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Abstract: Correlations of conserved charges, i.e., the baryon number, electric charge, and strangeness, are calcu-

lated at finite temperature and chemical potentials up to the fourth order. The calculations are done in a 2+1 flavor

low energy effective theory, in which the quantum and thermal fluctuations are encoded through the evolution of

flow equations within the functional renormalization group approach. Strangeness neutrality and a fixed ratio of the

electric charge to the baryon number density are implemented throughout the computation. We find that higher-or-

der correlations incorporate more sensitive critical dynamics than the quadratic ones. In addition, a non-monotonic

dependence of the fourth-order correlations between the baryon number and strangeness, i.e., —xff / X‘; and ngs / X‘; ,

on the collision energy is also observed.
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I. INTRODUCTION

Studies on the QCD phase structure have attracted
considerable attention in the past decade. Remarkable ef-
forts, both from experimental and theoretical, have been
involved in the promising but challenging task of search-
ing for the critical end point (CEP) in the QCD phase dia-
gram. The first principle lattice QCD simulations indic-
ated that the finite-temperature QCD phase transition is a
continuous analytic crossover in the low baryon chemic-
al potential or density regime [1-6]. Although the predict-
ive capacity of the lattice simulations is hampered by the
so-called sign disaster when the baryon chemical poten-
tial is high, other complementary first principle theoretic-
al methods, e.g., the widely used functional approaches of
QCD, such as the functional renormalization group (fRG)
[7-14] and Dyson-Schwinger equations (DSE) [15-20],
predicted the existence of a CEP in the phase diagram
spanned by the temperature and the baryon chemical po-
tential. Note, however, that the existence of the CEP it-
self, and if it really exists, its location in the phase dia-
gram are still open questions.

In the past decade, the Beam Energy Scan (BES) Pro-
gram at the Relativistic Heavy lon Collider (RHIC) has
made significant progress with respect to experimental
studies on the QCD phase structure. Moments of the net-
proton multiplicity distributions of different orders were

measured, and a non-monotonic dependence of the kur-
tosis of the net-proton distributions on the beam energy
was found [21, 22]. Moreover, moments of the net-charge
multiplicity distributions [23] and those of the net-kaon
multiplicity distributions [24] were also measured; refer
to [25, 26] and the references therein for further details.
Recently, the measurements of the second-order off-diag-
onal cumulants, i.e., the correlations of the net-proton,
net-charge, and net-kaon multiplicity distributions, were
reported by the STAR Collaboration [27]. In response to
these experimental measurements, in this study, we aimed
to investigate the correlations of conserved charges, viz.
the baryon number, electric charge, and strangeness, from
the theoretical side. The order of the correlations is not
just constrained to be quadratic but also extended to the
more interesting higher-order ones up to the fourth. The
dependence of various correlations on the temperature
and baryon chemical potential in the strangeness neutral
system, with a fixed value of the ratio between the elec-
tric charge and baryon number density, was addressed.
Furthermore, we studied the evolution of these correla-
tions with the beam energy in heavy ion collision experi-
ments. After conducting an extensive study on all the cor-
relations of conserved charges up to the fourth order, we
selected those that demonstrated the most non-monotonic
behavior. Such correlations are potentially useful in ex-
periments.
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We employed the 2+1 flavor low energy effective
theory (LEFT) within the fRG approach, which has
already been used and described in detail in a previous
study of ours [28]. In the fRG approach, quantum fluctu-
ations of different momentum scales are encoded success-
ively through the evolution of the renormalization group
(RG) scale from the ultraviolet (UV) to the infrared (IR)
regimes [29]. Therefore, the fRG approach is extremely
suitable for describing physical systems. It features a dis-
tinct hierarchy of scales and, thus, entails transformation
of the effective degrees of freedom. QCD belongs to this
type of systems. Significant progress in the first principle
QCD studies with the fRG approach has been witnessed
in recent years [9-14]. Remarkably, a phase diagram has
recently been extracted from a detailed QCD calculation
at nonzero temperature and density within the fRG ap-
proach, and a critical end point has been predicted in the
phase diagram [14]. Moreover, the fRG has also been
widely employed in low energy effective models; refer to
studies such as [28,30-49] for a selective list of relevant wo-
rks, and refer to [50-55] for reviews on the fRG approach.

The remainder of this paper is organized as follows.
In Sec. II, we briefly introduce the 2+1 flavor low energy
effective theory within the fRG approach. In Sec. III, we
discuss the thermodynamics and the generalized suscept-
ibilities at finite temperature and chemical potentials.
Both constraints, i.e., the strangeness neutrality and the
fixed ratio of the electric charge to baryon number dens-
ity, were implemented. The resulting equilibrium strange-
ness and electric charge chemical potentials were invest-
igated and expanded in powers of the baryon chemical
potential, which can be compared with the relevant lat-
tice results. Sec. IV presents the calculation of the correl-
ations of conserved charges, viz. the baryon number,
electric charge, and strangeness, at the finite temperature
and density up to the fourth order. The dependence of
various correlations on the collision energy is also dis-
cussed. In Sec. V, we provide a summary, including the
discussions.

