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Microstructure of charged AdS black hole with minimal length effects”
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Abstract: In this work, the microstructure of charged AdS black holes under minimal length effects is investigated.

We study the thermodynamics of black holes in the extended phase space, where the cosmological constant is re-

garded as the thermodynamic pressure. The modified Hawking temperature and phase transition are obtained based

on the generalized uncertainty principle (GUP). Then, using thermodynamic geometry, the microstructure of black

holes can be determined by the ratio of the GUP parameter to charge. For a small ratio, the black hole exhibits the

typical RN-AdS microstructure with van der Waals phase transition and repulsive/attractive interactions. As the ra-
tio increases, the reentrant phase transition is observed, and both the repulsion-attraction coexisted and the attraction
dominated black holes are noted. For a large ratio, the black hole behaves like a Schwarzchild-AdS black hole in
which neither phase transition nor repulsive interaction are observed. These results suggest that the GUP effect will
reduce the repulsive interaction presented by the charged AdS black hole.
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I. INTRODUCTION

With the well-defined temperature of a black hole
[1-6], it is reasonable to explore the associated micro-
scopic structure. Despite the great progress made by
string theory [7—10], fuzzy ball model [11, 12], and loop
quantum gravity [13], many questions remain to be
solved. Under such circumstances, we hope to draw in-
spiration from studying the thermodynamics of black
holes, which might reveal more microscopic characterist-
ics.

In recent years, the study of the thermodynamics of
AdS black holes in extended phase space has received
great attention, where the cosmological constant is re-
garded as the thermodynamic pressure [14—17]. Certain
AdS black holes exhibit a phase transition analogous to
that of a van der Waals (VdAW) fluid [18-21]. In general,
phase transitions are closely related to the microscopic
characteristics of the system, which suggests that AdS
black holes have fluid-like microstructures. Numerous
phase transition behaviors displayed by the AdS black
holes provide additional support for this perspective, such
as triple point [22—24], reentrant phase transition [25],
and superfluid black hole phase [26].

For a standard fluid system, microscopic characterist-
ics can be directly identified from its molecular constitu-

ents, followed by macroscopic thermodynamics using
statistical mechanics. Nevertheless, the microscopic
structure of black holes remains unclear, and thus, the
thermodynamic geometry plays an important role . In-
spired by Ruppiener [27] and the pioneering work of
Weinhold [28] in standard thermodynamics, it has been
confirmed that the scalar curvature associated with such
thermodynamic geometry is related to the microscopic in-
teractions, with positive/negative scalar curvature imply-
ing repulsive/attractive interactions [29—35]. It is straight-
forward to apply Ruppeiner geometry to black hole sys-
tems since entropy is treated as a thermodynamic poten-
tial. In Refs. [36—38], the Ruppeiner geometry of RN-
AdS black holes was explored, reporting intriguing res-
ults on its microscopic description. Apart from a domin-
ant attractive interaction for most parameter ranges, a re-
pulsive interaction was discovered for a small black hole
(SBH) with high temperature. Along the coexistence
curve, the large black hole (LBH) branch always exhib-
ited dominant attractive interaction. Meanwhile, the SBH
branch exhibited a transition between dominant repulsive
and attractive interactions at low temperatures, indicating
a considerable change in the black hole's microscopic in-
teraction during the phase transition. This result is very
distinct from that of van der Waals systems, which only
present attractive interaction between their microscopic
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molecules [37]. Such a method combining phase trans-
ition and Ruppeiner geometry has also been used to in-
vestigate the microstructures of several other black hole
systems [39-53].

However, it has been observed that the generalized
uncertainty principle (GUP) [54, 55] has an important in-
fluence on the thermodynamics of black holes. One ef-
fect is that the black hole mass cannot be lower than the
order of Planck mass, implying the existence of a black
hole remnant [56— 59]. In addition, as anticipated by
string theory and loop quantum gravity, the GUP modi-
fies the usual Hawking temperature and Bekenstein-
Hawking area law of entropy [60—68]. The significant in-
fluence of GUP on the black hole phase transitions has
also been confirmed [69— 73]. Considering the relation
between thermodynamics and microstructures, we hope
to find the underlying microstructure in a black hole with
the GUP effect. In this article, the microstructure of the
GUP corrected charged AdS black hole will be probed in
terms of Ruppeiner geometry and phase transition behavi-
or in the extended phase space.

The remainder of this paper is structured as follows.
In Sec. II, we review the GUP-derivation thermodynam-
ics of a charged AdS black hole. In Sec. III, the phase
transition behavior of the black hole is investigated. The
cases of VAW like phase transition and reentrant phase
transition are discussed separately. Sec. IV is devoted to
exploring the microstructures of the black hole by Rup-
peiner geometry. Finally, we summarize our findings in
Sec. V.

