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Abstract: In this study, the gravitational deflection angle of photons in the weak field limit (or the weak deflection
angle) and shadow cast by the electrically charged and spherically symmetric static Kiselev black hole (BH) in the
string cloud background are investigated. The influences of the BH charge O, quintessence parameter y, and string
cloud parameter a on the weak deflection angle are studied using the Gauss-Bonnet theorem, in addition to studying
the influences on the radius of photon spheres and size of the BH shadow in the spacetime geometry of the charged-
Kiselev BH in string clouds. Moreover, we study the effects of plasma (uniform and non-uniform) on the weak de-
flection angle and shadow cast by the charged-Kiselev BH surrounded by the clouds of strings. In the presence of a
uniform/nonuniform plasma medium, an increase in the string cloud parameter a increases the deflection angle a. In
contrast, a decrease in the BH charge O decreases the deflection angle. Further, we observe that an increase in the
BH charge Q causes a decrease in the size of the shadow of the BH. We notice that, with an increase in the values of
the parameters y and «a, the size of the BH shadow increases, and therefore, the intensity of the gravitational field
around the charged-Kiselev BH in string clouds increases. Thus, the gravitational field of the charged-Kiselev BH in
the string cloud background is stronger than the field produced by the pure Reissner-Nordstrom BH. Moreover, we
use the data released by the Event Horizon Telescope (EHT) collaboration, for the supermassive BHs M87* and Sgr
A*, to obtain constraints on the values of the parameters y and a.
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I. INTRODUCTION

The Einstein theory of gravity is so far the most ac-
cepted theory. It has been tested by observing the gravita-
tional waves by the LIGO from a binary of BHs [1]. Oth-
er recent observations on the shadow of the supermassive
BH at the center of the elliptical galaxy M87 and our own
galaxy the Milky Way, reported by the EHT Collabora-
tion [2, 3], have further confirmed the Einstein theory of
gravity. These fascinating results on the gravitational

waves produced from the collision of two merging BHs
and the BH shadows have increased the interest of re-
searchers in studying different BH solutions from differ-
ent points of view and probing the fundamental physics
of strong gravitational fields in the vicinity of BHs. The
study of photon motion in spacetime surrounding a BH is
essential for analyzing BH shadows and gravitational
lensing. When light travels toward a gravitational source,
according to the theory of general relativity, it deviates
from its path due to the curvature produced by the source
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in its path. This bending of light by the gravitational
source produces an effect very similar to that produced by
an optical lens and is known as gravitational lensing (see,
for example, [4]). In astrophysics, gravitational lensing
can be used for observing distant objects in the Universe,
such as galaxies lying in the line of sight of the gravita-
tional source acting as the gravitational lens. Gravitation-
al lensing can be categorized into two, namely (i) strong
deflection gravitational lensing with a deflection angle
much larger than 1 and (ii) weak deflection gravitational
lensing with a deflection angle much less than 1. Weak
deflection gravitational lensing can be further categor-
ized into three: strong gravitational lensing, weak gravita-
tional lensing, and micro gravitational lensing. In astro-
nomy, strong gravitational lensing is mostly caused by
galaxies and clusters of galaxies, and it may form mul-
tiple images and giant arcs. Strong gravitational lensing
produces rings such as Einstein's rings and is used for ob-
serving the position and magnification of a BH [5]. Weak
gravitational lensing is a result of some minor distortions
with magnifications too small to be detected, unless their
average is taken over a number of galaxies. Weak gravit-
ational lensing is assumed to investigate the cause of the
accelerated expansion of the observable Universe [6].
From astrophysical observations, the bending of light or
photon beams and gravitational lensing observed so far
are in the weak field limit, i.e., with very small deflection
angles (or weak deflection angles) [7]. Strong deflection
gravitational lensing will not be directly applicable in
near future experiments because of its technological lim-
itations, as it requires high resolution and magnification.
For instance, the resolution of the relativistic image of the
Sgr A* supermassive BH requires an angle of resolution
of10~2 micro-arc-second, which is two orders better than
the resolution that is attainable with the currently avail-
able technology [8]. Consequently, in the present study,
we discuss the gravitational deflection angle caused by
the charged-Kiselev BH (discussed in the next section) in
the weak field limit. Further, in the close vicinity of a
BH, the nearby passing light or photons move in circular
orbits known as light rings. Because of these light rings,
the central object, i.e., the BH, appears as a dark disk in
the sky, which is called the shadow cast by the BH
[9-11].

The brightest objects in the Universe, quasars, were
discovered in 1963, and after this discovery, gravitation-
al lensing effects were studied with much greater interest
[12]. The gravitational lensing effect of a quasar was ob-
served for the first time in 1979 [13]. Gravitational lens-
ing was first studied in the weak-field limit, and after-
ward, these studies were extended to the strong-field lim-
it [14—17]. To analyze different spacetime parameters in
BH spacetimes, gravitational lensing has been investig-
ated by various studies [9, 18—21]. Bozza et. al have
presented an analytical method for the study of gravita-

tional lensing caused by the Schwarzschild BH [22].
After the proposal of this analytical technique for gravita-
tional lensing of the Schwarzschild BH, it has been gen-
eralized for spherically symmetric static spacetimes [23].
Gravitational lensing for a spinning BH has also been
studied by Bozza [24]. Virbhdra and Keeton have invest-
igated gravitational lensing for both the Schwarzschild
BH and the Janis-Newman-Winicour naked singularities
[25]. Gibbons and Werner have proposed an alternate
method to calculate the weak deflection angle of photons
using the Gauss-Bonnet theorem (GBT) for asymptotic-
ally flat spacetimes [26]. Werner has applied it to station-
ary spacetimes using Finsler-Randers type geometry [27].
Ishihara et al. have extended the Gibbons and Werner
method to non-asymptotically flat spacetimes using the
finite distance corrections of the source and the receiver
[28, 29]. Moreover, T. Ono et al. have shown that the
method proposed by Gibbons and Werner can be applied
to axisymmetric spacetimes [30]. Li et al. have studied
the finite distance method for massive particles in the Jac-
obi-Maupertuis and Randers-Finsler metrics using the
GBT [31, 32]. Crisnejo and Gallo have calculated the
weak deflection angle caused by BHs in some plasma
media using the GBT [33]. The study of gravitational
lensing for charged BHs has also been carried out
[34— 64]. Other interesting works on strong deflection
gravitational lensing have been presented for different
BH spacetimes (for example, [65—69]). Another method
for calculating the weak deflection angle is available in
literature, which has already been applied for different
BH spacetimes in modified theories of gravity [70-74].
Amongst the several proposals for estimating the spin
of a rotating BH [75, 76], one proposal is that BH shad-
ows might be helpful in placing constraints on the value
of the spin parameters of BHs [77]. Falcke et al. were the
first to introduce the idea of the observation of a BH
shadow [78]. Virbhadra and Ellis obtained an equation
for gravitational lensing that allows a large deflection of
the light beam and therefore has been used for studying
strong gravitational lensing by BHs [14]. They used their
equation for studying gravitational lensing due to light
deflection in the close vicinity of the photon sphere of the
supermassive BH at the center of the galaxy. They theor-
etically found that, on both sides of the line joining the
observer and the gravitational lens, there exists an infin-
ite sequence of highly de-magnified images due to the
photon sphere. They called these images relativistic im-
ages. Moreover, the recently released images, or more
precisely, the relativistic images of the supermassive BHs
in the center of the galaxy M87 and Milky Way, have
opened a new window for researchers to constrain differ-
ent BH parameters. Using the astronomical data provided
by the EHT collaboration, free parameters for different
ultra compact objects in the Einstein gravity and other al-
ternative theories of gravity have been refined [79—84].
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There are also several papers related to the observable
shadow of a BH according to different theories of gravity
[47, 54, 85-105].