II. 2+1 FLAVOR LOW ENERGY EFFECTIVE
THEORY

In this study, we employed the Polyakov-loop im-
proved quark-meson theory with Ny =2+1 flavor quarks,
which was also used in a previous study of ours [28].
Next, we provide a brief introduction. More details about
the theory and our calculations can be found in the afore-
mentioned reference. The scale dependent effective ac-
tion is given by

I [@] = f {é[nﬁu —yo(fi +igAg)lg+hgZsq

+tr(D,Z - D,EN) + U(Z) + Ve (L, L)}, (D)

with fx = fol/deofd3x and ®=(q,q,0% 7% (a=0,1,
---,8), where ¢, g, o, and n¢ are the quark, antiquark,
scalar, and pseudo-scalar mesonic nonets, respectively. In
fact, the mesons of other channels, for instance vector
mesons [56-58], are also relevant to the analysis conduc-
ted in this study and will be taken into account in future
studies. In addition, i = diag(u,, . 1s) is the matrix of the
quark chemical potentials in the flavor space. The kinet-
ics of the mesons is encoded within the trace term in Eq.
(1), where the covariant derivative is

D= =8, +[6,0i.Z, )

with ¥ =T%oc?+in%); the mesonic fields are in the ad-
joint representation of Uy(3)x Ua(3). Here, T¢ are the
generators of the U(Ny) group with tr(T¢T?)=¢"/2.
Quarks and mesons couple with each other through the
Yukawa coupling with X5 =T“0*+iysn®). The meson
masses and the interactions among them are governed by
the mesonic potential, which is

Ui(Z) = Ur(p1,p2) — caé — jLor — jsos €)]
with
p1 =tr(Z-Xh), (4)
5 —t(Z-ZT—l 1 )2 5)
p2 =1 3/01 3x3)
and
£ =det(2) +det(Z), (6)

where p; and p, are invariant under the transformation of
Uy(3)x U4(3); the Kobayashi-Maskawa-'t Hooft determ-
inant, &, breaks the Uu(1) symmetry and keeps the re-
maining ones unchanged. The effective potential in Eq.
(3) is expanded as a Taylor series as follows:

N
~ /lﬂ ,k my~ n
Ui(p1,p2) = Z m:r;l,(Pl_Kl,k) O2—k2 )", (D

mn=0"""

where A,,,x's are the k-dependent expansion coefficients,
kix and kp; are the expansion points, and N > m+2n is
the maximal order of the expansion. In the numerical cal-
culations, we adopted N =5, which is large enough to en-
sure that the convergence of expansion is achieved; refer
to [28] for further details. The two j; /s terms in Eq. (3)
break the chiral symmetry explicitly and are related to the
light and strange current quark mass, respectively. Here,
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we used the light-strange quark basis implicitly, which is
related to the singlet-octet basis through a proper rotation
as follows:

()l VIR o

The quark confinement and its relevant deconfine-
ment phase transition are encoded, in statistical terms,
through the temporal component of the gluon back-
ground field (4¢) on the r.h.s. of Eq. (1), or the related
Polyakov loops, ie., L(x)=(TrP(x))/N. and L(x)=
(TrP"(x))/N., with (---) denoting the ensemble average.
Thus, we obtain

B
P(x) = Pexp(ig f drAo(x.7)), )
0

with the path ordering operator, #, on the r.h.s. For fur-
ther details about the Polyakov loop and its application in
the phenomenology, refer to [59-62]. The dynamics of
the Polyakov loops is governed by glue potential
Vaie(L, L) in the effective action. Note that the RG scale
dependence of the glue potential was not taken into ac-
count in this study; refer to [63] for further details. In this
study, we employed the parameterization of Ve with the
S U(N,) Haar measure [64], which is

_iluﬁMDMMﬂLD

( )

Vglue (L’ I:)

L+ L) +d(T)LL), (10)

with the dimensionless Ve = glue/T“ and the Haar

measure as follows:
My(L,Ly=1-6LL+4(L*+L[*)-3(LL)*. (11)

The temperature dependence of the coefficients in Eq.
(10) is given by

xi+x0/t+ 1D+ x3/(t + 1)

T)= 12
M = D/t D2 (12)
for x € {a,c,d}, and
B(T) = by(t,+ 1) (1 —eb:/“/*‘)”“) , (13)

where ¢, =(T-T.)/T. is the reduced temperature. The
parameters in Egs. (12) and (13) are fixed by fitting the
thermal behaviors of the Polyakov loop, including its
fluctuations, and the thermodynamics in the Yang-Mills
(YM) theory at a finite temperatur; refer to [64] for their

values. The back reaction of the quarks on the glue poten-
tial can be captured well through an appropriate rescaling
for the reduced temperature [36]:

(t)ym = @(t)ges  With  (1)gue = (T — TE")/TE.

(14)

In a previous study of ours, we comprehensively investig-
ated the influence of parameters @ and T¥" on the QCD
thermodynamics (see Figs. 9 and 10 in [28]). In this
study, we adopted @ =0.52 and T&"° =270 MeV. These
values achieved the best agreement with the lattice calcu-
lations.

