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Abstract: The energy dependence of the spectral fluctuations in the interacting boson model (IBM) and its connec-

tions to the mean-field structures are analyzed by adopting two statistical measures: the nearest neighbor level spa-
cing distribution P(S) measuring the chaoticity (regularity) in energy spectra and the Az(L) statistics of Dyson and

Metha measuring the spectral rigidity. Specifically, the statistical results as functions of the energy cutoff are determ-
ined for different dynamical scenarios, including the U(5)-SU(3) and SU(3)-O(6) transitions as well as those near the

AW arc of regularity. We observe that most of the changes in spectral fluctuations are triggered near the stationary

points of the classical potential, particularly for cases in the deformed region of the IBM phase diagram. Thus, the

results justify the stationary point effects from the perspective of statistics. In addition, the approximate degen-

eracies in the 2* spectrum on the AW arc is also revealed from the statistical calculations.
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I. INTRODUCTION

The interacting boson model (IBM) [1], in addition to
being an important model for heavy and intermediate-
heavy nuclei, also provides a theoretical laboratory for
studying different many-body problems such as quantum
phase transitions [2—4] and quantum chaos [5—10]. The
IBM has three dynamical symmetries (DSs): U(5), O(6),
and SU(3). In each DS limit, the system is completely in-
tegrable and corresponds to a fully regular spectrum.
Beyond the symmetry limits, the systems are expected to
generate chaotic spectra except for cases of mixing only
the U(5) and O(6) DSs, in which the spectra are observed
to be still regular owing to the O(5) sub-symmetry. Here,
a chaotic spectrum means that the level distributions ap-
proximately obey the statistics predicted by the Gaussian
orthogonal ensemble (GOE) of random matrices, where-
as a regular spectrum may approximately follow the Pois-
son statistics [10]. An important signature of chaos is the
statistical fluctuations in energy spectra, which is the
main topic of this paper.

Regular and chaotic behaviors in the context of the
IBM have been extensively studied [5—11] using differ-
ent theoretical tools such as energy spectral statistics [12,
13]. The chaotic map of the IBM triangle, which covers
various scenarios in the IBM in terms of two control
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parameters, was revealed by Whelan and Alhassid. In
particular, they discovered a nearly regular arc connect-
ing the U(5) and SU(3) DSs [8, 10]; thus, the name Al-
hassid-Whelan arc of regularity (AW arc) was given to it.
A fascinating ascpect of this arc is that its parameter tra-
jectory may indicate a very chaotic scenario with the
Hamiltonian mixing the U(5), O(6), and SU(3) DSs.
However, statistical analyses [8, 10] indicate that the
spectra associated with the entire AW arc are unexpec-
tedly regular (particularly in a large N case [14]) in con-
trast to its adjacent parameter area. The AW arc has been
extensively studied from different perspectives [15-22].
Its regularity has been explained in different ways, in-
cluding the SU(3) quasidynamical symmetry [21, 22], but
it remains to be clarified. In addition, the empirical signa-
tures of this arc have been identified [17].

Most of the statistical calculations in the IBM are per-
formed on all the excited states for a given spin.
However, the spectral properties in a system may change
as a function of the excitation energy. In particular, the
excited state quantum phase transitions [23—28] were ob-
served to widely occur in the IBM and suggested to be
connected to the stationary points of the potential func-
tions [23, 24]. This means that the excited states in an
IBM system can be divided into different “families” ac-
cording to the stationary points [28]. A recent analysis
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[29] revealed that the spectral fluctuations in the differ-
ent “families ” are indeed different, particularly in the
chaotic region of the IBM. Such a finding was gained
from the statistical calculations by predividing the ex-
cited states into different groups based on the mean-field
analysis [29]. A question remaining is whether the statist-
ical results can be considered as criteria of distinguishing
the excited states. An analysis of the energy dependence
of the spectral fluctuations has already been given in [14],
but the study focuses on the cases in the vicinity of the
AW arc, with only the states of zero spin being discussed.
In this paper, we aim to provide a more general examina-
tion of the energy dependence of spectral fluctuations in
the IBM to reveal the possible connections between spec-
tral fluctuations and mean-field structures.

In this paper, we investigate the cases associated with
the U(5)-SU(3) and SU(3)-O(6) transitions as well as the
AW arc, therefore covering most of the interesting scen-
arios in the IBM from the perspective of spectral statist-
ics. In particular, both zero- and nonzero-spin states are
involved in the statistical analysis. Two statistical meas-
ures, the nearest neighbor level spacing P(S) [12] and the
A; statistics of Dyson and Mehta [13], are adopted to
analyze spectral fluctuation because they have been suc-
cessfully applied to reveal quantal chaos and regularity in
the IBM [8, 10, 14, 30, 31]. To discuss the energy de-
pendence of spectral fluctuation, the number of statistical
samples should be sufficiently large to guarantee the reas-
onability of the statistical results evolving as a function of
the excitation energy. A large-N calculation of the IBM
using the IBAR code [32] facilitates such a type of ana-
lysis.