One possible candidate to explain the current acceler-
ated expansion of our Universe is the notion of dark en-
ergy. There are different models put forward for elaborat-
ing the nature of dark energy. These models include
Chaplygin gas, the cosmological constant, K-essence, and
quintessence. The quintessence model is the most accep-
ted one and it has been proposed by some physicists as
the fifth fundamental force in nature [106], for which the
equation of state parameter is restricted as —1 <w, <
—1/3. In the current study, we consider three different
values of the parameter w,, namely (i) w,=-1, which
corresponds to the cosmological constant, (i) w, = -2/3,
which is considered for the pure quintessence dark en-
ergy, and (iil) w, =-1/3, which is taken for the frus-
trated cosmic strings network [107, 108], for which our
Universe remains static (for further details, one may see
Ref. [107]). In the astrophysical investigation of ultra
compact objects, it is assumed that the quintessential dark
energy produces gravitational effects on the gravitational
deflection angle of photon beams (caused by a BH) com-
ing from a distant star and may thus be taken into consid-
eration in such a scenario. Therefore, it is of interest to
have a BH solution in the quintessence environment. To
obtain such a BH solution, Kiselev was the first to give a
BH solution of the field equations of the general relativ-
ity for a spherically symmetric static source in the pres-
ence of quintessence [109]. He has also presented an
electrically charged version of his BH solution with
quintessence, which has been studied in different con-
texts including its shadow [110—114]. In literature, the
correctness and validity of the Kiselev BH solution have
been criticized (see, for example, [115, 116]). In this re-
gard, Visser argued that the Kiselev BH solution does not
represent the quintessence dark energy with an isotropic
pressure [115]. Responding to the point of Visser, Sakti et
al. [117] commented in a recent work that the Kiselev BH
solution has been derived with the assumption of the iso-
tropic averaging of the tensor components over the angles
of space-like matter, where the equation of state is simil-
ar to that for the quintessence in cosmology. The Kiselev
BH solution has also been generalized in the background
of cloud of strings [118]. For the cloud of strings, it is as-
sumed that they were formed during the early formation
of structures in the Universe because of symmetry break-
ing [119]. The thermodynamics of the Kiselev BH with
clouds of string have already been analyzed [120]. The
time-like and null geodesics have also been investigated
in the vicinity of the quintessential BH with clouds of
strings [121].

In the astrophysical scenario, mostly photons go
through a plasma medium [122, 123]. Photons moving
around BHs, surrounded by accretion disks consisting of

plasma, may produce noticeable effects on the angular
position of the image of the BH, resulting in various ob-
servable wavelengths [124]. Thus, the effects of plasma
on the phenomenon occurring in the close vicinity of the
horizon of BHs may provide extra understanding of the
gravitational field of the charged-Kiselev BH in the string
cloud background. This is one of the most promising
reasons to investigate gravitational lensing and shadows
of BHs in the presence of a plasma medium. Using the
Synge method [125], the shadows of the Schwarzschild
BH and Kerr BH have been analyzed in a plasma medi-
um [126—129]. Kogan and Tsupko have shown that due
to the dispersion properties of the nonuniform plasma, the
gravitational deflection angle by the Schwarzschild BH
depends on the frequency of the electromagnetic waves
[130]. Er and Mao observed an extra deflection angle due
to the presence of plasma in addition to the one produced
by the gravitational source [131]. They further showed
that the influence of a nonuniform plasma is greater than
the influence of a uniform plasma medium on the BH
shadow. The shadows of the Schwarzschild and Kerr BHs
have been analyzed in the presence of plasma by taking
into account the radial power-law density, and it was ob-
served that the size and shape of the shadows for both of
the BHs are changed due to the plasma effects [132]. The
effects of a homogeneous plasma on gravitational lens-
ing by a spherically symmetric static BH have been stud-
ied by Hakimov and Atamurotov [133]. In their work,
Hakimov and Atamurotov analyzed the effects of the de-
formation parameter on the gravitational lens as well as
the effects of the frequency of the plasma on the bright-
ness of the source in the case of microlensing. The ef-
fects of plasma on the gravitational lensing and shadow
cast by the charged-Kerr BH have been reported in liter-
ature [134]. The influence of a uniform plasma on weak
gravitational lensing by a spherically symmetric BH in a
modified gravity theory has been investigated in
Refs.[135—-146]. Some other recent interesting works re-
lating the effects of plasma on the optical properties of
BHs in Einstein gravity and other theories of gravity can
be found in literature [147—152]. Inspired by the interest-
ing results available in literature from the study of the op-
tical properties of different BHs, in this work, we explore
the optical properties such as the weak gravitational lens-
ing and the shadow cast by the electrically charged and
spherically symmetric static Kiselev BH in the string
cloud background in the presence of plasma. In particu-
lar, we are keen on observing the effects of both uniform
and nonuniform plasmas, along with the spacetime para-
meters, on the weak deflection angle and the shadow cast
by the charged-Kiselev BH with clouds of strings.

We organize our paper as follows. In Sec. 1I, we
provide the derivation of the spherically symmetric static
spacetime metric of the charged-Kiselev BH in the pres-
ence of a cloud of strings. In Sec. III, we discus the
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photon motion in the spacetime of the charged-Kiselev
BH in the string cloud background, for three different
values of the equation of state parameter w,.In subsec-
tion A, we consider the case of w, = -2/3, which corres-
ponds to the quintessence dark energy. In subsection B,
we take w, = —1, which is the case of the cosmological
constant, and in subsection C, we discuss the case of
wy =—1/3, which corresponds to the frustrated network
of cosmic strings. For all three values of the parameter
wy, we find that the radius of the photon sphere for the
charged-Kiselev BH in the presence of string clouds in-
creases with both the parameters y and a, and it decreases
with the charge O of the BH. In Sec. IV, we analyze the
photon motion in a uniform and nonuniform plasma me-
dium in the vicinity of the charged-Kiselev BH with
clouds of strings. In subsections A, B, and C, we con-
sider the three different cases of the parameter w, = -2/3,
wg=-1, and w, =-1/3, respectively. In subsections D
and E, the effects of uniform and nonuniform plasmas on
the photon spheres are analyzed, respectively. For all
three values of the parameterw,, we observe that the radi-
us of a photon sphere is larger in the presence of plasma
compared with the radius of a photon sphere without
plasma. In Sec. V, we study the weak deflection angle us-
ing the GBT. In subsection A, we consider a uniform
plasma medium, and in subsection B we take into ac-
count a nonuniform plasma medium. We see that the uni-
form plasma increases the weak deflection angle, while
the nonuniform plasma decreases it. In Sec. VI, subsec-
tion A, we investigate the effects of uniform plasma on
the shadow cast by the charged-Kiselev BH in the pres-
ence of string clouds. We discuss the case of nonuniform
plasma medium in subsection B. We observe that, with
increasing values of the parameters y and q, the radius of
the shadow cast by the charged-Kiselev BH in clouds of
strings increases, and it decreases with the charge Q of
the BH. We also see that the presence of plasma shrinks
the shadow size of the charged-Kiselev BH in the string
cloud background. In the same section, we obtain upper
values for the parameters y and a, using the data released
by the EHT collaboration. In Sec. VII, using the Sinc ap-
proximation (which is an approximation of a smooth
function and widely used in literature; see, for example,
[153, 154]), we calculate the the total absorption cross
section at the eikonal limit for the charged-Kiselev BH in
the string cloud background, where we observe that the
absorption cross section decreases with the charge QO of
the BH. In Sec. VIII, we present the conclusion of our
work. Throughout this paper, we use a system of units in
which G=1=c.

