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Thermodynamics of warped anti-de Sitter black holes
under scattering of scalar field”
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Abstract: We investigate the thermodynamics and stability of the horizons in warped anti-de Sitter black holes of

the new massive gravity under the scattering of a massive scalar field. Under scattering, conserved quantities can be
transferred from the scalar field to the black hole, thereby changing the state of the black hole. We determine that the
changes in the black hole are well coincident with the laws of thermodynamics. In particular, the Hawking temperat-

ure of the black hole cannot be zero in the process as per the third law of thermodynamics. Furthermore, the black

hole cannot be overspun beyond the extremal condition under the scattering of any mode of the scalar field.
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I. INTRODUCTION

Black holes are one of the compact objects formed by
the concentration of matter in a small space. The event
horizon, which is a distinct point in a black hole, is a co-
ordinate singular surface from which light cannot escape
to a static observer. Hence, the event horizon plays a role
in preventing the observer from viewing the inside of a
black hole. Although a particle going through the hori-
zon cannot be seen from the outside region, its physical
quantities affect the black hole through a back-reaction.
Based on the above points, black holes energies were di-
vided into two categories [1, 2]: the irreducible mass,
which always increases, even if a Penrose process ex-
tracts energy from the black hole [3], and the reducible
energy, which can be extracted by a Penrose process in-
volving rotational or electric energy. As energy, the irre-
ducible mass is considered to be distributed on the sur-
face area of the horizon [4] and is proportional to the
square-root of the horizon surface area. Given that its ir-
reducible nature is similar to the second law of thermody-
namics, it contributes to the Bekenstein-Hawking en-
tropy [5, 6]. Furthermore, because of the quantum effects
near the horizon, there is an emission toward the outside
[7, 8]; then, black holes can be regarded as thermodynam-
ic systems with the Hawking temperature. Therefore, the
laws of thermodynamics can be defined at the surface of
the horizon.

The curvature singularity is located inside a black
hole, and the event horizon conceals it from an outside

observer. Without the horizon, the naked singularity
breaks the causal structure. Hence, the horizon is conjec-
tured to conceal the singularity from the observer, accord-
ing to the weak cosmic censorship (WCC) conjecture [9,
10]. The horizon should be stable through perturbation to
cover the inside of the black hole as per the WCC conjec-
ture. The first test on the WCC conjecture was conducted
on the Kerr black hole [11]. When the Kerr black hole is
overspun beyond the extremal bound, the horizon disap-
pears, and it becomes a naked singularity. However, the
Kerr black hole cannot be overspun by adding a particle
[11]. Various studies on the WCC conjecture are in pro-
gress, based on different points of view [12-33]. The con-
clusion of the WCC conjecture specifically depends on
what is considered as interactions between a black hole
and a particle [34, 35]. Instead of a particle, the WCC
conjecture can be tested using a scalar field [36-54]. The
back-reaction of a black hole due to a particle and a scal-
ar field is restricted by the dispersion relationship of the
matter going into the black hole. This dispersion relation
can be rewritten as the first law of thermodynamics.
Hence, with matter, satisfying its own dispersion relation-
ship, it is difficult to overspin or overcharge the black
hole beyond its extremal bound [15, 41]. In the process,
the second law of thermodynamics is also ensured. This
can be demonstrated in various black holes; hence, the
laws of thermodynamics can be closely related to the
WCC conjecture.

Gravity theories with a negative cosmological con-
stant constitute the vacuum solution to the anti-de Sitter
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(AdS) spacetime. Gravity theories in bulk AdS spacetime
correspond to quantum theory, such as the conformal
field theory (CFT) defined on the AdS boundary. This
AdS/CFT correspondence is constructed in association
with the D-dimensional gravity theory in AdS spacetime
and the D - 1-dimensional CFT [55-58]. Here, the pure
AdS spacetime corresponds to zero-temperature CFT.
CFT with finite temperature can be constructed using
black holes and thermodynamics because Hawking radi-
ation provides the temperature of the dual CFT. Hence,
the Hawking temperature is that of the CFT [59]. The
dual description, in particular, is well studied for a rotat-
ing AdS; black hole, where there are diffeomorphism
generators preserving its boundary condition. Then, Vira-
soro algebra can be constructed using the generators [60].
According the central charge of the Virasoro algebra, the
dual CFT, corresponding to the AdS; black hole can be
specified [61]. The AdS/CFT correspondence is now ex-
tended to various applications, such as quantum chromo-
dynamics and condensed matter theory. Such correspond-
ence is found in various non-AdS spacetimes. The
warped AdS; (WAJS;) black hole is a deformed AdS
black hole in non-AdS spacetime [62-64]. Therefore,
based on the diffeomorphism generators, the WAdS,
black hole is found to be associated with the warped con-
formal field theory in two dimensions (WCFT,), which
has infinite conserved charges obeying the Virasoro-Kac-
Moody U(1) algebra [65]. This is called the WAdS5/
WCFT, correspondence [66, 67]. Here, we consider
WAAS; black holes in the new massive gravity (NMG),
which is the parity-violation resolved version of the topo-
logically massive gravity (TMG) [68, 69].