The evolution of the scale dependent effective action
in Eq. (1) is described by the Wetterich equation [29],
which is

: 1
Oy = ~Te(G{'ORY) + S Tr(G OIRY) (15)

with #=1In(k/A). Here, A is the ultraviolet cutoff of the
effective theory, i.e., the initial evolution scale for the
flow equation; qu and G,f"' are the propagators for the
quarks and mesons, respectively. In this study, we used
the 34 flat infrared regulators R} and Rf, which are suit-
able for computations at finite temperature and densities.
The explicit expressions of the regulators are given in
Appendix A in [28]. Inserting the effective action in Eq.
(1) into the flow equation in Eq. (15), we obtain the flow
equation for the effective potential U; in Eq. (1) or Uy in
Eq. (3). Evidently, the effective potential is the only term
that is scale dependent in Eq. (1). This type of truncation
is also known as local potential approximation (LPA).
Within LPA, only the flow equation of Ujremains. After
the flow is evolved from the UV cutoff toward the IR
limit, i.e., k=0, quantum fluctuations at different scales,
as well as thermal and density fluctuations, are encoded
in the effective potential Uq. For further details with re-
gard to solving the flow equation and relevant numerical
settings, refer to a previous study of ours [28]. Finally, we
obtain the thermodynamical potential density as follows:

Q = (Ok=0(01.05) + Vaue(L. L)) | (16)
EoM

where the subscript EoM denotes that oy, os, L, and L
are on their respective equations of motion. Thus, the
pressure is given by

p=-0Q, (17)

III. THERMODYNAMICS AT FINITE
CHEMICAL POTENTIALS

The baryon number, electric charge, and strangeness
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are conserved charges in heavy ion collisions as they are
not changed through the strong interactions of QCD.
Thus, there are three relevant chemical potentials, i.e., up,
Ho, and ug, which are related to the three-flavor quark
chemical potentials through the following expressions:
Mu=pB/3+2ug/3, pa=pp/3-pgo/3, and ps=pup/3-
Ho/3—us. Here, uy,, puq, and p; are the chemical poten-
tials for the u, d, and s quarks, respectively. When the
chemical potentials are nonvanishing, thermodynamical
potential density Q or pressure p in Eq. (17) are func-
tions of temperature 7 and the chemical potentials, that is,
p(T,up,uo.us). By differentiating the pressure w.r.t the
three different chemical potentials, the generalized sus-
ceptibilities are obtained:

ai+j+k(p/T4)

S (T, oo pis) = —— , (18)
Xi k Al an N
! TN

with gx =ux/T (X =B, Q, S). The generalized susceptib-
ilities in Eq. (18) are related to the cumulants of the con-
served charge distributions, such as the diagonal ones:

X = (W), (19)
W = T (ON?), (20)
X = VT3 —((6Nx)*), (21)
1 = o (N0 -3 oM Y), @2)
with 6Nx = Nx —(Nx), where the ensemble average is de-

noted by the symbol (---). Here, V' is the volume of the
system; typically, the number density, ny = (Nx)/V, is
employed. Similarly, one has similar relations for the off-
diagonal cumulants of the conserved charge distributions,
or the correlations among the conserved charges, e.g.,

Xl = VT% ——((6Nx)(Ny)), (23)
1

X = W((éNx)(&Ny)2>, (24)
1

X = 5 (GNOGNYOND), (25)

with Y,Z€{B, 0, S}.
In the environment of heavy ion collisions, the pro-

duced matter of the quark-gluon plasma (QGP) is neutral
in strangeness, which entails that the expected value of
the density of strangeness is vanishing, i.e., (ng) = 0. Fur-
thermore, the ratio between the electric charge and the
baryon number density, r = (ng)/{np), is a constant on av-
erage, whose value is determined by the charge-mass ra-
tio Z/A of the colliding nuclei. In this study, we adopted
r=0.4, which is consistent with that of the Au- or Pb-
nucleus. According to these two constraints, the follow-
ing equations are obtained:

Xf(Tﬁ,llB’/'lQOnuSO) = O’ (2’6)

XIQ(TJJB’#QOJJSO)
XP(T, g gy s )

=r, 27

where pg, and ug are defined. They depend on T" and
up. Employing Egs. (26) and (27), the following differen-
tial equations for po,(T,up) and uso(T,up) W.r.t. up are
obtained:

6MSO(T7/JB) Z_)ﬁ_&aﬂQO (28)
Oup X5 x5 Oup’

aﬂQo(T,,uB) ig(/\/n _r)(ls) /\/2 ]] - /\/2) (29)
Op Xz(/Vz _anQ) Xflcz(/\/ll _erf)

Equations (28) and (29) were first derived in [47]. These
two differential equations, along with pug,(7T,0)=
Ho,(T,0) =0, can be employed to obtain the values of ug
and g, at any finite up for a fixed value of 7.

Fig. 1 shows the dependence of g, and up, on the
baryon chemical potential under the constraints
r=ngp/ng=0.4 and ng =0 at several temperatures. Note
that the magnitude of ug, is significantly smaller than
that of ug,, which is reasonable as pp, would be vanish-
ing if the value of the ratio of the electric charge to bary-
on number density were set to be r=0.5, due to the
isospin symmetry between the u and d quarks. In the en-
vironment of heavy ion collisions, r = 0.4 is not far from
the symmetric case. Concentrating on the left panel of
Fig. 1, note that, when the temperature is high, us, ap-
proaches the free quark gas limit, us, = ug/3, as denoted
by the black dashed line. However, this is not the case
when the temperature is low and the system is near or be-
low the chiral phase transition, where the deviation is re-
markable. In summary, based on the results shown in Fig. 1,
the commonly adopted approximation for the strangeness
neutral matter produced in heavy ion collisions, with
o =0 and p, =pup/3-ps =0, is applicable in the chiral
symmetric phase, but its validity should be treated care-
fully with the decrease in temperature.
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(color online) Strangeness chemical potential ug (left panel) and electric charge chemical potential g, (right panel) as func-

tions of baryon chemical potential up, with r =ng/ng = 0.4 and ng = 0, for different temperatures. The left panel also shows usy = ug/3

(black dashed line).