II. CHARGED-KISELEV BLACK HOLE WITH
STRING CLOUD BACKGROUND

In this section, we briefly present the derivation of the

charged-Kiselev BH in the presence of string clouds. The
detailed solution is already given in Refs. [118, 155].

The action for the spherically symmetric static and
electrically charged Kiselev BH spacetime is given by

5= %fdx“ V=E(R—Ly+Ln), (1)

where g represents the determinant of the spherically
symmetric static metric tensor g,,, R is the Ricci scalar,
and Lrp and L, are responsible for the electromagnetic
and matter parts of the action, respectively. Here, the
matter part further consists of two parts, namely the cloud
of strings and the quintessence, i.e.,L,, = Ly + L,, defined
below. In Eq. (1),

1
Lr = g Fwk™, )

where the Maxwell tensor F,, =9,A,-9,A,, and A, is
the potential term.

The Lagrangian density for the cloud of strings is rep-
resented by [155]

k
L= —EZ’“’ZW, 3)

where k is a constant related to the string tension and the
bivector

Oxt Ox”
=P 4

< oo @
where € is the two-dimensional Levi-Civita tensor, and
A%(22 = 2°,2") gives a parameterization of the world
sheet, which is described by the string with the following
induced metric [155]:

ox* ox¥
hop = S ryTiryTA (5)
The =+ respects the following three identities [155, 156]:

SHospol =0, VMO =0, THUT,, T = hTH,

(6)

where h stands for the determinant of /,s. From the vari-
ation of the Lagrangian density with respect to the metric
tensor g, one can obtain [156]

UV
o DT

= Ps ,
* vV=h

(7

where p; represents the density of the string cloud. The
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quantity p,/ V=h is known as the gauge invariant density
of the string cloud. Further, the quantity p, isthe func-
tion of » only as the spacetime taken here is spherically
symmetric and static. With the utilization of the three
identities given in (6), one can obtain 9,(+/—gZ"*)=0.
Therefore, the non-zero components of the energy-mo-
mentum tensor for the spherically symmetric static space-
time with the string cloud background are [157]

0 1 a
Ts() = Tsl = _r_Z’

Ty =T =0, (®)
where the constant a corresponds to the cloud of strings,
and the line element in the Schwarzschild coordinates
(t,1,0,¢) is given by [158]

-1
oM oM
dS2=(1—a——)dt2—(1—a——) dr? —2dQ%. (9)
r r

Throughout, dQ? = dé” +sin*6d¢? and 0 <a <1 [159]. In
the case of a =0, the line element (9) reduces to that for
the Schwarzschild BH spacetime, where M represents the
mass of the BH.

For the quintessence we have [160]

1
Lq = _5 Hva,u(bav(b_ V(g), (10)

where ¢ is the quintessence field and V(¢) is the poten-
tial term. For the matter fluid, the surviving components
of the energy-momentum tensor for the Kiselev BH solu-
tion, which represents a spherically symmetric point
gravitating source, are given by [118, 155]

o
Too=Ty=pg Te3=Tg3= _74(3‘“‘1"' D, an

where p, and p, stand respectively for the pressure and
density of the quintessence matter and w, is the equation
of state parameter for the quintessence. The line element
for the Kiselev BH without charge is

oM
ds? =—(1 ———L)dt2

r 3w, +1
-1
2M
+(1——— = ) A +2dQ%,  (12)
r 3w, +1
where
oy 3wy
Pq = _§r3‘“4+1 ’ (13)

and y is the quintessence parameter, which depends on

the equation of state parameter w,, the density of the
quintessence matter, and the coordinate r. For instance, if
wy =-2/3, then y=p,/r. Thus, the parameter y varies
directly with the density p,and inversely with » and there-
fore goes to zero as r approaches infinity. The charged
version of the Kiselev BH solution is given by [109]

2 -1

+(1 - ZTM + % - r31”) A2 +r2dQ%. (14)
The spherically symmetric static charged-Kiselev BH is
then analyzed in the presence of a source that corres-
ponds to the string clouds [118]. Under the assumption
that the quintessence and cloud of strings are not interact-
ing with each other, the non-zero components of the total
energy-momentum tensor of the two matter-energy con-
tents, for the Kiselev BH, are obtained as [118]

a
qungsqi :pq+ﬁa (15)

P
Tos=Tsgs = —7"(3% +1). (16)

The line element for the spherically symmetric static
Kiselev BH with a cloud of strings is obtained as [118]

oM
(i B
r 3w, +1
oM -l
+(1—a——— 3Z+1) A+ 2402, (7)
rooopPe

If the metric is also charged, then the charged-Kiselev
BH with the string cloud background is given by [118]

1
ds? = —f(rd? + —dr? + 2dQ?, (18)
f(r)
with
B M 0y
f l—a—T-i-? r3wq+1 (19)

In the metric given by (18), M and Q represent the mass
and electric charge of the BH, respectively. The equation
of state for the quintessence is given by p, = w,p,, With
wy € (=1;-1/3). The spacetime given by the metric (18)
reduces to the metric for the Reissner-Nordstrom space-
time when a =0 and y = 0. For the structure of the hori-
zon of the metric represented by (18), one may see Ref.
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[118]. Here, we briefly discuss the horizon structure of
the charged-Kiselev BH in the background of string
clouds. According to the condition goo =0 (or f =0), we
plot the horizon orbits (see. Fig. 1). It is interesting to
mention that the horizon depends on the parameters a, ,
and Q in the charged-Kiselev BH in the background of
string clouds.

0=0.2; w,=-2/3

7 =0.01; w,=-2/3

III. PHOTON MOTION AROUND THE
CHARGED-KISELEV BLACK HOLE IN THE
BACKGROUND OF STRING CLOUDS

To discuss the motion of photons in the charged-

Kiselev BH in string clouds, we use the Hamiltonian [125]

2=0.10; w,=-2/3

26k ¥=0.00 J
————— y=0.01
-------- ¥=0.02

0.00 0.02 0.04 0.06 0.08
Ve

2=0.10; w,=-1

27

26

25

24

Tn

23

22

21

2.0L, s n n n n I

0.000 0.005 0.010 0.015 0.020 0.025 0.030

a 7
0=0.2; w,=-1/3 2=0.10; w,=—1/3
26F . . . -
25F
24r
= 2.3
~
22r
21
207 . . . R 200, . . . 3
0.00 0.05 0.10 0.15 0.20 0.00 0.01 0.02 0.03 0.04
a o Ve
Fig. 1. (color online) Horizon versus string cloud parameter a (left panel), BH charge O (middle panel), and quintessence parameter y

(right panel) for different w,values, where M =1.
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1
ﬂ(xa»pa) = Egaﬁpap/i’ (20)

where x* are spacetime coordinates. The four-mo-
mentum of the photon is defined by p,.

