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Abstract: We report a benchmark calculation for the Lipkin model in nuclear physics with a variational quantum

eigensolver in quantum computing. Special attention is paid to the unitary coupled cluster (UCC) ansatz and struc-

ture learning (SL) ansatz for the trial wave function. Calculations with both the UCC and SL ansatz can reproduce

the ground-state energy well; however, it is found that the calculation with the SL ansatz performs better than that

with the UCC ansatz, and the SL ansatz has even fewer quantum gates than the UCC ansatz.
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I. INTRODUCTION

The Lipkin model, or the Lipkin-Meshkov-Glick
(LMG) model [1-4], was proposed in 1965 to benchmark
the quantum many-body techniques developed in nuclear
physics and relevant fields. Specifically, the Lipkin mod-
el allows one to testify to many-body methods, such as
the many-body perturbation theory, random phase ap-
proximation, and large-N expansion, and examine their
range of validity with respect to the strength of the two-
body interaction.

During the past decades, many interesting aspects of
the Lipkin model have been found. For example, in the
field of nuclear physics, this model has been connected to
the collective monopole vibrations (or breath modes) of
spherical nuclei [5]. In the field of chemistry, this model
has been used to describe the magnetic properties of mo-
lecules such as Mn, acetate [6]. In the field of quantum
information, this model has been used in studies of the
entanglement properties in its ground state [7-9].

In a more general sense, solving quantum many-body
problems is one of the most important challenges in a
wide range of research fields, including nuclear physics,
condensed matter physics, and quantum chemistry [10,
11]. On the one hand, the usual methods for directly solv-
ing the wave-function equation are facing critical diffi-
culties owing to the exponential increase of computation-
al cost with respect to the particle number of the system.
On the other hand, in the past years, belief that quantum
computing will become a promising method of solving

this problem has grown [12]. Nevertheless, current
quantum computers are limited to 20—100 qubits, and the
coherence time is too short to carry out direct simula-
tions of quantum many-body systems [13].

Meanwhile, the quantum-classical hybrid variational
quantum eigensolver (VQE) [14-21] has been developed
to take advantage of quantum computers while reducing
the depth of the circuit and the number of qubits. The al-
gorithm was first demonstrated on a photonic quantum
computer [13] and has also been verified on supercon-
ducting quantum computers [14, 20, 22] as well as
trapped ion quantum computers [23, 24]. A number of
calculations have been performed in quantum chemistry
using the VQE, such as for the ground-state energies of
BeH,, H,, and LiH [22].

There are also several applications of the VQE in nuc-
lear physics [25-27]. An example is a recent study of the
VQE method for the Lipkin model [28]. However, there
is still an open question regarding the type of VQE an-
satz required for a given Hamiltonian in nuclear physics.
Currently, the ansatz on quantum circuits is prepared
heuristically for a given Hamiltonian and is not valid for
other Hamiltonians.

Additionally, the VQE ansatz requires the properties
of compactness, a small number of parameters, wide ex-
pressibility, and fast convergence. In this study, we will
benchmark two types of ansatz, the conventional unitary
coupled cluster (UCC) ansatz [17, 29] and the newly de-
veloped structure learning (SL) ansatz [30], using the
Lipkin model, which has known exact solutions. Further-
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more, we investigate the performance of two ansatz in the
Lipkin model.

II. LIPKIN MODEL

The Lipkin model [1-4] describes a system of N dis-
tinguishable fermions, which are distributed in two levels.
Each level has an Q-fold degeneracy, and the energy dif-
ference between two levels is . One usually takes Q =N,
which corresponds to the half-filled case. Each particle is
labelled by the quantum number p, and each single-
particle state is characterized by a quantum number o,
which has the values +1 in the upper and lower shells, re-
spectively. A two-body interaction is assumed to scatter
pairs of particles between the two levels without chan-
ging the value of p.