In this study, we investigated the thermodynamics
and stability of the horizon in a WAdS; black hole, in-
cluding their association with the WAdS;/WCFT, corres-
pondence. We considered the changes in the black hole
under the scattering of a massive scalar field. Based on
the NMG, the black hole provides interesting results un-
der a spin-2 particle with two polarizations. Furthermore,
its non-AdS boundary, i.e., WAdS;, is crucial for study-
ing the scattering in deformed AdS spacetime, and the
correspondence. The carried conserved quantities under
scattering cause changes in the black hole, affecting its
various properties. In particular, we investigated the
changes in the thermodynamic variables; these variable
changes are associated with the modes of the scalar field
in terms of the laws of thermodynamics. This also en-
sures that our analysis is physical. Furthermore, the sta-
bility of the horizon is verified according to the changes
in the black hole because the horizon is an important loc-
ation at which the laws of thermodynamics are determ-
ined. As the thermodynamic variables of the black hole
are also important for the dual WCFT,, we demonstrate
the relationship between the changes in the black hole
and the energy spectrum of WCFT,.

This paper is organized as follows. In Sec. II, we
briefly review the WAdS; black hole and the WAdS;/
WCFT, correspondence. In Sec. III, the solution to the
scattering of the massive scalar field is obtained based on
its fluxes. In Sec. IV, the changes in the black hole
caused by a scalar field are obtained and associated with
the laws of thermodynamics. In Sec. V, the stability of
the horizon is tested under these changes. In Sec. VI, the
changes in the black hole are well associated with the
changes in the WCFT, energy spectrum. In Sec. VII, we
summarize our results.

II. WADS; BLACK HOLE AND DUAL WCFT,

NMG is a ghost-free and parity-preserving theory in
three-dimensional spacetime. The massive graviton of the
NMG has two polarization states and spin-2 similar to
those in the four-dimensional theory. The action of NMG
with cosmological constant A is given by [69]

1

S=—
161

1 3
d3x \/—_g(R—ZA t— (R,”R’” - ng)), (1)
g

where the mass of the graviton is denoted by mgy. G is
herein set to unity. We consider the spacelike stretched
WAAJS; black hole obtained from Eq. (1). The metric is
[66, 67]
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The negative cosmological constant is denoted by the
AdS radius ¢, and the inner and outer horizons are loc-
ated at r_ and r,, respectively. There is a free parameter
v called the warped factor based on which the asymptotic
WAdS; geometry is determined to be squashed or
stretched [62, 70]. For v<1, it becomes a squashed
WAdS; spacetime, which has naked closed timelike
curves (CTCs) [62, 66, 71]; hence, we do not consider
this parameter regime of factor v. When v > 1, the bound-
ary is a stretched WAdS;, and the black hole is free from
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CTCs. Hence, we consider stretched black holes alone.
Note that v =1 is an AdS; spacetime. The mass and angu-
lar momentum of the black hole are [70, 72-74]

2
=222 (o 02 e),

202 -3)
vV +3)

J= m ((5\/2 + ) e = 2v(ry +r ) \rer— (V2 + 3))'
(4)

The extremal condition is satisfied at r_ = r,. In terms of
the mass and angular momentum,

(Qov*-3) ,
S 4y(2+3) M, )

where the equality represents the extremal condition. Fur-
thermore, the angular velocity at the outer horizon is [66]

Q. = 2 ©)

2ry v — Arer-(v2+3) .

