, papers, patents, ideas, and/or academic posi-
tions [27, 34]. Investigation of the key network proper-
ties offers a quantitative understanding of the interac-
tions among scientific agents and quantitative insight in-
to the evolution of individual scientific impact [35, 36].

This work is devoted to modeling the discovery pro-
cess of the nuclear reaction data as a weighted evolving
network. It is expected to map the salient features of the
database to network properties so that the global uncer-
tainty of the specific data set and the uncertainty of the
individual data point can be quantified. The paper is or-
ganized as follows. In Sec. II, we describe the Bayesian
Gaussian CANDECOMP/PARAFAC (BGCP) tensor de-
composition model and the method to compose the net-
works. In Sec. III, we present both the results and discus-
sion. Finally, a summary is given in Sec. IV.

II. METHOD

The cross-section in a specific reaction channel, such
as (n,2n) reaction, depends on the change and neutron
numbers of the target and the incident energy. Let us
discretize the energy degree of freedom using the energy
gap dE; the data can then be represented by a three order
missing tensor. Nowadays, tensor completion is widely
used in image inpainting [37] and data imputation [38].
There are various types of non-Bayesian tensor comple-
tion techniques; for example, Liu et al. proposed an al-
gorithm for missing values completion in visual data [39].
The beginning of the Bayesian model in the matrix com-
pletion area was introduced by Salakhutdinov and Mnih,
who built the models of Bayesian matrix factorization
[40]. Kolda and Bader gave a comprehensive review of
tensor decomposition [41]. Xiong et al. combined the
tensor decomposition with Bayesian inference consider-
ing the time dependency of each tensor [42]. Chen et al.
recently proposed a Bayesian Gaussian CANDECOMP/
PARAFAC (BGCP) tensor decomposition model without
the time structure [43], which is taken into account in this
work. We denote by S e R>™>*K the actual value of the
tensor, where the entry o;j is the physical reality of
the cross section in the reaction of the target l.2i+in+ ; at
the incident energy E = k-dE. Here, j denotes the isospin
degrees of freedom, expressed as the difference between
neutron and charge numbers j = N —Z. Indeed, we do not
have the values of o but some observations with uncer-

tainties. Considering the multiple measurements, let o-gj.’k)

(p=1,---,P;ijx) represent the p-th observation of the

cross-section and P;j the total number of observations. A
list of missing tensors S={SD,....8P1 could be used to
describe all the observations, where P = max(P;;) for all
possible ijk. The observations are arranged in the miss-
(1

ing tensors according to their superscripts, such as o In

SD, 0'1(',2-13 in S@, and so on. The entries for no observa-
tions are missing. Being different from Ref. [43], the
multiple observations for the physical reality o are con-
sidered. In the following, we expound the resulting
changes of the Bayesian framework of parameters.

It is assumed that the uncertainty of each observed
value follows an independent Gaussian distribution,

5ijk~N(0'ijk,T;1), (D

where 7. is the precision. In real-world applications the
expectation o is unknown and replaced with the estim-
ated value &, which is the entry of the estimated tensor
8. The CP decomposition is applied to calculate the es-
timation S:

L
SZZZZOdloeI, ()
=1

where z; € R!, d; e R/, and ¢; € RX are respectively the /-
th column vector of the factor matrices Z e R*L,
DeR™ L and EeRK*L. The symbol o represents the
outer product.

The prior distribution of the row vectors of the factor
matrix Z is the multivariate Gaussian

i~ N[ A, (3)
where the hyper-parameter u© € RF expresses the expect-
ation, and A@ e RL*L indicates the width of the distribu-
tion. The likelihood function can be written as

T, 2
Lz djen ) xexp| -5 [oh) - @) @@e0] |, @)

where @ is the Hadamard product. The posterior values of
the hyper-parameters u® and A® are given as

AY =t(d;@e)dj@e) + AP,

7 =A [ro @ een + AT )

The contribution of the observations to the hyper-para-
meter is equivalent, being independent of which missing
tensor it is arranged in.

The likelihood function of all observations is
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xexp[ l/k( —é'ijk)z], (6)

where b,('fk) is 1 for the measured entry and O for the miss-
ing entry. Placing a conjugate I prior to the precision 7,

~ r(a()’b())s (7)

The posterior values of the hyper-parameters ay and by
are given as

R
)y
pel =l =1 k=l
LNV
bo —EZZZZ(USQ—@'w)z‘FbU- (®)
p=l =l =1 k=l

Based on Eq. (8), each observation contributes to the in-

(») — 3 )2

crease of = in dg, and = (x; in by.