Note that the calculated us, and pg, in Fig. 1 from
Egs. (28) and (29) are exact and, in principle, can be ex-
tended to the regime of any large baryon chemical poten-
tial, which is in contradiction with the lattice QCD simu-
lations, where the calculations are usually constrained to
the region of up/T <2~ 3 due to the sign problem. For
the sake of a better comparison between our results and
those from the lattice QCD, we adopted the approach of
Taylor expansion in [3] to calculate the strangeness and
the electric charge chemical potentials with the con-
straints of the strangeness neutrality and the fixed ratio
between the electric charge and the baryon number dens-
ity. We begin with the pressure expanded around the van-
ishing chemical potentials, which reads

P piops) < Xig (1.0)

sMBsHQOsHS _ ijl ? PNEPNI PN ¢

= )L Raighks  G0)
i, k=0

where ngS(T, 0) denotes the generalized susceptibility in

Eq. (18) with up = g = us = 0. Similarly, us, and up, in

=— FRG
s HotQCD: cont. est.

0.10 I I I I L

1.0 1.2 1.4 16 1.8
T/T.
Fig. 2.

Egs. (28) and (29) can be expanded in a series of the ba-
ryon chemical potential as follows:

Aso(T,up) = s1(Dig + s3(Dicy + ss(Dig + ...y (31)

foo(T,pp) = qi(Tig + q3(Tfs + qs(T)ig + ... (32)

where coefficients s,'s and ¢,'s can be determined order
by order (refer to [3] for further details. Inserting Egs.
(31) and (32) into Eq. (30), us and ug can be eliminated
on the r.h.s.; thus, the pressure is only expanded in terms
of the baryon chemical potential, which reads

p(T.up) p(T,0) _

A2
T4 T4 _pZ(T)/'lB

+pa(Dg+pe(DEG +...  (33)

We present the leading order expansion coefficients
s1 and ¢; in Egs. (31) and (32), respectively, in Fig. 2,

0.045

0.040

0.035

0.030

0.025

—q1

0.020

0.015

— FRG i
. HotQCD: cont. est.

0.005 I I I I L

0.010 |,

1.0 1.2 1.4 1.6 1.8
T/T.

(color online) Leading order expansion coefficients of the strangeness and electric charge chemical potentials in powers of ag,

i.e., s1 (left panel) and —¢; (right panel) in Egs. (31) and (32), respectively, as functions of the temperature in units of 7., in comparis-

on to the relevant lattice results in [3], depicted by the blue bands. Note that 7, is the pseudo-critical temperature of the chiral crossov-

er at vanishing chemical potentials. The constraints r = ng/ng = 0.4 and ng = 0 were implemented in the calculations.
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and the ratio of the next-leading to leading order coefti-
cients, i.e., s3/s; and g3/qi, in Fig. 3, which are also
compared with the continuum extrapolated lattice results
from the HotQCD Collaboration [3]. As discussed in a
previous study of ours [28], the pseudo-critical temperat-
ures at the vanishing baryon chemical potential, obtained
from lattice simulations and effective models, are gener-
ally not identical due to various reasons, e.g., the differ-
ent absolute scale. Accordingly, it is more appropriate to
rescale the temperature for the x-axis in Figs. 2 and 3
based on their respective values for 7, at ugp=0. Note
that the pseudo-critical temperature of the QCD chiral
crossover at zero values for the chemical potentials is
T. =156 MeV for the lattice calculations by the HotQCD
Collaboration [5]. In our calculations, we found that
TY =194 MeV for the chiral crossover, and T¢ =177
MeV for the deconfinement phase transition; refer to [28]
for further details and relevant discussions about these
two pseudo-critical temperatures. Thus, it is reasonable to
adopt a value of T, in-between T¢ and TY for the fRG
calculation. In Figs. 2 and 3, we employed T, = 183 MeV
for the fRG. This was motivated by the fact that, with this
choice, the lattice and fRG yield a consistent result for s,
when the temperature is around and below 7., as shown
in the left plot of Fig. 2. However, it is evident that one
cannot match the calculated s; from two different ap-
proaches in the entire temperature range shown in the plot
just by tuning 7.. We observed that the fRG slightly un-
dershoots s; as T z T, in comparison to the lattice result.
Similarly, from Figs. 2 and 3, it is not difficult to con-
clude that the fRG results are in qualitative, or even
quantitative for some values of T, agreement with those
of the lattice, e.g., both approaches lead to the conclusion
that the ¢3/q; ratio crosses the zero line and changes its
sign at a value of T larger than T,, and that s3/s; is van-
ishing in the high temperature regime. As mentioned pre-
viously, when the temperature is high, us, approaches
the free quark gas limit pg, = ug/3 with the constraint of

— FRG
N HotQCD: cont. est. |

1.0 1.2 1.4 1.6 1.8
T/T.

