Chinese Physics C  Vol. 47, No. 4 (2023) 044106

Estimation of transport coefficients of dense hadronic and quark matter”

Debashree Sen'’

Naosad Alam"*

Sabyasachi Ghosh’™®

IPhysics Group, Variable Energy Cyclotron Centre, 1/AF Bidhan Nagar, Kolkata 700064, India
2Depalrtment of Nuclear and Atomic Physics, Tata Institute of Fundamental Research, Homi Bhabha Road, Mumbai 400005, India
*Indian Institute of Technology Bhilai, GEC Campus, Sejbahar, Raipur 492015, Chhattisgarh, India

Abstract: In this study, we calculated transport coefficients including the shear viscosity and electrical conductiv-

ity relative to the density of dense hadronic and quark matter. By considering the simple massless limit for the quark
matter and two different effective models for the hadronic matter, we estimated the transport coefficients of the two

phases separately. Accordingly, density profiles of the transport coefficients were depicted in two parts: the phase-

space part and the relaxation time part. From calculating the shear viscosity to density ratio, we also explored the

nearly perfect fluid domain of the quark and hadronic matter.
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I. INTRODUCTION

Experimental results on the composition and interac-
tion of matter at high density remain inconclusive. There-
fore, understanding of the properties of dense matter is
largely dependent on various theoretical models. Theoret-
ically, hadronic matter may undergo phase transition to
quark matter at high density or at high temperature. This
hadron-quark transition density largely depends on the
various theoretical models and the interactions con-
sidered. In the very low temperature and high baryon
density domain of a quantum chromodynamics (QCD)
phase diagram, the first-principle predictions via lattice
QCD (LQCD) calculations are missing due to the infam-
ous sign problem [1]. However, the high temperature and
low/vanishing baryon density domain of the QCD phase
diagram has been well studied for more than three dec-
ades [2, 3]. Reference [4] for the latest status: They con-
cluded a cross-over type phase transition, which was al-
ternatively realized from estimations of thermodynamic
quantities at low and high temperature ranges consider-
ing the hadron resonance gas (HRG) model [5] and finite
temperature perturbative QCD (pQCD) calculations [6,
71, respectively. Similar kind of mapping in the low/van-
ishing temperature and high baryon density domain may
be possible [8] by fusing ultra-high density (approxim-
ately 10 times larger than the hadronic saturation density)
pQCD calculations [9—11] and low density hadronic

model calculations. In this context, the present work at-
tempts to compare the estimations of transport coeffi-
cients, obtained from the standard massless outcome for
the quark phase [12] and the hadronic phase using two re-
lativistic mean field (RMF) models, i.c., the effective
chiral model [13—21] and the RMF model [22—-25]. At
high density, the formation of heavier and strange bary-
ons like the hyperons is theoretically possible. However,
for simplicity as well as due to the uncertainty in the hyp-
eron couplings, we considered only the nucleons in the
hadronic phase. Both the hadronic models adopted in this
work have been explored thoroughly to construct the
equation of state (EoS) of dense matter and successfully
determine the structural properties of neutron stars (NSs)
or hybrid stars (HSs) regarding recent constraints from
various astrophysical observations [13—17, 24, 25]. For
the quark phase, we considered the massless two flavor
quark matter with u and d quarks. Similar to the hadronic
phase, we did not consider the strange degree of freedom
(the s quark) in the quark phase. The present work aimed
to compare the estimations of the transport coefficients of
both hadronic and quark matter in the high baryon dens-
ity and low/vanishing temperature domain of the QCD
phase diagram. The motivation for this investigation
comes from the equivalent pattern of LQCD thermody-
namics [3, 4] and normalized transport coefficients [26]
in the high temperature and low/vanishing baryon dens-
ity domain of the QCD phase diagram. From analyzing
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the temperature (7)) profiles of thermodynamical quantit-
ies including pressure P, energy density €, entropy dens-
ity s, and transport coefficients such as the shear viscos-
ity 7 and electrical conductivity ¢ for massless quark mat-
ter, the following proportional relations can be determ-

ined: P= 562 —TS «T* and noctT*, o c tT?, where ©

is relaxation time of massless quark matter. Accordingly,
their normalized values P/T*, €/T*, s/T3, n/(zT*), and
o /(rT?) will appear as horizontal lines against the 7-axis
and they can be marked as their upper or massless or the
Stefan-Boltzmann (SB) limits. At very high 7, these lim-
iting values can be realized. Then, from high to low T, the
values of thermodynamical quantities and transport coef-
ficients will decrease and their maximum decrement will
occur around the quark-hadron transition temperature
[26]. Thus, we were interested to determine similar kind
of graphs along the baryon density axis.