According to the Wald formula [75], the entropy of the
WAAJS; black hole is computed in [73].

8my° 1
SpH= ————— — 02+ 3)r+r) , @)

TR0 -3)\" T 2y
and the Hawking temperature is [73]

(+3)(r = 1-)

B 4ntvry — V(2 + 3)r+r_).

We can also consider the timelike solutions from Eq. (1),
which are also divided into squashed and stretched cases.
Although the timelike stretched solution includes CTCs,
it is herein considered as the corresponding vacuum to a
spacelike stretched WAdS; black hole. The metric of the
timelike stretched solution is that of the Godel spacetime
[76]. The mass of the Gddel spacetime is [68]

Ty
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Mg =
which plays an important role as the vacuum of the
WAJS; black hole. For the AdS; black hole, the diffeo-
morphism generators obey a specific Virasoro algebra,
preserving the boundary condition. According to the cent-
ral charge of the algebra, we can determine its dual CFT,
[61]. Under the AdS;/CFT, correspondence, the Beken-
stein-Hawking entropy of the AdS; black hole exactly
matches the Cardy formula of the dual CFT,. In terms of

the WAdS; black hole, the correspondence is for v=1,
and a similar dual description is now found for v>1.
This is the WAdS;/WCFT, correspondence [67], which is
briefly reviewed herein.

The asymptotic boundary condition in Eq. (2) is [77]

g =C+00™"), g,=007%), gy=Lvr+0(1),

e -3 -1
8rr = 0/2_'_—3)’2 +0(r™), 8rp = o™,
Soo = Zrzfz(vz -D+0®), (10)

which can be preserved by the diffeomorphism generat-
ors. Furthermore, these generators obey the semidirect
sum of Witt algebra. Based on the generators, the algebra
of the charges is constructed and found to be the semi-
direct sum of the Virasoro algebra generated by L. Sub-
sequently, WCFT, is determined according to Virasoro
algebra. Moreover, the eigenvalues of the energy spectra
h* with respect to Ly can be associated with the charges
of the WAdS; black hole. To complete the correspond-
ence, the zero-th state of the dual WCFT, must be coin-
cident with the zero-mass WAdS; black hole [65]. This is
achieved by introducing shifted operators

1 R | 4v(v? +3)

Wit =M= h ok =-M. k= — 2
" - TR 12002 —3)
(11

Such an association between WCFT, and WAdS; exactly
matches the computation of the Cardy formula and the
Bekenstein-Hawking entropy. The Cardy formula is as
follows [65]

Scrr = 20 N—4I 0 + 2 N4 T, (12)

where 7*(%) is the value of A* at the vacuum geometry.
Here, the vacuum geometry is found to be the Godel geo-
metry [65, 67]. Then,

]jlir(vac) — %(M(vac))Z’ M(vac) =iMg. (1 3)

This indicates that

Scrr = SBH. (14)

The Cardy formula computed in WCFT, exactly corres-
ponds to the Bekenstein-Hawking entropy of the WAdS;
black hole. This is called the WAdS;/WCFT, correspond-
ence [67]. We investigate the changes in the WAdS;
black hole side due to the scatting of a scalar field, under
WAJdS;/WCFT, correspondence.
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III. SCATTERING OF MASSIVE SCALAR FIELD

We assume that an external scalar field is scattered by
a WAJS; black hole. The black hole absorbs the scalar
field under scattering and changes with the absorbed
amount of the scalar field. The change in the state of the
black hole can be measured in terms of the fluxes repres-
enting the transferred conserved quantities of the scalar
field when the scalar field passes through the outer hori-
zon of the black hole. The fluxes are computed from the
solution of the scalar field at the outer horizon. A massive
scalar field is assumed, and its action is given by

1
So=-3 f & VR0, 000"+ 00Y),  (15)

which is a complex scalar field with mass u. Then, the
field equations are

1
——0u(V=88" 0, D) — > D = 0,
1
——0,(\=gg"8,®%) — > d* = 0. (16)
A ’_g ”

We take the ansatz to be
O(1,r,¢) = e V™ R(r), (17)

where R(r) is the radial function to be solved. The radial
equation is nontrivial in Eq. (16), which is expressed as

