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Abstract: We study the triply heavy baryons Qgpg (Q = ¢,b) in the QCD sum rules by performing the first calcu-
lation of the next-to-leading order (NLO) contribution to the perturbative QCD part of the correlation functions.
Compared with the leading order (LO) result, the NLO contribution is found to be very important to the Qpgo. This
is because the NLO not only results in a large correction but also reduces the parameter dependence, making the
Borel platform more distinct, especially for the Qpp, in the MS scheme, where the platform appears only at NLO but
not at LO. Particularly, owing to the inclusion of the NLO contribution, the renormalization schemes (MS and On-
Shell) dependence and the scale dependence are significantly reduced. Consequently, after including the NLO contri-
bution to the perturbative part in the QCD sum rules, the masses are estimated to be 4.53*0-2% GeV for Qe and

-0.11
14.27t8:§3 GeV for Qppp, where the results are obtained at 1 = Mp with errors including those from the variation of
the renormalization scale x in the range (0.8 — 1.2)Mp. A careful study of the u dependence in a wider range is fur-
ther performed, which shows that the LO results are very sensitive to the choice of u whereas the NLO results are
considerably better. In addition to the = Mp result, a more stable value, (4.75-4.80) GeV, for the Q.. mass is
found in the range of u = (1.2—-2.0)Mp, which should be viewed as a more relevant prediction in our NLO ap-

proach because of u dependence.
Keywords: baryon, heavy quark, QCD sum rules, NLO correction
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I. INTRODUCTION

In recent years, a large number of new hadronic states
containing heavy quarks (charm quark ¢ or bottom quark
b) have been observed in hadron and e*e™ colliders [1].
For example, the tetraquark states, pentaquark states, and
baryons, which contain two heavy quarks [2-4]. These
findings have opened up a new stage for the study of had-
ron physics and QCD. It is well known that the light fla-
vor baryons are composed of three light quarks (u,d,s),
and all kinds of light flavor baryons from A**(uuu) to
Q7 (sss) have been observed for many decades. For the
heavy baryons, the singly charmed and bottom baryons
(containing one heavy quark ¢ or b and two light quarks)
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have already formed a subfamily within heavy hadrons in
recent years. Remarkably, the doubly charmed baryon,
E!F(ccu), which contains two charm quarks and one light
quark, was discovered in 2017 [5], and more of its kind
are expected to be found soon. The discovery of the
doubly charmed baryon is an important event, and it may
indicate that the whole family of baryons with all flavors
(u,d, s,c,b) may be found in the not far future. Here, the
last member of the baryon family, i.e., the triply heavy
baryons, which are composed of three heavy quarks ¢ or
b, are yet to be discovered.

The Qgpp baryons are made of three identical heavy
quarks (Q =c,b). Because of their special properties in
the baryon family, the Qppp baryons have been studied
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extensively for their productions [6-12], weak decays
[13-15], masses [16-43] and so on. Particularly, the
masses of Qppp baryons have been evaluated using vari-
ous approaches, including lattice QCD [16-22], QCD sum
rules [23-25], potential models [26-37], the Fadeev equa-
tion [38-41], and the Regge trajectories [42, 43]. The pre-
dicted values for the masses of Qggp baryons are listed
in Table 5. As shown, the predicted masses are in a wide
range, and different approaches produce different results.
Therefore, itis still necessary to examine the Q¢ baryons.

In this paper, we present the study of Qppp baryon
using the QCD sum rule [44-46] approach, which is
known to be a powerful tool to evaluate hadron proper-
ties [47-50]. In this approach, one starts at short dis-
tances and then moves to long distances using the operat-
or product expansion (OPE) for a given quark current's
correlation function in QCD. The first term in the OPE is
the dimensionless (d = 0) identity operator, which repres-
ents the perturbative QCD part, and then, as power cor-
rections, the higher dimensional operators (d = 4, 6,:*)
with vacuum condensations emerge, which represent the
nonperturbative (confinement) contribution. Principally,