Literature presents a long list of works [27-46] that
have concentrated on the microscopic calculation of
transport coefficients of the dense hadronic matter sys-
tem. Refs. [27-30] demonstrate the long history of re-
search regarding microscopic calculations of transport
coefficients of dense hadronic matter, which continues
today as reflected in [39—46]. For calculation of the trans-
port coefficients of neutron star matter at high density,
the electromagnetic interaction is included, whose times-
cale is far away from the QCD timescale. Many of the
corresponding works [27—-46] focused on beta stable
neutron star matter and thus considered the contribution
of electrons and muons apart from nucleons [36, 47].
However, in the present work, we focused only on had-
ronic matter contribution and calculated the transport
properties of dense hadronic matter. Moreover, the trans-
port coefficients were estimated within the QCD times-
cale (fm), as only the strong interaction related to dense
hadronic and massless quark matter were considered sep-
arately. The QCD timescale was considered for compar-
ing the hadronic and quark phase patterns in terms of mo-
mentum and charge transportation due to QCD interac-
tions. Regarding only the hadronic matter contribution in
works [39—46], then the main factors for calculating the
transport coefficients of hadronic matter are the effective
masses of the nucleons and the quasiparticle relaxation
time. Both quantities can have medium modification,
which can vary in different models of many-body ap-
proach [39]. Owing to this model-dependent estimation
scope, we attempted to estimate transport coefficients in-
cluding the shear viscosity and electrical conductivity of
dense hadronic matter using two different hadronic mod-
els. Although an alternative model estimation is provided
only, we followed a unique presentation of the transport
coefficients along the density axis, which is generally ad-
opted in the scenario of heavy-ion collisions [26], where
the normalized transport coefficients were studied with

respect to temperature to understand the nearly perfect
fluid nature of hadronic matter.

This article is organized as follows. Next in section I,
we summarize the two different models for the hadronic
phase and the MIT Bag model for the massless quark
phase. Then, in section III, the relaxation time approxim-
ation for calculating the transport coefficients is briefly
addressed. After obtaining the final expressions for the
transport coefficients and the effective kinematic inform-
ation for the hadronic and the quark phases in the forma-
tion part, we present their variations relative to density in
section IV along with a detailed discussion. Finally, in
section V, we summarize our findings.

II. FORMALISM OF DENSITY-DEPENDENT
HADRONIC AND QUARK PHASES

In this section, we briefly address the two hadronic
calculation models and the standard massless or zero-
mass quark matter (z-MQM) calculations. We adopted
two different hadronic models, as detailed in the next two
subsections. Subsequently, we discuss the z-MQM calcu-
lation for the quark phase.

A. Hadronic phase: hadronic model - 1

Considering only the nucleons as the baryonic de-
grees of freedom, the Lagrangian density for the effect-
ive chiral model [19-21] is given by:

I/ |
L =¢r[(mﬁ” = 80 Y = 38 Pn -_T’V“)

w+%(6ﬂ7r)-6”77>+8,,0'6“0')

-8 (a'+ iy5_‘r) 7T))

AC

A 2 AB
- W -x) - - T - x)!
1 L1 1— — 1 -
_ZFHVFﬂ +§gw2)(2a)ﬂa)“—ZRﬂ,,-R“ +§m[2)p_;p“,
(1)

where y is the nucleon isospin doublet. The nucleons in-
teract with each other via the scalar o meson, the vector w
meson (783 MeV), and the isovector p meson (770 MeV)
with corresponding coupling strengths g, g.,, and g,,, re-
spectively. As mean field treatment was considered, the
pions do not contribute. The model is based on chiral
symmetry with the o and the pseudo-scalar # mesons as
chiral partners and y? = (7> + 0%). The o field attains a va-
cuum expectation value (VEV) o = xyp with the spontan-
eous breaking of the chiral symmetry at ground state [48].
The masses of the nucleons (m) and the scalar and vector
mesons can be expressed in terms of yq as:

M= goxo, Mo = V2AX0, Muy = 8uX0 » ()
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where A= (my?—m;?)/(2f;2) is derived from chiral dy-
namics; f;is the pion decay constant, relative to the VEV
of o field as <o >=0¢ = f; [19, 21]. Because in mean
field approximation, <z >=0 andthe pion mass be-
comes m, =0, the explicit contributions of the pions do
not play any role in the interactions and in the expression
of 1. Term 1g,’y*w,w* in Eq. (1) implies an explicit de-
pendence of the nucleon effective mass on both the scal-
ar and the vector fields, and this is one of the salient fea-
tures of the present model. The isospin triplet p mesons
are incorporated to account for the asymmetric hadronic

atter. An explicit mass term for the isovector p meson

3 m2 b ﬁ was chosen following [19-21, 49]. The coup-

ling strength of the p mesons with the nucleons was ob-
tained with fixed symmetry energy coefficient J =32
MeV at hadronic saturation density pg. In terms of the ba-
ryon density p and the Fermi momentum kg = (672p/y)'/3
(y =2 is degeneracy factor of nucleon), the isovector
coupling strength is related to J as:

Gk K2 )

J= +
2 b
1276 Jue +m)

2

where C, = gg/mp and m* is the nucleon effective mass.

The scalar density is obtained as:

Ky m*
f dk, k2 —
0 Vi +m?
K, m
+ f dky ky —1| 4)
0 1/k§+m*2

while the baryon density for asymmetric hadronic matter
is given by:

— 1
ps =<y >=—
T

1 Fn klvp
p=<uly>=p,+p,= F[fo dk, k,§+f0 dk, ki}. %)

Symmetric nuclear matter (SNM) is defined as had-
ronic matter with equal number of neutrons and protons
(N = Z), while at high density, matter becomes asymmet-
ric (N > Z). The effective nucleon chemical potential is
expressed as:

ug = Jk&+m*? +g,wo + gpl3pp03 , (6)

where, Iz (with B=n,p) is the third component of
isospin of the individual nucleons, and wy and pg; are the
mean field values of the vector and isovector mesons, re-
spectively. In Eq. (6) the chemical potential of the indi-
vidual nucleons in the absence of the meson field terms is

given by the first term p = |/kz+m*2, which is modified

into the effective chemical up due to the interaction
between the nucleons via exchange of the mesons, as
seen from the last two terms in Eq. (6). Thus, effective
chemical potential up (where B =n,p) of the individual
nucleons differs by the third component of isospin of the
individual nucleons I35, as described in Eq. (6).