Equation (5) shows that the observations with the
same subscript i contribute to the posterior values of the
hyper-parameter u(Z) Changing the second formula in Eq.
(5) to

(z)

IJ ”(Z) + Aﬂ

M =AY dj@enre [}~ (dj@en) m?]. (9

z/k

the relative deviation between two observations can be

defined as

i
S = E z10od,oe

(Z)( (Plk) A[l(z)( (ka)

”l(_z)

o7
1] k,

(p1)
ijik,’

é(c )=

(10)

The weighted network can be built, where nodes are the
observations, and the weight of the link between two ob-
servations with the same subscript is defined as

it

(Pz)
l] Lk,

(p2)
l] k,

(p1)

W(O-lj| .

)= exp[ 6(0’3",(1

1n
Cases for the subscripts j and & are similar.

In Fig. 1, the above method is illustrated . In brief, as
with the image inpainting, the cross-section in a specific
reaction channel is represented by a three order tensor S.
According to the CP decomposition, the tensor S is ex-
pressed as the outer product of the factor matrixes Z, D,
and E. The prior distributions of the factor matrixes are
assumed to be multivariate Gaussians. With the observed
data of the cross-section, the posterior values of the factor
matrixes and their distributions can be calculated using
Bayesian inference and iteration. Finally, the predicted
cross-section is reconstituted with the factor matrixes Z,
D, and E, while the network is built with the hyper-para-
meter g and Au.

III. RESULTS AND DISCUSSION

The pioneers in measuring the (n,2n) reaction were
Fowler and Slye, who measured the cross-sections in
03Cu(n,2n)%Cu reactions near the threshold [44]. After
decades, measurement technology and deuterium-tritium
(D-T) neutron generators became widely used, resulting
in the linear growth of the data points (mainly around the
incident energy 14 MeV). By 1980, a good deal of data
measured between the threshold and 20 MeV using the

L
E z,odjoe, =8
=1

missing image

=1
decomposition » 7

reconsitution >

predicted image

R A/

= |ss 7 4 / 7

el > .

© isospin()) ¢ Q (or) predicted
A A nuclear data

(or) missing nuclear data

Bayes' theorem:

posterior o<likelihood*prior

Bayesian inference
()
L(o5]zi. d; ex,

iteration

Fig. 1.

likelihood and data:

posterior:
matrixs of Z,
D, E, u, and
Ay
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and Ay w(o, o

(color online) Illustration for visualizing the definitions of the involved quantities and their relations.
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pulsed neutron source at Bruyéres-le-Chatel were pub-
lished [45]. After that, owing to continuing investment in
salaries, equipment, and working hours, the data points
grew linearly. To date, 7671 cross-section data points of
(n,2m) reaction (including 98 derived data) are recorded in
the EXFOR database. Their annual growth is shown in
Fig. 2(a).

The discovery of the photoneutron reaction may date
back to 1956, when the cross-section of a °Li(y, x)n reac-
tion was measured by Edge [46]. Subsequently, the pub-
lished data of this reaction grew rapidly. Due to the
proven technology to provide a monoenergetic photon
beam, the cross-section data for most of the stable nuclei
have been measured within 20 years of its discovery.
After 1980, only a few data were published because the
scientific interest moved to more subdivided channels,
such as (y,n), (y,2n) and so on. Twelve thousand data
points have been collected in the EXFOR database. Their
annual growth is shown in Fig. 2(b).

Those two sets of nuclear reaction data are modeled
respectively as the weighted evolving networks using the
BGCP approach. The nodes in the networks are the data
points and weights of the links are computed from the rel-
ative deviation between the data points. An example of
the network is displayed in Fig. 2(c), where 362 data

points published before 1960 are considered. The nodes,
links, and numbers of neighbors are visualized clearly.
The complexity of the network increases with increasing
node number. Another example is shown in Fig. 2(d),
where 1251 nodes are included, but the links are too nu-
merous to recognize in the figure.

The degree k, of a node m is the number of edges
linked with the node (the number of neighbors of node
m). As shown in Fig. 3(a), the mean degrees and the node
number in both networks grow approximately proportion-
ally. It is an inevitable consequence of the discovery pro-
cesses, where an experiment usually probes new data on
the basis of verifying existing data. The slope reveals the
innovativeness. A decrease in the slope indicates the
emergence of new technologies for detecting new iso-
topes or a new incident energy region. A representative
example is the slowdown of the mean degree (k,,) in the
(n,2n) network near Npoge = 4000, which results from the
extension of the neutron beam from 14 MeV to the
threshold.

In a weighted graph, the node strength s, is defined
as the summation of the edge-weights linked with a node.
It integrates the information on the number and the
weights of links. The mean strength in both networks also
increases linearly with increasing node number. In con-

(a) (n,2n)

oo o
~

Num. of data (

0

1(b) (7,xn)

1960 1975 1990 2005 1960 1975 1990 2005 2020

. (¢) (n,2n) in 1960

.