The components of the four-velocity (equation of mo-
tion) of photons in the plane 0 = /2, (py = 0) are [21, 127]

&

=T ()’ @D
o dr
= 7 = pof (o), (22)
,_do _Ps

b= =5 (23)

Here, —p; = & and py = L are the specific energy and spe-
cific angular momentum of the particle, respectively. For
a photon H =0, using this fact, we obtain the equation
for the radial velocity as

i? = E = Ve (r), (24)

where Ves(r) represents the effective potential and can be
given as

L2
Vere(r) = ﬁf(r) (25)

A. Photon orbits in the charged-Kiselev black hole with
string clouds for w, = -2/3

Here, we discuss the circular orbits of photons in the
vicinity of the charged-Kiselev BH with clouds of strings
for the equation of state parameter w, = —2/3, which cor-
responds to the pure quintessence case. We would like to

mention that the horizon structure and photon motion for
the charged-Kiselev BH spacetime with clouds of strings
for w,=-2/3 have been discussed in a recent work
[161]. However, we discuss it here for the sake of com-
pleteness. To obtain the circular orbits of photons, we use
the equations V., = 0, where the prime denotes the deriv-
ative with respect to the radial coordinate », and obtain

4%~ [*Qa+yr—2)+6Mr] = 0. (26)

The solution of Eq. (26) gives the radius of the photon or-
bit around the charged-Kiselev BH in the string cloud
background. To gain more insight into the photon orbits,
we plot them in Fig. 2 for different values of the space-
time parameters. It can be seen from this plot that, as the
string cloud and quintessence parameters increase, the ra-
dius of the photon orbit increases, while the influence of
the BH charge Q on the orbits of photons is just opposite
to those of the parameters y and a.

B. Photon orbits in the charged-Kiselev BH with string
clouds for w, = -1

In this subsection we analyze the circular orbits of
photons in the surroundings of the charged-Kiselev BH in
the presence of clouds of strings when the equation of
state parameter w, = —1, which corresponds to the case of
the cosmological constant. Here, the radius rp, of the
photon orbit is given as

—/8aQ2+9M? 802 -3M
20a-1)

Tph = (27)

In Fig. 3, the radius of the photon orbit is shown for dif-
ferent values of the parameters ¢ and O and w, =-1.
Here, we see that the radius of the photon orbit increases
with the the parameter a and decreases with the paramet-

0.00 0.05 0.10 0.15 0.20 0.0 0.2
a

Fig. 2.
quintessence parameter y (left panel), where w, =-2/3 and M =1.

0.6 0.8 1.0 0.00 0.02 0.04 0.06 0.08 0.10

Q b4
(color online) Radius of the photon sphere versus the string cloud parameter a (right panel), BH charge QO (middle panel), and
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0.00 0.05 0.10 0.15 0.20
a

Fig. 3.
string cloud parameter a (top panel) and BH charge Q (bot-
tom panel), where M = 1.

(color online) Radius of the photon sphere versus the

er Q. From the same figure, it can also be seen that the ra-
dius of the photon orbit increases with the parameter y.

C. Photon orbits in the charged-Kiselev BH with string
clouds for w, = -1/3

Here, we study the circular orbits of photon in the sur-
rounding of the charged-Kiselev BH with string cloud
background for the equation of state parameter w, = -1,
which corresponds to a network of cosmic strings. Here,
the radius ryp of the photon orbit is calculated as

—/8a0? +8yQ2 +9M? -802 - 3M
2(a+y-1) ’

rph = (28)

In Fig. 4, we notice that the radius of the photon orbit

0=05; w,=-1/3

2.8, L L L /]
0.00 0.05 0.10 0.15 0.20
a
7=0.01; w,=-1/3
34F T T T T =

3.3

3.2

3.0

29

2.8

Fig. 4. (color online) Radius of the photon sphere versus the
string cloud parameter a (top panel) and BH charge Q (bot-
tom panel), where M = 1.

increases with the parameters y and a for w,=-1/3.
Here, we can observe that with the charge Q of the BH,
the radius of the photon decreases. For a detailed analys-
is on the photon orbits in the spacetime of the charged-
Kiselev BH for the three different values of the paramet-
er wy, one may see Ref. [112].

IV. INFLUENCE OF PLASMA ON PHOTON
ORBITS

In this section we study particle motion around the
charged-Kiselev BH with string cloud background in the
presence of plasma. The Hamiltonian in the presence of a
plasma medium is given by [125, 127]
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1 1

_ B 2

H = Eg“ DaPg+ 3% (29)
Here, w; = 4ne*N(r)/m, is the plasma frequency (m, and
e are the electron mass and charge, respectively, and N(r)
is known as the number density of the electrons around a

compact object). The four-velocity components for
photons around a BH in the equatorial plane are [21, 127]

dt _ —p

= &P 30
AT G0
r= 5= pef0), G
y= 90 _Pe

¢:d/l_r2’ (32)

where the relationship x* = dH/dp, is taken into account.
From (31) and (32), we obtain the equation of the phase
trajectory for photons around a compact object as

g: ”zf(r)l?r

33
d¢ D¢ (33)

With the use of the constraint 4 =0 for photons, the
above equation for the trajectory of a photon can be writ-
ten as follows [21, 127]:

dr w?
- P2 () hZ(r)p—g -1, (34)

where we define

2
1 w”(r)). (35)

2 _ 2 -
h(r)‘r(fm 2

Here, wy is the frequency of a photon.

A. Photon orbits in the charged-Kiselev BH with string
clouds in the presence of plasma for w, = -2/3

Here, we investigate the circular orbits of photons in

the spacetime of the unit mass charged-Kiselev BH with

the string cloud background in the presence of plasma for

the equation of state parameter w, =—2/3. In this case,

the radius of the photon orbit 7, can be obtained by solv-
ing the equation given as [21, 127]

d(*(r)

dr  lr=,

=0. (36)

The substitution of (35) into (36) gives the algebraic

equation for the radius ry, of the photon sphere around
the BH in the plasma medium as

rf,h (rph(rph(Za +yrph —2) +6M) - 4Q2)

2
(Q2 = rph(rpn(a+yrpn—1) + ZM))

_2[wg(rph) N rw;)(rph)wp(rph)]

(37)
wj w}

Here, ’ is the derivative with respect to the coordinate r.
The last equation cannot be solved analytically and we
give graphical analysis for the ry, in Fig. 5 for different
values of the involved parameters. Here, we see that, for

0=0.2; =0.01
42f ' ' ' '

.
whwh=0.0 <

0.00 0.05 0.10 0.15 0.20 0.25
a

wj/wol =0.3; a=0.1

4417

0.00 0.02 0.04 0.06 0.08 0.10
Ve

Fig. 5. (color online) Radius of the photon sphere versus the
string cloud parameter a (top panel) and quintessence para-
meter y (bottom panel) for different values of the uniform
plasma parameters and BH charge O, where w,=-2/3 and
M=1.
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increasing values of the uniform plasma parameter, the
radius of the photon orbit also increases.