Let a;,[, be the creation operator for a particle in the p
state of the o-level. The Hamiltonian for the system can
then be expressed as

H= %Z o-a;r,’{rap,g + %\]v a;ﬂa;,’aapl,_gap,_g, €))
po pp'o

where v is the relative interaction strength, and the en-
ergy difference has been normalized to € = 1. The second
term in Eq. (1) represents the scattering of a pair of
particles from a certain level to another level. Compared
with the full Lipkin model in Ref. [1], the contribution
when one particle is scattered up and the other is
scattered down is not considered here.

Each particle with a quantum number p must be either
in the upper or lower state. The number of states in the
whole system is thus 2V, and the diagonalization of the
Hamiltonian (1) involves a matrix of dimension 2V,
which is exponential. However, the symmetries in this
system allow a sizeable reduction in the dimension of the
matrix to be diagonalized.

As pointed out in the original paper [1], each particle
only has two possible states. This fact instantly suggests
the utilization of a quasi-spin formulation. The total
quasi-spin operators of this system can be defined by the
following equations:

J+ = Za;’ﬂap,,], (23)
P
Jo=Ya _ap., (2b)
P
_1 i1
J, = 5 ; Ta, Ap,o- (2¢)

It is easy to verify that these operators satisfy the angular

momentum commutation relations. Therefore, the
Hamiltonian is expressed in terms of these operators as

H:Jz+%v(ﬁ+ﬁ). (3)

The spin operators J,, Jy, and J,, where J, and J, are

. 1 .
written as —(J, +J_) and ?(JJr—J,), respectively, are
i

the sum of the Pauli matrices o, oy, and o, respect-
ively. Therefore, the qubit representation of the Hamilto-
nian (3) is expressed as [7]

III. VARIATIONAL QUANTUM EIGENSOLVER

In this study, we adopt the quantum-classical hybrid
VQE algorithm [16, 17] to find the ground-state energy
of the Lipkin model. In general, the calculation steps of
the VQE are as follows: 1) generate parameterized
quantum states |P(6)) in a quantum computer, 2) meas-
ure the energy expectation value (¥(6)H|¥())/
(P(O)|P(B) in the classical or quantum computer, 3)
based on the energy expectation value, modify the para-
meters in the classical computer so that the energy re-
duces further.

Although in the present study we simulate the
quantum computation in a classical computer, we should
note that quantum-mechanical measurements are
stochastic; hence, we will perform 1000 measurements at
each evaluation of the expectation values. For each inter-
action strength, the ground-state energy estimations are
carried out 50 times, and their medians and percentiles
are obtained. In addition, in this study we use the sequen-
tial minimal optimization (SMO) method, which was pro-
posed by Nakanishi et al. [31] for parameter optimiza-
tion. The SMO method has the following advantages:
faster convergence, robustness against statistical error,
and hyperparameter-free optimization. The SMO method
is based on the fact that the expectation value is ex-
pressed as a simple sum of trigonometric functions with
certain periods. Further details can be found in Ref. [31].

A. Unitary coupled cluster ansatz

A popular method to find the ground-state energy of a
Hamiltonian in quantum computing is to use the UCC an-
satz with the VQE algorithm [17, 29]. Originally, the
coupled cluster (CC) method [32, 33] was established in
nuclear physics and applied to quantum chemistry. In
principle, the CC method provides the exact solution to
the Schrédinger equation
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H|Y) = E|Y), ®)

where |¥) is the exact state. The state of the CC method
is expressed as

¥) = e’ [¥o), (6)

where T is the so-called cluster operator and |¥() is the
reference state. The purpose of the cluster operator is to
produce a linear combination of excited states from the
reference state, where the reference state is usually set as
the Hartree-Fock (HF) state. The cluster operator reads

T=T+Tr+---, (7)

where T} is the operator of all k-particle excitations.

The UCC method is a modified version of the CC
method for implementation in quantum computers, which
only accept unitary operators. We can define unitary op-
erators, which entangle » orbitals, as

U(0) =exp Z Qij(aja; —a;a;)
ij

_1yi-i-1
— exp iZ@U%
ij

j-1
+ Y,-[ ﬂ zk]xj

k=i+1

j-1
X,-( Zk] Y
k=i+1

} ; ®)

where Eq. (8) is derived via the Jordan-Wigner trans-
formation [15].