A2

because of the power suppression QCZD < 1| at small

distances (large (—¢?)), the high dimensional operator
contributions should decrease as the power increases; one
may only need to consider a few important terms in the
OPE. Moreover, for the first (Identity) term in the OPE,
i.e., the perturbative QCD term, one needs to consider not
only the leading-order (LO) but also, at least, the next-to-
leading order (NLO) O(ay) contributions (a; being the
strong coupling constant), because the latter may lead to
substantial corrections. Additionally, the O(a;) correc-
tions to the coefficients of the power-suppressed condens-
ation terms may also need to be considered. Practically,
for the heavy Qg system, the most important contribu-
tions in the OPE are the perturbative term C; and gluon
condensation term Cg(g>GG), where C; and Cs can be
calculated perturbatively. As a good approximation, it
may be necessary to consider the LO of C;, which is the
most important contribution, the NLO of C;, which gives
large corrections, and the LO of Cgg, which is the same
order of magnitude as the former, but neglects other con-
tributions. In fact, the importance of including the NLO
contribution of C; has been emphasized in many studies,
e.g., for the proton (uud) [51, 52], the singly heavy bary-
on [53], and the doubly heavy baryon =} [54]. Our pre-
vious work [54] analyzed the NLO effect thoroughly for
the doubly heavy baryon Z' and determined that the
NLO correction is sizable for ZF and cannot be ignored
in QCD sum rules. Accordingly, we expect that the NLO
correction also produces a sizable contribution to triply
heavy baryons (QQQ). Presently, no work has been con-
ducted at the NLO level for triply heavy baryons.
However, for some leading order (LO) results of the

Qoo [23-25], there are significant differences among
different studies, as shown in the preceding paragraph. To
reduce the uncertainties at the LO, it may be necessary to
perform the NLO calculations in QCD sum rules. With
the inclusion of the NLO contribution, the result should
be substantially improved. Moreover, it is worthwhile to
emphasize that there are significant differences between
the fully heavy baryons and other baryons that contain
light quarks. For the former, the most important nonper-
turbative contribution comes from the gluon condensa-
tion (GG), whereas for the latter, the light quark condens-
ation {(gg) makes the important contribution. This point
will be embodied in our calculation for Qg in the QCD
sum rules.

The rest of the paper is organized as follows. In Sec.
II, the sum rules for the calculation of the mass of Qgpo
are presented. In Sec. 1II, we introduce the methods and
procedures for the calculation of the coefficients C; and
Cci. The phenomenology results and discussions are
presented in Sec. V.

II. QCD SUM RULES

For the S-wave triply heavy quark (QQQ) system,
owing to Fermi-Dirac statistics [25, 55], there only exists
+

the JF = %
the corresponding current J, [23, 25, 55],
Ju = €"(QqCY 0p) O O]

where a, b, and ¢ denote the color indices, and C is the
charge-conjugation matrix. Because there is no QQQ

baryon ground state Qppp (Q =c, b), with

ground state with J = X it is not necessary to worry

. 1 . .
about the pollution from the J = - state in the analysis.

In the QCD sum rules, we begin with the two-point
correlation function

(") =1 f d* xel T (QIT[J,(x) ], (0)]|2), )

where Q represents the QCD vacuum. According to the
Lorentz covariance, the matrix element of the current can
be written as

(QIJ,(0)H (g, $)) = YAU,(g. 5), 3)

where H(g,s) denotes the ground state baryon with mass
My, momentum ¢, and spin s; 4 is the pole residue for H;
and U,(q,s) is the corresponding Rarita-Schwinger
spinor, which satisfies the relation

YuYv
3

Z U,u(q’ S)Uv(q’ §)= (44‘ MH)( — 8wt

24udy  GuYv = Yudv
3MZ 3Mpy

b oo
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Correlation function II,, can then be written in the form

249y
2 [ 2
> (q )+WH3(Q )

YuVv

M,,(¢%) = M(—gﬂynl(qz) 35

QY = Yudy
BB I 0) + o - g5
YuYv 2 2qu4qy o GuYv=Yu4y 5
I () - .
3 Hs(g)+ e 7(4) i 8(q ))

)

In this paper, we choose IT;(¢*) for the calculation to ob-
tain mass My of the ground state in the QCD sum rules.
For convenience, in the following, we use I1(¢%) to de-
note IT;(¢%).