B. Photon orbits in the charged-Kiselev BH with string
clouds for w, = -1

Here, we calculate the circular orbits of photons in the
vicinity of the charged-Kiselev BH with the string cloud
background in the uniform plasma medium for the equa-
tion of state parameter w, = —1. In this case, we have

o (rpn((@— Drpn+3M) -20?)
(Q2 — I'ph (rph (a + yrgh - 1) + 2M))2

_2[ wlz)(rph) N rphw;,(rph)wp(rph)

2 wZ

(38)

w,

0 0

In Fig. 6, for different values of the uniform plasma, we
plot the radius of the photon orbit for fixed values of the
charge O and parameter y against the parameter a. As in
the case of w, = —-2/3, here, the radius of the photon or-
bit also increases with the uniform plasma parameter.

0=0.2; y=0.01; w,=-1

40F T T T T T

27102
wp/wo_0.0

_____ 27,2 _
wp/wo_o.z

3.8

kA
3.0¢; . . 1 . I
0.00 0.05 0.10 0.15 0.20 0.25
a
Fig. 6. (color online) Radius of the photon sphere versus the

string cloud parameter a for different values of the uniform
plasma parameter and BH charge Q, where M = 1.

C. Photon orbits in the charged-Kiselev BH with string
clouds for w, = -1/3

Here, we study the circular orbits of photons in a
plasma medium in the spacetime of the charged-Kiselev
BH with string clouds for the equation of state parameter
wg =—1/3. Here, we have

_ 2rﬁh(’"ph(’”ph(a +y-1)+3M)- 2Q2)

2
(Q> = ron(rpn(a+y—1)+2M))

_2[wg(rph) ¥ rphwlg(rph)“’p(rph)}

= 2 2 39

0 0

From Fig. 7, it is evident that the radius of the photon or-
bits increases when the uniform plasma parameter in-
creases. We see that, for all te three values of the para-
meterw,, the photon sphere expands with an increase in
the value of the uniform plasma parameter.

0=0.2; y=0.01; w,=-1/3

40F T T T 7]

whjwh=0.0 s

3.8

3.6

Tph

3.4

3.2,

3.0 ¢ ! ! . . 1
0.00 0.05 0.10 0.15 0.20 0.25

a

Fig. 7.
string cloud parameter a for different values of the uniform
plasma parameter and BH charge O, where M = 1.

(color online) Radius of the photon sphere versus the

D. Effects of uniform plasma on the photon orbits
around the charged-Kiselev BH in the string cloud
background for w?(r) = const.

In this subsection, we look at the effects of the uni-
form plasma, when “’127 = const., on the circular orbits of
photons in the vicinity of the charged-Kiselev BH in
string clouds. We use Egs. (35) and (36) to obtain results
in the case of the uniform plasma with a constant value of
the parameter. From Fig. 8, we see that the radii of
photon spheres around the charged-Kiselev BH in clouds
of strings increase with the uniform plasma for

2 _
p= const.

w

E. Effects of nonuniform plasma on the photon orbits

around the charged-Kiselev BH in the string cloud
background for w?(r) = zo/r

Now, we study the effects of nonuniform plasma on
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0=0.5; y=0.01; a=0.1

3.40

3.35

3.30

3.25

3.20

3.15p,

(uf,/a)g
Fig. 8. (color online) Radius of the photon sphere versus the

uniform plasma parameter for different values of w, and
M=1.

the radii of photon spheres in the vicinity of the charged-
Kiselev BH in the background of clouds of strings. Here,
we take a simple power-law of the following form for the
frequency of the plasma [21, 162]:

wpn =3, (40)

where ¢ > 0 and zo are two free parameters [162]. For the
analysis of the main features of the above power-law
model, we take ¢ =1 and zp as a constant [162]. Using
Eqgs. (37) and (40), the radius of the photon sphere rypin
the nonuniform plasma medium is shown for different
values of the charge Q of the charged-Kiselev BH in the
string cloud background, string cloud parameter a, and
quintessence parameter y in Fig. 9.

In Fig. 10, we see the behavior of the radius of the
photon sphere for the three different values of the para-
meter w,, while keeping the parameters y, a, and Q fixed.
Here, we see that the radius of the photon sphere in-
creases with the plasma parameter. From Fig. 10 we also
notice that the radius rynis the largest for the pure quint-
essence case, i.e., for w, =-2/3, and ry, is the smallest
when w, = -1, which corresponds to the case of the cos-
mological constant.

V. CALCULATION OF WEAK DEFLECTION
ANGLE IN PLASMA MEDIUM USING GBT

In this section, we study the effects of a plasma medi-
um on the weak deflection angle by the charged-Kiselev
BH with string cloud background. For this purpose, we
use the refractive index of the plasma medium n(r) for

20/(Mw})=0.3; 0=0.2

4.0F " 7
g
4
y=0.00 o0
S
----- y=0.01 o

3.8 aeeeaaas y=0.02 g

0.00 0.05 0.10 0.15 0.20 0.25
a
20/(Ma})=0.3; 0=0.2

4.5

0.00 0.02 0.04 0.06 0.08 0.10
Ve

Fig. 9. (color online) Radius of the photon sphere versus the

string cloud parameter a (top panel) and quintessence para-

meter y (bottom panel) for fixed values of the nonuniform

plasma parameter and BH charge Q.

different cases of frequencies such as uniform plasma
with w7(r) = const. and nonuniform plasma with w?(r) =
z0/79.

The charged-Kiselev BH with string cloud back-
ground can also be written as [118]

2
dszz—(l—ZM 0 Y )dz2

—_— + —_
P 2 3wt

2MQ* vy
+(1 Tt T Ben

-1
) dr? + 2r2dQ?,  (41)
where the cloud of string parameter >=1-a is
obtained from the coordinate transformations used in
Refs. [163-165].
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»=0.01; a=0.1; 0=0.2

342+

3.401

3.381
S
= 336
3.341
3.321
3.30, . . 1 . ]
0.0 0.2 0.4 0.6 0.8 1.0
20/ (M)
Fig. 10. (color online) Radius of the photon sphere versus

the non-uniform plasma parameter for different values of w,
and M =1.

First, we obtain the corresponding optical metric for
|

the charged-Kiselev BH with the string cloud as follows:

on? dr?
do? = gPdridei = LD (L p2g2) (42
T8 T\ \Fy T “42)
2M Q?
where F:(l——+Q—2— 37 and i,7=0,1,2,3. Note
r r2 el

that the refractive index n(r) is

2
2 wp(r)
=1- , 43
n*(r) o0) (43)
with w() = \/‘}%, wg = const, and plasma frequency
r
wp.