1. (4N?R? 1 m?
¢ \2 2 _
—RB,(—{J4 8,R)+—N2(a)+N m) A =0. (18)

The radial equation in Eq. (18) reduces to a Schrédinger-
type equation under the tortoise coordinate. The trans-
formation for the tortoise coordinate is defined as

dr* e

ar AR (19

The Schrodinger-type equation is obtained as follows

1 4R? AN?R® [ m?
ﬁa%R+ [—4((1)+N¢m)2— N (m

7 W +,uz) =0. (20)
We consider the fluxes of the scalar field flowing into the
black hole. When the scalar field configuration is within
the outer horizon, it cannot be measured by a static ob-
server. Therefore, the observable regime is limited out-
side the horizon. Furthermore, the scalar field inside the
horizon is not distinguishable from the black hole. Ac-
cordingly, the scalar field can be assumed to be absorbed

when it passes through the horizon. The magnitude of the
scalar field flowing into the black hole can be measured
by the fluxes of the scalar field at the horizon. Thus, we
only need to solve Eq. (20) at the outer horizon. In the
limit of r — r,, the Schrédinger-type equation reduces to

4R
4

%a%vn (w-—Q,m)* =0, R?=Rr,). 21)

The solutions are

R = eii(%(w—fhm))r‘, (22)

which are ingoing and outgoing radial waves at the outer
horizon. The scalar field can be only ingoing towards the
black hole under the initial scattering condition. The in-
going solution and its conjugate are obtained as

%(w—ﬁdn))

_ A —lwt _i( " im
O=ec¢" e "’,

(2R, .
O = eiwtel(T(‘U_Qﬂn))r efimgb. (23)

Note that the scalar field continues to have an outgoing
case from the black hole: superradiance. This depends on
the sign of the exponent in Eq. (23). When w < Q. m, the
sign of the exponent becomes negative, and the scalar
field can be emitted away from the black hole. Our ana-
lysis considers all the cases in Eq. (23); hence, such situ-
ations are also included in our discussion.

The fluxes of the scalar field measured at the outer
horizon can be obtained from the solutions of Eq. (23),
which are at the outer horizon. According to the fluxes,
two conserved quantities, i.e., the energy and angular mo-
mentum, are carried into the black hole. The fluxes are
given in terms of the energy-momentum tensor:

1 1 1 1
TH = Eaﬂcpavcb* + Eaﬁ'qffavcb - (Eaf‘cpa,,cb* - E,uZ(DCD* ,
(24)

and the fluxes at the outer horizon can be obtained as

dE

5= f T/ \=gd¢ = 2nlR, w(w - Q.m),

dL ,

il Ty N-gd¢ = 2nlR m(w — Qym). (25)

The fluxes imply that the energy and angular momentum
of the scalar field flow into the black hole per unit time.
Here, we assume that the energy and angular momentum
of the scalar field are absorbed and transferred into the
conserved quantities of the black hole as much as the
fluxes. Hence, the mass and angular momentum of the
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black hole change the energy and angular momentum of
the scalar field for a given period. Then, during an infin-
itesimally small time interval dr, the mass and angular
momentum change as

dM =2alR, w(w— Q,m)dt,
dJ =2nlR m(w — Q. .m)dt. (26)

According to Eq. (26), we can obtain changes in the ini-
tial black hole during an infinitesimal time interval dr. As
the conserved quantities of the scalar field are consider-
ably small compared to the black hole, we can expect the
changes in the black hole to be infinitesimal. Further-
more, the leading terms of the changes in the black hole
can be found exactly in the infinitesimal time interval.

IV. THERMODYNAMICS IN WADS;
BLACK HOLES

The fluxes of the scalar field change the mass and an-
gular momentum of the black hole, which determine its

various properties. Here, we mainly focus on the changes
in the thermodynamic variables and the laws of thermo-
dynamics.