II. THERMODYNAMICS FOR GUP-CORREC-
TED CHARGED ADS BLACK HOLES

In four-dimensional spacetime, the metric of charged
AdS black holes is

ds? = —f(r)de + J%r)drz +r2dQy3, (1)

with the metric function given by

2 2
f(r)=1—2—M+Q—2—A—r. ()
r r 3

The parameter A is the cosmological constant, M and
O represent the ADM mass and electric charge of the
black hole, respectively.

The Hawking temperature and entropy of the black
hole in the semiclassical regime are obtained as

TZE, S=E, (3)

where A = 4nr; represents the area of the horizon, and «

is the surface gravity of the black hole given by

[ ) 8P —Q?
K= - . )
2 2r;

In the extended phase space, we interpret the cosmo-
logical constant A as the thermodynamic pressure
[14-17]

. (5)

8n’
and the first law of black hole thermodynamics reads
dM = TdS + VdP + ®dQ, (6)

where ® = Q/r, is the electric potential on the horizon ry,
measured at infinity, and V = 47r; /3 is the thermodynam-
ic volume of black hole.

In more general cases, the entropy of a black hole
should be a function of 4, i.e., S =S(A) [1]. As a result,
the temperature can be re-calculated as [74]

7= oM _dAX oM _dAXK )
\8S Jpp dST\0A ), dS T 87

Considering the following GUP effect

2

h «
Ax> —+ —Ap, 8
x_Ap+hp 3

and the process of a particle being absorbed by the black
hole, one can show that [74]

dA 8n [
E:g(f’ﬁ—r}, rﬁ—az). (9)

Substituting Egs. (9) and (4) into Eq. (7), we have

h(r;, - ri - a'z)<ri + 87rPr£ - Qz)
T =

10
2ra? rﬁ (10)

The GUP-corrected black hole entropy can also be
computed as

ds
S=| —dA+S
dA 0

7|, T - +r,
= Iy traAlr,—a@*—a’ln — | (11)
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where S is an integral constant. Following Ref. [71], we
take So=a’Ina to obtain a dimensionless logarithmic
term.

Equation (10) gives a GUP-corrected state equation as

follows
rp+ ,;r]%—a'z 1 Q2

T - +
4r12 8ar  8art’
h h h

P= (12)

where we have set /i = 1. It can be expanded in a series of
the inverse of horizon radius 7,

T 1 o*T 20? a*T
P=—— — + —
2ry 2mQ2r)* Q2rp)? AQ2r)* @)

+0(@2r)°).
(13)
Comparing this state equation with the virial expan-

sion of VAW equation, the specific volume can be identi-
fied as v = 2ry, and the state equation becomes

T[1 Wi—da?| 1 20
p="|-+ . +£. (14)
vi|2 2v 2m?  mA

Setting @ =0, the equation reduces to the semi-clas-
sical state equation of charged AdS black holes [18]

T 1
P="-—
v 2m?  nv

2 2
%. (15)

If we express the state equation in the following form

P=aW)T +b(V,Q), (16)
where V =m7/6. We can find that the GUP will not
change the b(V,Q) term. Furthermore, from Eq. (10), the
GUP-corrected T gives a mandatory requirement r; > «,
i.e., v 2a. These features have great influence on the
microstructure of charged AdS black hole, as will be
shown later in this study. We emphasize that the GUP
only corrects the temperature and the entropy (not the
electric charge and the electric potential) by constraining
the minimal length, and thus, the first law of black hole
thermodynamics remains valid.

III. PHASE TRANSITION OF GUP-CORRECTED
CHARGED ADS BLACK HOLES

The critical point of Eq. (14) is obtained by employ-
ing the equations
»P
o2

oP

— =0, =0.
v

(17)

Combining them, a constraint equation is given as [71]

o2 24 -p -5 +282+5-1)

o B +p-1 o

)

where 8= /1 —4a?/v2. The right-hand side of Eq. (18) is
shown in Fig. 1. The value of a?/Q? determines the num-
ber of critical points. Based on the discussion in Ref.
[71], the system can be classified into three different
cases according to the value of a?/Q?:

VdW-like PT Case: a?/Q% < 1. The system exhibits
a typical VdW-like first-order phase transition, similar to
the RN-AdS black hole. Unlike the phase transition
between SBH and LBH, this transition occurs between an
intermediate black hole (IBH) phase and an LBH phase.
There is only one critical point in this case.

RPT Case: 1<a?/0%*<1.535. A zeroth-order and
VdW-like first-order phase transitions are present in the
system, between the IBH and LBH phases. These suc-
cessive phase transitions are collectively referred to as the
reentrant phase transition (RPT). Especially, for
1 <a?/Q*< 1.5, the system only contains one critical
point. When a?/Q? = 1.5, there are two critical points c
and c¢; in the system. However, only the critical point ¢
with higher pressure has a physical significance, which
undergoes a second-order phase transition. For
1.5 < a?/Q? < 1.535, three critical points c, ¢; and ¢, oc-
cur in the system, although only the critical point ¢ with
higher pressure has physical significance.