The scalar EoM of the scalar field is:

B c
1-Y) - —(1-YH)?+ —(1-7??
( ) Cw( ) Cf,( )
2C, Cup® _2Cqps

m? Y4 mY

=0. (7)

Here, C; = g;*/m;? are the scaled couplings (i = o & w and
m; is the mass of the mesons); Y = m*/m; and B and C are
the coefficients of higher order scalar field terms. The
EoM of the vector field is given by:

wp = —2=, @®)
8wX

while that of the isovector field is:

8
P03 = Z =2 1,05 )
B M

The five model parameters, i.e., Cs,C,,,C, , and coef-
ficients B & C, of higher order scalar field terms were de-
termined by reproducing the properties of SNM at satura-
tion density pg. The corresponding procedure is detailed
in [21]. For the present work, the parameter set was
chosen from [21] and is presented in Table 1 along with
the SNM properties yielded by this parameter set.

As nucleon effective mass m* for this model depends
on both the scalar and vector fields, it is quite high com-
pared with well-known RMF models. Further, at high
density, unlike RMF models, the value of m* increases
after a certain high value of density [13, 16, 20, 21]. This
is due to the dominance of the vector potential at such
density. Moreover, at high density, the higher order terms
of the scalar field with coefficients B and C as well as the
mass term of the vector field of the present model be-
come highly nonlinear and dominant [13, 16, 20, 21]. Al-
though the hadronic imcompressibility K obtained with
the chosen parameter set is consistent with the results of
[50], it is larger than those estimated in [51, 52]. The oth-
er SNM properties such as the binding energy per nucle-
on B/A, symmetry energy J, and the saturation density pg
match well with the estimates provided in Refs. [53, 54].
The slope parameter Ly is also quite consistent with the
ranges specified by [53, 55, 56]. The same model para-
meter set was also adopted successfully in [13—18, 57] to
investigate different properties of NSs as well as HSs re-
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Table 1. Model parameters chosen for the present work (ad-
opted from [21]).

Co/fm?  C,/fm?>  C,/fm®>  (B/m?)/fm> (C/m*)/fm?
6772 1.995 5.285 -4.274 0.292
m*/m  KMeV (B/A)/MeV ~ JMeV Ly/MeV  po/fm”
0.85 303 -16.3 32 87 0.153

garding various constraints specified on their structural
properties.

B. Hadronic phase: hadronic model - 2

In the conventional RMF theory [22-25, 58—64] nuc-
leons are treated as elementary particles and interactions
between the nucleons are mediated by the exchange of o,
w, and p mesons. The ¢ mesons generate the strong at-
tractive force, while the w mesons cause the strong re-
pulsive force between the nucleons. In addition, several
self and cross interaction terms between the mesons are
considered to yield the saturation properties correctly.
The Lagrangian density for the extended RMF model can
be written as:

L=-£NM+‘£(T+-£w+Lp+-£0'wpa (10)

where Lagrangian Ly describing the interactions of the
nucleons with mass m through the mesons is:

_ 1

-LNM = Z l»[/i[ly'uaﬂ - (m_g(ro-) - (gwyluwﬂ + Egl)yuT'pﬂ)]l?l/i'
B=n,p

1)

Here, the sum is taken over the neutrons and protons, and
7 represents the isospin matrices. The Lagrangians for the
o, w, and p mesons including their self interaction terms
can be written as:

_E(Bﬂa'aﬂo'—mi(rz) s ggm2 o’

6m
Ka
TG
1 v 1 2 2
L, = 4(1),“,(1)" + 2 wﬂaﬂ+ﬁ{0gw(wﬂw‘l) ,
L= p,wp‘”+ mppﬂp“ (12)

where w*” and p*” are field tensors corresponding to the
@ and p mesons, defined as w" =dw -8 W and
P =oHp¥ - 9"p*. Here, m, m,,, and m,, are the masses of
o,w, and p mesons, respectively. The cross interactions
of o,w, and p mesons are described by L., as:

-Ea'wp —;7 8oMm,, O—CU#CU” +— am g?,mz O'Zwﬂw"
Tlp 2
+ z—gam STPu" + gg moopupt
0 o2 2,0 13
+ 4_ ™, w/l p,upu ( )

The field equations derived from the above Lagrangi-
an can be solved self-consistently via a mean-field ap-
proximation, i.e., the meson-field operators are replaced
by their expectation values. The effective mass of the
nucleon is:

m'=m-g,o (14)

and the equilibrium densities are defined as p =p, +p,
and p3 = p, = pn-

The values of the coupling constants are usually de-
termined in such a way that they yield appropriate values
for finite nuclei properties (e.g., binding energy, charge
radii) and various quantities associated with the hadronic
matter at the saturation density. The expression for the ef-
fective chemical potential of the individual nucleons in
this model is also same as that in HM1 Eq. (6), given as:

B = K +m? +g,wo+ 8pl3pp03 (15)

where I3p is the isospin 3-component of nucleon. The
fields involved in the expressions for the effective mass
(Eq. (14)) and chemical potential (Eq. (15)) of nucleons
can be obtained by solving the following field-equations
self-consistently:

=n,p K +m
1|« 2 2, K& 5 o 3
P B
m 2 2 M 2 - 2
_Eg(rmwwo_z_go-m I 0Wy
Tlp 220 Mp 5 o 5
= 5 87 MoP03 ~ ﬁgo'mpo-op()ji] , (16)
2 Ll 5 5 m 2
wy=—"—5p——|= Wy — — oM, 0w
0 mg)P 2 6§ng 07 3y 8 MuT0wo
2 2p
= 3 ST w0 = 358 ﬁpégwo} (17)
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Table 2. BSP parameter sets for the extended RMF model with the nucleon mass m = 939.2 MeV.