The remainder of this article is organized as follows.
In Sec. II, the model Hamiltonian and its mean-field
structure are introduced, and two statistical schemes for
spectral fluctuation are described in detail. In Sec. 111, the
energy dependence of the statistical results are analyzed.
A summary is provided in Sec. IV.

II. MODEL AND STATISTICAL METHOD

A. Hamiltonian and mean-field structure

A Hamiltonian in the IBM framework is constructed
from two types of boson operators: s-boson with J™ = 0*
and d-boson with J” =2* [1]. To discuss different scen-
arios in the IBM, it is convenient to adopt the consistent-
QO Hamiltonian [33], which can be expressed as

A 00 = &|(1 =iy =710V 0. (M

In the Hamiltonian, 7y = d"-d is the d-boson number op-
erator, QY = (ds+ s"d)® + y(d'd)® is the quadrupole op-
erator, 77 and y are the control parameters with € [0,1]

and y € [-V7/2,0], and ¢ is a scale factor, set as 1 for
convenience. Subsequently, the different dynamical scen-
arios in the IBM are characterized by the different values
of the control parameters z and y. Specifically, the
Hamiltonian is in the U(5) DS when 5 =0; it is in the
0O(6) DS when n=1 and y =0; it is in the SU3) DS
when =1 and y = —V7/2. Three DSs in the IBM de-
scribe three typical nuclear shapes: the spherical (U(5)),
axially-deformed (SU(3)), and p-unstable (O(6)).

The mean-field structure of the IBM can be estab-
lished by using the coherent state defined as [1]

18,y,N) = [s" +pBcosy dg

1
NI+ B0

+ %ﬁsiny(d; +d')1V0). )

The scaled potential surface corresponding to the
Hamiltonian (1) in the large-N limit is then given as [34]
1 N
V(ﬁ’Y) =N<B’Y’N|H(n7 X)Iﬂ”y’NMNHDo
B
1+82  4(1+p%)?

x [48% -4 \/g Bcos3y + % VB 3)

=(1-mn)

By minimizing this potential with respect to £ and y, we
can prove that the first-order ground state quantum phase
transitions (GSQPTs) may occur at the parameter points
with [34]

€ [—g, 0) )

and the second-order GSQPT occurs only at the point
ne = 1/2 with y =0 on the U(5)-O(6) transitional line.

The two-dimensional phase diagram of the IBM can
be mapped into a triangle. As shown in Fig. 1, each ver-
tex of the triangle corresponds to a given DS, and the en-
tire area is cut into two regions by the first-order trans-
itional line: the spherical and deformed. Fig. 1 further
shows that the AW arc denoted by the dotted curve ex-
tends its trajectory from the SU(3) vertex to the interior of
the triangle with the parameter trajectory being approxim-
ately described by

4+(VT-4)
6n-8
which can be determined from either a minimal fraction
of the chaotic phase-space volume [10] or the minimal
values of the entropy-ratio product [16]. The fraction of
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Fig. 1.  (color online) Triangle phase diagram of the IBM,
with the dashed black line denoting the critical points of the
first-order GSQPTs described by (4) and six parameter points
A, B, C, D, E, and F with (3, y) = (0.38, — V7/2), (0.47, —V7/2),
0.75, —V7/2), (0.88, —1.032), (0.88, —0.7), and (1.0, -0.9) selec-
ted to analyze the spectral fluctuations in different scenarios.
In addition, the chaotic region of the IBM identified previ-
ously [10] are schematically illustrated by two shaded areas,
with a red curve signifying the trajectory of the AW arc of
regularity passing through the chaotic region.

chaotic-space volume [10], which is defined as an phase-
space integral under given conditions, is a measure of
classical chaos and is therefore applied to test the chao-
city generated by the classical limit of the Hamiltonian. It
is often calculated using Monte Carlo methods. The smal-
ler the fraction, the more regular the system is. In con-
trast, the entropy-ratio product, which is defined based on
the Shannon information entropy of wave function [16],
may be considered as a quantum measure of chaos. The
wave functions and all the reference bases must be known
to calculate the entropy-ratio product. Similarly, the smal-
ler the entropy-ration product, the more regular the sys-
tem. In practice, the two methods agree with each other
very well in characterizing the trajectory of the regular
arc in the IBM (see, for example, Fig. 8 in [16]), which
embodies the consistency between classical and quantum
chaos appearing in an IBM system. More details of the
two methods are available in [6, 10, 15, 16]. In contrast,
another approximate parametrization of the arc can be ob-
tained as

2V2-2V2+ VI

X = > ; (6)
n

by connecting the approximate SU(3) symmetry with the

AW arc of regularity [22]. We can observe that Eq. (6)

describes the parameter trajectory being very close to the

one described by (5) for 5 € [0.5, 1.0].