A. Effects of the uniform plasma with wlz,(r) = const. on
the weak deflection angle

Using the uniform plasma with w?(r) = const., we cal-
culate the Gaussian curvature for the above optical met-
ric as follows:

30yMQ*wiw,  96yMQ*wiwglog(r) 30yMwiw, 36yMwiw,log(r) 32yMQ*w)
~ —_ + —

~

2
0

2

rw r6w0

+

2
rwg

12yMw}  6yMw, 9yMw,log(r) oM 15yQ*wiw, 39y Q*wjwylog(r)

2

2 6
r4w0 rSwy

R -

2
0

rPw r w%

15’yw]2,wq 9yw§waog(r) 137/Q2a)127 Syw?, 3yQ2a)q

3.2 3,2 5,2
ero 2ra)0 rwy

2r3 a)(z) 2r3

+9yQ2waog(r) 9ywq+37waog(r) 3yQ* vy 26MQ2¢U%

r 2r3 r3
3Mw)  6MQ* 2M N 50%w; L3
r3w(2) rd r r4a)g 4’

Note that there is no contribution from the cloud of
strings. At very large R, Cg := r(¢) = R = const (for more
details, see [26, 33]).

We also have

do

22 172
de ) ’

:”(R)(%

(45)
Cr

which has the following limit of the geodesic curvature
Kg:

=1. (46)

5

3 5,,2
r rwy

(44)

[
At spatial infinity, R — oo, and by using the straight light
approximation r=b/sing with the impact parameter b,

the Gauss-Bonnet theorem reduces to [26, 33]

T+ dO':|
lim ke— || d
R—eo g [ngD Ce 4
T R
=r— lim f xKds, (47)
R—o0 0 b

where dS = Vdetodrde.
We calculate the weak deflection angle a in the weak
field limit approximation as follows:
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AM 370>

a4+ — — -
T T T 20207 02

I5ryMwyw,  ImyMlog(b)whw, 3ryMlog6hwiw, 3ryMws, 3ryMw,
+ — —

szw;‘; bzw% 2b2

N OmyMlog(2b)w, B 3ryM ~ 57TQ2(1)12, B 3wa,a)q 3y10g(8)a)12,a)q ~ 9710g(b)wf,a)q

4h? 40 4b2w}

N 3yw;  3yw, 6ylog(%)w, LY 6Mw,
bw? b b b bw}

Here, we show that the photon rays move in a medium of
homogeneous plasma. Note that w, — 0, removing the ef-
fect of the plasma on the deflection angle obtained in Eq.
(48). As a result, the string cloud parameter a, the quint-
essence parameter y, and the plasma parameter increase
the deflection angle a. In contrast, the charge parameter
0 decreases the deflection angle o, shown in Figs. 11 and
12.

w
]
2 0.8
=
c
<
s 06
°
Q
%
[=} 0.4
4
3
= 0.2
0
Impact parameter b
14
]
K 0.8
=
c
<
8 0.6
°
K
]
=} 0.4
x
3
= 0.2
0

Impact parameter b

Fig. 11.

2
bwy

2 2
bwo bwo

(48)

[
B. Effects of the nonuniform plasma with wﬁ(r) =zo/r?
on the weak deflection angle

Now, we use the nonuniform plasma with w?,(r) =
20/r? to calculate the Gaussian curvature for the optical
metric given above. Please check the appendix for details
of the Gaussian curvature, for the optical metric A (1) and
for the weak deflection angle A (2).

Here, we investigate the motion of photons in a

a
]
2 0.8
[=2]
c
<
§ 06
°
2
®
[=] 0.4
4
3
= 0.2
0
Impact parameter b

1.0 T

0.9+ q Q
]
2 0.8F q 0.8
[=2]
c
<
.E 0.7+ i 0.6
°
(7]
z 0.4
C o6p \ } -
g *

050 —~ 1] 0.2

0
0.4+ B
. . . .
10 20 30 40 50

Impact parameter b

(color online) The first figure shows the behavior of weak deflection angle a of the charged-Kiselev BH in the cloud of

2
strings in the presence of uniform plasmaWw = Z’TQ for fixed values of y =0.01, BH mass M =1, charge 0 =0.5, w, = -1, and string cloud
0

parameter a =0.1. The second figure shows a with uniform plasmaw =

w

2
w—%’ =03, y=001, M=1, 0=0.5, wy =-1, and variable a. The

2
third figure shows a withW = ‘“—g =03, M=1, 0=05, wy=-1, a=0.1, and variable y. The fourth figure shows « in the presence of uni-
“o

form plasma for fixed values of W =

=03, M=1,W=05, w,=-1, a=0.1, and variable Q.
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Fig. 12.  (color online) The first figure shows the weak deflection angle a with uniform plasma W = = for fixed values of y =0.01,

0

BH mass M =1, charge 0=05, w,=-2/3, and string cloud parameter a =0.1. The second figure shows the angle a with uniform

>
= -

plasma for fixed values of W= —% =
“o

0.3, y=001, M=1, 0=0.5, w, =-2/3, and variable a. The third figure shows a with the uniform

(4)2 . . .
plasma for fixed values of W = w—‘z’ =03, M=1, 0=05, wy=-2/3, a=0.1, and variable y. The fourth figure shows the angle a with uni-
0

2
“p

2
“o

form plasma for fixed values of W= —% =03, M=1,y=05, w,

nonuniform plasma medium. Note that, if zy — 0, the ef-
fect of the plasma on the deflection angle obtained in Eq.
(59), vanishes. For w, =-1, a decrease in the nonuni-
form plasma parameter z, increases the deflection angle
a, shown in Fig. 13. Moreover, the cloud of strings para-
meter a increases the deflection angle o, shown in Fig.
14, while decreasing the value of the parameter y makes
the deflection angle smaller, shown in Fig. 15. As expec-
ted, increasing the value of the charge O of the BH de-
creases the deflection angle, which can be seen in Fig. 16.
When w, = -2/3, the impact of the spacetime parameters
on the deflection angle remains the same as it was in the
case of w, = —1, compared in Figs. 17, 18, 19, and 20.

VI. SHADOW CAST BY THE CHARGED-
KISELEV BLACK HOLE IN THE BACK-
GROUND OF STRING CLOUDS

In this section, we study the shadow of the charged-
Kiselev BH in the background of string clouds. For the

2/3, a=0.1, and variable Q.

angular radius of the BH shadow, we explore [86, 166]

.2 _ h(rph)2
SIn~ gy = 'h(rObS)2 B (49)
with
) 2
h =—, 50
0 = 7 (50)

where h(r) was introduced in Sec. IV (see. Eq. (35)). asn
is the angular radius of the BH shadow, and ry; is the ob-
server distance, which is very large but finite at
robs = D ~ 8.3 kpc for Sgr A* or ros =D =~ 16.8Mpc for
M&7*. It is worth noting that, in an astrophysical realistic
scenario, the quintessential field parameter y is supposed
to be constant in the Universe and extremely small, and
thus the cosmological horizon is supposed to be located at
large distances. The quantity rp, is the radius of the
photon sphere, as mentioned previously.
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Fig. 13. (color online) Behavior of the weak deflection angle
a of the charged-Kiselev BH with M =1, 0=0.5, w, = -1, and
a=0.1.
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Fig. 14. (color online) Behavior of the weak deflection angle
o. of the charged-Kiselev BH in a cloud of strings in the pres-