)

10 20 30
k

m

Fig. 2.

5 years

(d) (n,2n) 1n 1965

50 100 150
k
m

(color online) Growth of nuclear reaction data and their evolving networks. Annual growth cross-section data of (a) (n,2n) re-

action and (b) (y,xn) reaction in the EXFOR database. Network generated from the (n,2n) cross-section data published before (c) 1960
and (d) 1965. The size and color of a node represent the degree k,, of a node m.
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(color online) Properties of the evolving small-world networks. (a) Mean degree of a node (k,), (b) mean weight of edges

(wmn), (c) clustering coefficient C, (d) global efficiency E, and (e) number of novelties S of the graph as a function of node number.

trast, a more interesting property is the mean weight of
the edges in the graph, as shown in Fig. 3(b). It is found
that not only the number (mean degree (k,,)) but also the
weights (mean weight (w,,,)) of links increase during the
growth of both networks. However, for the (n,2n) reac-
tion, an approximate platform for the mean weight (w,,;,)
appears for Nyoge > 3000.

The weight w,, describes the linking strength
between two nodes, while its reciprocal [, = 1/w,,, nat-
urally expresses their relative distance in the network.
Once {l,,,} is given, it can be used to calculate the matrix
of the shortest path length d,,, between two generic nodes
i and j. The so-called clustering coefficient C and the
global efficiency E of the graph can then be calculated
[22]. The clustering coefficient C is also considered as
the first approximation of the local efficiency. By using
those efficiencies, both the local and global behaviors in
small-world networks can be studied [19, 20]. The large
C values and small E values in the early network indicate
that the early data are locally clustered [see example in
fig. 2(c)]. It is proven that the local verification and valid-
ation of the data are effective, where data of same iso-
tope and similar incident energy are compared. This loc-
al method has been widely applied to date. With the
growth of the networks, the clustering coefficients C de-
crease, while the global efficiencies E increase. The net-
works generated by the latest experimental data sets have
C=0.58 and E = 0.40 in the (n,2n) network, and C = 0.65

and £ = 0.45 in the (y,xn) network. These results indicate
that each region in the data-network is intermingled with
the others, and hence, the verification and validation of
the data can be performed either locally or globally.

Figure 3(e) is presented with the goal to investigate
the Heaps law. The Heaps law was originally introduced
to describe the number of distinct words in a text docu-
ment [31]. Thereafter, this statistical property was ob-
served in other real data of innovation processes by em-
pirical analyses [28-30]. Various models have proven that
the Heaps law well describes the pace at which scientists
discover concepts or users collect new items [32, 33]. In
this work, the three order missing tensor is applied to rep-
resent our knowledge of the cross-sections in the nuclear
reaction. The number of novelties S corresponds to the
number of the entries in the tensor that has been ob-
served. The Heaps law is then § « Nfo se> Where Nipoge 18
the node number in the network. As shown in Fig. 3(e),
the Heaps laws are found in discovery processes of nucle-
ar reaction data, with the Heaps exponents S, 2, = 0.77
for the (n,2n) reaction and B, = 0.90 for the (y,xn) re-
action. A higher value of the Heaps exponent £ denotes a
faster exploration of the adjacent possibilities in the
measurements of the cross-section in the (y,xn) reaction.
Being limited by the monoenergetic neutron source, the
exploration of the innovative data (new isotope or new in-
cident energy) for the (n,2r) reaction is slower than that
for the (y,xn) reaction.
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One of the objectives of generating networks in this
work is data evaluation. In the traditional methods, to
evaluate a new experimental data point, one may com-
pare it with historical measurements, predictions in the
data libraries, and calculations by theoretical models for
the same reaction. However, the global and hidden uncer-
tainties of the historical measurements may have propag-
ated in the data libraries and theoretical models, which
will mislead the evaluation such that the uncertainties
will remain undetected in the database. This is a positive
feedback process that may last for decades before it is
discovered [18]. The data-networks based on the
Bayesian statistics approach reveal the relative devi-
ations between data points. The weight w,,, of an edge is
calculated by the posterior values of the hyper-parameter
p recommended by the m-th and n-th data points. The
wi, value will be 1 if two data points are the same but
close to 0 for two data points with a huge discrepancy.
This definition of the relative deviation expands the data
range for direct comparison. Traditionally, only data
points for the same isotope and similar incident energy
can be compared.

In the evolution of weight distribution, shown in Fig.
4, not only are new edges linked to the network, but the
weights of the original edges will also change due to the
appearance of new nodes. This is a universal law in
weighted evolving networks deduced by the coupling to-
pology and weight dynamics [21]. These dynamics are
naturally reproduced by the iterative computation in the
Bayesian statistics-based approach. This may be very
meaningful, since a few abnormal data points mean a
large uncertainty in the measuring technique, but many
abnormal data points reveal a novel mechanism.