In the next step, we prepare the quantum circuit that
represents the unitary operator U(6). The operator
explifZ,Z,---Z,] can be expressed as the following cir-
cuit:

do : [0) —¢ .
q? :10) & B
qz : |0) © <
Qn-2: |0>
dn—1 |O> 46 Rz(—29) 97

The operator exp [iHZI s X Y,---Z,,] is expressed by
inserting the rotation-y gates, that is, Ry(r/2) and
Ry(—n/2) are placed at the first and last position of g;, re-
spectively, whereas Rx(n/2) and Ry(—n/2) are placed at
the first and last position of ¢;, respectively.

Generally speaking, a unitary operator, which is a
component of the UCC ansatz, is implemented on a
quantum circuit with so-called Trotter errors. However,
the unitary operators in this study do not cause Trotter er-

rors because al.'aj: and aja; in the Hamiltonian always

hold [aja},ajai] =0.

B. Structure learning ansatz

The SL ansatz can be generated by the Rotoselect al-
gorithm [30] and summarized in Algorithm 1. This al-
gorithm produces an ansatz for a given Hamiltonian so
that the ansatz provides the minimum energy by chan-
ging the types of single-qubit gates. In this study, we pre-
pare the rotation gates Ry, Ry, and Rz as single-qubit
gates and select one of them at each position in the
quantum circuit. We obtain the minimum energy with re-
spect to the parameter 6 at each rotation axis of the target
gate that we are optimizing, while the other gates remain
unchanged. Then, we choose the optimal rotation axis,
which provides the minimum energy among all rotation
axes. Following this, we iterate this calculation for all
gates and obtain the ground-state energy. See Algorithm
1 for details.

Algorithm 1 Rotoselect

Input: Function calculating expectation values with respect to each
quantum circuit U: (M (U)). Here, M represents a Hermitian operator. The
quantum circuit U with the maximum value of the depth, D, is composed of
rotation gates at the depth d, Uy(04,Hy) = Hy(04) (e.g., Rx(64) = exp
[—i%dX]), and the CNOTSs. Here, 6, is a parameter at the depth d and Hy is
the element of the set of the rotation operators {/, Ry, Ry, R;}. Axes of
rotation gates, i.e. I, Ry, Ry, or Ry, are chosen in order to minimize the
expectation value.

Output: Optimized quantum circuit Uqp. Here, Uqp is optimized with

respect to 6; and Hy.

Initialize 0, € (7,7] and Hy € {I,Rx,Ry,Rz} for d = 1,---, D heuristically
or at random. (In practice, initialize all 6; =0 and all H; =1.)
repeat

ford=1,---,D do

Compute 92 p for P € {l,Rx,Ry,Rz} using SMO method, where 6}; P
is the optimized parameter with the selected gate P.

Hy  arg minp (M (UD)u y04.H)=U4(5.P)

9d «— 9:; Hd N
gate Hy

where 07 . is the optimized parameter with the selected
\Hg

end for

until stopping criterion is met

return optimized quantum circuit Uop

IV. RESULTS AND DISCUSSION

In this study, we compare the two ansatz, that is, the
UCC ansatz and the SL ansatz, for the Lipkin model with
N=3and N =4.

We calculate the ground-state energies with five dif-
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ferent interaction strengths to examine the range of valid-
ity of the ansatz. All calculations are simulated in a clas-
sical computer. In each calculation, 1000 measurements
are performed at each iteration of the parameter optimiza-
tion. The following results are accumulated by repeating
the calculation 50 times to estimate the amount of
sampling noise.

Quantum circuits of the UCC ansatz with N =3 and
N =4 are shown in Fig. 1. Here, Rx, Ry, and Rz repres-
ent the rotation operators with respect to the X-, Y-, and
Z-axes, respectively, where 6, represent the parameters to
be optimized in the calculation. The blue bars connecting
two qubits are the CNOT gates, which are two-qubit op-
erations. The circuit for N =3 consists of 16 CNOT

“ L

q1

qz

q3

(b) N =4

Fig. 1.