As schematically illustrated in Fig. 1, the trajectory of
the AW arc may pass through two chaotic regions in the
IBM phase diagram described by the parameters (7, x)
[10], whereas the two chaotic regions may cover most of
the deformed area of the phase diagram. To analyze the

spectral fluctuations in different scenarios, we select six
parameter points to perform statistical calculations. These
parameter points correspond to (1, x) = (0.38, -V7/2),
(047, —=V7/2), (0.75, =\7/2), (0.88, —1.032), (0.88,
—-0.7), and (1.0, —0.9), which have been denoted by A, B,
C, D, E, and F, respectively, as shown in Fig. 1. The
points A, B, and C are used to illustrate three typical
scenarios in the U(5)-SU(3) GSQPT, namely the spheric-
al phase, critical point, and deformed phase; points D and
E are selected to indicate the scenarios inside the triangle
but lying on and off the AW arc; point F represents a typ-
ical case on the SU(3)-O(6) line, which in the large-N
limit corresponds to a crossover [1].

We can prove that the extreme values of the potential
function (3) appear at either y =0° or y = 60°, whereas
the latter can be equivalently realized by obtaining a neg-
ative f value owing to V(B,y =60°) = V(-B,y =0°). The
stationary points discussed here are defined as the ex-
treme value points of the potential function V(B)=

., oV
V(B,y =0°), namely those with 6—(@:0.As an ex-

ample, the potential curve at a typical parameter point in-
side the triangle is shown in Fig. 2 to illustrate the sta-
tionary point structure. Generally, the stationary points of
a potential curve include the global minimum, global
maximum, local minimum, local maximum, and || — oo
limit point, which are denoted as Vimin, Vemax> Vimin,
Vimax> and Viin, respectively, as shown in Fig. 2. Among
them, Vipi, may correspond to a saddle point of V(B,y) if
we observe it from the degree of freedom of f and y. At
the mean-field level, Vymin and Vgmax correspond only to
the ground-state and highest excited energies, respect-
ively. Therefore, more emphasis should be placed on
Vimin> Vimin» and Vimin. In terms of excitation energy, the
related “critical” energies are further expressed as

Eimin = Vimin — ngin: (7)
Eimax = Vimax — ngin, (8)
Ejim = Viim — ngin . (9)

We easily know that the energy scale in the “critical”
energies is as same as the excitation energy per boson
E/N (in any unit), which means that the “critical” ener-
gies defined above can be directly used to compare the
excitation energy E/N solved from the same Hamiltoni-
an.

B. Statistical measures

To measure the spectral fluctuations in the IBM, we
adopt two statistical measures here: the nearest neighbor
level spacing distribution P(S) [12] and the As statistics
of Dyson and Mehta [13]. The spectral statistics should
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Fig. 2.  (color online) Potential curve V(B) (in any unit)
solved using (3) with (5, x) = (0.9,-1.3). The stationary points

on the curve are signified by the dashed lines.

be performed to the so-called unfolded spectrum to be
consistent with the requirements of the GOE [8]. First, we
construct the staircase function of the spectrum, N(E),
defined as the number of levels below £ with the level
energies £ solved from the Hamiltonian (1). N(E) is fur-
ther separated into average and fluctuating parts

N(E) = Noy(E) + Ny (E) . (10)

The average part can be expanded as a polynomial of
sixth order in E [8, 14]:

Na(E) = ag +611E+612E2 +613,E3 +614E4 +a5E5 +a6E6 (11)

with the expanding parameters a; determined from the
best fit to N(E). Subsequently, the unfolded spectrum is
obtained via the mapping E; = N, (E;). With the unfolded
spectrum, the nearest neighbor level spacings are ob-
tained from

Si=Ej1—E;, (12)

and the distribution P(S) is then given as the probability
of two neighboring levels to be separated by a distance S.
Specifically, P(S) will be shown as the histogram of the
normalized spacing, and the results are further fitted to
the Brody distribution [12]

Po(S) = a(1 + w)S “exp(—aS '*) (13)

with & =T[(2+w)/(1 +w)]'*“. The Brody distribution in-
terpolates between Poisson statistics (w =0) characteriz-
ing a fully regular system and the Wigner distribution
(w=1) indicating a completely chaotic system [8]. As a
result, the intermediate value with w € [0, 1] provides a
quantitative estimation of the quantum chaos in the spec-
trum.

Spectral rigidity, A3(L), is a measure of the deviation
of the staircase function from a straight line [13]. It is
defined by

1 a+L B 5 »
As(a,L)= S ming g f [N(E)-AE-B2dE,  (14)
a

where 4 and B give the best local fit to N(E) in the inter-
val a < E <a+L, where L is the energy length of the in-
terval. A rigid spectrum should provide a smaller As,
whereas a soft spectrum provides a larger A;. A smooth-
er A3(L) can be obtained by averaging As(a,L) over n, in-
tervals (a, a+L):