The distribution of the weights in the network is an
appropriate quantity to evaluate the global uncertainty of
the data set, while the mean node weight w,,, = s,,/k,, can

><106

gl (@) (@.2n)

—-1970
_ 6= 1980 Al
g 1990 4
42000 &
—+-2010

dN/dw
N

0 02 04 06 08 1
W

mn

Fig. 4.

dN/dw

be applied to estimate the uncertainty of the individual
data. It is noted here that the mentioned uncertainty is
beyond the systematic and statistical errors, which are
published with the data. Even the experimental data
points with small published errors may be quite different
from other data for the same nuclear reaction. This means
that there is a global and hidden uncertainty, which
comes from the limitations of the measurement techno-
logy and theoretical knowledge.

As shown in Fig. 4, both networks show peaks near
wmn = 0.9 at different periods except for the (y,xn) reac-
tion in 1970. However, different shapes are observed for
the two reactions. In the case of the (n,2n) reaction, wide
distributions are observed. For the (y,xn) reaction, narrow
distributions near w,,, = 0.9 are observed after 1973.
These results correspond to the fact that the global uncer-
tainty in the database of the (n,2r) reaction is larger than
that of the (y,xn) reaction.

The correlations between mean node weight w,, and
node degree k,, are shown in Fig. 5. In the region with a
good deal of existing data, the data points can be mutu-
ally verified before publishing. Hence, in the wy,v.s.ky,
map, the nodes with large numbers of neighbors are con-
centrated in the region with large w,, values, while those
with a few neighbors are distributed in a wide region
from w,, = 0.3 to 0.8. Figure 6 shows the distribution of
the w,, values for the (n,2n) and (y,xn) reactions. The un-
certainty in the (n,2n) database is larger than that for the
(y,xn) reaction. A more visual estimator for the individu-
al data is the subgraph, four examples of which are shown
in the embedded illustrations in Fig. 6. In the subgraph,
the data point to be evaluated is shown as the center node,
and its neighbors are displayed around it. The distance
from the center node to its neighbor is defined as
In(1/w,.,). The color of the node indicates its number of
neighbors. The subgraph for a data point with a small w,,

% 1 07 | |
5| (b) (rxn)

——1970 X
_ 41973 M
E 1976 |
41980
#1990
2020

prtil
LSRR

0 02 04 06 08 1
W

mn

(color online) Distribution of the edge-weight w,,, in the networks.
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Fig. 6. (color online) Distribution of the w,, value for the (a)
(n,2n) and (b) (y,xn) reactions. The embedded illustrations are
examples of the estimator, where the data to be evaluated are
shown as the center node, and its neighbors are displayed
around it. The distance from the center node to its neighbor is
defined as In(1/w,.,). The color of the node indicates its num-
ber of neighbors.

value, and hence large uncertainty, is like a blooming
flower, as its distances to other nodes in the network are
huge. In contrast, a data point with small uncertainty will
huddle in the network.

IV. CONCLUSION

In summary, based on a Bayesian statistics-based ap-

1000 0O
k

1000 2000

m

(color online) Correlation between mean node weight w,, and node degree k,,. The color is a visual guide for the point-density.

proach, a model is developed to build networks for dis-
covery processes of nuclear reaction data. After the incid-
ent energy degree of freedom is discretized, the data are
recorded by a list of three order missing tensors and the
data evaluation is constructed as a problem of tensor de-
composition and imputation with multiple observations
on an entry. To solve this problem, the Bayesian tensor
decomposition approach by Chen et al. [43] is extended.
Case studies of cross-sections in the neutron induced
threshold reaction (n,2n) and photoneutron reaction (y,xn)
are presented to build the weighted evolving networks,
where the nodes are the historical data, and the weights of
the links are the relative deviation between the data
points. It is found that the networks exhibit small-world
behavior, and their dynamics are well described by the
Heaps law, which has been widely observed in other real
networks of innovation processes. What makes the net-
works novel is the mapping relation between the proper-
ties in the network and the salient features of the data-
base. It is this relation that makes it possible to (i) quanti-
fy the exploration efficiency of the specific data set by
the Heaps exponent, (ii) evaluate the global uncertainty of
the data set by the distribution of the edge-weights, and
(iii) visualize and quantify the uncertainty of the indi-
vidual data point by the mean node weight.

The network built in this work is a new perspective to
understand the database, which is helpful for nuclear data
analysis and compilation as well as quality improvement
of the database. Future works can focus on studying the
effect of the uncertainty distribution that is similar for the
data measured in the same period but changes with the
development of the experimental technique. The idea of
noise modeling in Ref. [47] is an enlightening way of
feeding the extracted uncertainty back to the likelihood
function.
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