(color online) Quantum circuits for the UCC ansatz with (a) N =3 and (b) N =4. Here, Rx, Ry, and Rz represent the rotation

operators with respect to the X-, Y-, and Z-axes, respectively, where 6, represent the parameters to be optimized in the calculation. The
blue bars connecting two qubits are the CNOT gates, which are the two-qubit operations. The circuit for N =3 consists of 16 CNOT
gates, 30 single-qubit gates, and 3 parameters; the circuit for N =4 consists of 40 CNOT gates, 60 single-qubit gates, and 4 parameters.
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gates, 30 single-qubit gates, and 3 parameters; the circuit
for N =4 consists of 40 CNOT gates, 60 single-qubit
gates, and 4 parameters.

An example of the obtained quantum circuits for the
SL ansatz with N =3 is shown in Fig. 2. In general, the
circuit for N =3 consists of 6 CNOT gates and 9 single-
qubit gates with parameters. However, some of the
single-qubit gates can be selected as the identity operat-
ors  with no parameters. For example, there are 5 iden-
tity operators in the case shown in Fig. 2. For the case of

d=0 d=1 d=2
e
q1
gz
Fig. 2.  (color online) Example of obtained quantum circuit

for SL ansatz with N =3. Here, / and Ry represent the identity
and the rotation operator with respect to Y-axis, respectively.
The blue bars which connect two qubits are the CNOT gates.
Here, d is the depth of a quantum circuit, and 6, represents the
parameters to be optimized in the calculation. In this example,
the circuit for N =3 consists of 6 CNOT gates, 4 single-qubit
gates, and 4 parameters.

-14
— exact

—\,_ N=3 median

= quartile

0 1 2 3 4
interaction strength v

— exact
\F N=3 median

= quartile

() \

energy
L
o

-3.2

0 2

1 3 4
interaction strength v

Fig. 3.

N =4, the circuit consists of 12 CNOT gates and 16
single-qubit gates with parameters; however, once again,
several can be selected as identity operators. We will dis-
cuss more on the quantum circuit for the SL ansatz later
in the paper.

First, the ground-state energies of the Lipkin model
with N =3 and N =4 are shown as a function of the in-
teraction strength in Fig. 3. The calculated results with
the UCC and SL ansatz are shown in the upper and lower
panels, respectively. The distributions, medians, and
quartiles of these results are shown by the so-called viol-
in plots. For comparison, the corresponding exact ground-
state energies are shown by solid lines. In general, the ex-
act ground-state energies can be well reproduced by both
the UCC and SL ansatz, and all the calculated energies
are greater than the exact values. This is due to the vari-
ational principle.

For the UCC ansatz, the deviation between the calcu-
lated results and the exact ground-state energies gradu-
ally increases with increasing interaction strength. When
v =4.0, the mean relative errors (Ecy — Eexact)/ Eexact e€ach
2.2% and 3.8% for the cases of N =3 and N =4, respect-
ively. Generally, a unitary operator in an ansatz is imple-
mented on the quantum circuit with Trotter errors.
However, the unitary operator in this study does not con-
tribute to Trotter errors because of the commutability

— exact
N=4 median

— uartile

0 1 2 3 4
interaction strength v

— exact
N=4 median
= quartile

-3.8 (d)

-4.2

0 2 4

1 3
interaction strength v

(color online) Ground-state energies of the Lipkin model with N =3 and N =4 as a function of interaction strength. The calcu-

lated results with the UCC and SL ansatz are shown in the upper and lower panels, respectively. The distributions, medians, and quart-
iles of these results are shown by the so-called violin plots. For comparison, the corresponding exact ground-state energies are shown

by the solid lines.
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between aja; and aja; in the Lipkin model. Therefore,
the difference between the exact energy and the energy
with the UCC ansatz is not caused by Trotter errors.