8o /4m 8w/4n go/4m K3 K4 m Tp Nip mp I my/m my,/m my/m

0.8764  1.1481  1.0508  1.0681 149857  0.0872  3.1265 00 00 537642 0.0  0.5383  0.8333  0.8200
1 where the spin and color degeneracy factors of quark

_& Np 2 . .
£03 —ﬁpﬁ‘ 2 87T 0P03 matter are considered as 2 and 3, respectively, and kg,
L L and kr; are the Fermi-momentum of the u and d quarks,
/LTI T Mp 2 92 9 i .

2 2mlodpos + zgwm w2pos . (18) respectively. The factor 1/3 conserves the net baryon
2 2m number as the MIT Bag model is based on deconfine-

We use the BSP parametrization [22] for our calcula-
tion, which describe the properties of finite nuclei very
well. This parameterization includes the quartic order
cross-coupling between w and ¢ mesons to model the
high density behavior of the EoS. The parametrization
along with the obtained values of the properties of the
hadronic matter at the saturation density using this para-
meter are tabulated in Table 2 and Table 3, respectively.

In the present work we consider asymmetric matter
motivated by the asymmetry of dense neutron star matter.
In typical dense neutron star matter the proton content is
~10%—-15% of the total matter. Therefore in the present

Table 3. Properties of the hadronic matter at the saturation
density.
m*[m (B/A)/ po/ K/ J/ Lo/
MeV /fm”? MeV MeV MeV
0.60 -15.9 0.149 230 28.83 50

work we consider the proton fraction to be 15% in case of
both the hadronic models HM1 and HM2. However, as
discussed in the Introduction section I, we do not con-
sider the leptonic contribution in the hadronic sector of
the present work to calculate the transport coefficients.

C. Quark phase

We consider the MIT bag model [12, 65] with u and d
quarks to describe the pure massless quark phase. The
chemical potential of the quarks is expressed as:

py = fkr}+m3, (19)

where k; is the Fermi momenta of individual flavors f =
u and d, and m/ is the mass of individual quarks. We con-
sider m, = 2.2 MeV and m, = 4.7 MeV, which are low
enough to assume the quark matter as massless in the ab-
sence of the massive s quark. The total baryonic density
is given by:

— PutPd

3 _-(2><3) [k}ﬁk’] (20)

ment of hadrons (nucleons) and the fact that there are
three quarks per nucleon, each having baryon number
1/3.

III. FRAMEWORK OF TRANSPORT COEFFI-
CIENTS FOR HADRINIC AND QUARK
PHASES

Here, we address the standard kinetic theory frame-
work for obtaining the transport coefficients like shear
viscosity # and electrical conductivity o, which are the
basic part of the dissipation component of any many-
body system or medium or fluid. First, the expression for
shear viscosity was dervied. Considering the matter as a
dissipative fluid, the energy-momentum tensor can be ex-
pressed in macroscopic form as:

" =To* + TpH", (21)

where ideal (79*") and dissipation (7Tp*”) parts in terms
of fluid quantities like fluid four velocity u*, energy
density e, pressure P, and metric tensor g" can be ex-
pressed as:

To" = —g" + (e + P)u'u” (22)
and
Ty =n"+. .= P U +.. (23)

respectively. In the expression of the dissipative part of
the energy-momentum tensor, the viscous stress tensor is
m, velocity gradient tensor is U}, = D'u’+D"ut'—
gA/”’ﬁpup, with D¥ = 0" —uHu”d,, A" =gt —u'u’, and
7% is the shear viscosity tensor. Moreover, the dissipat-
ive part can include components of shear, bulk, and
thermal dissipation, but only the shear part is regarded
here. The notation of (+...) indicates the other dissipation
components. The picture of relativistic shear viscosity #
as a proportional constant between viscous stress tensor
m and tangential fluid velocity gradient /" can be
compared with Newton-Stoke law, applicable in the non-
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relativistic domain, where the shear viscosity is defined
as the proportionality constant between shear stress and
velocity gradient.

