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Abstract: The dependence of the black hole (BH) shadow and thermodynamics may be structured in regular space-

time. Taking a regular Bardeen-AdS BH as an example, the relationship between the shadow radius and event hori-

zon radius is derived. It is found that these two radii display a positive correlation, implying that the BH temperature

can be rewritten as a function of shadow radius in regular spacetime. By analyzing the phase transition curves under

the shadow context, we find that the shadow radius can replace the event horizon radius to present the BH phase
transition process, and the phase transition grade can also be revealed by the shadow radius, indicating that the shad-
ow radius may serve as a probe for phase structure in regular spacetime. Utilizing the temperature-shadow radius
function, the thermal profile of the Bardeen-AdS BH is established. Moreover, the temperature exhibits an N-type

change trend in the P < P, situation. These results suggest that the phase transition process of a regular AdS BH can

be completely presented in the thermal profile, and the relationship between the BH shadow and thermodynamics

can also be established in regular spacetime.
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I. INTRODUCTION

Over the last several decades, abundant astronomical
evidence for black holes (BH) has accumulated from
various sources. The observations of gravitational waves
emitted from BH mergers by the Laser-Interferometer
Gravitational Wave-Observatory (LIGO) are the first
evidence of the existence of BHs from astronomical ob-
servations [1]. The Event Horizon Telescope (EHT) re-
ported an image of the supermassive BH in M87*, offer-
ing direct evidence of BH existence in our universe [2—7].
The main feature of this image is that the BH event hori-
zon is surrounded by a dark area known as a BH shadow
with a bright ring-shaped lump of radiation surrounding
the BH shadow. Based on the strong gravitational lens-
ing, the formation mechanism of the BH shadow is as fol-
lows: the specific photons around a BH collapse inward
to produce the shadow, indicating the shadow can reflect
the information of the jets and matter dynamics around
the compact objects [8]. The shadow can limit the mass,
spin, charge, and other physical parameters of the BH,
providing abundant sources of data information for new
gravity theories [9—12].

The most striking feature of a BH - namely, the event
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horizon - is only indirectly inferred. The BH shadow is an
observable quantity that may replace the event horizon
when displaying some physical properties of BHs. The
BH as a thermodynamic system is similar to classical
thermodynamic systems. For BHs in AdS spacetime,
charged AdS BHs are almost equivalent to the van der
Waals (vdW) liquid-gas system [13—18]. A BH is not
only regarded as a thermodynamic system but also a
strong gravitational one. Hence, it is necessary to estab-
lish the connection between its thermodynamics and dy-
namics. Wei et al. found that the unstable circular orbital
motion can connect the BH phase transitions by establish-
ing the relationship between the null geodesics and ther-
modynamic phase transition for the charged AdS BH
[19]. In Refs. [20, 21], the authors deemed that the radius
of a test particle's time-like or light-like circular orbital
motion can be used as a characterized quantity of BH
phase transition information.

Based on the above research, a fundamental connec-
tion between the BH thermodynamics and shadow is pro-
posed. Zhang et al. found that the shadow radius can re-
flect the BH phase structure [22]. By investigating the re-
lations between the shadow and critical behavior of a
charged AdS BH, Belhaj et al. obtained a critical expo-
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nent that perfectly matched the vdW system [23]. Cai
et al. studied the relationship between the shadow radius
and microstructure of a charged AdS BH and found that
the shadow can provide the dynamic characteristics of
BHs [24]. By constructing a connection between the
shadow and Ruppeiner geometry, Wang et al. believed
that the BH shadow can provide information on the
small/large phase transition of a charged AdS BH and
found that the normalized curvature scalar at the critical
point has a constant value of —3/2 [25].

Nevertheless, the above connections between the BH
shadow and thermodynamics are only for singular space-
time. Penrose and Hawking's famous work showed that
the existence of singularity is inevitable [26]. To avoid
singularity, Bardeen obtained the first regular BH solu-
tion in 1968 [27]. Ayon-Beato and Garcia noted the phys-
ical source of a regular BH to be nonlinear electrodynam-
ics [28]. We discussed the thermodynamic properties of a
regular AdS BH and found their different features from
singular AdS BHs [29, 30]. Meanwhile, the observation
feature of the shadows and rings of regular BHs are be-
ing investigated [31, 32]. Based on these results, it is nat-
ural to ask whether the dependence of the BH shadow
and thermodynamics may be structured in regular space-
time and how the singularity affects this relation. This pa-
per focuses on this issue.