Fig. 3.

strangeness neutrality, as shown in the left panel of Fig. 1.
Consequently, only the linear term in the expansion of
fiso in the powers of fip on the r.h.s. of Eq. (31) is non-
vanishing, and s3/s; is zero in the high temperature limit.
Note, however, that the discrepancies between the results
obtained from the fRG and the lattice are still significant.
For instance, besides leading order s; at high temperat-
ures, |¢1| from fRG is also smaller than that from the lat-
tice in the entire temperature region, as shown in the right
panel of Fig. 2. Furthermore, one also finds that the next-
leading to leading order ratios s3/s; and ¢3/q; obtained
from the fRG are slightly smaller than those of the lattice
in some regimes of temperature.

As discussed previously, due to the sign problem at
the finite density, the Taylor expansion is usually em-
ployed in lattice simulations; see, for instance, Egs. (31)-
(33). Therefore, it is important to investigate the conver-
gency of the Taylor expansion in powers of ug/T. In this
study, we aimed to study this convergency through the
comparison between the Taylor expansion and full res-
ults. In Fig. 4, the full results of wugy(7.up) and
Hoo(T,up), obtained from Egs. (28) and (29), respect-
ively, are compared with those from the Taylor expan-
sions in Egs. (31) and (32), both of which are calculated
within the fRG approach. Two results for the Taylor ex-
pansion are presented that correspond to the order of ex-
pansion up to O(u3) and O(u3). They are denoted by the
dashed and dotted lines, respectively, in Fig. 4. Three dif-
ferent temperatures were adopted. The relevant results are
plotted in different colors. We found that the conver-
gency of the Taylor expansion is observed for both the
strangeness chemical potential and the electric charge
chemical potential with ug/T <2; moreover, comparing
these two chemical potentials, one can observe that the
convergency property of ug, is better than that of ug,,
and the Taylor expansion result of ug, of order O(uy) is
still comparable to the full result when up is increased up
to ~3T. Furthermore, in Fig. 4, one can observe an al-

— FRG
N HotQCD: cont. est. |

43/Q1

1.0 1.2 1.4 1.6 1.8
T/T.

(color online) s3/s1 (left panel) and ¢3/¢: (right panel) (see Eqs. (31) and (32)) as functions of the temperature in units of 7.,

in comparison to the relevant lattice results in [3], depicted by the blue bands. Note that T, is the pseudo-critical temperature of the

chiral crossover at vanishing chemical potentials. The constraints r = ng/ng = 0.4 and ng = Owere implemented in the calculations.
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(color online) Strangeness chemical potential ug (left panel) and electric charge chemical potential g, (right panel) as func-

tions of baryon chemical potential xz normalized by T, with r =ng/ng = 0.4 and ng =0, obtained from Eqgs. (28) and (29) (solid lines) in
comparison to those from the Taylor expansion in Egs. (31) and (32) up to the orders of O(u3) (dashed lines) and O(u3) (dotted lines).

Different colors are employed to denote different temperatures.

ternating divergence with the increase in the order for
T =160 and 180 MeV. This is not the case for T = 140
MeV. To explore the underlying mechanism, we present
the lowest three coefficients of the Taylor expansion in
Egs. (31) and (32) in Fig. 5; they were rescaled appropri-
ately for the convenience of presentation in one plot.
Note that, when the temperature is low, s3 and ss (g3 and
gs) have the same signs, whereas with an increase in the
temperature, they develop opposite signs. The oscillating
behaviors stem from the fact that there is a finite conver-
gence radius for the Taylor expansions of figo and figo in
Egs. (31) and (32), respectively, as shown in Fig. 4.

Fig. 6 shows the dependence of the pressure on the
baryon chemical potential within the constraints of the
strangeness neutrality and the fixed ratio of the electric
charge to the baryon number density. We also compare
the full results with those from the Taylor expansion.
Note that the convergency property for the pressure is
better than that for the strangeness chemical potential and
the electric charge chemical potential, as shown in Fig. 4,
and the computation of the Taylor expansion up to the or-
der of O(u$) is in good agreement with the full one when

0.4 T

0.3

0.2

0.1

0.0

01 L L
100 120 140 160 180 200 220 240 260

T[MeV]
Fig. 5.

the baryon chemical potential is increased to approxim-
ately four times the value of the temperature. In conclu-
sion, the Taylor expansion of ug, and ug, around up =0
up to the fifth order is found to be convergent with
up/T <2 ~3, and that of the pressure up to the sixth or-
der is convergent with up/T < 4.