03 04 05 06 0.7 08

0.5
0.0
0.0 0.2 0.4 0.6 0.8 1.0
B
Fig. 1. (color online) Number of critical points for the GUP-

corrected charged AdS black hole.
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No PT Case: o?/Q? > 1.535. There is no phase trans-
ition in the system, as the LBH is globally stable. For
a?/Q? = 1.535, there are two critical points ¢; and ¢, in
the system, where the pressure at the critical point ¢, is
negative and lower than that at c;. For 1.535 < o?/0? <2,
the system contains one critical point with negative pres-
sure. When a?/Q? > 2, there is no critical point.

Hereafter, we shall consider Q = 1for simplicity. We
show the behaviors of the isobaric curves for the VdW-
like PT, RPT, and no PT cases in Figs. 2—4, respectively.
The features discussed above can be found. For comparis-
on, the @?/Q*=0 case, namely the case for RN-AdS
black hole, is given in Fig. 2(a). The blue solid lines in
these figures represent the spinodal curves specified by

oP oT
(E)fo’ (E)f | (1)

When o?/Q? # 1.5, only one spinodal curve is found in
T —v diagrams

- 2(v?-80?) V2 —4a? 2
Sp_nvz(v2—8a2+v\/my 20)

For @?/Q% = 1.5, one can obtain another spinodal curve
expressed as

Vsp = 2\/§Q (21)

The numerator of T, equals zero when v =2 V2Q or

0.10

0.08

0.06

0.04

0.02

0.00

v

(a) a?/Q* =0
Fig. 2.

2a, while the denominator reaches zero at v =4V3a/3.
For this, T, always equals zero at v=2v2Q or 2a and
diverges at v =4+3a/3 (black dashed lines in Figs. 2—4)
when @?/0Q?% # 1.5. The line v =2v2Q becomes another
spinodal curve vy, when a?/Q? = 1.5, overlapping with
the line v=4+3e/3, and it is easy to notice that two
spinodal curves intersect at T = V2/(970) ~ 0.050 (see
Fig. 3(b)). Thus, in all cases the line v =4+3e/3 separ-
ates the spinodal curve T, into the left and right
branches.

These spinodal curves are related to the local thermo-
dynamic stability of a black hole, which can be reflected
by the heat capacity at constant pressure, i.c.,

_(8S\ . [0S]ov
CP_T(BT)RQ_T(BT/ﬁv)RQ' 22)

The black hole branch in the T —v diagram with positive
slope is therefore locally stable, while the branch with
negative slope is locally unstable. From Eq. (19), we con-
clude that the spinodal curves separate the black hole
branches into locally stable and unstable. Specifically, the
locally stable phases are above the right branch of the
spinodal curve T,, whereas they are below it for the left
branch, as shown in Figs. 2—4. With increasing a, the loc-
ally stable phases will shift to the right along with the
spinodal curve.

However, not all these locally stable branches are
globally stable. The globally stable branch is the one with
a lower Gibbs free energy, given by

(b) a?/Q? = 0.95

(color online) Isobaric curves of the GUP-corrected charged AdS black hole in VdW-like PT case. (a) Isobaric curves for
a?/Q?* = 0. Pressures are set as P = 0, 0.002, 0.0033(P,) , and 0.008 from bottom to top. (b) Isobaric curves for o?/Q* = 0.95. Pressures are
setas P =0, 0.002, 0.0044(P.), and 0.008 from bottom to top. We have set 0 =1.
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(a) @?/Q* =14 (b) a?/Q*=1.5 (c) a?/Q* =1.51
Fig. 3. (color online) Isobaric curves of the GUP-corrected charged AdS black hole in RPT case. (a) Isobaric curves for o?/Q% = 1.4.

Pressures are set as P =0, 0.003, 0.0057(P.) and 0.009 from bottom to top. (b) Isobaric curves for o?/Q? = 1.5. The pressures are set as
P =0, 0.0033(P,), 0.0063(P.), and 0.009 from bottom to top. (c) Isobaric curves for a?/Q? = 1.51. Pressures are set as P =0, 0.00073(P,),
0.003, 0.0055(P,), 0.0064(P,), and 0.009 from bottom to top. We have set 0 =1.

(a) a?/Q? = 1.535
Fig. 4.

G=M-TS

24y?

-3 (—4Q2 +17 4+ 2Pﬂv4) (—v + V2 - 4(1/2)

v+ Vv2 —4a?
x log ——||

Phases with a higher Gibbs free energy may be meta-
stable or unstable, irrespective of whether they have a
positive or negative heat capacity. In the following, the
phase transition behavior of the black hole will be stud-
ied by the Gibbs free energy. The VdW-like PT case and
RPT case are discussed separately. Note that only a stable
LBH phase exists in the system when o?/Q? > 1.535 (see
Fig. 4), and thus, no phase transition occurs.