Considering the hadronic matter to include nucleons,
the microscopic expression of its energy-momentum
tensor can be written in kinetic theory framework as:

3K Kk
™ =7y @T(ﬁv +fw)s (24)

where fy and f are assumed as nonequilibrium distribu-
tion functions for nucleons N and anti-nucleons N. Now
splitting fy 5 as the sum of equilibrium distribution fzg, ¥
and a small deviation 6fyy ie, fyy=/y+6fvy, the
microscopic expressions of To®” and Tp” parts can be
separately identified in terms of the quantities like
particle's four momenta k# or degeneracy factor y, among
others, as:

Bk Kk
To" = —(fy+ 1y 2
=Y | Gp B (FN+1R) (25)
and
v REa
T =a"+.=y 27 T(&fN +of)+...  (26)

Then, using the standard relaxation time approxima-
tion (RTA) methods of Boltzmann transport equation
[26]:

kK8
Sfn =Bl =Sy U QD)

where 7, 5 represents relaxation time and £ indicates the
energy of a nucleon and anti-nucleon. Accordingly, com-
bining Eq. (27) into (26) and comparing with Eq. (23),
the shear viscosity tensor was obtained as:

B kKB

vep _
Y | Gy B

el =D+ £ = fONT.
(28)

Using tensor identity [26, 66, 67], the isotropic ex-
pression could be determined as:

'S
'7=%IWETN,NU;S(I‘fz?/)+f1(’v)(1_ﬁ%/)]/T‘ (29)

If we analyze Eq. (29), then we can find two compon-
ents: relaxation time 7 5, whose order of magnitude will
fix the strength of viscosity for the system, and the re-

maining part of the expression of #, which can be called
the phase-space part of 77 and decides the temperature and
density dependence of #. The expression for any trans-
port coefficient will have these two component structures.

Now, regarding 7' =0 in the calculation instead of fi-
nite 7, the equilibrium Fermi-Dirac distribution takes the
form of a step function as:

fy=1, if E<g,

fy=0, if E>p,

fy=1, if E<-py,

fo=0, if E>—p. (30)

The above conditions imply that the anti-nucleons do not
contribute anymore to the positive energy for the 7=0
case. Thus, the following replacement was used:

aflg _ 0 0 9 -
—E = WA= SDIT = 0~ E) = ~6(E-p). (1)

Incorporating these replacements into Eq. (29), we get:

% d3]z k4 6(E ) y (‘u2 _ m*2)5/2
= — —T — — T
T=15) Cap 2V T T 302 ™V,

(32)

Here, u is the weighted average of the effective chemical
potentials of neutron and proton, obtained from Egs. (6)
and (15) for HM1 and HM2, respectively.

Another transport coefficient is the electrical conduct-
ivity, which presents a proportionality constant between
electric current density and the field. This macroscopic
definition comes from Ohm's law, which can be ex-
pressed in three dimensional notation as:

J =0E;, 33
J

where the electrical conductivity tensor o/ connects the
electric field E; and the electric current density J'. Real-
izing current due to electric field as a dissipation phe-
nomenon, we can microscopically express this as:

Bk ki
Wftsf/v , (34)

J'=qy
where ¢ is the electric charge of nucleon, i.e., ¢ =0,e for
neutron and proton. Here, the RTA methods of
Boltzmann transport equation were again considered to
realize the following form of §fy [26]:
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K/
8fn = ZTNBIN( = FVE; - (35)

Combining Eqgs. (35) and Eq. (34), and comparing with
Eq. (33), the conductivity tensor was obtained as:

a3k kiki
STABIN = 1Y) (36)

ij_ 2 KK
TEAY | o E

whose isotropic expression at 7 = 0 will be:

2 37 12
_qy d’k k
O'—Tf ETNé(E_ﬂ)

(2m)3
2 2 %2\3/2
qy  (u-m")
:@TNT. (37)

The final expressions of shear viscosity and electrical
conductivity for hadronic matter are given by Egs. (32)
and (37), respectively. The neutrons will not contribute to
the electrical conductivity given in Eq. (37). Hence, only
protons contribute to the electrical conductivity, and thus,
in Eq. (37), u = u,, is the effective proton chemical poten-
tial, calculated from Egs. (6) and (15) for HM1 and HM?2,
respectively. Moreover, in Eq. (37) only protons will con-
tribute to the relaxation time, i.e., Ty = 7,.

When we apply these two expressions for quark
phase, then nucleon effective mass m* will be replaced by
quark mass and the degeneracy factor y will be replaced
by the corresponding quark degeneracy factor g (for ex-
ample). Considering two flavor quark matter with u and d
quarks, g=3x2x2=12 for Eq. (32) and gg*=3x

4e? &2 102
2(7 + 3) =5 for Eq. (37). The values of # and ¢ for
quark matter will be very close to their massless limits:

_ 8 4
77 - 3071'2 TQ#
2

849
o =@7Qﬂ2, (38)

whose normalized values become constant. These mass-
less limits may act as reference line at 7 =0 and finite u
case.

The relaxation time can also be calculated microscop-
ically. For the degenerate scenario, the medium constitu-
ents will occupy all the energy levels from m* to u, and
ideally have zero probability to move outside u.
However, in reality, due to very low T instead of exactly
T =0, we established a small deviation from step func-
tion-type distribution function. Therefore, medium con-
stituents, having energy near Fermi energy u and velo-
city near Fermi velocity vg = y/u? —m*?/u, will particip-
ate in the momentum transfer scattering process. Accord-
ingly, the relaxation time can be defined as:

7. =1/[osVvEp]
=p/[os \Ju> —m*? p] (39)

where p is the density of the medium and o, = 474 is the
cross-section with scattering length a. Depending upon
the system, the inputs for the medium constituents are
used to calculate their relaxation time. We first normal-
ized the quantities # and o as n/(r.u*) and o /(t.u?) to ob-
tain dimensionless forms. For electrical conductivity, we
considered 7. = 7., and u = u,, for the scaling.