However, correlation function IT(¢%) can be related to
the phenomenological spectrum by the Kéllén-Lehmann
representation

() = - f ds— 22 _ ©)

q*—s+ie’

where p(s) is the spectrum density, which contains in-
formation about all resonances and the continuum. Tak-
ing the narrow resonance approximation for the physical
ground state, we may assume the spectrum density to
consist of a single pole and a continuum spectrum, where
all excited states are included in the continuum spectrum

p(s) = A6(s - M[21) + Pcont($)s (7)

where pcon(s) denotes the continuum spectral density.
However, in the region where —¢> = 0% > AéCD, cor-
relation function T1(¢%) can be calculated using the OPE,

which reads

T(g*) = Ci(g") + ) Cg* )0y, @®)

where C; and C; are the perturbatively calculable Wilson
coefficients for perturbative term (Q[1|Q) =1 and vacu-
um condensation {0;) = (Q|0,|Q), respectively. The relat-
ive importance of the vacuum condensation is power sup-
pressed by the dimension of operator O;. In our calcula-
tions, we only maintain the vacuum condensations up to
dimension d =4, which gives the approximation expres-
sion of the OPE as

1(¢*) = C1(¢*) + Co6(a*)(g;GG). ©)
where (g2GG) denotes the gluon-gluon (GG) condensa-
tion. Here, the contributions of higher dimensional con-
densates are expected to be small because of the power
suppressions. Particularly, the d = 6 term, (g3GGG), is

neglected, and this is illustrated in a recent work [25],
where the contribution of this operator is shown to be
negligible.

According to Eq. (6), one can relate the physical spec-
trum density to the imaginary part of I1(¢%) in Eq. (9) us-
ing the dispersion relation, which gives

() = f as—L)__

s—q*—ie
1 f‘x’ q ImC (s) + ImCg6(s){(g>GG)
= S
Sth

T

5 s—q*—ie ’ (10)
where sy, = 9m2Q is the QCD threshold for the QQQ sys-
tem, and the integral in the second line is assumed to be
convergent.

To extract the mass of the ground state, we first em-
ploy the quark-hadron duality [47, 56-58] and the Borel
transformation, and obtain a sum rule for I1(¢?),

7 So 1 s
e =f ds—ImCi(s)e *
Su T

th

© ] s oaa
+ f ds;ImCGG(s)e w(g?GGYy, (1)
S

th

where so and Mp are the continuum threshold and Borel
parameters, respectively, which are introduced here ow-
ing to the qurak-hadron duality and Borel transformation.
Differentiating both sides of Eq. (11) with respect to

we obtain

-—,
My

_"n So 1 s
AME e M = f ds—ImCi(s)e " s
v/
Sth

S

© ] e oaa
+ f ds—ImCgg(s)e " s(g>GGy.  (12)
s Vs

Sth

Finally, we can solve My using Eq. (11) and (12),

So s 0 . A A
f dSPl(S)C_@S"'f dspgg(s)e " s(g2GG)
2 Sth Sin
MH: So s 0 — A A
[ asoiwe T+ [ aspastore 66y

U i

. (13)

1 1
where pP1 = —ImC1 and PGG = —ImCGg.
T T

III. CALCULATIONS OF C; AND Cg6
FOR QQQ BARYON
In QCD sum rules, there are two kinds of expansions,

the OPE and perturbative expansion in «,. For the OPE,
we consider the most important contributions, i.e., per-
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turbative term C; and the GG condensation, C(g>GG),
because other higher dimensional operators are power
suppressed. According to Eq. (13), we need the imagin-
ary parts of C; and Cgg, which can be calculated perturb-
atively.

We use FeynArts [59, 60] to generate the Feynman
diagrams and amplitudes of C; and Cgs. The LO and
NLO Feynman diagrams are shown in Fig. 1 and Fig. 2,
respectively.

In the Qgppp system, the three quarks have the same
flavor, thus, some diagrams are similar and not shown
again. For example, there are three cases in the second
diagram of C;-NLO in Fig. 2, which denotes the cases
with one gluon exchange between any two heavy quarks.

The calculation procedures for C; and Cge are sum-
marized below:

1. We use FeynCalc [61, 62] to simplify the spinor
structures of the Feynman amplitudes with the Naive-ys
scheme.

2. We use Reduze [63] to reduce all the loop integ-
rals I to the linear combination I= » a;I;, where Is are
the so-called master integrals (MIs). Furthermore, a;s are
the reduced coefficients, which are rational functions in
the Mandelstam invariant (s), quark mass (m), and time-
space dimension (D = 4 —2¢) in this work.

3. We set up differential equations for Mls [64-67]
and solve them numerically, with boundary conditions
obtained via the auxiliary mass flow method [68]. (The
expressions of the MIs are the series-expansion forms, i.e.