Taking the Bardeen-AdS BH as an example, we at-
tempt to establish the relationship between the BH shad-
ow and thermodynamic phase structure. The remainder of
this paper is organized as follows: In Sec. II, we calcu-
late the shadow radius of the Bardeen-AdS BH and dis-
cuss the relationship between the shadow radius and
event horizon radius. In Sec. 111, we apply this relation to
analyze the phase transition on the 7 —r plane. In Sec.
IV, we present the thermal profile of the Bardeen-AdS
BH under the shadow context. We present our conclu-
sions and discussions in Sec. V. In this paper, we use the
units Gy =h=«, =c=1.

II. SHADOW OF THE BARDEEN-ADS BH
The static spherically symmetric metric of the BH is
given by [28]
ds? = —f(r)de* + %drz +r2d6? + P sin?0dg?, (1)
u(r

where f(r) and u(r) are the function of the radius para-
meter ». The photon motion around a BH satisfies the
Euler-Lagrangian equation

dfoL\ oL
a(a—) = o @

in which A is the affine parameter, and #* is the photon

four-velocity. £ is the Lagrangian density, which is ex-
pressed as

1 dx*dx” _

r=-tg, 8 _Lipp 2
ST T T 2VY

el (@7 +sin’ 09%)).

A3)

In this paper, we consider the photons to move on the
equatorial plane (0 = n/2); therefore, the metric does not
explicitly depend on the time ¢ and azimuthal angle ¢.
The corresponding conserved constants are written as

dt dt
E= gy = f(r)a,

d d
L=g¢¢£=ﬂ£, 4)

where E and L represent the energy and angular mo-
mentum of the photons. Based on the null geodesic
&uwA*%” =0, the motion equation of photons is obtained.

dr E
ar” s ®
dp L
a2 ©)
dr _ Nu(r)E2r* —u(r)L2r2 £(r) o

da NG

where the symbol "+" indicates the counterclockwise (-)
and clockwise (+) directions of photon motion. These
three equations offer a complete description of photon
dynamics around the BH, at which the effective potential
can be written as

dr

2
(ﬁ) +Verr(r) =0, ®)

where

2 2
> E ) o)

Verr(r) = M(V)(r—2 “ 70

The critical photon ring orbit satisfies the effective poten-
tial critical conditions

Verr(r) =0, Vig(r)=0, Vi) >O0. (10)
Substituting Eq. (9) into Eq. (10), we can obtain L/E =

tppl A f(rpp), Where r,, is the radius of the photon ring.
Based on Egs. (6) and (7), we have
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dr (dr\/(de) _ r2E2u(r)
@_(ﬁ)/(ﬁ)_ﬂ\l 2 b

Considering the turning point of the photon orbits satis-

dr .
fies g =0, Eq. (11) can be rewritten as
dr 2 f(x)*u(r)
@—*’\/W‘”@- .

Following Refs. [22-25], a light ray sent from a static ob-
server at position ro transmits into the past with an angle
[ relative to the radial direction, that is,

2
cop= B L rg’f()() -1, (13)
V8¢ |, x*f(ro)

Using elementary trigonometry, we can obtain

X2 f(ro)
r2f’

sin?8 = (14)

and the shadow radius of the BH observed by a static ob-
server at ro can be written as

f(ro)

700 (13)

rss = rosSing =y

X1 pp

For a regular Bardeen-AdS BH, the metric potential can
be expressed by [33]

8nPr? 2Mr?

f(r): 1+ 3 _(r2+g2)3/2’

(16)

where M is the BH mass, and g is the BH magnetic
charge. The radius of the event horizon r, is the largest
root of f(r,) = 0. The BH mass reads as

3+ 8P7rr§)(r}2l + gz)?’/2

2
6r;

(17)

Based on the first law of BH thermodynamics, the
Bardeen-AdS BH temperature is

B rﬁ + 87rPrﬁ - 2g2

(18)

47rrh(rﬁ +g%)

The state equation can be expressed as

T 1 2T 2
&, &

= -+
2rn 8wy’ 2r131

At (19)

According to Eq. (10), the photon circular orbit radius of
the Bardeen-AdS BH is

1
=3 \/3M+ \JOM?2 - 10g2. (20)

Utilizing Eq. (15), the radius of the Bardeen-AdS BH
shadow can be written as

_ /f(ro)
rs=T1p ) s (21)

Considering Egs. (16), (20), and (21), we have a specific
expression for the Bardeen-AdS BH shadow radius re-
lated to the horizon radius, that is, Eq. (22).