1
As(L)= — > As(a.L). (15)

The successive intervals are set to overlap by L/2. In
the concrete calculations, a useful formula [8]

o1 2 3n [ 2
A3((1,L) ZE—E(ZQ) +ﬁ(zq)

i=1 i=1

3 (< 1<
_E(ZEE)+Z(§(n—2i+l)é) (16)

i=1

with & = E;—(a+L/2) is often adopted. For the Poisson
statistics, it is given by

L
P —
AL =135 17

whereas for the GOE (chaotic) case, it is approximately
given by

I
AFOR(L) = — (logL—0.0687) (18)

for L> 1. The exact form of A; statistics for the GOE
and Poisson limit can be solved using the integral [8]

2 L
A3(L) = 7 f (L =2L%r + )2 (r)dr (19)
0
with X2(L) = L given for the Poisson statistics and

2 _ 1, .. 2
YX(L) = > [ln(27rL) +yles (Si(nL))

- gSi(ﬂL) — cos(2rL) - Ci(2xL)

+mL(1- 7%51(2@))] (20)
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given for the GOE [8, 35]. In Eq. (20), ¥ is the Euler con-
stant and Si (Ci) is the sine (cosine) integral. Similar to
the Brody distribution, we can fit the calculated As(L)
with the parameterization [8, 12, 14, 36]

ANL) = A5 [(1 - g)L1 +A§9F(gL), gq€[0, 1] (21)

to obtain a quantitative estimation of the possible devi-
ation of A3(L) from the regular (¢ =0) or chaotic limit
(g=1).

To exemplify the P(S) and A; statistics, the calcu-
lated results for the spectra with L™ =0%, 2*, 3* in the
SU(3) limit are shown in Fig. 3. Since the SU(3) limit in
the IBM corresponds to a completely integrable scenario,
its dynamics are expected to be close to the regular limit
(the Poisson statistics). As shown in Fig. 3, the results
agree with such an expectation, resulting in w ~ 0.12
(g ~ 0.40) for the 0" spectrum and w ~ 0.16 (g ~ 0.43) for
the 3* spectrum, which thus provides an example of reg-
ular system for reference. For the 2* spectrum in the
SU(3) limit, we observe that the P(S) statistics indicate a
negative value of w, and the Aj; statistics present values

_ 7N ot . g=0.43
2 % \ L=3 L'=3
0.5 % A o=0.16 202
%//%/ =
0.0 // . © 0.0 @
0 1 2 3 4 0 2 4 6
S L
1.0 7 -
% RL SU@3) 06l SUG) e
—~ ’//\PCL T_~t T_nt = =
2 % L=2"| _o4f L'=2 = RL
&0.5 % < - N
N\~ =-037 < @ -
//Z%/ 0.2 I ]
f//y 7 \ E- o= !
N T a
0 1 2 4 ’ 2 4 6
S L
Fig. 3. (color online) (a) P(S) statistics for the states with

L™ =0* in the SU(3) limit with  fitted from Eq. (13) are
shown to compare the regular limit (RL) and chaotic limit
(CL), which are denoted by the dotted and dashed lines, re-
spectively; (b) Same as in (a) but for the As(L) statistics with ¢
fitted from Eq. (21). Panels (c)-(f) show the same statistics as
in (a) or in (b) but for L™ =3+ and L™ =2*. The calculation is
performed for N =200.

even larger than the Poisson statistics (the regular limit).
This is a result of degeneracies and is related to missing
labels according to the analysis given in [8]. In the SU(3)
limit, the missing label is the quantum number K, which
often provides two possible values K =0, 2 for the 2*
states in a given SU(3) irrep (4, u), but this may not af-
fect the statistics for the 0" and 3* spectra as only one
value is possible (K=0 or K =2, respectively) for
L™ =0" and L™ = 3% [8]. Similar scenarios can also occur
in the other symmetry limits or even in the cases that are
close to a dynamical symmetry [6, 8], where the degen-
eracies accordingly become the approximate ones. Since
the g values fitted from Eq. (21) cannot be negative, they
are set as g = 0 in the following discussions if the A; stat-
istics is larger than the Poisson limit, similar to those
shown in Fig. 3(f). Comparatively, w appears to be al-
ways a reliable indicator of the spectral fluctuations in
different cases.

III. EVOLUTION OF THE SPECTRAL FLUCTU-
ATIONS IN THE IBM

In this section, we discuss the spectral fluctuations at
the selected parameter points and analyze their evolution-
al characters with the excitation energy. Note that the en-
ergy-dependent quantum statistics for the large-N 0F
spectra in the vicinity of the AW arc was previously per-
formed in [14] with the states being divided into an equal
number from a low to high energy. Here, we focus on
more general scenarios, and the states are separated ac-
cording to the energy cutoff instead of an equal number
to perform the statistical calculations. In particular, both
zero and nonzero spins are considered in the study.