I(s,r,€) = s9+Pe Z (Z c,n,,iei]Log(r)mr”, where r= mé/s

n,m i

and c,,,;s are float numbers rather than rational numbers.
The expressions of the Wilson coefficients C; and Cgg
are complex and not presented in this paper. These res-
ults will be shared in auxiliary files.)

4. Renormalization. There are no infrared diver-
gences in the NLO amplitude of C;. After performing the
wave-function and mass renormalization of the quarks
(mg is renormalized in either the MS or On-Shell
scheme), the remaining ultraviolet divergences can be re-
moved by the operator renormalization of current J,. We
renormalize the current in the MS scheme, and find the
renormalizaion constant up to the NLO level as

|
Zo=1 +ﬁ(—+Log(4n)—yE) (14)
6r\e

IV. PHENOMENOLOGY

In our numerical analysis, we choose the following
parameters [54, 69-73].

mMS () = 1.28 +0.03 GeV
md® = 1.46+0.07 GeV

mMS(my) = 4.18 £0.03 GeV
m)S = 4.65+0.05 GeV
($2GG) = 47%(0.037 £0.015) GeV*

as(mz =91.1876 GeV) = 0.1181 (15)

It is worth emphasizing that ay(u) and the heavy
quark mass, my>(u), are obtained through two-loop run-

(b) Cga-LO

LO Feynman Diagrams of C; and Cg. H denotes the interpolating current.

(a) C1-LO
Fig. 1.
C
(a) C1-NLO

(b) C1-NLOct

Fig. 2. NLO and counter term Feynman Diagrams of C;. H denotes the interpolating current.
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ning [54]. As a typical and tentative choice, we set the
renormalization scale, u, to be equal to the Borel para-
meter, Mp in our phenomenological analysis [44, 74] (we
will discuss the renormalization scale dependence of the
results by setting x4 with other values later). Moreover,
the On-Shell (OS) masses mS and mS are extracted
from the QCD sum rules analysis of the J/y and YT(1S)
spectrums, respectively, in which the mass renormaliza-
tion scheme and truncation order of «, are the same as
ours.

According to Eq. (13), the numerical result of My de-
pends on two parameters: so and Mp. Principally, My as
a physical mass, is independent of any artificial paramet-
ers. Therefore, a credible result should be obtained in an
appropriate region of these two parameters, where My is
dependent weakly on Mp and sy. Additionally, the
choices of Mp and sy should ensure the validity of the
OPE and dominance of the ground-state pole contribu-
tion, which will constrain the two parameters within a
suitable parameter space, the so-called "Borel window".
Within the Borel window, we find the so-called "Borel
platform"”, in which My weakly depends on sy and Mp.

To search for the Borel window, we define the relat-
ive contributions of the condensation and continuum as

(&2GG) | dspga(s)e

Sin

f dspl(s)e_M;fz
S

th

f dspl(s)e_ﬁ
So

GG =

Feont = e (16)
f dspi(s)e "
Sin
and impose the following constraints:
lrGel < 30%, [7eont] <30% . (17)

The two constraints guarantee the validity of the OPE
and the gound-state contribution dominance, separately.
To find the Borel platform, we first search for the point
on which the parameter dependence of My is weakest
within the Borel window. In addition to the conditions

Table 1.

cce

given in (17), we also impose the following constrain on
S0+

50 < (My+1GeV)?, (18)

since so roughly denotes the energy scale where the con-
tinuum spectrum begins and the energy level spacing of a
heavy hadron system is usually smaller than 1 GeV. More
explicitly, we choose the variables as x = sy and y = M2
and define the function describing the flatness degree as
OMy\® (Mg
Alx,y) = (W) +(W) . (19)
Thus, minimizing the function A(x,y) within the Borel
window and with the constrain (18), we obtain the point
(x0,y0), which will be used to evaluate the central value
of My. We then vary the values of sy and M2 around the
point (xo,yo) up to a 10% magnitude to estimate the er-
rors of My. It should be emphasized that the central point
(x0,y0) may lie on the margin of the Borel window in
some cases, therefore, the parameter space used to estim-
ate the errors of My may exceed the Borel window; addi-
tionally, the upper and lower errors are usually not sym-
metric.