1 3f(r0)A2B
=3 2L 232 2 5m (22
2\ 1502 +g»)32(3+8Pnr2) + 3B+ 2nPAB
where
Ae (r; +8»)¥*(3+8Prry)
Zrﬁ
(2 + 8933 + 8nPr})? N\
+ — -10¢*)
ary

B=6(r2 +g»)¥*(3 +8nPrd)
r2 + g2)3 (3 + 87 Pr2)? -172
+3r§((h SRSk —10g2) .
4rh

Based on the constraint, a static observer at spatial in-
finity has f(ro) =1 for ro = 100 [22], and when the mag-
netic charge g — 0, the Bardeen-AdS BH will degenerate
into the Schwarzschild-AdS BH. Figure 1 shows the radi-
us of the Bardeen-AdS BH shadow radius r, asa func-
tion of the event horizon radius r, under several repres-
entative values of magnetic charge. r; and r, display a
positive correlation, indicating that the BH temperature
can be rewritten as a function of shadow radius in regular
spacetime. Furthermore, the trend of r, with an increase
in r, gradually flattens. As the magnetic charge increases,
the radius of the event horizon increases, and the corres-
ponding shadow radius increases. For a magnetic charge
equal to zero, the regular Bardeen-AdS BH is replaced by
a singular Schwarzschild-AdS BH; hence, Eq. (22) can be
used to describe the relationship between the shadow ra-
dius and event horizon radius of the Schwarzschild-AdS
BH (g =0). The left panels of Fig. 1 report the shadow
radius of the Schwarzschild-AdS BH as a function of the
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(a) g=0 and ro=100 (Schwarzschild-AdS BH)

(b) g=0.1 and ro=100

(c) g=0.3 and ro=100
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Fig. 1.
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Variation in shadow radius r, in terms of the event horizon radius r, for the Bardeen-AdS BH. Panel (a) magnetic charge g =0

and rop = 100 (Schwarzschild-AdS BH). Panel (b) magnetic charge g =0.1 and ro = 100. Panel (c) magnetic charge g =0.3 and ro = 100.
The solid, segment point, and dotted lines correspond to P = 0.001, 0.002, 0.003, respectively.

event horizon radius. It is observed that these two radii
still exhibit positive correlation characteristics, whereas
the slopes of the function curves are greater than those of
the regular AdS BH. As a result, we believe that the rela-
tionship between the shadow and BH temperature can be
constructed in regular spacetime.

III. PHASE TRANSITION OF THE BARDEEN-
ADS BH USING SHADOW ANALYSIS

In this section, we investigate the phase transition of
the Bardeen-AdS BH from the shadow perspective.
Based on the state Eq. (19) and critical condition
(0P/drm) =0=(8*P/dr}), the critical thermodynamic
quantities of the Bardeen-AdS BH are obtained.

= 219-13V273 0.00116g72, (23)
1152ng?
15g2 + V27352 ”
o=~ "™ ~397006g, (24)
V2
215+ V273)
~0.02513g7". (25)

© Gla+3V2T3n)g

(a) g=0.1 and ro=100

(b) g=0.1 and ro=100

Based on Egs. (22)—(24), the critical shadow radius of the
Bardeen-AdS BH is ry ~7.91886g. It is shown that the
critical shadow radius is approximately twice as large as
the standard critical radius. Considering the temperature
expression in Eq. (18), the BH temperature as a function
of r, for a fixed value of magnetic charge is shown in the
left panels of Fig. 2. We can see that the function curves
exhibit different characteristics for different pressures.
Above the critical isobar (P> P.), the curve does not
have an inflection point. The temperature is a monotonic-
ally increasing function of radius, indicating that the BH
is in the supercritical phase. At the critical isobar
(P = P.), the curve has an inflection point, where the BH
is thermodynamically unstable, corresponding to the crit-
ical temperature. Two-phase transition branches exist be-
low the critical pressure (P < P.), one is in the small radi-
us region, corresponding to the fluid phase in the vdW
system, and the other is in the large radius region, corres-
ponding to the gas phase.