1
=—[36Q2v+ 3 -2Pmy

(23)

(b) a?/Q* = 1.6

v
(c) a?/Q* =2.1
(color online) Isobaric curves of the GUP-corrected charged AdS black hole in no PT case. (a) Isobaric curves for
a?/Q*=1.535. The pressures are set as P =—0.0016(P.,), 0, 0.003, 0.0067(P,,), and 0.009 from bottom to top. (b) Isobaric curves for
a?/Q?* = 1.6. The pressures are set as P = —0.0049(P,,), 0, 0.003, and 0.008 from bottom to top. (c) Isobaric curves for ¢?/Q? = 2.1. Pres-
sures are set as P =0, 0.004, and 0.008 from bottom to top. We have set 0 =1.

A. Van der Waals-like phase transition

Here, we show the behaviors of the Gibbs free en-
ergy for the VdW-like PT case in Fig. 5(a). We take
a?/ Q% = 0.95 for example. A typical swallowtail behavi-
or occurs when P < P., which is the signature of a VdW-
like PT. The swallowtail gets smaller with increasing
pressure, which turns into a point at the critical pressure
P. and eventually disappears beyond P..

In Figs. 5(b) and 5(c), we describe the behaviors of
the Gibbs free energy and isobaric curve for P < P. in de-
tail. The branches in solid lines are stable, while the
dashed ones are unstable or metastable. Since there is an-
other small unstable branch in the small black hole re-
gion (see the dashed line in the inset of Fig. 5(c)), we call
these two stable branches IBH and LBH instead of SBH
and LBH. Starting with the lowest temperature, the sys-
tem stays in the IBH phase (red solid curve) first for its
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Fig. 5.

(color online) (a) The Gibbs free energy for P =0.003, 0.0044(P,), and 0.006 from left to right. (b) VdW-like phase transition

between IBH and LBH phases. (¢) Isobaric curve for P =0.003. Red and blue solid lines denote the stable IBH and LBH hole branches,
respectively. Black hole branches are indicated by dashed lines are unstable. Black dots represent the critical points. We have set

?/0?=0.95 with 0 =1.

lower Gibbs free energy. At the temperature Ty, the sys-
tem transits into the LBH phase and gains lower Gibbs
free energy. Hence, the IBH/LBH first-order phase trans-
ition occurs at this point, analogous to the liquid-gas
phase transition of a VAW fluid. Two more metastable
branches, including the superheated IBH branch (red dot-
dashed curve) and the supercooled LBH branch (blue dot-
dashed curve), are also shown in Fig. 5(c). These black
holes are locally stable, for they are above the right
branch of the spinodal curve (blue dashed line). However,
they do not have the lower Gibbs free energy. A detailed
study about these metastable black holes can be found in
Ref. [75].

The phase structure of GUP-corrected charged AdS
black holes for the @?/0? = 0.95 case can be obtained, as
described in Fig. 6(b). As a comparison, we also display
the phase structure for @?/Q? =0 and o?/Q% =1 in Figs.
6(a) and 6(c), respectively. For the o?/Q*=0 Ccase,
namely, the case for RN-AdS black hole, three black hole
phases including SBH, LBH, and supercritical black hole
exist in the P-T diagram. The red solid curve in Fig.
6(a) is the coexistence curve of SBH and LBH. Blue
dashed curves at the top and bottom represent the spinod-
al curves for SBH and LBH, respectively. These spinodal
curves intersect with the coexistence curve at a critical
point (black dot). Beyond the critical point, different
phases cannot be clearly distinguished, leading to the su-
percritical black hole region. For a?/Q?# 0, the phase
structure is similar to the o?/Q?=0 one, but the SBH
phase is replaced by the IBH phase for the reason ex-
plained before. Moreover, there is another region in
which no black hole exists. This region is above the new
spinodal curve, which corresponds to the left branch of
spinodal curve for a?/Q? #0 (see Fig. 2). With the in-
crease of a?/Q?, the area of the no black hole region in-
creases, and the new appearing spinodal curve intersects

the coexistence curve at the origin when o?/Q” = 1. This,
in fact, implies the beginning of the RPT case as we will
see in the next section.

We show the phase structures in 7 —v diagrams to
clearly describe the coexistence region (see Figs.
6(d)—(f)). The blue dashed and red solid curves represent
the spinodal and coexistence curves in T —v diagrams, re-
spectively. For a?/Q? =0, the SBH region is on the left
of the coexistence curve, whereas the LBH region is on
the right. Two more metastable phases, the superheated
SBH phase and the supercooled LBH phase, are present
between the coexistence curve and the spinodal curve.
The region of the coexistence of SBH and LBH is below
the spinodal curve. The supercritical black hole region is
above the critical temperature line. For a?/Q?#0, the
SBH and superheated SBH phases are replaced by the
IBH and superheated IBH phases. Moreover, there is a
new region for no black hole (v <2«@) and the unstable
phase in the small black hole region, which is located at
the left side of the phase diagram.