As shown above, the spectral fluctuations can be
measured from the fitted w and ¢ values with w € [0, 1]
and ¢ € [0, 1]. In the following, both @ and g are given as
a function of the excitation energy with each value rep-
resenting the result being solved from the P(S) or Az(L)
calculations for all the states below a given energy cutoff
E/N. Clearly, the higher the excitation energy, the more
the states involved in the statistics. This means that any
changes in the statistical results with the energy cutoff re-
flect only the evolution of the spectral chaos with the ex-
citation energy. To obtain a reasonable statistical result,
we require that the level numbers in the calculations at
the lowest energy cutoff to be larger than 200. To com-
plete the statistical analysis, we also perform the P(S)
and A3(L) statistics from a high to low energy with each
value of w or ¢ being solved from the statistics for all the
states above a given energy cutoff. Similarly, the level
numbers in the calculations at the highest energy cutoff
are also required to be larger than 200. In summary, the
energy dependence of the spectral fluctuations are tested
from two directions, from low to high energy and from
high to low energy. In the calculations, the total boson
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number is set as N =200, which means that we have a
total of 3434 0* states, 6767 2* states, and 3333 3% states
involved in the statistics calculations for each parameter
point. For a higher angular momentum, the number of
states for N =200 may increase rather rapidly, which
makes the production of the states significantly more dif-
ficult. Owing to computing time constraints, the present
discussions are confined to L™ =0%, 2%, 3*. In the follow-
ing, the selected parameter points are divided into three
groups: the points A, B, and C describe the U(5)-SU(3)
transition, C and D characterize the scenario inside the
triangle but lying on and off the AW arc, respectively,
and point D represents a typical case in the SU(3)-O(6)
transition.

A. U(5)-SU3) transition

The U(5)-SU(3) transition at 7, ~0.47 is proven to be
a first-order GSQPT. The results solved from the para-
meter points A, B, and C in this transition are shown in
Fig. 4-6, respectively. As shown in Fig. 4, the potential
curve at the point A is rather simple with only one sta-
tionary point Vi, lying between the global minimum and
maximum. We further show that the entire spectrum for a
given spin can be rather regular if we take all the levels
into the statistical calculation, which yields, for example,
w~0.15 and ¢~0.38 for L™ =0*. However, the results
suggest that the spectral fluctuations are not uniform in
energy but the fitted @ and ¢ values as functions of the
excitation energy are shown to be consistent with each
other during the entire evolutional process. Specifically,
w and ¢ for a given L™ may gradually decrease as func-
tions of the energy, as shown in panels (al), (a3), and
(a5). If observing the statistics from a high to low energy,
we observe from panels (a2), (a4) and (a6) that the @ and
q values present the nearly constant evolutions except for
some small fluctuations appearing near Ey,. The evolu-
tion of the spectral fluctuations in the spherical case with
the simple potential configuration appears to be relat-
ively simple.

A similar picture is observed at the critical point (the
point B), as shown in Fig. 5. We observe that the global
configuration of the potential curve at this point is as
simple as the one at point A except that two degenerate
minima appear on the bottom of the potential indicating
the first-order GSQPT. As expected, the statistical results
indicate that the entire spectrum at the critical point be-
comes less regular compared with the spherical case. For
example, w ~ 0.45 is obtained in the former but w ~ 0.15
is obtained in the latter if all the levels in the P(S) statist-
ics are involved. Similar to the spherical case, the spec-
tral fluctuations at the critical point are not uniform in en-
ergy. We can observe from (b1), (b3), and (b5) that @ and
g exhibit the consistent evolutions with the excitation en-
ergy and may reach their maximal values at approxim-
ately E/N ~ 0.2, yielding wmax > 0.84 and gmax > 0.9, re-

)
?f
h
A
|
=
=)

0. ——q
S @ %@ @ w |
20.3 ’*;m Tl 303 %W“g
el o eo S
00](a3) Eint | 00)(ad) i
0 0 0.6
0.9
0.6 .
@ I A
30.3 E W‘M
o e ”‘W
0.01(a5) B 0.01(a6) E—
0.0 02 504 0.6 0.0 02 ppy 04 0.6
Fig. 4. (color online) Parameter point A: (a0) Potential curve

V(B), with the blue star signifying a;;gﬁ) =0; (al) Fitted @ and
q values evolve as functions of the per-boson energy cutoff
E/N (any unit), with each w(q) value being obtained from the
P(S) (A3(L)) statistics on all the 0* levels below given E/N;
(a2) Same as in (al) but with the statistics on the levels above
given E/N. Panels (a3) and (a5) show the same results as in
(al) but for L7 =2% and L™ =3*, while (a4) and (a6) provide
the same results as in (a2) but for L7 = 2* and L™ = 3*.

spectively. However, this feature is not easy to illustrate
from the mean-field structure as no stationary point ap-
pear nearby except the fastest changing point in V(8) ob-
served at approximately E/N ~0.15, as shown in panel
(b0). In addition, the consistency between the @ and ¢
evolutions appears to be broken near E},, as shown in
panels (b2) and (b6). This can be crudely explained as
follows: the calculated A3(L) results in the related cases
arealready larger than the Poisson limit and thus are set
with ¢ = 0. Such scenarios frequently occur only at w ~ 0.
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Fig. 5. (color online) Same as in Fig. 4 but corresponding to

parameter point B. The inset in (b0) shows an amplified pic-
ture of the potential bottom with two degenerated minimal
points indicating the first-order GSQPT at this parameter
point.