2
ence of nonuniform plasma for fixed values of Z= % =05,
0

y=001, M=1, 0=0.5, wy=-1, and string cloud parameter
a=0.1.
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Fig. 15. (color online) Behavior of the weak deflection angle
o. of charged-Kiselev BH in a cloud of strings in the presence

2
of nonuniform plasma for fixed values of Z = 5702 =05, M=1,
0

0=05, w;=-1, a=0.1, and variable y.
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Fig. 16. (color online) Behavior of the weak deflection angle

o of the charged-Kiselev BH in a cloud of strings in the pres-
Z

2
ence of nonuniform plasma for fixed values of Z= =% =0.5,

M=1,y=05, w;=-1, a=0.1, and variable Q.
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Fig. 17. (color online) Behavior of the weak deflection angle
a of the charged-Kiselev BH in a cloud of strings in the pres-

2

ence of nonuniform plasma Z = % for fixed values of y =0.01,
0

M=1,0=05, w,=-2/3,and a=0.1.
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Fig. 18. (color online) Behavior of the weak deflection angle
o of the charged-Kiselev BH in cloud of strings in the pres-
ence of nonuniform plasma for fixed values of Z= j% =0.5,
y=001,M=1,0=05, w,=—1and a=0.1.
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Fig. 19.
o. of the charged-Kiselev BH in a cloud of strings in the pres-

(color online) Behavior of the weak deflection angle

2
ence of nonuniform plasma for fixed values of Z= % =05,
0
M=1,0=05, w;=-2/3, a=0.1, and variable y.
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Fig. 20. (color online) Behavior of the weak deflection angle

o of the charged-Kiselev BH in a cloud of strings in the pres-
2

ence of nonuniform plasma for fixed values of Z= =05,
0

M=1,y=0.5, wy=-2/3, a=0.1, and variable Q.

We now combine Egs. (49) and (50), and for a dis-
tant observer, Eq. (49) takes the following form:

2

,
sin g = 2" f(’;obs)' 51)
f(rph) Tobs

One can find the radius of the BH shadow for an ob-
server at a large distance using Eq. (51) as [166]

ph
Rgh = rops 1 <h = - obs )+ 52
sh = Fops SIN Qgh o VS (Fobs) (52)

The variation of the radius of the shadow of the
charged-Kiselev BH in string clouds with the parameters
y, a, and O can be seen in Fig. 21. From this figure, we
can see that the influences of the string cloud parameter a

0=0.5

0.00 0.05 0.10 0.15 0.20
a

Fig. 21.
Kiselev BH in a cloud of strings for different values of the

(color online) Radius of the shadow of the charged-

quintessence parameter y, the BH charge O, and the string
cloud parameter a, where w, =-2/3 and M =1.

and quintessence parameter y increase the size of the BH
shadow, and the BH shadow decreases with an increase
in the BH charge Q. Thus, the presence of the string
clouds and quintessence increases the intensity of the
spherically symmetric gravitational field due to the Reiss-
ner-Nordstrom BH.

In Fig. 22, the radius of the shadow of the charged-
Kiselev BH in the string cloud background is plotted
against the parameter y for the three different values of
the parameter w, and for fixed values of the parameters a
and Q. From the plots, we observe that the radius of the
shadow cast by the BH increases with the parameter y for
all three values of the parameter w,, and it is maximum
for w, = —1 and minimum for w, = -2/3.

Here, we take the assumption that the supermassive
BHs M87* and Sgr A* are spherically symmetric static
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Fig. 22.  (color online) Radius of the BH shadow versus

quintessence parameters for different values of w, and M =1.

and electrically charged, surrounded by the quintessence
and clouds of strings, although the observation made by
the EHT collaboration does not support the assumption
made here. However, here we theoretically explore the
upper limits on the parameters y and a, using the data
provided by the EHT collaboration. To constrain these
two parameters, we use the observational data released by
the EHT collaboration for the shadows of the super-
massive BHs M87* and Sgr A*. The angular diameter of
the shadow, the distance from Earth, and the mass of of
the BH at the center of the galaxy M87 are 6Ougy+ =
42+3puas, D=16.8+0.8 Mpc, and Mg = 6.5+0.7x
10° My, respectively [2]. For Sgr A*, the data recently
provided by the EHT collaboration are fsg, o+ =48.7+7p,
D=8277+9+33 pc, and Msg ax =4.297 +0.013x 10° M,
(VLTI) [167]. Based on these data, we calculate the dia-
meter of the shadow cast by the BH per unit mass from
the following expression [103, 168]:

din= "7 (53)

We can then obtain the diameter of the shadow from the
expression d;‘ﬁe" = 2Rg,. Thus, the diameter of the shadow
image is d*”* = (11 = 1.5)M for M87* and ¥ *" = 9.5+

1.4)M for Sgr A*. Using the data provided by the EHT
collaboration, we obtain the upper limits on the paramet-

ers y and a for the supermassive BHs at the centers of the
galaxies M87 and Sgr A*. We present our results ob-
tained here in Table 1. We notice that the upper limit of
the parameter y decreases when the parameter a grows.
This suggests that the effect of the string cloud is slightly
larger on the spacetime geometry compared to that of the
quintessence.

We now investigate the radius of the shadow of the
charged-Kiselev BH with the background of string clouds
in a plasma medium. The radius of the BH shadow in
plasma can be given as [21, 127]

N 2 1 B w%}(rph)
Ry, ~ \/rph[f(rph) w2 S @obs)- (54)

0

In the vacuum case wp(r) = 0, we recover the radius of the
shadow of the charged-Kiselev BH in the string cloud
background without the plasma medium.

A. Effects of the uniform plasma with a)lz,(r) = const. on
the shadow cast by the charged-Kiselev BH in string

clouds

Now, we study the radius of the shadow for the
charged-Kiselev BH with the string cloud background in
the presence of a uniform plasma wlz, = const.. From the
combination of (54) and (37), we can numerically obtain
the radius of the BH shadow for different values of the
spacetime parameters, as shown in Fig. 23. From
Fig. 23, we see that the radius of the shadow increases
with the parameters y and a, and it decreases with the
charge Q of the BH. We also see that the radius of the
shadow cast by the charged-Kiselev BH in the string
cloud background decreases with an increase in the value
of the uniform plasma parameter.

B. Effects of the nonuniform plasma with u),z,(r) =z0/r?
on the shadow cast by the charged-Kiselev in a

string cloud

Here, we analyze the size of the shadow of the

Table 1. Upper values of y and a for the supermassive BHs in the galaxies M87 and Sgr A. Note that we set M = 1.
Estimated values of parameters for M87* BH
Parameters
0=0 0=05 0=10
a 0.01000 0.05000 0.10000 0.01000 0.05000 0.10000 0.01000 0.05000 0.10000
Y 0.03295 0.02400 0.01340 0.04110 0.03140 0.02000 0.07680 0.06320 0.04476
Estimated values of parameters for Sgr A* BH
Parameters
0=0 0=05 0=10
a 0.01000 0.03000 0.04700 0.01000 0.05000 0.08500 0.01000 0.05000 0.10000
y 0.00800 0.00358 0.00000 0.01700 0.00800  0.00000 0.05800 0.04430 0.02850

025102-17



Farruh Atamurotov, Ibrar Hussain, Ghulam Mustafa et al.