B. Reentrant phase transition

The black hole admits three cases of RPT, including
1<a?/0*< 15, a?/0*=15, and 1.5<a?/0%<1.535.
Taking o?/Q? = 1.4 for example, we depict the Gibbs free
energy with different pressures in Fig. 7(a). For
P, < P < P., the behavior of the system is similar to the
IBH/LBH first-order phase transition of the VdW-like
case (see Fig. 7(b) and the corresponding isobaric curve
in Fig. 7(d)). Increasing the pressure, we find an addition-
al second-order phase transition at 7 =7, when P =P,
and there will be no more phase transition when P> P,.
In the region P; < P < P, a zeroth-order phase transition
occurs besides the IBH/LBH first-order phase transition
(see Figs. 7(c) and 7(d)). Starting with the lowest temper-
ature of the Gibbs free energy curve and the correspond-
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Fig. 6.

ing isobaric curve, the black hole evolves along the LBH
branch first. Then, at temperature 7, the black hole
transits to the IBH branch by a zeroth-order phase trans-
ition. Upon reaching temperature Ty, the black hole un-
dergoes a first-order phase transition and eventually
reenters the LBH branch. This behavior of the Gibbs free
energy indicates a typical RPT. Two metastable branches
namely the superheated IBH and supercooled LBH are
also shown in Fig. 7(d). Note that the supercooled LBH is
between the two branches of LBH when P, < P < P,. For
P < P;, the situation is similar to the P > P. case, where
the LBH branch always has the lower Gibbs free energy.
We demonstrate the phase structures for the
a@?/Q*>=14 case in the P—T and T —v diagrams, as
shown in Figs. 8(a) and 8(c) respectively. Red and
magenta solid lines depict the first-order (coexistence
curve) and zeroth-order phase transition curves of the
IBH and LBH, respectively. Here, the spinodal curves are
represented as blue dashed curves. In the P—T diagram,
the upper left corner bounded by two of these spinodal
curves is the region where no black hole exists. It is note-
worthy that the zeroth-order phase transition curve over-

(e) a?/Q? =0.95
(color online) Phase structures of the GUP-corrected charged AdS black hole for o?/Q% =0, 0.95, and 1 in P—T phase dia-

grams (a)—(c) and 7 —v phase diagrams (d)—(f). Red solid curves represent the coexistence curves. Blue dashed curves are the spinodal
curves. Black dots represent the critical points. We have set 0 =1.

2 4 6 8 10

() o?/Q* =1

laps with the spinodal curve for P < P, and T < T,. This
can be confirmed by the fact that zeroth-order phase
transition points correspond to the intersection points of
the isobaric curves of IBHs and the unstable black holes
in the small black hole region, i.e., extremal points of the
isobaric curves (see Figs. 7(c) and 7(d)). In the T —v dia-
gram, two additional metastable phases are clearly dis-
played, including the superheated IBH phase and the su-
percooled LBH phase. Compared to the VdW-like PT
case, there is another region for the LBH under the super-
cooled LBH region, as discussed before.

For o?/Q? = 1.5, the phase structures in the P—T and
T —v diagrams are shown in Figs. 8(b) and 8(e), respect-
ively. These phase diagrams are analogous to the
a?/Q? = 1.4 case, whereas the position of stable phases is
different. In particular, in the 7 —v diagram, these stable
phases shift to the right with increasing a, as explained
before. Moreover, there are two critical points ¢ and ¢; in
the system, which can be seen in Fig. 3(b). However, the
left one, c;, has no physical significance as there is no
phase transition; thus, we do not show it in the phase dia-
grams.
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(color online) (a) Gibbs free energy for P =0.0034,0.004,0.0048,0.0057(P.), and 0.0065 from left to right. P, =0.0038 and

P, =0.0041. (b) VdW-like phase transition between IBH and LBH phase for P =0.0048. (c) RPT (LBH/IBH/LBH phase transition) for
P =0.004. (d) Isobaric curves for P=0.004 (P, <P < P;) and 0.0048 (P, <P < P.). Red and blue solid lines denote the stable IBH and
LBH branches, respectively. Black hole branches indicated by the dashed lines are unstable. Black dots represent the critical points. We

have set a?/Q* =14 with 0 =1.

Another case of RPT for 1.5<a?/0*<1.535 is
shown by the black hole. Taking o?/Q*=1.51 for ex-
ample, we present the phase structures in the P—T and
T —v diagrams in Figs. 8(c) and 8(f), which are similar to
the RPT cases discussed above. Here, we only show the
phases on the right side of line v = 4V3a/3, because the
locally stable phase under the left branch of the spinodal
curve (see Fig. 3(c)) is globally unstable due to a higher
Gibbs free energy.