The more interesting case should be the one at para-
meter point C because the potential V(B) in a deformed
system can hold a richer stationary point structure. As
shown in Fig. 6(c0), three stationary points Vimax, Vimin,
and Vi, are located in between Vgmax and Vemin. More
importantly, the effects of these stationary points can be
clearly observed in the evolutions of the statistical results
as a function of the excitation energy. As shown in
Fig. 6(cl), the w(g) values for L™ =0* present the non-
monotonic evolutions with the minimal values appearing
exactly at Ejyn, above which the influence of the station-
ary point can be also clearly observed near Ejny,x. In addi-
tion to the similar evolutional features appearing around
the stationary points, the w(g) values for L™ = 2%, 3* ex-

4 —F ! Elﬁ Eli?‘\
0 (Cl) E]mjn ' Imax ! 0 (02) [ l
0. 1 } 4 0. 1 ) 4
0.00 0 SE/NO3O 0.45 0.00 0 5E/N030 0.45

0.00 0.15 0.30 0.45 0.00 0.15 0.30 0.45
E/N E/N

0 (c5) Em
0. ) : ) 0.00 0.15 0.30 0.45
0.00 015\ 030 0.45 3

Fig. 6. (color online) Same as in Fig. 4 but corresponding to

the parameter point C.

j=1
1%}

hibit small fluctuations near E/N ~ 0.15, as shown in pan-
els (c3) and (c5). To some extent, this observation re-
flects the effects of nonzero spins on the spectral chaos.
As further observed in panels (c2), (c4), and (c6), the in-
fluences of Vimin and Vimax on the spectral fluctuations
have not been implicitly observed in the statistics from
high to low energy but the influence of Vj;,, can be still
observed. This observation is not difficult to understand
since the energy levels bound above Vi.x in this case
may occupy more than 75% of the total number for a giv-
en L™. As a result, the influences of Vimin and Vimax on the
spectral fluctuations may more or less be screened by the
high-energy levels farther from the two stationary points.
In the analysis given in [29], the stationary points
Vimax and Vimin were taken as the phase boundaries to per-
form the statistical analysis of the excited state quantum
phase transitions (ESQPTs). Clearly, the present results
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further justify the reasonability of this. In addition, the
analysis of the quantum optical models given in [37] in-
dicate that the precursors of ESQPT phenomenon in a
nonintegrable case may be accompanied by an abrupt
emergence of spectral chaos. A similar scenario is sug-
gested to occur here. Specifically, the results in Fig. 6(c1)
indicate that the degree of chaoticity characterized by
both @ and ¢ will rapidly increase after FEjni,, which is al-
ternatively defined as the critical energy of the ESQPT in
the U(5)-SU(3) transition [28]. Thus, we confirm that the
ESQPT in the nonintegrable U(5)-SU(3) cases will be
also accompanied by a sudden emergence of spectral
chaos.

To examine the energy dependence of the P(S) and
A3(L) statistics closely, we select the cases at three differ-
ent energy cutoffs from the panels (c2) and (c4) of Fig. 6,
respectively. We observe from Fig. 7 and Fig. 8 that the
statistical results for L™ =2" may differ significantly at
different cutoffs. It is given by w = 0.25 (¢ = 0.45) for the
spectrum below E/N =0.19 but by w =0.79 (¢ = 0.92) for
that above E/N =0.19. Since E/N =0.19 is very close to
the critical energy Eimin, the results confirm again that the
spectral fluctuations can be significantly different by tak-
ing the stationary point Vi, asa boundary, as per-
formed in [29]. In summary, the spectral fluctuations in
the deformed phase of the U(5)-SU(3) GSQPT are ob-
served to be more energy dependent owing to the richer
stationary point structure.

L'=2" 0.4 L=2" RL .-
E/N<0.09 E/N<0.09 N
q=0.88 -

L'=2" p
E/N<0.375 I\L -

q=0.87 .- ’

Fig. 7.
shown with the statistical sample selected as the 2* levels
bound below different energy cutoffs.

(color online) Statistics for the parameter point C

k3 + k3 +
L = 04{ L2
. E/N>0.09 RL
'=2"
EN>0.19 R
g=0.92
L
(c44)
3 3
s 6
=2’ -
E/N>0375 RL
q=0.84 . :
1
cL
(c46)
P 3
. 6

Fig. 8.
bound above different energy cutoffs.