On the one hand, the calculated results by the SL an-
satz are even better than those obtained by the UCC an-
satz. It is found that when v = 0, all 50 calculations result
in the exact ground-state energies. Moreover, the devi-
ations between the calculated results and the exact values
increase more gradually with increasing interaction
strength. When v = 4.0, the mean relative errors are 0.1%
and 1.6% for the cases of N =3 and N =4, respectively.

On the other hand, for the N = 4 case, the variances of
the calculated results obtained by the SL ansatz are lar-
ger than those by the UCC ansatz. This is because the se-
lected gates in each position, labelled by the depth d and
the qubit index ¢, of the quantum circuit by the Rotose-
lect algorithm in each calculation differ. The options in
each position include {/,Rx,Ry,Rz}.

By taking v =0.0, 2.0, and 4.0 as examples, we show
the histograms of the ground-state energies calculated
with the UCC and SL ansatz in Figs. 4 and 5, respect-
ively. In these figures, the dotted pink lines show the cor-
responding exact ground-state energies.

For variational calculations, the obtained lowest ener-
gies represent the best results, that is, the closest results to
the exact values. The difference between the best result
with the UCC ansatz and the exact energy increases sub-
stantially as the interaction strength increases. In contrast,
the difference between the best result with the SL ansatz
and the exact energy only increases gradually with the in-
creasing interaction strength. As a result, the obtained
lowest energies with the SL ansatz are much closer to the

exact values than those with the UCC ansatz. In addition,
the variance with the UCC ansatz increases as the interac-
tion strength increases. The variance with the SL ansatz
for N =4 is larger than that for N =3, with more single-
qubit gates selected by the Rotoselect algorithm.

The obtained parameters of the UCC ansatz are
shown in Fig. 6. The standard errors of the results with 50
calculations are too small to be seen in the figure. Each
index of the rotation gate corresponds to each term in the
UCC ansatz. For example, the parameter of the index 0
for N =3 corresponds to the operator e(@ai-@) Note
that the parameters at v=0 for both cases of N =3 and
N =4 are not 0 because the sampling noises affect para-
meter optimization. In general, the parameters increase as
the interaction strength increases for both N =3 and
N =4. In addition, the difference between the parameters
increases as the interaction strength increases for N = 3.
However, for N =4, the difference between the paramet-
ers is small, although the parameter of index 4 is not cor-
rectly optimized.

An example of the obtained quantum circuits for the
SL ansatz is shown in Fig. 2. In this example, the rota-
tion gates Ry are selected in the positions (d,q) = (0, 0),
0, 1), (1, 0), (2, 1), the identity gates [ are selected in
d,9)=1(0,2), (1, 1),(1,2),(2,0),(2,2), and no Rx nor
Rz gates are selected.

For all 50 calculations, the statistics of the selected
rotation axes at each qubit and each depth for the SL an-
satz with the Rotoselect algorithm are shown in Fig. 7 for
both cases of N =3 and N =4. The results of the selec-
tions vary in each calculation because of statistical errors.
Because the selected gates are changed in each calcula-

40

35
N=3
30 v=4.0
0 "0 25
€ €
=1 > 20
o o
v v 15
10
5
0 0 . |
-1.500 -1.495 -1.490 -1.485 -1.480 -1.475 —-2.03 -2.02 -2.01 -2.00 -1.99 -1.98 -1.97 -1.96 -3.00 -2.95 -2.90 -2.85 -2.80 =275
energy energy energy
35 20 20
N=4 N=4
15 v=2.0 15 v=4.0
191 0
€ €
S 10 S 10
o o
o o
5 5
-2.00 -198 -196 -194 -192 -190 -1.88 Of2.65 -2.64 -2.63 -2.62 -2.61 -2.60 —2.59 -2.58 -2.5 0 —4.00 -3.95 -390 -3.85 -3.80 -3.75 -3.70
energy energy energy

Fig. 4.
pink lines show the corresponding exact ground-state energies.

(color online) Histograms of the ground-state energies calculated with the UCC ansatz and the 50 calculations. The dotted

024106-6



Quantum computing for the Lipkin model with unitary coupled cluster...