IV. RUPPEINER GEOMETRY FOR GUP-COR-
RECTED CHARGED ADS BLACK HOLES

Now, we explore the microstructure of the GUP-cor-
rected charged AdS black hole using Ruppeiner geo-
metry, where the fluctuation of entropy AS is associated
with the line element in the Riemannian geometry [27]

B S
OxHOx”

AP = AX*AX, (24)
where x* are the independent thermodynamic quantities.
Within this framework, the empirical results reveal that
the scalar curvature R obtained from Eq. (24) is related to
the microscopic interaction in a thermodynamic system
[29-35]. Specifically, the positive (negative) R implies a
repulsive (attractive) interaction, whereas R=0 corres-
ponds to no interaction.

Taking the first law of standard thermodynamics to be
the most basic differential relation of thermodynamic
quantities, the line element in the (7, V) phase space can
be shown as [36, 37]

AP = Sap2 - O P

2
= NG (25)

where Cy is the heat capacity at constant volume
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(color online) Phase structures of the GUP-corrected charged AdS black hole for o?/Q% = 1.4, 1.5, and 1.51 in P—T phase dia-
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zeroth-order phase transition curves. Spinodal curves are indicated by blue dashed curves. Black dots represent the critical points. We
have set 0 =1.

Cy = T(G_S) ) (26) negative, vanishing when the system approaches the
ar )y spinodal curve
For the charged AdS black hole, the heat capacity Cy @vb)g
vanishes due to the interdependence of volume and en- A T (29)

tropy, resulting in a pathological scalar curvature derived
from the Eq. (25). To address this problem, we can elim-

inate Cy by normalizing the scalar curvature as [36, 37] When the numerator of Ry equals zero, we get two sign-

changing curves

Ry =CyR, 27
__(@vb)g

Zava

(@vb)g = 0. (30)

>

and then, we explore the microstructure of the black hole
with Ry. For a state equation of general charged AdS
black hole expressed as Eq. (16), the normalised scalar

The first sign-changing curve can be eliminated con-
curvature can be obtained as

sidering that the state equation is invalid under the coex-
istence curves [36, 37]. As a result, only the sign-chan-
ging curve at (dyb)y = 0 has physical significance.

It is worth noting that, by considering the first law of
black hole thermodynamics to be the most basic differen-
tial relation of thermodynamic quantities, a different line
element on the (7, V) has also been given by [41, 42]

_ @vb)o|2Tdva+(@,b)]

N

]

(28)
2[Tava+@vble|

where a = a(V) and b = b(V, Q) are the coefficients labeled
in Eq. (16). Obviously, the denominator of Ry is non-
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C 2 (0P 1(oP
AP = ZIAT2+ 22 ATAV+ == AVE,  (31)
T2 T\or), T\av),

as it is valid even for Cy = 0. Considering the state equa-
tion Eq. (16), the scalar curvature becomes

_(@vb)g
Ta? ~

(32)

The denominator of R is non-negative; thus, the sign-
changing curve is given as

(@vb)g =0. (33)

Interestingly, the two different line elements Eq. (25)
and Eq. (31) give the same sign-changing curve. In fact,
this result can be qualitatively understood using the fol-
lowing equation [42]

oP
(W)T:O =0. (34)

Since there is no kinetic pressure for 7 = 0, the entire
pressure is from the interactions; therefore, we can treat
Eq. (34) as the point where the repulsion-dominated black
hole turns into the attraction-dominated black hole.
However, this is not a phase transition point as the
thermal effects are not included.

In the following sections, we apply the scalar
curvature Eq. (32) to probe the microstructure of GUP-
corrected charged AdS black hole. The scalar curvature
associated with the GUP-corrected state equation Eq. (14)
yields

Rgup = 5. (35)

When the correction for GUP disappears (a = 0), we have

(4V6r> Q) V23 -3

R= ,
9TV

(36)

which is consistent with the result given in Ref. [42]. At
the first sight, Rgup changes the sign when

V:

8 \/E"Q v=2v20, (37

, orequally,

which is the same as the result of no GUP correction. As

discussed before, for a general charged AdS black hole,
the GUP correction will not influence the b(V,Q) term in
the state equation Eq. (16). Meanwhile, the zero-point of
scalar curvature is uniquely determined by the b(V,Q)
term, which means that it will not be changed by the GUP
correction.

However, we should also notice that due to GUP cor-
rection, v, = 2a, so if

% > V2, (38)

there is no sign-changing point, indicating that only at-
tractive interaction exists in the black hole microstruc-
ture. Therefore, the GUP correction gives a new limita-
tion for repulsive interaction existing in the black hole
microstructure, where the value of /02 will determine
whether there is an actual sign-changing point.

Although R is positive in some regions when
a?/Q?* <2, we should examine whether these regions are
thermodynamically stable. In the following, we separ-
ately check this for the VdW-like PT and RPT cases.