(color online) Same as in Fig. 7 but taking those

B. Inside the triangle

In the triangle phase diagram, parameter points D and
E describe the scenarios on and off the AW arc, respect-
ively. The systems on the AW arc are always expected to
produce regular spectra for zero [14] and nonzero spins
[10]. As shown in Fig. 9, the results indicate that the en-
tire spectrum on the AW arc is indeed very regular when
involving all the levels in statistical calculations for a giv-
en L™. This is highlighted by the results for L™ =2, as
observed in panels (d3) or (d4), where we observe that
the statistical calculations for the entire 2* spectrum yield
w~0 and g ~ 0. Nonetheless, the energy dependence of
the spectral fluctuations on the AW arc can be still clearly
observed [14]. In particular, we observe that the w and ¢
values as a function of the excitation energy may notice-
ably change near Ejp,,. The results in panel (d1) indicate
that the spectral fluctuations in the O* states will de-
crease until Ejn,, and then slightly increase, followed by
another decrease near Ej,. This means that the highest-
lying states are always regular but the states near or be-
low the stationary point Vin.x are also relatively regular.
This picture actually agrees with the classical analysis of
the AW arc given in [19], where the results for the regu-
lar fraction f, (see Fig. 4 in [19]) indicate that the relat-
ive regularity of the AW arc can, to some extent, be en-
hanced near the absolute energy E =0 corresponding to
the stationary point Ejn,, discussed here.

In contrast, the ground state and the adjacent lowest
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Fig. 9. (color online) Same as in Fig. 4 but corresponding to

parameter point D (on the AW arc).

states for the AW arc should be also regular according to
the analysis given in [19]. However, this point cannot be
directly reflected from the P(S) and A3(L) calculations
presented here since the statistics require a sufficient
number of levels rather than a single ground state or a
few number of lowest-lying states. As a result, the relat-
ively larger w(g) values at low energy shown in the panel
(d1) only imply that some relatively chaotic states may
occupy a certain proportion below the corresponding en-
ergy cutoff. The results for the regular fraction given in
[19] also indicate that the degree of regularity on the AW
arc can be largely reduced in between the ground state
and absolute energies E.; = 0. However, such a "chaotic"
character at low energy will be rapidly smoothed out
when involving more higher energy states in the statistic-
al calculations. For example, if the energy cutoff is taken
as the saddle point energy FEimax, the degree of chaos for

@, o
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E/NO.Z 0.3

Fig. 10. (color online) Same as in Fig. 4 but corresponding
to the parameter point E.

the 0% spectrum may decrease to w ~ 0.3, as shown in
panel (d1).

We can observe from panels (d5) and (d6) that the en-
ergy dependence of the spectral fluctuation for L™ =3*
are very similar to the one for L™ =0". In contrast, the
spectral fluctuations for L™ = 2* exhibit some special fea-
tures. An impressive aspect is that @ will become negat-
ive in the energy interval [Ejmpn, Eim] With ¢=0, as
shown in panel (d3). When performing the statistical cal-
culations from high to low energy, the g = 0 results may
also appear at very low energy E/N ~ 0.1, as shown in
panel (d4). According to convention, the ¢ values will be
set by zero when the As(L) results are larger than the
Poisson limit. Similar to the case in the SU(3) symmetry
discussed in Sec. II.B, the results w <0 and ¢ = 0 shown
here may also be a result of degeneracies. We then de-
duce that the degeneracies (approximate) in the 2* spec-
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Fig. 11.  (color online) For a close comparison between

points D (on the arc) and E (off the arc), the statistics for the
0% levels bound below Ejn, and Ej.x in the two cases are
shown.

trum may be associated with the SU(3) quasidynamical
symmetry [21, 22] since its parameter trajectory charac-
terized by E(Zg) = E(27) was observed to be very close to
the AW arc, therefore suggesting a symmetry-based inter-
pretation of the AW arc. The present results indicate that
such a symmetry-based explanation of the AW arc can be
tested from the point of statistics on the 2* states.
However, indicating which 2* states are approximately
degenerate by directly observing their level energies in a
symmetry-broken case is difficult. In addition, the valid-
ity of the underlying SU(3) quasidynamical symmetry in-
side was suggested to be limited to low-lying states in the
large-N limit [21]. Therefore, whether the negative w val-
ues and ¢ =0 can be fully explored by the approximate
degeneracies requires further studying, which may be dis-
cussed elsewhere.

For the scenario off the AW arc, we observe from
Fig. 10 that the potential curve at the point E is very sim-
ilar to the one at the point D. Both of them have three sta-
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Fig. 12.  (color online) Same as in Fig. 11 but for the 2+
spectra.

tionary points lying in between Vymax and Vemin.
However, the spectral fluctuations in the two scenarios
are very different and even evolve in the opposite direc-
tions. First, the spectra at the point E are observed to be
significantly more chaotic than those on the arc. For ex-
ample, the P(S) statistics on all the states with L™ =2*
yield w ~ 0 and g ~ 0 for point D but w > 0.6 and ¢ > 0.8
for point E. In addition, the results given in panels (el),
(e3), and (e5) indicate that spectral fluctuations at point E
may increase with the excitation energy until Ej,.x and
then turn to a slow decrease. A notable observation is that
the w(q) values for L™ =2*% exhibita sudden enhance-
ment at approximately Ejyn, as shown in panel (e3). All
these features reflect only the effects of the stationary
points on the spectral fluctuations at point E. In contrast,
the relatively smoother evolutions can be observed when
performing the statistical calculations from high to low
energy, as shown in panels (e2), (e4), and (e6).