IV. CORRELATIONS OF CONSERVED
CHARGES

In this section, we investigate the correlations of con-
served charges at finite temperature and density in the
context of the 2+1 flavor low energy effective theory
within the fRG approach. Two constraints, i.e., the
strangeness neutrality, ng =0, and a fixed value of the
electric charge to baryon number density, r =ng/ng =04,
were implemented. We focused on the correlations
between any two different conserved charges, i.e., those
of form yX% with X,Y €{B, 0, S}. All the relevant cor-
relations of orders from the quadratic to quartic, viz.,
ny +ny =2, 3, and 4, were calculated. The motivations of
this extensive study were as follows. In terms of the the-

0.02 T

—_— a

0.01f| === @x10 . R
------- g5 x 100

——

o B
100 120 140 160 180 200 220 240 260
T[MeV]

(color online) Expansion coefficients of the strangeness chemical potential according to Eq. (31) (left panel) and electric

charge chemical potential according to Eq. (32) (right panel), with r = ng/ng = 0.4 and ng =0, as functions of temperature.
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0.7 T T
——  full, =140 MeV
0.6 o O(ub), T=140MeV
....... O(p%), T=140MeV
——  full, T=160 MeV
full, T= 180 MeV

(p(T, up) — p(T;,0))/T*

ug/T
(color online) Pressure subtracted by its value at
up =0 as a function of the baryon chemical potential up, with
r=ng/ng=04 and ng =0. The full results (solid lines) are
compared with those from the Taylor expansion in Eq. (33) up
to the orders of O(u}) (dashed lines) and O(u$) (dotted lines).
Different colors are used to denote different temperatures.

Fig. 6.

oretical side, it is valuable to study the correlations, in
particular the higher-order ones and in the case of heavy-
ion collisions with strangeness neutrality and a fixed
value of the electric charge to baryon number density, in
the fRG approach. The relevant calculated results can
easily be compared with other theoretical calculations,
e.g., the lattice results [65]. With respect to the experi-
mental side, through an extensive study, we provide use-
ful information for researchers who are searching for the
CEP. The dependence of various correlations on the tem-
perature, baryon chemical potential, and collision energy
was investigated, and several correlations that manifest
the most non-monotonic behavior were selected, which
could potentially be useful in future experiments.

In fact, the second-order correlations between the net
proton, net charge, and net kaon were measured by the
STAR Collaboration [27]. Although these observables are
related to the x5, ¥P¢, and % investigated in this
study, it is still challenging to compare the experimental
measurements with the theoretical calculations directly. It
is of particular interest to study the relations among them;
refer to [66] for related discussions.

Although, to date, only the quadratic correlations
have been experimentally measured, higher-order correla-
tions and higher-order fluctuations (see e.g. [21-23])
carry more sensitive information about the critical dy-
namics of the chiral symmetry, for instance the non-
monotonic behavior observed for the kurtosis of the net
proton distribution as a function of the collision energy;
refer to [25] and the references therein for further details.
Therefore, it is more interesting to study the higher-order
correlations in heavy ion collisions from the theoretical
side, especially their dependence on the collision energy
and potentially possible non-monotonic behaviors, which
might provide some useful insights for the experimental

measurement of higher-order correlations in the future.
Nonetheless, it should be noted that our results should be
carefully and cautiously considered, because many ef-
fects, such as the non-equilibrium evolution of the sys-
tem [67], centrality and rapidity dependence, volume
fluctuations, and resonance decays [68], were not taken
into account in our studies. These effects may remark-
ably influence a direct confrontation of the theoretical
prediction with the experimental measurements; refer to
[66] for a relevant review.

To investigate the dependence of the conserved
charge correlations on different values of the collision en-
ergy, we employed the chemical freeze-out (CF) temper-
ature, Tcr, and the baryon chemical potential, ugqp, re-
ported in [69], which were obtained from the statistical
hadronization approach. The parametrization for the de-

pendence of T¢cr and ppp on collision energy +/syy is
Tlim
Tcr = cF , (34)
1+exp(2.60 - In(/syw)/0.45)
and
= . (35)
HBCF = 1770288 vonn

with 7im = 158.4 MeV and a = 1307.5 MeV. Please, refer
to [70] for further details about the freeze-out conditions
in heavy ion collisions. Moreover, as discussed previ-
ously, the scale in the low energy effective theory is
slightly different from that in the QCD, and this mis-
match is taken into account for the freeze-out parameters
through the rescale as follows:

Tep ' =BTcr, and ppey ' =Buscr, (36)
where the quantities with the superscript LEFT denote
those in the low energy effective theory, and 8 is a res-
cale coefficient. We employed the pseudo-critical temper-
ature from the lattice simulation, 7."T = 156 MeV, at the
vanishing chemical potential, and 7.'FFT = 183 MeV in
our calculations in the context of the low energy effect-
ive theory, as discussed in Sec. III, to determine rescale
coefficient B8, which yields

TLEFT
B= TCLAT ~1.173. (37

c

Within this framework, values of the chemical freeze-out
parameters in the low energy effective theory, upgy ' and
TEEFT are presented in Table 1, corresponding to the
eight values of the collision energy. Furthermore, we also

investigated the dependence of the calculated results on
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Table 1. Chemical freeze-out baryon chemical potential psLEFT

CF

and temperature TEEFT in context of the low energy effective theory

for eight values of collision energy +/syy. In the last row, T¥ LEFT s the pseudo-critical temperature of the chiral crossover at a fixed

value of upEEFT, which is determined by the peak position of |dp, /9T|, with p; given in Eq. (4).