IV. RESULT AND DISCUSSIONS

We obtained the transport coefficients of the hadron-
ic and quark phases based on the formalism previously
discussed, and investigated the variation of these coeffi-
cients with respect to density. The phenomenon of phase
transition at vanishing temperature and the transition
density remain inconclusive in literature. Therefore,
rather than achieving phase transition, in the present
work, we compared the order of magnitudes of the trans-
port coefficients for the hadronic and quark phases.

We calculated the shear viscosity of hadronic and
quark matter using Eq. (32). The electrical conductivity
for hadronic matter was calculated using Eq. (37), while
that of quark matter is calculated using Eq. (38). We then
normalized these quantities as n/(r.u*) and o/(r.u%) to
obtain dimensionless forms, where 7. is the relaxation
time of quark or hadronic matter in general, i.e., 7. = Tn
for hadronic matter and 7. = 1o for quark matter. These
quantities 7/(t.u*) and o/(r.u?) are plotted against the
normalized density in the left and right panels of Fig. 2,
respectively. Note an approximate difference of 10-20
times between hadronic model-1 (HM1) and hadronic
model-2 (HM2) considering the estimations of 7/(r.u*)
and o /(t.u?). This is because of the difference in chemic-
al potential (1) as well as the nucleon effective mass (m*)
between the two hadronic models. Both chemical poten-
tial and the effective mass are quite different for HM1
and HM2, as seen from Fig. 1. Rechecking Egs. (32) and
(37), the numerical and physical impact of Fig. 1 on Fig.
2 can be understood. The difference in the order of mag-
nitudes between the two hadronic models reflects a nu-
merical band of transport coefficients for hadronic matter
along the density axis. For both n/(r.u*) and o/(t.u?),
there is a sharp increase in the estimated values of the
hadronic models and the quark model (z-MQM). For
shear viscosity, this is from 0.001 (HM1) or 0.02 (HM2)
to 0.05 (z-MQM), while for electrical conductivity this
rise is from 0.0003 (HM1) or 0.003 (HM2) to 0.005 (z-
MQM). Notice the saturation trend of the normalized
transport coefficients, depicting its thermodynamical
phase-space part (or more specifically, the thermodynam-
ical probability of shear and electrical charge transporta-
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Fig. 2.
ronic matter and zero-mass quark matter (z-MQM).

tion). The saturation profile of HM1 (red solid line) and
HM2 (green dash line) exhibit mildly increasing trends
with x4 due to their dependence n o T.u*(1—m*?/u?)>/?
and o o« 1 u>(1 —m*?/u?)>/?. They saturate at different
values due to the difference in m* between the two had-
ronic models.

Meanwhile, the quark matter estimation follows the
massless transport relation along the entire density axis
noctu* and o o T.u? as we considered exact massless
limit for the quark phase. In the actual case, one should
sketch the estimations of HM1 or HM2 at low density do-
main and the z-MQM estimation at high density domain,
and at some intermediate density quark-hadron phase
transition will take place, connecting the estimations of
the low and high density domains. However, due to lack
of proper knowledge regarding phase transition density
(which is highly model dependent), we restricted our fo-
cus only on the order of magnitude of the transport coef-
ficients for two phases.

These estimations of the transport coefficients, i.e.,
the shear viscosity and the electrical conductivity at T =0
and u # 0, can be compared with the estimations of the

0.01

0.001 |

o/T.u?

0.0001 |

le-05

(color online) Normalized shear viscosity (left) and electrical conductivity (right) with respect to scaled baryon density of had-

transport coefficients at 7#0 and pu=0 given in Ref.
[26] and the references therein. The quark-hadron trans-
ition at 7 #0 and u =0 is understood by estimating the
thermodynamics of massless quark gluon plasma (QGP)
and hot pion gas for high and low temperature zones, re-
spectively. However, deeper LQCD calculations [2— 4]
were performed and the crossover-type nature of the
quark-hadron transition at 7 # 0 and p =0 was revealed.
The values of normalized thermodynamical quantities in-
cluding P/T* and €/T* , among others, for massless QGP
will act as reference line or upper limits of QCD matter
for the u =0 case. The values of thermodynamical quant-
ities, obtained from LQCD, remain quite lower than the
massless QGP limit in low (or hadronic matter) temperat-
ure domain, which can be realized as non-perturbative as-
pects of QCD. Near transition temperature, their values
increase to toward the massless limits, but in a smooth
crossover way instead of increasing similar to a first-or-
der phase transition. Beyond the transition temperature,
LQCD thermodynamical values remained little sup-
pressed with respect to their massless limits. This small
suppression was also realized from the direction of finite
temperature perturbative QCD (pQCD) theory, whose
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latest status can be found in [6]. Similar investigation of
thermodynamical variations with respect to density or
chemical potential at 7 =0 have been attempted over a
very long time to understand the properties of dense mat-
ter [68]. Due to problems in LQCD calculations at finite
I, present knowledge regarding the quark-hadron phase
transition along the p-axis is not quite converging like the
understanding of phase transition along the 7-axis. In this
context, in the present work, we considered the effective
hadronic models and the Bag model to establish the or-
der of magnitudes for different transport coefficients of
the hadronic and quark phases along the p- or u-axis. The
normalized transport coefficients n/(t.u*) and o/(t.u%)
against the p- or w-axis will exhibit thermodynamical
phase-space of transportation, which follow similar sup-
pression in hadronic x-domain (at 7 =0), as noticed for
hadronic 7-domain (at g = 0) in [26]. In [26], the normal-
ized coefficients were chosen as n/(r.T7*) and o/(.T?),
while in the present work, they were 75/(r.u*) and
o/(te?). In both cases, around 10'~2 suppression was
observed in hadronic T or 4 domain with respect to their
massless limits. The suppressed values in both the cases
can be realized as the non-pQCD effect in the phase-
space of transportation. This equivalence between nor-
malized phase-space of transport coefficients along the 7-
axis and p-axis may be considered as an unique finding of
the present investigation.