The middle and right panels of Fig. 2 present the BH
temperature as a function of the shadow radius ry with
different pressures under several representative values of
magnetic charge. We find that the shadow radius can re-
place the event horizon radius to present the Bardeen-
AdS BH phase transition process. An rg less than ry cor-
responds to a stable small BH, and an r; great than r
corresponds to a stable large BH. The unstable intermedi-

(c) g=0.3 and ro=100
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Fig. 2. (color online) Panel (a) temperature as a function of r, with g =0.1. Panel (b) temperature as a function of r; with g =0.1. Pan-
el (c) temperature as a function of r; with g =0.3. A static observer at ro = 100.
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ate branch appears in (rg, ). A larger magnetic charge
leads to a weaker phase transition temperature, and the
corresponding shadow radius increases. Meanwhile,
Maxwell's equal area is constructed on the 7 —r, plane
and T - r, plane, that is,

Tho(rm2 = n1) =f Tdr, (26)
T

Tyo(rop—rs1) = f Tdrs. (27)
T

We find that the equal area law can also be estab-
lished using the shadow radius in regular spacetime,
which implies that the shadow radius may serve as a
probe for phase structure in regular spacetime. Note that
Tho and Ty are not entirely equivalent because the posi-
tion of the static observer is relatively remote. In transfer-
ring the phase transition results to the characterization of
the shadow radius, the temperature increases slightly with
the Hawking radiation.

Furthermore, the phase transition grade can be de-
termined by heat capacity. The heat capacity mutation
and specific heat diverge represent the second-order
phase transition at the critical point. The heat capacity of
the Bardeen-AdS BH at constant pressure can be written
as

ds 2rr2(22 + r2)(8nPrt = 2g¢% + 12
szT( ) _ n (g™ + ) w28 h)' 28)
Pg

dr 8rPrd +8g* +4g2rl —r}

Figure 3 shows the heat capacity as a function of the
event horizon radius and shadow radius of the Bardeen-
AdS BH. It is found that the specific heat exhibits infin-
ite divergence at the critical point, which is a strong sig-
nal for the beginning of the higher-order phase transition.
By exploring the relationship between Cp and ry, the
shadow radius can also reveal the BH phase transition

(a) g=0.1 and ro=100

(b) g=0.1 and ro=100

grade.

IV. THERMAL PROFILE OF THE
BARDEEN-ADS BH

We establish a thermal profile in this section to more
intuitively report the relationship between the BH phase
structure and shadow in regular spacetime. According to
Ref. [34], the shadow boundary curve at the celestial co-
ordinate reads as

d
x = lim (—r2 sin @y —(ﬁ) , (29)
r—00 r 9 Sz
do
= lim *— .
Y rggn (}" dr)90_>n (30)

Figure 4 illustrates the shadow contour for a static ob-
server. It is found that the size of the BH shadow de-
pends on the pressure. The point line represents P > P,
the shadow corresponding to the BH at the supercritical
phase. The segment point line corresponds to P = P, , and
we find that the shadow radius is more significant than in
the P > P, situation. The dotted line only supports P < P,
in which the shadow radius is in the large radius region.
Additionally, we also observe that the radius of the BH
shadow expands the BH outward by increasing the mag-
netic charge.

By overlaying Figs. 2 and 4, the BH thermal profile is
built utilizing the temperature-shadow radius function.
Under several representative values of magnetic charge,
Fig. 5 presents three different scenarios: P> P., P = P,
and P < P.. It is found that the change in temperature
with r, in the celestial coordinate is consistent with the
previous analysis results. As the pressure decreases, the
radius of the thermal profile increases, and the corres-
ponding BH temperature decreases. The left panels of
Fig. 5 represent P > P., showing that the temperature in-
creases gradually from the center of the shadow to the
boundary in this case. This corresponds to the dotted lines

(c) g=0.3 and ro=100
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(color online) Panel (a) heat capacity as a function of n, with g=0.1. Panel (b) heat capacity as a function of r, with g=0.1.