A. Van der Waals-like phase transition case

Now we investigate the microstructure of the black
hole in the VAW case. We depict the phase transition
curves (red solid curves), spinodal curves (blue dashed
lines), and sign-changing curves (black dashed lines) in
Figs. 9(a)—(c). The positive R regions, i.e., the regions of
v<2v20, have been shadowed. In the case where
a?/Q* < 1, there is a positive R region for the IBH (or
SBH for o?/Q?* = 0), which implies that repulsive interac-
tion may exist in the black hole.

We examine the behavior of scalar curvature along
the coexistence curves. With the normalized scalar
curvature shown in Eq. (28), the critical behavior in the
charged AdS black hole has been discussed in Refs. [36,
37]. It is shown that along the coexistence saturated LBH
curve, Ry is always negative, whereas along the coexist-
ence saturated SBH, Ry is positive for low temperatures
and negative for high temperatures. On the other hand, at
the critical point, both Ry of SBH and LBH branches di-
verge to negative infinity. More interestingly, they found
that the critical behaviors for a charged AdS black hole
and the VAW fluid are identical.

Additionally, similar behavior was observed with an-
other version of the scalar curvature Eq. (32). Fig. 9(d)
clearly shows that, in the LBH phase, the dominant inter-
action is always attractive (R <0), while in the SBH
phase, it is repulsive (R > 0) at low temperatures and then
becomes attractive (R<0) at high temperatures.
However, the divergence occurs at 7 — 0 instead of the
critical point. We shall not discuss the difference in the
divergence here, but focus on the sign of scalar curvature
which indicates the interaction type of the black hole mi-
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(color online) (a)—(c) Phase transition curves (red solid curves), spinodal curves (blue dashed lines), and sign-changing curves

(black dashed lines) for the VdW-like PT case with different values of o?/Q?. The positive R regions, i.e., the regions of v <2v20,
have been shadowed. (d)—(f) Behavior of scalar curvature along the coexistence curves. Red and blue solid lines represent the IBH

(SBH) and LBH branches, respectively. Insets describe the sign-changing behavior of the SBH branches. We have set 0= 1.

crostructure. At least, on this point, the two different scal-
ar curvatures give the same result, as discussed before.
Interestingly, for the LBH branch, R — —1 instead of 0
when T — 0 (i.e., r, = +oo0, see the coexistence curve
shown in Fig. 9(a)), which is comparable to the scalar
curvature at the critical point (R = —2). With the analytic
expression for the coexistence curve of the black hole, we
can find that this feature is independent of the value of Q.
In fact, using the normalized scalar curvature Eq. (28),
one can also find Ry — —3/2 instead of 0 for the LBH
branch when T — 0, whose magnitude is comparable to
the scalar curvature for the SBH branch at the same tem-
perature (Ry — 1/2). This phenomenon suggests that
even at infinite thermodynamic volume, non-negligible
attractive interactions may arise between the black hole
microscopic ingredients, which differs from a VdW fluid
system [37].

For 0<a?/0Q?*< 1, the behavior of scalar curvature
along the phase transition curve is similar to the
a?/Q% =0 case, as shown in Figs. 9(e) and 9(f). In sum-
mary, for the VdW-like phase transition, the LBH phase
is always dominated by attractive interaction, while the
IBH phase contains both attractive and repulsive interac-

tions. It is worth noting that from the numerical results,
the scalar curvature also takes —1 instead of O for the co-
existence saturated LBH when T — 0, which is not influ-
enced by the value of a?/Q?.

B. Reentrant phase transition case

We display the zeroth-order (magenta solid curves)
and first-order (red solid curves) phase transition curves,
spinodal curves (blue dashed lines), and sign-changing
curves (black dashed lines) in Figs. 10(a) —(c). For
a?/Q? > 1.5, the positive R regions do not coincide with
any stable phase. As mentioned in Sec. III, the stable
phases are on the right side of line v=4+v3a/3 when
a?/Q? > 1.5. For these parameter regions, the sign-chan-
ging line r, = V20 is on the left side of line v = 4 V3a/3,
and thus, there are no stable phases with repulsive inter-
action.

In fact, @?/Q? = 1.5 is the critical value for the exist-
ence of the repulsive interaction in stable phases. The
sign-changing line v=2v2Q overlaps with the line
v=4+3a/3, as shown in Fig. 10(b). When o?/0Q? < 1.5,
the line v =4+v3a/3 moves to the left side of the sign-
changing line v =2+2Q, and there will be stable phases
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with positive scalar curvature as in Fig. 10(a).

The behavior of the scalar curvature along the coex-
istence curves (i.e., first-order phase transition curves) is
shown in Figs. 10(d)—(f). In all cases, the LBH phase al-
ways has dominant attractive interaction. For o?/Q% <
1.5, similar to the VdW-like PT case, a transition between
attractive and repulsive interactions appears in the IBH
phase. @>/Q?* = 1.5 is a turning point for repulsive interac-
tion existing in the IBH phase, where the scalar curvature
of IBH phase decays from 0 to a negative value with the
increasing of temperature. While a?/Q? > 1.5, the scalar
curvature of IBH phase is always negative, implying the
dominance of attractive interaction.