Thus far, transport coefficients have been normalized
considering relaxation time. Thus, we realized the phase
space part of transport coefficients. However, the actual
estimation of relaxation time will be important for de-
termining the absolute values of the transport coeffi-
cients. The relaxation times for the hadronic and mass-
less quark matter were calculated using Eq. (39). The ef-
fective nucleon mass and two possible orders of cross-
section were considered as o =4na® ~ 5340 fm?® and
12.56 fm? for hadronic matter case with scattering lengths
a~20 fm and 1 fm. The former value of o, ~ 5340 fm?
or a ~ 20 fm is the isospin averaged cross section/scatter-
ing length of NN interactions, taken from [69, 70]. This
value was used for the calculation of relaxation time of
nucleons at finite temperature in [71]. Here, we con-
sidered a finite density system, as well as another small
value of scattering length a = 1 fm.

In Fig. 3, the variation of 7, for HM1 and HM2 and z-
MQM are plotted. For hadronic matter, two scattering
lengths were considered: one was determined guided by
the vacuum scattering interaction strength while the oth-
er was estimated assuming that scattering length may de-
crease with density. As a rough order of magnitude,
7.~ 10-0.1 fm and 7.~ 0.01 -0.0002 fm were obtained
for scattering lengths a~ 1 fm and a =20 fm, respect-
ively. In this context, the ranking of 7. is HM1 > HM2 >
z-MQM. This is because of the inverse relation of relaxa-
tion time with a thermodynamic quantity e.g., density p,

as seen from Eq. (39).

When the relaxation time was determined for each
phase, we calculated the shear viscosity and the electrical
conductivity using the density dependent relaxation time
values. The normalized estimations of n/p and o/u are
presented in the left and right panels of Fig. 4, respect-
ively. Though n/u® is also a possible dimensionless
quantity, n/p was chosen for fluid property [72] measure-
ment of quark and hadronic matter in the dense sector.
This ratio n/p =nu/(e+P) at T =0, pu# 0 can have equi-
valent role like viscosity to entropy density ratio /s for
early universe or RHIC/LHC environment with 7 #0,
1 =0. From the Euler's thermodynamical relation, we get
a general relation T's = e+ P —pup, which transforms into
Ts=e+PforT#0,u=0and yp=€e+P for T=0, u+0
respectively. Thus, for measuring the fluid property, we
may choose dimensionless ratio either n7/(e+P) or
nu/(e+ P) for intermediate 7, u. Then, from the interme-
diate 7-y domain to the limit of 7 #0, u=0, nT/(e+P)
will be better quantity [72] and in limiting case, we can
write nT/(e+ P)=n/s. Similarly, from the intermediate
T-u domain to the limit of 7 =0, u # 0, nu/(e + P) will be
the better quantity to study and in limiting case, we can
write nu/(e+ P) =n/p. A good discussion on this fluidity
quantity is provided in [72, 86].

We know that the data of RHIC and LHC experi-
ments [73—77] indicate very small values of /s, ever ob-
served in nature [78]. On the other hand, a string theory-

. 1 .
based calculation [79] tells L > w which may be con-
N

sidered as lower bound conjecture of n/s. This lower
bound is popularly known as the Kovtun-Son-Starinet
(KSS) bound [79]. The existence of a non-zero (but may

not be equal to 1/47) lower bound of 1/s can also be real-
ized from quantum aspects, which can prevent the clas-
sical possibility n/s — 0. Being roughly proportional to
the ratio of mean free path to de-Broglie wavelength of
medium constituent, the ratio n/s of any fluid can never

100

HMI (a =20 fm) ~
HMI (a = | fm)

HM2 (a = 20 fm)
HM2 (a = | fm)

2-MQM (a = | fm)

0.1 F

7. (fm)

0.01

0.001

0.0001

Fig. 3.
baryon density of hadronic matter and zero-mass quark mat-
ter (z-MQM) for different values of cross-section.

(color online) Relaxation time with respect to scaled
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(color online) Shear viscosity to density ratio (left) and electrical conductivity upon chemical potential (right) with respect to

scaled baryon density of hadronic matter and zero-mass quark matter (z-MQM) for different values of cross-section.

vanish because the mean free path of any constituent can
never be lower than its de-Broglie wavelength. It indic-
ates that quantum fluctuations prevent the existence of
perfect fluid in nature and n/s of any fluid should have
some lower bound. Along with the support from quantum
aspect, this lower bound of 7/s is also validated through
supersymmetric Yang—Mills (SYM) theory [82], which

provide '~ _ in the infinite limit of the 't Hooft coup-

ling. From exgerimental direction also, we noticed that
n/s of all fluids, including super-fluid helium and even
trapped Li atom at strong coupling [83], remain well
above the bound for the range of measured temperatures
and pressures. All these directions, ultimately support the
lower bound conjecture of /s, which was used as a gross
reference point in the present work. The term "gross" is
used because we have to accept the possibility of viola-
tion of the KSS bound [84, 85].