A, Q. system

The results for Q% in the MS and OS schemes are
listed in Table 1. The Borel platform curves, which show
the parameter dependence of My on sy and M3, are
shown in Fig. 3. In all the curves, the dot corresponds to
the central point (xg,yo), and the shadows denote the
Borel window determined by Eq. (17)

First, from Fig. 3, we observe that there exists a per-
fect Borel platform in the MS scheme. However, there is
no decent Borel platform in the OS scheme, thus, the res-
ult in the OS scheme is not good. Therefore, we consider
the result in the MS scheme as our prediction for the
mass of Q.

Secondly, although the OS result is not good, we can
still observe the distinct NLO effects in the reduction of
the scheme dependence by the comparison between the
MSand OS schemes. In fact, at the LO a big gap is ob-

LO and NLO results for the mass of Q}* in MS and On-Shell schemes. Here, the errors for My are from s, Mg, the charm

quark mass, and the renormalization scale u with u = kMp and k € (0.8,1.2) (the central values correspond to u = Mg).

Order Mpy/GeV 50/GeV? Mé/GeVz Error from so and Mé Error from mg Error from u
LO(MS) 4391093 29(10%) 1.75(10%) o0 010 T
NLO(MS) 4.53703¢ 26(+10%) 1.20(£10%) iy At 00
LO(OS) 451703 21(£10%) 0.40(£10%) o0 01
NLO(0S) 4.55%0.13 22(+10%) 0.90(10%) ) w1
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— — LO-[S0=29 GeV?] — NLO-[S0=26 GeV?]

— — LO-[MB2=1.75 GeV2] — NLO-[MB2=1.2 GeV?]

4.7
4.6
2 45l
0 ,
EI /’//”/’
4.4 ,’/‘ ,/////,’," / -rv ]
/ /
e
AR I *&K” i D
_ { /,&/ & by, X\/// X\/\//K\/X\/\My\m
Y i ! 4_2—/ \& A \/>\ \
1.0 1.5 2.0 25 3.0 3.5 2
MB2/GeV? sol(;ev2
(a) MS
— — LO-[S0=21 GeV?] — NLO-[S0=22 GeV?] — — LO-[MB2=0.4 GeV?] — NLO-[MB2=0.9 GeV?]
4.65 4.65¢
4.60F 4.60F Muw“m‘m‘\‘q‘c‘\“”d“‘c
\m‘H““‘\\“\‘“‘\‘HM“\‘\‘\‘\“\‘\‘H\‘
\‘HCH“W\‘HH\JHMJ‘HHW
g 455, 3 455t ‘HH“WH“‘”“HMH“HHmcw‘w‘w
Q = | VT TN R Iy
o e | o ‘m.w““‘iwﬁ“‘.‘ ““1‘1"!%“%“‘”‘ uhw
450 i asor A ‘x\\x‘u\M‘v‘ﬂ‘“i”leme““\‘\‘w‘”“”“\"w‘w“‘r‘ | wu‘”““‘l
T m\\\\\\\\\x\\hl‘w‘,“‘w‘ Hx““w““““”‘W‘”““““”ww\‘{‘i“i‘im‘uh“\““”‘“ﬂu
445 T ads; RNV M‘““n w“‘w“u“””Ywu‘“““‘”wc\‘”‘f‘l"1”‘(“&\”“‘”‘%
LA LA L L L L Rt
0.4 0.6 0.8 1.0 20 21 22 23 24 25
MB?/GeV? S0/GeV?
(b) OS

Fig. 3. (color online) Borel platform curves for the Q7. in MS and On-Shell schemes.

served between the two schemes results, whereas the MS
result increases markedly at the NLO, which brings the
results of the two schemes close to each other at the
NLO. Furthermore, the quark mass dependence of the
results is also reduced at the NLO. Particularly, the NLO
contribution leads to a noteworthy and significant correc-
tion of the LO result, and cannot be ignored in the QCD
sum rules for the triply charmed baryons.

Furthermore, as already mentioned, we will evaluate
the renormalization scale 4 dependence of the LO and
NLO results in the MS scheme. The results obtained with
1= Mp are listed in Table 1. We then study the results
with different 4 (u=k Mp) and k € (0.8,2.0), which are
presented in Fig. 4 and Table 2. The range of u is chosen
with the requirement that the Borel platform can be
achieved and the perturbative expansion is under good
control. From Fig. 4 it can be clearly observed that the u
dependence is significantly reduced for the NLO result,
whereas the LO result is very sensitive to the choice of u.
Additionally, it is worth noting that the obtained NLO
mass of QFF is 4.75-4.80 GeV for a rather wide range of
1 =(12-2.0)Mp. Considering all important factors, like
u dependence and perturbative convergence, 4.75-4.80
GeV is a more credible prediction for the Q... mass. In-
terestingly enough, this value is in good agreement with
the lattice QCD result.