Chin. Phys. C 46, 024106 (2022)

55 T 40
50 -
35
45 N=3
40 v=0.0 30
0 35 " 25
8 2
c 30 c
g 25 g 20
Y2 C s
15 10
10
5
5
0 -2.0 -1.8 -1.6 -14 -12 -1 0f2.030 —2.025 -2.020 -2.015 -2.010 -2.005 -2.000 0 -3.02 -3.00 -2.98 —2.96 -2.94 -2.92
energy energy energy
55 - 15 - 20
50 ! :
as N=4 :
w0 v=0.0 : 15
35 10 H
) 2 2
c 30 c c
= > S 10
o2 o o
o o o
20 5
15 5
10
5
0—2 6 -2.4 =22 -2.0 -18 -1.6 —%.66 -2.64 -2.62 —-2.60 -2.58 -2.56 —2.54 —2.52 -2.50 0 —4.000-3.975-3.950-3.925-3.900-3.875~-3.850-3.825
energy energy energy
Fig. 5. (color online) Same as Fig. 4, but for the results calculated with the SL ansatz.
w4 WA
—4— v=0 —4— v=0
N=3 4= v=1 N=4 -4~ v=1
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index of rotation gates index of rotation gates
Fig. 6. (color online) Parameters of the UCC ansatz with the 50 calculations. The horizontal axis corresponds to the index of each ro-

tation gate.

tion, the variances in the obtained energies increase (see
Fig. 5). It can be seen that Ry is intensively selected at
specific positions on the quantum circuit according to the
50 calculations. These results suggest that the rotation
gate Ry improves the expressibility of a parameterized
quantum circuit.

The optimized wave functions are shown in Figs. 8
and 9, where the vertical axes represent the probabilities,
or precisely speaking, the probability amplitudes, of the
obtained wave functions.

Generally, system wave functions are represented by

W)= > calny ©)

n

where ¢, is the coefficient of the state |n) = |ny,n2,--- ,ny).
The corresponding probabilities P, are

Py =il (10)

which can be estimated by accumulating the statistics of
the measurement outcomes of |#) in a quantum computer.

The probabilities of each state in the system ground-
state wave function are shown in Figs. 8 and 9 for the
UCC and SL ansatz, respectively, where the violin plots
show the corresponding distributions, medians, and quart-
iles with the 50 calculations. Owing to the symmetries of
the Lipkin Hamiltonian, the states with the same number
of single-particle excitations (that is, the same value of
ny +ny +---+ny) should have the same probability. It can
be seen from the figures that such a property is much bet-
ter reproduced by the SL ansatz than the UCC ansatz,
particularly for the strong interactions. This also indic-
ates a problem in parameter optimization of the UCC an-
satz.
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Fig. 7.
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(color online) Selected rotation axes at each qubit and depth for the SL ansatz with N =3 and N = 4. These data are generated

with the 50 calculations. Here, N, v, d, and ¢ are the number of particles, interaction strength, depth of a quantum circuit, and index of

qubits, respectively.
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Fig. 8.

(color online) Probabilities of each state in the system ground-state wave function with the UCC ansatz

. Their distributions,

medians, and quartiles with the 50 calculations are shown by the violin plots. The upper panels represent the results with N =3 and the
lower panels represent the results with N = 4.

In this study, we applied two types of ansatz, the
UCC and SL ansatz, to the Lipkin model and succeeded
in obtaining the ground-state energy for all model interac-
tion strengths. Generally, the errors between the results of

V. CONCLUSION

the SL ansatz and the exact values are less than those by
the UCC ansatz. For example, for the case of N =4 with
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the interaction strength v =4, the mean relative errors
(Ecal = Eexact)/ Eexact 1in the SL and UCC ansatz are 1.6%
and 3.8%, respectively. In addition, the quantum circuit
of the SL ansatz requires fewer quantum gates, such as
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Fig. 9. (color online) Same as Fig. 8, but for the results calculated with the SL ansatz.
2
the CNOT gates and the rotation gates. In a future study, ACKNOWLEDGMENTS
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