VN /GeV 200 62.4 39 27 19.6 14.5 11.5 7.7
yB]EEFT/MeV 26 81 125 175 231 296 356 477
TLEFT My 186 186 185 184 183 179 175 162
T ey 193 193 192 191 190 187 184 175

the approach for determining rescale coefficient 8. We
used TV LEFT _ 194 MeV for the chiral crossover at the
vanishing baryon chemical potential obtained in our cal-
culations to replace T.'F'T in Eq. (37) and found that
various correlations as functions of the collision energy
do not change qualitatively. To investigate the quantitat-
ive errors caused by the freeze-out temperature further,
we also considered the case where the freeze-out temper-
ature coincides with the chiral pseudo-critical temperat-
ure, TX"™7, for every value of upeEET, or the collision
energy +/syn. The relevant values of T¥ LEFT are listed in
the last row of Table 1.

Numerical results for correlations x5, , yio , and
,\/,%ix are shown in Figs. 7, 8, and 9, respectively. They
are normalized by either the quadratic fluctuation of the
strangeness x5 or that of the baryon number y%. In every
figure, six different correlations of the second order, xj/,
third order x5!, 7y, and fourth order x5, x5 , x15 , are
presented. They are depicted as functions of the temperat-
ure, with the different values of 55T presented in Table 1,
in the subplots of the first and third rows. We also analyt-
ically calculated the Stefan-Boltzmann (SB) limit values
of the three-flavor massless free quark gas for the vari-
ous correlations. To simplify the calculations of the SB
limits, it must be assumed that the electric charge chemic-
al potential is vanishing, i.e., up, =0, which is a reason-
able approximation given its small value, as shown in the
right panel of Fig. 1. Then, we obtain ug = 1g/3, deman-
ded by the strangeness neutrality. We plot the SB values
for some selective correlations in Figs. 7, 8, and 9 in
black dotted lines. Note that the SB values are constant
and do not depend on the baryon chemical potential. Note
also that for y2° /x3, & /x3, and x¥% /x3 in Fig. 9, the
deviation of the calculated values from their SB values in
the high temperature regime grows with the increasing
order of ng from 1 to 3. This is due to the fact that the
quantum fluctuations of the open strange mesons, such as
kaons, still play a significant role in this region in the
context of the low energy effective theory; refer to [28]
for further details and discussions. Therefore, the low en-
ergy effective theory should be improved for describing
the QCD (see, for instance, [14]), where the mesonic de-
grees of freedom are quickly decoupled once the temper-
ature is above the pseudo-critical one.

Employing chemical freeze-out temperature 75 "
and chiral pseudo-critical temperature T YEET for the
eight values of the collision energy in Table 1, we plot all
the correlations as functions of the collision energy in the
second and fourth rows of Figs. 7, 8, 9, with each below
their respective plots showing the 7-dependence. The cor-
relations determined from TEEFT and TF LEFT are denoted
with red circles and blue squares, respectively, and their
legends feature the freeze-out and chiral phase lines, re-
spectively. Their positions are also shown in the 7-sub-
plots. Furthermore, to estimate the errors arising from the
determinations of TLEFT and 7Y™, we employed the er-
ror bars to represent the values of correlations at the tem-
peratures of THEFT +5 MeV and 71" +5 MeV.

Note from Figs. 7, 8, and 9 that higher-order correla-
tions are more interesting than the second-order ones,
given that the singular part, which contributes to the vari-
ous correlations and is related to the critical dynamics,
holds increasing importance with the increase in the or-
der of correlations. For instance, the quadratic, cubic, and
quartic cumulants of the pion or proton multiplicities
were found to be proportional to powers of correlation
length & as ((6N)*) ~ €2, ((6N)*) ~ &%, and ((6N)*) ~ &,
respectively [71]. Similar behavior was also observed in
our calculations through the dependence of all the correl-
ations on the temperature with a fixed value of the bary-
on chemical potential. The non-monotonic behaviors be-
come progressively evident with the increasing order.
Among all the correlations presented in Figs. 7, 8, and 9,
two of the fourth-order correlations between the baryon
number and the strangeness, namely —x%°/y5 and
XZBZS /xi, manifest themselves as the most non-monotonic
correlations, as shown markedly in the third row of Fig. 7,
where they are plotted as functions of temperature.
Moreover, we found that the dependence of these two
fourth-order correlations on the collision energy is non-
monotonic as well, for both the freeze-out and the chiral
phase lines. Note that these two correlations slightly de-
crease when the collision energy decreases from 200 GeV
to 14.5 GeV and then, increase after the collision energy
is reduced further. In summary, after an extensive study
of all the correlations of conserved charges up to the
fourth order, we found that two of them, i.e., the ones
between the baryon number and the strangeness,
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Fig. 7. (color online) Correlations between the baryon number and the strangeness from the second to the fourth orders as functions

of temperature (subplots in the first and third rows) at the values of the chemical freeze-out baryon chemical potential ysZErT

presented

in Table 1. Two constraints, i.e., the strangeness neutrality expressed as ns = 0 and a fixed value of the ratio between the electric charge
and the baryon number density, r = ng/ng = 0.4, were implemented. On the different lines related to the different chemical potentials or
different values of the collision energy, we used red circles to denote the freeze-out temperature TEEFT and blue squares to denote the

chiral pseudo-critical temperature 7¥* " in Table 1. The two sets of points are also plotted as functions of the collision energy in a
companion subplot for every plot above it. In the subplots of the collision energy, we used error bars to indicate the variation of correla-

tions at the temperatures of TEEFT +5 MeV and TY LEFT . 5 MeV.