In our analysis, the mass and angular momentum in-
crease or decrease according to the modes of the scalar
field. As the locations of the inner and outer horizons de-
pend on the mass and angular momentum in Eq. (4), the
changes in the mass and angular momentum affect the
horizon location. Therefore, the initial horizons r.(M,J)
become the final horizons r.(M +dM,J+dJ), where dM
and dJ are determined by Eq. (26), and the changes are
infinitesimally small, as assumed. For the first order, the
changes in the horizons are

art (9}’1
dry =dro(M+dM,J+dJ)—dr.(M,J) = a—MdM+ Edl,
6"1 ari
=2nlR, (w—Q,.m) (ww + mﬁ) dr,
(27)
where Eq. (4) is considered, and
ore 2r.L(20v2 - 3)
M (42 +3)2rev— e (V2 +3))
L 4r L0V —
or. r.{(20v- = 3) 28)

al V(2 +3)(—rev\rar— (V2 +3) = B3rovlrar- (V2 + 3) + ror_ (52 + 3))'

This indicates the changes in the inner and outer hori-
zons according to the fluxes of the scalar field, but there
is no specific direction for the changes because the ex-
ternal scalar field can be in arbitrary modes.

Then, if the mass of the black hole decreases, the
Bekenstein-Hawking entropy may decrease in the final
state of the black hole. For testing this, the change in the
entropy is given by

dSgH = Seu(ry +dry,r_+dr_) = Sgu(rs,ro)

—aSBHdr +
T Oy T o

dr_, (29)

and

0Sgu _ 224y — \Jror- (V2 +3))

or, Q0v2=3)r,
OSBH _ 202\ r_ (V2 4 3) (30)
ar- — 3=20)r_

where we compute the first-order variation in terms of
variables r, and r_ with Eq. (27) for simplicity, rather
than using M and J. Although Eq. (27) is complicated,

the entropy change is obtained in a simple form:

8M2R, 2 (w —Qem)*2ryv — \rir- (V2 +3)) 0

on = (P +3)(r 1)
(31)

This establishes that the entropy is irreducible under the
scattering of a scalar field in arbitrary modes. Hence, the
second law of thermodynamics remains valid in our ana-
lysis. Furthermore, in combination with Egs. (6), (8),
(26), and (31), the change in the mass is rewritten as

dM = TydS gy +Q..dJ. (32)

This is exactly the first law of thermodynamics. There-
fore, the first and second laws are well satisfied for arbit-
rary modes of scattering of the scalar field, including the
superradiance.

The Hawking temperature becomes zero at the ex-
tremal black hole. The third law of thermodynamics is re-
lated to the physical possibility of zero temperature. Here,
we consider the third law given by Bardeen, Carter, and
Hawking [78]. As the surface gravity of the black hole is
proportional to the temperature, we investigated whether
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zero temperature is possible through a finite physical pro-
cess. Note that the third law is subtle compared to the
first and second laws; hence, its detailed definitions or
physical situations can be violated [79]. The change in
the Hawking temperature is

9Ty __ (7 + 30 Nrr 02 +3) +r (Arv+ \ror (2 +3)

dTy = Tu(ry +dry,r_+dr_)—Ty(re,ro)

B 0Ty 0Ty
= dry + o dr, (33)

where

ory

Given that the detailed form with Eq. (27) is complic-
ated, it is omitted here. The change in the Hawking tem-
perature depends on the initial state of the black hole and
the modes of the scalar field, as shown in Fig. 1 with
¢ =1. The colored regime is the initial state of the black
hole in terms of r, and r_. Each point of the diagram rep-
resents tanh(d7y)/dr for the initial state when mode (w,m)
of the scalar field is scattered. The colors in the diagram,
which correspond to the sign of the change, depict a com-
plicated pattern. However, we can find that one pattern is
coincident in all the diagrams for any parameter, wherein
the change in the temperature is always positive (red col-
or) in near-extremal black holes with r, = r_. This can be
verified through an analytical approach. To expand Eq.
(33) in the near-extremal black hole, we introduce an ad-
ditional variable € < 1 and set r. —r_ = €. Then, the lead-
ing term in the expansion is obtained as

_ 20v* = 3)R.(w — Q.m)*dt
- 2v3e
Qe = Q+|r+=r, .

dTy +0(€),

Re = R+|r+=r7 ’ (35)

Therefore, the temperature in the near-extremal black
hole increases with the scattering. The infinitesimally
small changes in the black hole caused by the scalar field
imply that zero temperature cannot be achieved by this
process. Therefore, in our analysis, the third law of ther-
modynamics is valid. It was ensured that our analysis un-

ra

(a) Forv =2, w=1,m=0.
Fig. 1.