Chin. Phys. C 47, 025102 (2023)

0=0.5; a=0.1
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Fig. 23. (color online) Radius of the shadow of the charged-
Kiselev BH in a string cloud in the presence of nonuniform
plasma for w, =-2/3 and M =1.

charged-Kiselev BH with string clouds in the presence of
a nonuniform plasma. In this case, the frequency of the
plasma is required to obey the following power-law form
[162]:

W2 ="2, (55)
r

We can now obtain the radius of the shadow cast by the
charged-Kiselev BH in the background of the cloud of
strings, for the involved spacetime parameters in the pres-
ence of the nonuniform plasma. The dependence of the
BH shadow on the different spacetime parameters is
shown in Fig. 24. Here, we see that, for the nonuniform
plasma, the behavior of the radius of the shadow of the
charged-Kiselev BH in string clouds is the same as it was
in the case of the uniform plasma, as discussed above.

VII. HIGH-ENERGY ABSORPTION CROSS
SECTION VIA SINC APPROXIMATION

The absorption cross section oscillates around the
constant geometric-optics value for a BH, which is re-
lated to the photon sphere. It increases monotonically
with increasing frequency for an ordinary material sphere
[169]. The cross section of the photon sphere is related to
the impact parameter at critical value, and it limits the
value of the absorption cross section, the BH characterist-
ic properties at low energies, where the cross section

0=0.5; a=0.1

0.000 0.005 0.010 0.015 0.020

Ve
7=0.01; zo/(wiM)=0.3

0.00 0.05 0.10 0.15 0.20

Fig. 24. (color online) Radius of the shadow of the charged-
Kiselev BH in a string cloud in the presence of nonuniform
plasma for w, =-2/3 and M =1.

equals to the BH area [170, 171], and also at high ener-
gies [155], using the geometrical cross section of the
photon sphere. Using the Regge pole techniques,
Decanini et al. [155] showed that the oscillatory pattern
of the high energy absorption cross section is related to a
Sinc(x) function included photon sphere.

The absorption cross section for high frequency
waves is approximately the so-called classical capture
cross section of null geodesics, given by o, =nb2,
where b, is the critical impact parameter. In the eikonal
limit, the oscillatory part of the absorption cross section
can be written as [155]

Ab?

. . 2w
Tose = —4m—Se ™ gin =———

w c

: (56)

. sinx .
where we use sinc(x) = ——, and 4 is known as the Lya-
X
punov exponent

A= \/ 15D o fry =2 1), (57)

2;"?

7
sphere. The Sinc approximation then states that the total
absorption cross section at the eikonal limit is
Tabs = Oosc + 0 geo [154, 169, 172]. In Fig. 25, we plot the
total absorption cross section for various values of Q.

and Q.= , where r. is the radius of the photon
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Fig. 25. (color online) Total absorption cross section of the
charged-Kiselev BH in the string cloud background for differ-

ent values of the BH charge O, at M =2, y=0.01, w, = -2/3,
and a=0.01.

VIII. CONCLUSION

In this study, we investigated shadow and gravitation-
al weak lensing by the charged-Kiselev BH in the back-
ground of clouds of strings, in the presence of plasma.
First, we studied photon spheres in the spacetime of the
charged-Kiselev BH in the string cloud background
without any plasma and noticed the impact of the quint-
essence parameter y, the string cloud parameter @, and the
BH charge Q on the radii of such spheres. It can be seen
from Fig. 2 that the radius of a photon sphere in the vicin-
ity of the charged-Kiselev BH with string clouds in-
creases with the parameters y and a and decreases with
the charge Q of the BH. Next, we analyzed the effects of
both uniform and nonuniform plasmas on the radii of the
photon spheres of the charged-Kiselev BH in string
clouds, as shown in Figs. 5 and 9. We observed that the
radii of the photon spheres in the presence of plasma are
larger than the radii of the photon spheres without
plasma.

We also calculated the weak deflection angle using
the GBT to probe the effects of the cloud of strings para-
meter a, the quintessence parameter y, and the charge Q
of the BH and of the plasma medium on the weak deflec-
tion angle a. Therefore, we considered the photon rays
moving in a medium of homogeneous plasma. Note that
w, — 0, removing the effect of the plasma on the deflec-
tion angle obtained in Eq. (48). As a result, the string
cloud parameter a, the quintessence parameter y, and the
uniform plasma parameter increase the deflection angle a,
while increasing the charge Q of the BH decreases the de-
flection angle a, shown in Figs. 11 and 12. Moreover, for
the case of w, =-1, decreasing the nonuniform plasma
parameter zp increases the deflection angle, as seen in
Fig. 13. In addition, the string cloud parameter a in-
creases the deflection angle a, as seen in Fig. 14, while
decreasing the value of the parameter y decreases the de-

flection angle, as seen in Fig. 15. As expected, increasing
the value of the charge Q of the BH decreases the deflec-
tion angle, as seen in Fig. 16. Similarly, when w, = -2/3,
the behaviors of the deflection angle remain the same as
in the previous case of w, =—1 for the spacetime para-
meters and the plasma parameter, shown in Figs. 17, 18,
19, and 20. The effect of plasma on the deflection angle is
that the uniform plasma increases it while the nonuni-
form plasma decreases it. In this study, we have seen that
weak gravitational lensing cannot provide sufficient
bounds on the spacetime parameters. The study of time-
like geodesics in the spacetime of the charged-Kiselev
BH with clouds of strings may be useful in placing con-
straints on the different spacetime parameters. Some stud-
ies have already been conducted in this direction [74,
173-175].

Subsequently, we studied the effects of uniform and
nonuniform plasmas on the shadow cast by the charged-
Kiselev BH with clouds of strings and noticed the de-
pendence of the parameters y, a, and Q on the shadow of
the BH in the presence of plasma. We saw that, with in-
creasing values of y and a, the radius of the shadow of the
charged-Kiselev BH in a cloud of strings increases, and it
decreases with the charge Q of the BH, as shown in Figs.
21, 23, and 24. Further, we noticed that the presence of
plasma reduces the radius of the shadow of the charged-
Kiselev BH in the string cloud background. Interestingly,
we obtained upper values for the parameters y and a us-
ing the data provided by the EHT collaboration and
presented these values in Table 1. We also calculated the
high energy absorption cross section using the Sinc ap-
proximation, shown in Fig. 25 for different values of the
charge O and for fixed values of the other spacetime
parameters. We observed that the absorption cross sec-
tion decreases with the frequency w and also with the
charge Q of the BH.

We saw that the existence of quintessence and clouds
of strings enhances the size of the shadow cast by the
charged-Kiselev BH with the string cloud background;
therefore, the combined effect of the cloud of strings and
quintessence increases the intensity of the gravitational
field of the BH.
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APPENDIX Gaussian curvature for the optical metric is calculated as

For the nonuniform plasma with w[%(r) =z0/r1, the follows:

~9)/log(r)a)qQ2 . 39ylog(rziw,0* . 75yqlog(r)z3w, O .\ 192y Mglog*(rz3w, 0* . 30yMziw,Q?
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The weak deflection angle in the nonuniform plasma is then found:
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