S

X3 x5 and x5 /x5, have the most significant non- Figs. 7, 8, and 9. We found that the non-monotonic beha-

monotonic behaviors. This could potentially be useful in
the BES program at RHIC to search for the CEP. Further-
more, we also investigated the influence of rescale coeffi-
cient 8 in Eq. (37) on the calculated results, replaced
T,LEFT = 183 MeV with TX""" =194 MeV as well as
TfLEFT =177 MeV, and repeated the calculations in

viors for —x25 /x5 and x5 /x5 as functions of the colli-
sion energy do not change.

V. SUMMARY AND DISCUSSIONS

In this study, we analyzed the correlations of con-
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Fig. 8. (color online) Correlations between the baryon number and the electric charge from the second to the fourth orders as func-

tions of temperature (subplots in the first and third rows) at values of the chemical freeze-out baryon chemical potential usEEFT presen-

ted in Table 1. Two constraints, i.e., the strangeness neutrality expressed as ng =0 and a fixed value of the ratio between the electric
charge and the baryon number density, r = ng/ng = 0.4, were implemented. On the different lines related to the different chemical poten-
tials or different values of the collision energy, we used red circles to denote the freeze-out temperature T5E'T and the blue squares to

" in Table 1. The two sets of points are also plotted as functions of the collision en-

denote the chiral pseudo-critical temperature
ergy in a companion subplot for every plot above it. In the subplots of the collision energy, we used error bars to indicate the variation

of correlations at the temperatures of TEEFT +5 MeV and T¥ LEFT 5 MeV.

served charges, i.e., the baryon number, electric charge, meters, we also studied the possible evolution behavior of

and strangeness, up to the fourth order at nonzero temper- the correlations with the collision energy in the beam en-
atures and chemical potentials. The computations were ergy scan experiments at RHIC.

performed in the context of a 2+1 flavor low energy ef- The computations in this study were performed for
fective theory within the fRG approach, following the strangeness neutral systems with a fixed ratio of the elec-
setup presented in a previous study of ours [28]. Employ- tric charge to the baryon number density. These systems
ing a set of phenomenological chemical freeze-out para- mimic the environment in the heavy ion collisions. Due
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Fig. 9. (color online) Correlations between the electric charge and the strangeness, from the second to the fourth orders, as functions

LEFT

of the temperature (subplots in the first and third rows) at the values of the chemical freeze-out baryon chemical potential, uggy",

shown in Table 1. Two constraints were assumed: the strangeness neutrality defined by ng = 0 and a fixed value of the ratio between the
electric charge and the baryon number density, r = ng/ng = 0.4. On the different lines related to the different chemical potentials or dif-
ferent values of the collision energy, the red circles denote the freeze-out temperature TEET, whereas the blue squares refer to the chir-
al pseudo-critical temperature T YEFT in Table 1. The two sets of points are also plotted as functions of the collision energy in a com-
panion subplot for every plot above it. In the subplots of collision energy, we use error bars to indicate the variation of correlations at

temperatures of TEEFT +5 MeV and T LEFT 5 MeV.

to these two constraints, the equilibrium strangeness and
electric charge chemical potentials, denoted in this study
by usq and ug,, respectively, develop dependence on ba-
ryon chemical potential pp, which were calculated fully
in our approach. Furthermore, we also expanded ug, and
Mo, in powers of up/T, and the leading and next-leading
order coefficients were compared with the lattice results.

We found that, although there is a small quantitative de-
viation, the fRG results are in qualitative agreement with
those of the lattice QCD. The Taylor expansion of ug,
and pg, around pp =0 up to the fifth order was found to
be convergent with up/T $2~3, and the convergency
property for the pressure was better with ug/T < 4.

The dependence of various correlations on the tem-
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perature and baryon chemical potential were investigated,
and we found that higher-order correlations are more
sensitive to critical dynamics than the quadratic ones.
Among all the correlations of conserved charges up to the
fourth order, we found that two of them, namely the
fourth-order correlations between the baryon number and
the strangeness normalized by the variance of strange-
ness, —x5 /x5 and x25 /x5, manifest themselves as the
most non-monotonic correlations. They also have a non-
monotonic dependence on the collision energy. However,
we should emphasize that this result should be carefully
and cautiously considered. First, as discussed previously,
many effects, especially the non-equilibrium evolution of
the system, were not taken into account in our calcula-
tions. These effects may play a significant role in the
comparison between the theoretical prediction and the ex-
perimental measurements. Second, in the experimental
measurements of correlations, the net-proton and net-ka-
on multiplicity distributions were used as proxies for
those of the net baryon and net strangeness, respectively.

However, the relations among them certainly need to be
elucidated more clearly in a future study. Furthermore,
detailed error analyses of calculations in the low energy
effective theory are indispensable, particularly when the
theoretical calculation is intended to be confronted with
the corresponding experimental measurement. In this
study, estimates for the errors stemming from the vari-
ation of the freeze-out temperature were made. Notably, a
more careful analysis of the errors in the low energy ef-
fective theory was conducted recently [72]. In addition,
the computation of LEFT was improved by resorting to
the first-principle QCD calculation within the fRG ap-
proach [14]. It was also constrained significantly via a de-
tailed comparison with the lattice QCD simulations, e.g.,
in [73, 74].
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