8nro l(—2r v+

(b) Forv=2, w=2m=1
(color online) Diagrams for tanh(d7y/df) in WAdS; black holes with the mode (w,m) of the massive scalar field.

34
rer—(v2 +3))? Y

der the scattering of a scalar field is valid with respect to
the laws of thermodynamics. Thus, our approach to the
black hole is physical, and we applied this approach to
the stability of the horizon and the WAdS;/WCFT, cor-
respondence.

V. STABILITY OF HORIZON

The outer horizon not only divides the inside and out-
side of the black hole but is also the location where the
thermodynamic variables are defined. The mass and an-
gular momentum of the black hole change according to
the fluxes of the scalar field. This also causes changes in
the outer and inner horizons, which are functions of the
mass and angular momentum. We consider whether the
horizons keep existing in the final state. This is an invest-
igation on the stability of the black hole because the hori-
zons are significant while defining a black hole.

The locations of the outer and inner horizons are de-
termined using function g’ of the metric in Eq. (2). Fur-
thermore, the locations are clearly associated with the
mass and angular momentum in Eq. (4); hence, the fluxes
also change function g"". We investigated the change in
function g and determined whether the black hole can
be overspun. We assumed that the initial state is a near-
extremal black hole including an extremal one because
the near-extremal case may be overspun by a small trans-
ferred angular momentum. This can be shown by the sign
of the minimum value with respect to function g”. When

n

(¢) Forv=3,w=2m=2.
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the WAdS; black hole is near-extremal,

4R(r)>N(r)?
Funin(re, 7, Fmin) = gﬂ|r:rm,n = % =-0, (36)
and
0 (4R("’N()?
dF min(r+, 7=, 'min) = E (—[4 ) OF i
F=Fpn = =0,

OFmin

(37)

where the near-extremal condition is represented by
6 <« 1, and the location of the minimum is denoted by
rmin. Note that § =0 indicates the extremal black hole.
Eq. (36) expresses the minimum value in the initial state.
Given that function g is minimum, the minimum value
Fmin 1 small and negative. Eq. (37) indicates that the loc-
ation of the minimum is rni,. Therefore, the fluxes of the
scalar field change the black hole. In the final state, the
minimum can differ from that of the initial state, depend-
ing on the sign of the minimum value. When the minim-
um value is negative, there are no proper horizons in the
spacetime; hence, the horizon is unstable, but the others
imply that the horizons continue to exist in spacetime.
Then,

Fmin(r++dr+,r—+dr—7rmin +drmin)

OF i OF i OF i
= Fuin(r4, 7=, 'imin) + 6:1“1 dry + a;nm dr_+ rm.m drmin,
+ - min
aFmin aFmin
=-0+ dry + dr_.
ory T or_ "

(38)

According to Eq. (36), we can find the location of the
minimum and § by setting € < 1:

re+r_
’min = 5

_62(V2 +3)

4 (39)

ry—r- =g, =

In the final state, the minimum value is obtained with
respect to the first order:

Fuin(ry +dry, 7_ +dr_, ripin + drimin)

_ (w—-Qm)*diGrR,(20v* - 3) .
- 3

O(e), (40)

2%

where the first term is negative. This implies that the min-
imum value is always negative. Hence, the horizons
stably exist in spacetime. Even if the scalar field changes
the black hole, the change in the mass exceeds that of the
angular momentum to satisfy the extremal condition in
Eq. (5). In Fig. 2, function g is plotted for given values
of v. Our results demonstrate that the extremal and near-
extremal states (red and blue lines) become non-extremal
states (black line) because the minimum value becomes a
larger negative value in Eq. (40). In addition, we determ-
ined that the extremal black hole with ¢ =0 becomes a
nonextremal black hole because the first order is inde-
pendent of € and negative.

VI. THERMODYNAMICS AND WADS;/WCFT,
CORRESPONDENCE

According to the WAdS;/WCFT, correspondence, the
energy spectra of WCFT, are associated with the con-
served quantities of the WAdJS; black hole. As men-
tioned in the previous sections, there are physical bound-
aries with respect to the state of the black hole originat-
ing from the laws of thermodynamics. Then, by associ-
ation, the boundaries in the WAdS; side can play a role in
the WCFT, side. We investigated how the changes in the
black hole are coincident with those of the shifted spec-
tra in WCFT,.