It is worth mentioning that our result includes errors
due to the variation of the renormalization scale, as com-
pared with previous LO results [23, 25] (4.67 £0.15 GeV

L0 — NLO
5.0]
45 Sl
s ~<
] <
S RN
T \\\
£ ~.l
4.0 \\\\\\‘
3.
0.8 1.0 1.2 14 16
Kk (u=k Mg)

Fig. 4. (color online) Dependence on renormalization scale

4 in MS scheme for Q7.

Table 2. MS mass of Q.. with different renormalization

scale u = kMg.
k(u=k Mp) LO/GeV NLO/GeV
0.8 4.65 4.70
1.0 4.39 4.53
1.2 4.20 4.77
1.4 4.05 4.79
1.6 3.93 4.79
1.8 3.83 4.80
2.0 3.76 4.79

and 4.81+0.10 GeV, respectively, in which the scale de-
pendence is not considered). Regarding the central val-
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ues, the differences between our LO results and those in
[23, 25] are mainly caused by the choice of input para-
meters and determination of the Borel platform. For ex-
ample, we can reproduce the result in [25] using the para-
meters therein. In Table 5, we list the predictions for the
mass of Q7. in various approaches.

B. Qppp system

For the Q,,,, the results in the MS and OS schemes
are listed in Table 3, and the Borel platform curves are
shown in Fig. 5.

With these figures, we can make similar conclusions
as illustrated in the ccc section. For instance, there are no
very stable Borel platforms in the OS scheme at both the
LO and NLO. Furthermore, there is a distinct difference
between the bbb and ccc systems. This can be observed in
Fig. 5, where there is no Borel platform at the LO in the
MS scheme; however, there appears a clear platform after
including the NLO contribution. For the ccc, there are

Table 3.

platforms at both the LO and NLO. This indicates that for
the bbb the NLO contribution from the perturbative term
C is crucial to the formation of a stable Borel platform in
the QCD Sum Rules.

We further evaluate the renormalization scale u de-
pendence of the €, mass in a wider range of
u=(0.8-1.4)Mg (u>1.4Mp is excluded owing to the ab-
sence of the Borel platform), and the results are shown in
Fig. 6 and Table 4. It can be observed that the scale de-
pendence is obviously weaker at the NLO than at the LO.
Nevertheless, at the NLO, the uncertainty for the Q,,,
mass due to the scale dependence is still not small. This
implies that all estimates of the masses at the LO in the
QCD sum rules must suffer from large uncertainties
caused by the scale dependence, and can be improved by
including the NLO contributions.

Our result for the Q;,, mass at the LO (13.97703)
GeV) is comparable with previous works in QCD sum
rules at the LO [23, 25] (13.28+0.10GeV and

LO and NLO results for the mass of Q,,, in MS and On-Shell schemes. Here, the errors for My are from sy, Mz, the bottom

quark mass, and renormalization scale u with x = kMg and k € (0.8,1.2) (the central values correspond to u = Mp).

Order Mpy/GeV 50/GeV? Mlzg/ GeV? Error from so and Mlz.j, Error from mg Error from p
LO(MS) 1397038 224(+10%) 17.00(10%) ey oo e
NLO(MS) 14277033 232(+10%) 10.00(+10%) 2 +0.08 030
LO(0S) 14.00%013 197(£10%) 0.40(£10%) ool 013
NLO(OS) 14.06*319 200(+10%) 1.75(x10%) 007 o

qagl ~ LO-IS0=224 GeV?] — NLO-[S0=232 GeV?]

14.6})
14.4[ )
3 DO
1420000
& 140}y

13.8¢

13_6—’/,’, 9

s LO-[MB2=17 GeV2] — NLO-[MB2=10 GeV?]