Panel (c) heat capacity as a function of r, with g =0.3. A static observer at ro = 100.
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Here, the BH mass is M = 60, and ro = 100.

(a) g=0.1 and P>Pc
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(b) g=0.1 and P=Pc

[N
IS
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(color online) Shadow cast of the Bardeen-AdS BH. Panel (a) magnetic charge g=0.1. Panel (b) magnetic charge g=0.3.
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Fig. 5. (color online) Thermal profile of the Bardeen-AdS BH for different thermodynamical cases. Panel (a) P > P. with g=0.1. Pan-

el (b) P= P, with g=0.1. Panel (c) P < P. with g=0.1. Panel (d) P> P, with g =0.3. Panel (¢) P = P. with g =0.3. Panel (f) P < P. with
g =0.3. The BH mass is taken as M = 60.

in Fig. 2. The middle panels of Fig. 5 correspond to the
P = P, situation, where the BH is thermodynamically un-
stable, and the temperature remains constant in the critic-
al region, corresponding to the segment point lines in

in the phase transition temperature, and there is a large
unstable phase transition region. Our results suggest that
the phase transition process of the Bardeen-AdS BH can
be presented entirely in the thermal profile.

Fig. 2. The right panels of Fig. 5 support the P < P, case.
In this sense, the temperature exhibits an N-type change
trend. We further refine the region from r; to ry. Fig. 6
show that the temperature variation law is: increasing —
decreasing — increasing (N-type), which corresponds to
the description of the solid lines in Fig. 2. Note that the
increase in the BH magnetic charge g leads to a decrease

V. CONCLUSIONS AND DISCUSSIONS

The dependence of the BH shadow and thermody-
namics in regular spacetime has been revealed in this ana-
lysis. We find that the shadow radius and event horizon
radius display a positive correlation, implying that the BH
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temperature can be rewritten as a function of the shadow
radius in regular spacetime. For a Schwarzschild-AdS
BH, Eq. (22) remains valid (g =0). This can be used to
describe the relationship between the shadow radius and
event horizon radius of the Schwarzschild-AdS BH.
These two radii still exhibit positive correlation character-
istics, whereas the slopes of the function curves are great-
er than those of a regular AdS BH. As the magnetic
charge increases, the radius of the event horizon in-
creases, and the corresponding rs increases. As a result,
we believe that the shadow radius can be used to analyze
the phase transition structure of a regular AdS BH.

We investigate the phase transition curves in the
shadow context. It is found that the shadow radius can re-
place the event horizon radius to present the Bardeen-
AdS BH phase transition process. On the T —r, plane, the
BH is in the supercritical phase above the critical isobar,
and the BH is thermodynamically unstable at the critical
pressure. Two-phase transition branches exist below the
critical pressure: an r, less than ry corresponds to a
stable small BH, and the r; great than ry, corresponds to a
stable large BH. The unstable intermediate branch ap-
pears in (rg,rs2). By exploring the relationship between

(b) g=0.3 and ro=100
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X

(color online) Thermal profile of the region of r to ry. Panel (a) magnetic charge g = 0.1. Panel (b) magnetic charge g =0.3.

the heat capacity and shadow radius, we find that the
shadow radius can reveal the BH phase transition grade.
Furthermore, the equal area law can be constructed using
the shadow radius, indicating that the shadow radius may
serve as a probe for phase structure in regular spacetime.

Utilizing the temperature-shadow radius function, the
thermal profile of the Bardeen-AdS BH is established un-
der several representative values of magnetic charge. We
find that the size of the BH shadow depends on the pres-
sure. As the pressure decreases, the radius of the thermal
profile increases, and the corresponding BH temperature
decreases. For P> P, the temperature increases gradu-
ally from the center of the shadow to the boundary. The
BH is thermodynamically unstable, and the temperature
remains constant in the critical region in the P = P, situ-
ation. The temperature shows an N-type change trend
with P < P., and its variation law is: increasing — de-
creasing — increasing. These results suggest that the reg-
ular AdS BH phase transition process can be presented
entirely in the thermal profile, and the relationship
between the BH shadow and thermodynamics can be es-
tablished in regular spacetime.
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