The shifted energy spectrum A* can be given as the
function of M and J, according to Eq. (11). When the
fluxes change the black hole, the mass and angular mo-
mentum can vary as M +dM and J+dJ, associated with a
slightly different energy spectrum A* +dh*. In combina-
tion with Eq. (26),

A " " 4 N o
extremal singularity / ex\Tm | singularity

77777 est-extemal 2 ~---~ neak-extiemal
ndg-

» A\
xtremal / non-gxtremal
A
\\ // )
/ 3
\\ 4 A
\ / D
N / N
0 A 0

extrémal'§ingularity

***** near- XIIE\ al

r
(a) For v =2.
Fig. 2.

(b) For v = 3.

(color online) Plots for function g'".

r

(¢) For v =3.5.
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W (M +dM,J+dJ)-h*(M,J) = dh*

(9/714' 7+
= dMm + Oh
oM

_ 4AnlR .M
- k

dJ,
oJ

k
(w—Qm) (a)— mm)dt. (41)

This clearly depends on the modes of the scalar field.
Furthermore, Eq. (11) shows that the energy spectrum 7*
is directly related to the inequality with respect to the ex-
tremal condition. This plays an important role in the
change of an extremal black hole. Under the extremal
condition, Eq. (41) becomes

»y  AnlR.M

dh* A (w=Q.m)?ds, (42)

which is positive for any mode of the scalar field.
Moreover, given that the energy spectrum A~ is propor-
tional to M?, its value is always positive. The change in
h~ is given by

dn™ = %MdM = 47té}%w(w—!hm)dr. (43)
This depends on the inequality between w/m and Q..
When w/m<Q,, the energy spectrum /A~ decreases;
however, when w/m>Q,, the energy spectrum A~ in-
creases. This condition works similar to the energy flux
in Eq. (25). Then, according to the changes in the energy

spectra, the Cardy formula changes as

Scrr(ht +dh™, 7™ +dh™) =S cpr(hT, 77
2miMYe ( dat .\ di-
vk \vVi+ Vi~

= dS CFT = ) = dS BH- (44)

Therefore, the change in the Cardy formula is exactly co-
incident with that of the Bekenstein-Hawking entropy in
Eq. (31). This establishes that the WAdS;/CFT, corres-
pondence works well in the first-order variation.

VII. SUMMARY

We investigated the stability of the horizons in a
WAJS; black hole, which is the solution to the NMG.
The horizon of a black hole is the surface on which the
thermodynamic variables are defined; hence, its stability
is closely related to the thermodynamics of the black
hole. Particularly, in our case, the stability is also import-
ant in the WAdS;/WCFT, correspondence. In this study,
we mainly considered the stability of the horizons under
the scattering of a scalar field. Under scattering, the con-
served quantities of the scalar field can be absorbed into
the black hole. Then, according to the amount of con-
served quantities of the scalar field, the black hole can be
perturbed. We investigated the changes in the black hole
through perturbation. The amount of conserved quantit-
ies flowing into the black hole was measured based on
the fluxes of the scalar field at the outer horizon. Owing
to the fluxes, the mass and angular momentum of the
black hole change its thermodynamic properties. Interest-
ingly, the changes in the mass and angular momentum of
the black hole hold a dispersion relationship that can be
exactly expressed as the first law of thermodynamics.
Furthermore, the Bekenstein—Hawking entropy is irredu-
cible under scattering. This is coincident with the second
law of thermodynamics. In addition, we tested the third
law of thermodynamics in this process. As the Hawking
temperature becomes high in near-extremal black holes
for any mode of the scalar field, the temperature cannot
be zero as a result of scattering. This is exactly ensured
by the third law. The fluxes of the scalar field change all
the variables, mass, and angular momentum, thereby de-
termining the metric function. The changes in the metric
function imply that the horizons exist stably, and the ex-
tremal black hole becomes a non-extremal one. Then, the
changes in the black hole are related to energy spectra h*,
according to the WAdS;/WCFT, correspondence. En-
ergy spectrum /* is irreducible by the changes in the side
of the black hole, but energy spectrum i~ depends on the
modes of the scalar field. The change in the Cardy for-
mula is also identified with that of the Bekenstein-Hawk-
ing entropy in the first-order variation.
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