MB2/GeV? S0/GeV?
(a) MS
— — LO-[S0=196.5 GeV?] — NLO-[S0=200 GeV?] — — LO-[MB?=0.4 GeV?] — NLO-[MB2=1.75 GeV?]
14.10( 14.15)
14.10F
14.05¢
2 3 14.05]
8 g 1408
14000 e LA LL - - 3
3 € //
14.00 i\y\ v\\-\\(fv
W\ \ \\\\ X
13.95 \\ | 13.95 \\ AR
| FEEEE T \ AN\
T T NANINN
1390 L ! u Il I U Il 1 I Il 1 L 13_90 L
0.0 0.5 1.0 1.5 2.0 196 198 200 202 204 206
MB?/GeV? S0/GeV?
(b) OS
Fig. 5. (color online) Borel platform curves for the Q;,, in MS and On-Shell schemes.
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Table 4. MS mass of Q,, with different renormalization
scale u=kMp.
k(u=k Mg) LO/GeV NLO/GeV
0.8 14.45 14.57
1.0 13.97 14.27
1.2 13.63 14.08
1.4 13.34 13.96
14,50
S 140
e
kS
g
13.5
13.04 : : : : : :
0.8 0.9 1.0 1.1 1.2 1.3 1.4
k (u=k Ms)
Fig. 6. (color online) Dependence on renormalization scale

u in MS scheme for Q; .

Table S.
proaches. Here, the central values of our results are obtained
with the renormalization scale u= Mg. (With u=(1.2-2.0)Mp
the Q... mass is calculated as 4.75-4.80 GeV, see Table 2 and
Fig. 4.)*

Predicted masses of Q... and Q, in different ap-

Models Qcec/GeV Qppp/GeV
Lattic QCD [16-22] 4.7~4.8 14.36~14.37
QCD Sum Rules [23-25] 4.6~5.0 13.28~14.83
Various potential models [14, 26-37] 4.76~4.90 14.27~14.83
Fadeev equation [38-41] 4.76~5.00 14.23~14.57
Regge trajectories [42, 43] 4.834 14.788
This work 45353 14.27+03

4.75~4.80 GeV* 032

14.43 +£0.09 GeV respectively), which is similar to the
case of Q'f. Theoretical uncertainties are significantly

cce
reduced after considering the NLO contribution. We then

obtain 14.27*233 GeV at the NLO in the MS scheme. The

Yo

results obtained in various approaches are listed in Table 5,
all of which are comparable with our results.

C. Discussion of GGG condensate contributions

In this work, we also evaluate the GGG condensate
contributions, and find that they are very small; thus, they
do not affect the phenomenological results.

The leading order contributions of the GGG condens-
ate come from two parts: one is from the diagrams shown
in Fig. 7 and the other is from the higher order of the
gluons background field in the Cs6-LO of Fig. 1, ie.,
(GGG) that is related to the (A(x)A(y)) expansion. (Simil-
ar to the results of C; and Cgg, the results of Cggs will
be shared by auxiliary files). Choosing (g2GGG) =

0.054 +0.014GeV® [25, 45-47], similar to [25], we find
the ratios of different condensate contributions near the
Borel platform as

So s 00 NN
f ds pi(s)e " : f ds pee(s)g*GGye i -

f ds pega(SHE GGG e ™ =~ 1:0(1072): 0(107%)
(20)

Even if we use a larger value of (g2GGG) = 0.52+
0.10 GeV® as chosen in [75-78], we can still observe that
this d = 6 GGG condensate contributions are still too
small to affect the phenomenological results. This conclu-
sion is consistent with the findings in Ref. [25]. There-
fore, according to our study, the GGG condensate contri-
butions can be ignored.

V. SUMMARY

In the study of hadron physics, the QCD sum rule is
known to be a powerful tool to evaluate hadron proper-
ties. For the triply heavy baryons QQQ (Q = ¢,b), previ-
ous works only dealt with the LO perturbative QCD cal-
culation. The absence of the higher order QCD correc-
tions may lead to large theoretical uncertainties in the
QCD sum rules. In this paper, for the first time, we calcu-
late the NLO QCD contribution of the QQQ system by
considering the NLO correction to the perturbative term
of C; in the OPE. Additionally, the non perturbative con-

C
C

Fig. 7.

Part contribution of Cgge-LO. H denotes the interpolating current.
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tribution is embodied by the d =4 gluon-gluon condens-
ate. We also introduce adequate constraints to ensure the
ground state dominance and power suppressions within
the Borel windows.