To make a closer comparison between the cases on
and off the AW arc, we extract the concrete statistics on
the levels below Ejn, and Ejn. in the two cases from
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(color online) Same as in Fig. 11 but for the 3*

Fig. 9 and Fig. 10. As shown in Fig. 11, the results indic-
ate that spectral fluctuations for L™ = 0" below FEjy, do
not have a significant difference in between two cases
with Aw = |w; —w;| =0.07 and Aq = |q; —q2| =0.11, where
w(qg)12 represent the results in the two cases. However,
the spectral fluctuations on the arc decreases dramatic-
ally if more states are involved in the statistics by taking
the energy cutoff Epn.x. Instead, the ones off the arc may
become considerably chaotic with w = 0.76 and ¢ = 0.88.
Accordingly, the differences in between two cases are the
greatest for Aw =0.52 and Ag = 0.42, which are even lar-
ger than the results involving all the 0* levels into the
statistics, Aw =0.48 and Ag = 0.40. This observation also
agrees with the classical analysis of the AW arc in [19]
that the relative regularity of the arc is most significant
only at approximately the absolute energy E. =0 corres-
ponding to Ejmax. As shown in Fig. 12, the spectral fluc-
tuations for L™ =2* are very similar to those for L™ = 0"
for the arc with relatively small w(q) at the low energy
cutoff and large w(g) at the high energy cutoff. In con-
trast, the 2* spectrum on the AW arc is observed to be
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Fig. 14. (color online) Same as in Fig. 4 but for those corres-

ponding to the parameter point F.

over regular even at the high energy cutoff with a negat-
ive w value, which are consistent with those shown in
Fig. 9(d3). As shown in Fig. 13, the results for L™ =3*
confirm that the regularity on the Arc are pronounced
near Eymac, with the differences between the two case
reaching Aw = 0.50 and Ag = 0.41 at this energy cutoff.

C. SU3)-0(6) transition

The parameter point F represents a typical case in the
SU(3)-0(6) transition. As shown in Fig. 14(f0), the po-
tential curve at this point has only two stationary points
lying in between Vymin and Vemax as its local maximal
point at 8 =0 may coincide with its global maximum.
The spectra for L™ = 0%, 2*, 3* are all shown to be relat-
ively chaotic with w > 0.6 and ¢ > 0.8 if all the levels are
involved in the statistics for a given spin. As in the other
cases, the spectral fluctuations in this case are not uni-
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form in energy, and the energy-dependence can be par-
tially illustrated based on its mean-field structure. For ex-
ample, the w(q) values as functions of the excitation en-
ergy may reach their maxima near Ej, as shown in pan-
els (f2), (f4), and (f6). The influence of Epny, on spectral
fluctuations can be also observed by observing panel (f3),
in which the results imply that the spectral chaos will rap-
idly increase after this energy point. All these only indic-
ate the effects of the stationary points on the spectral fluc-
tuations in this case.

IV. SUMMARY

The energy dependence of the spectral fluctuations in
the IBM and its connections to the mean-field structures
are investigated for the cases across the U(5)-SU(3)
GSQPT, near the AW arc, and in the SU(3)-O(6) trans-
ition. Two statistical measures, the nearest neighbor level
spacing distribution P(S) and the A; statistics of Dyson
and Mehta, are applied to inspect the spectral fluctu-
ations in each case. We observe that the spectral fluctu-
ations as a function of the energy cutoff may exhibit dif-
ferent evolutional behaviors in different cases, but their
behaviors are all shown to be closely related to the cor-
responding mean-field structures. Specifically, most of

the sudden changes in the fluctuational evolutions can be
attributed to the effects of the stationary points, particu-
larly for the cases in the deformed area of the phase dia-
gram, where the ESQPT phenomena can be observed
around the same stationary points [28]. These findings
confirm again the role of the mean-field structure in un-
derstanding excited state properties. Another new finding
is the appearance of negative w values indicating the ap-
proximate degeneracies in the 2* spectrum on the AW
arc. This may provide a statistical signature of the ap-
proximate SU(3) symmetry along the AW arc [21, 22];
however, this requires to be further proved. The present
large-N analysis not only add new information to the
chaotic map of the IBM but also offer a reference for the
study of spectral fluctuations in the Bohr-Mottelson mod-
el since the model may directly link the large-N limit of
the IBM [1]. The discussions on spectral fluctuations can
be extended to discuss the fluctuations in other quantities
such as the B(EA) transitions [14] or to other algebraic
models including those for two-fluid systems [38—41],
where the stationary point and phase structures may be
much richer than the present case [38, 40]. In addition,
classical measures [6] can be also applied to reveal the
energy dependence of spectral fluctuations in the IBM.
The related research is in progress.
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