It has been suggested that the interaction type in IBHs
(or SBHs) near the first-order phase transition line differs
for VdW-like PT and RPT. In the VdW-like case, a trans-
ition between attractive and repulsive interactions can be
found [37, 44, 46, 49, 50], whereas for the RPT case, the
dominant interaction is always attractive [47, 76] or re-
pulsive [77]. In other words, in the RPT case, the IBHs
(or SBHs) behave like bosonic gas or fermionic gas,
while in the VdW-like PT case, they behave like a
quantum anyon gas. However, for the GUP-corrected

charged AdS black hole, the IBH branch gradually shifts
to the negative scalar curvature region with the increase
in o?/Q? (see Fig. 10), resulting in the quantum anyon
gas like IBHs for a?/Q% < 1.5 and the bosonic gas like
IBHs for a?/Q? > 1.5, although they are both in the RPT
case. In Ref. [78], quantum anyon gas like SBHs are also
found in the RPT case.

V. CONCLUSIONS AND DISCUSSIONS

The microstructure of the GUP-corrected charged
AdS black hole has been investigated considering the
Ruppeiner geometry and phase transition behavior. It was
found that the microstructure of the black hole depends
on the ratio between the GUP parameter a and the elec-
tric charge Q.

For a small ratio a?/Q”< 1, the typical VdW-like
phase transition is present in the system. The comparison
shown in Fig. 6 indicates that the black holes with and
without GUP correction have similar phase structures.
However, the SBH phase is replaced by the IBH phase
for there is another unstable branch in the small black
hole region. Meanwhile, the no black hole region arises
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as a reuslt of the GUP correction. The study of Ruppein-
er scalar curvature indicates that in addition to the domin-
ant attractive interaction, a repulsive interaction between
microscopic ingredients of IBHs exists in a small para-
meter range r < V20 (see Fig. 9). As might be expected
for the LBHs, attractive interaction is dominant as their
microscopic ingredients are supposed to be far from each
other [76]. Along the coexistence curve, the LBH phase
always exhibits dominant attractive interaction, while a
transition between the dominant repulsive and attractive
interactions is found in the SBH phase. This result indic-
ates that the microscopic interaction of the black hole un-
dergoes drastic changes during the phase transition.

Further increasing the ratio between a and Q to
1 <a?/Q? < 1.535, three cases of RPT are displayed by
the black hole, namely 1 <a?/Q*< 1.5, a?/0Q*>=1.5, and
1.5 <a?/Q? < 1.535. Their phase structures are consider-
ably similar, which can be directly seen from Fig. 8.
However, the Ruppeiner geometry study shows that their
microstructures are different, as demonstrated in Fig. 10.
Specifically, for 1 < a?/Q? < 1.5, repulsive interaction ex-
ists in the IBH phase, while in other parameter spaces, the
IBH has only dominant attractive interaction. For the
LBH phase, the attractive interaction is always domin-
ante in all cases. Along the coexistence curve, a trans-
ition between dominant attractive and repulsive interac-
tions for the IBH branch is found when 1 <a?/0? < 1.5,
accompanied by the dominant attractive interaction in the
LBH branch. In other cases, however, attractive interac-
tion is always dominant, both in IBH and LBH branches.
This result is quite different from the RPT case shown by
several other black holes [47, 76, 77], where there are
only attractive or repulsive interaction in black holes.

For a large ratio o?/Q”>1.535, the LBH phase is

globally stable; hence, there is no phase transition in the
system. As discussed in the RPT case, /0% = 1.5 is the
critical value for the existence of repulsive interaction in
stable phases. Therefore, for the case of no phase trans-
ition, only attractive interaction exists among microscop-
ic ingredients of stable black holes. These features reveal
that the system behaves like a Schwarzschild-AdS black
hole [41].

To conclude, the increasing ratio of GUP parameter a
and the electric charge Q will reduce the repulsive inter-
action present in charged AdS black holes. This result can
be qualitatively understood from the perspective of black
hole molecules [79]. The GUP effect results in a minimal
specific volume vy, = 2, which may be identified as the
volume of black hole molecules. The GUP effect does not
change the second and third terms of the state equation
Eq. (15), suggesting that black hole molecules maintain
their interaction form. From the Ruppeiner geometry ana-
lysis in Sec. IV, the turning point between the dominant
repulsive and attractive interactions is uniquely determ-
ined as v =2v2Q. Thus, for a larger ratio between a and
0, the repulsive interaction tends to decrease, and the at-
tractive interaction will be dominant.

Further investigations of AdS black holes with the
minimal length effect may reveal more interesting micro-
structures. We hope these investigations will help us gain
a deep understanding of the nature of a black hole from
the perspective of black hole thermodynamics and the un-
derlying black hole microstructures.
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