Because the main theoretical uncertainty of the LO
result is from the absence of the NLO correction of C; in
the QCD sum rules, the inclusion of the NLO contribu-
tion plays important roles theoretically and phenomenolo-
gically. By comparing the NLO result with the LO one,
we may draw the following conclusions for the Qgpp
system. First, the correction from the NLO contribution is
sizable (AMpy =M}° — MEO can be as large as 0.2~
0.3 GeV or even larger). Secondly, after considering the
NLO contribution, the parameters dependence of the res-
ults is reduced and the Borel platform becomes more dis-
tinct, especially for the bbb system in the MS scheme.
Thirdly, the dependences on the renormalization schemes
and quark masses are significantly improved for the Q...

By including the NLO contribution of the perturbat-
ive part in the QCD sum rules, we find the masses to be
4.53*03¢ GeV for Q. and 14.27*333 GeV for Qup,
where the results are obtained at u = Mp with errors in-
cluding that from the variation of the renormalization
scale u in the range (0.8 — 1.2)Mp. Further study for the u
dependence in a wider range shows that the LO results
are very sensitive to the choice of u, and therefore have
large uncertainties, whereas the NLO results are consider-
ably better. Aside from the masses given above at u = Mp
(in Table 5), a quite stable value, (4.75—-4.80) GeV, for
the Q.. mass is found in the range of u=(1.2-2.0)Mp.
The distinctions between the LO and NLO results on the
renormalization scale can be most clearly observed in
Table 2 and Fig. 4 for the Q... Considering all important
factors, like 1 dependence and perturbative convergence,
4.75-4.80 GeV is a more credible prediction for the Q..
mass. Finally, we also evaluate the d = 6 GGG condens-
ate contributions, which are found to be so small that they
can be ignored in the phenomenological analysis.

Therefore, in our view, the NLO contribution is in-
deed important and should not be ignored. Further evalu-
ations on the NLO corrections, e.g., to the coefficient
Cs of the two gluon condensation, may be needed,
which will be helpful to constrain the theoretical errors
for the nonperturbative contributions.

ACKNOWLEDGMENTS

We thank Chen-Yu Wang, Xiao Liu, and Xin Guan for
the many useful and helpful discussions. We also thank
Shi-Lin Zhu for the helpful comments.

APPENDIX A: CALCULATION OF OPERATOR
RENORMALIZATION TERM

The definition of the baryon operator is shown as fol-
lows,

Or.r. = &ijx ((4))" CT'145) o (AT)

and the next-to-leading order correction excluding the
quark self-energy diagram, can be divided into two parts,

dy
A:fW(AﬁAZ), (A2)

where A; denotes the case of the exchanging gluon
between quarks ¢, and ¢,, and A, denotes the other cases
of the exchanging gluon between quarks ¢; and ¢; and ¢
and g¢3. The corresponding amplitudes are

. —i ]’5 1]’5 a a
Al =€k [lgﬁy?H?lgﬁ” (T (T

—i
X [T26k] 7 (A3)

. —-i
Ay =€k [lg.ﬁ’u p_zlér (T 67
—ip
+I p_flgsyyéii’ (Ta)jjf]

X

o ip -
legﬂ’”F(T )kkl 72 (A4)

Because there are no residual infrared (IR) divergences,

we only need to consider ultraviolet (UV) divergences.

Therefore, the mass terms are ignored in quark propagators.
Then we can get the following form after the reduc-

tion:

L1 dy

A=—ig?— B
o) eoP R 7

(AS)
where

B=- (VuYVFIVVYH) TI>) (Tu),‘,‘/ (Ta)jjr Okk € jk
-DT)T?) [(Tu)ii' jj +0ir (Ta)jj'] (T €iji

—% ([O'yv, r] ]) (rzo'yv) [(Ta)il-, 6jj’ +6i,’r (Ta)]],] (Ta)kk’ €ijk -
(A6)

According to Eq. (A5), we can get the UV diver-
gences part of A.

1 1 1

B|p-
Ayy =-— ig%z = % Bl

@nle lpy €

A
e lém ’ (A7)

Ayy is canceled by the operator renormalization term and
renormalization coefficients of the quark wave function
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from operator Or,r,, thus, the corresponding operator
renormalization term in MS scheme is

1
Zo=1+6Zp = 1+5(- +L0g(47r)—75) . (A8)
€

where

Blp-4 I a;
§=—a, —3(-= 21 A9
“on ( 2371) (A9)

where I denotes the identity matrix.
At last, in this work, we can use the following rela-

tion, gotten by the Fierz transformation.

&k (@) CyaQ)) 1,0 = i€ (@) Cvu0') Q5. (A10)

This relation is valid in the D dimension, (D = 4 —2¢).
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