Interestingly, the values of n/s for RHIC and LHC
matter are very close to this quantum lower bound 1/(4rx).
Hence, a natural question arises - whether this nearly per-
fect fluid nature is also expected along the p-axis at 7 =0
like that along the T-axis at 4 =0 of the QCD phase dia-
gram? The present investigation aims in this direction for
the first time but to get more conclusive outcome, prob-
ably further (alternative) research is required in future.
The question becomes more important as recently [80]
have experimentally found the value n/s ~ 1/(4r) for had-
ronic matter in the low energy hadronic physics experi-
ment. We have plotted n/p of hadronic and quark matter
with two values of scattering length in the left panel of
Fig. 4. We notice that the results for a ~ 20 fm cross the
KSS values (= 0.08), which may not be considered as a
physically acceptable order of magnitude. Probably the
magnitude of the cross section/scattering length in vacu-
um may be largely modified in the finite density picture,
which is missing in the present calculation. In this regard,
our guess value scattering a =1 fm provides an accept-

able range of n/p in the hadronic density range, which
still crosses the KSS boundary in the quark density range.
Therefore, a safe zone may be considered as scattering
lengths a < 1 fm for getting n/p > 1/(4n). For mathemat-
ical guidance we can get a lower limit curve of the relaxa-
tion time 7 as a function of density or chemical potential
for massless quark matter by imposing the KSS limit. For
finite temperature we get 7=5/(4xT) [81] by imposing
KSS limit n/s = 1/(4r). Similarly, for finite density, one
can easily find the corresponding expression 7 =5/(4nu)
by using # from Eq. (38), p from Eq. (20) and then by im-
posing KSS limit n/p = 1/(4n). In terms of density p, the
KSS limit of relaxation time for massless quark matter
with Ny =2 flavor will be

5,2\1/3 1
= ( ) PN

T—E—

(40)

2

Another interesting outcome here is that we still see
the jump in n/p is possible in case of a possible scenario
of hadron-quark phase transition as in terms of n/p the
ranking is noticed as HM2 > HM1 > z-MQM. So phase
transition from hadronic to quark phase may imply a re-
duction in n/p. However, for normalized electrical con-
ductivity o/u, we observed that the ranking is HM2 > z-
MQM > HMI1. So the ranking of magnitude of o/u for
the two different phases may be model dependent. We
cannot get any conclusive picture in this regard. The
present work reveals this uncertainty. We also do not go
into any comparative discussion of two hadronic models,
rather we intend to show that a possible numerical uncer-
tainty pertains to the estimations of o/u by using two dif-
ferent hadronic models. Hence, future research with oth-
er existing hadronic models is probably necessary for get-
ting any conclusive or broader picture. Only an order of
magnitude difference in transport coefficients for two
phases can be considered as conclusive message in
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present study.

V. SUMMARY AND CONCLUSION

To summarize, we attempted to visualize the vari-
ation of shear viscosity and electrical conductivity of had-
ronic and quark matter along the density axis. Inspiration
of such calculation comes from the calculations of trans-
port coefficients of RHIC or LHC matter, where we ob-
tained a cross-over type of quark-hadron phase transition
along temperature axis. The temperature dependence of
shear viscosity and electrical conductivity of RHIC or
LHC matter mainly contain two parts: thermodynamical
phase-space part and the relaxation time part. If we ex-
clude the relaxation time part by normalizing it, then we
obtain their nice pattern along temperature axis as one no-
tices for other thermodynamical quantities like pressure,
energy density etc. from lattice QCD calculations. The
pattern of normalized thermodynamical quantities and
transport coefficients is as follows. At high temperature,
they reach close to their massless limits and they are
gradually suppressed as temperature goes down. Similar
kind of pattern is observed in the present work when we
go from high density quark phase to low density hadron-
ic phase. The finite density calculations of hadronic phase
is obtained with two RMF models and massless quark
model for the quark phase. The equivalence of thermody-
namic phase-space profile of transportation along temper-
ature axis and density axis is a very interesting finding of
the present work.

Instead of normalizing relaxation time, if we use its
microscopic estimated values, which is generally of the
order of fm due to strong interaction, then we can get the
final profile of the transport coefficients. A long list of
references can be found for RHIC or LHC matter, where
most of them found that shear viscosity to entropy dens-
ity ratio will decrease first then increase with temperat-

ure. In this regard, we find shear viscosity to density ra-
tio decreases with density in the hadronic phase and may
suddenly drop in a possible scenario of hadron-quark
phase transition at 7 = 0. In the pure quark phase, a mild
decreasing trend with density is observed. This is the
qualitative trend of the fluidity measurement of quark and
hadronic matter along the density axis, observed in the
present investigation. During the computation of the
quantitative values, we use the quantum lower bound of
fluidity or shear viscosity to density ratio as a physical
reference point and we found an interesting finding which
is as follows. The experimental data for standard nucleon-
nucleon scattering length in vacuum is of the order of 20
fm and using this as a hard-sphere scattering cross sec-
tion, we find that the fluidity values cross the lower
bound. We also found that scattering length less than 1
fm can only provide physical fluidity, beyond its lower
bound. It indicates that a good amount of in-medium
modification will play an important role in the dense sec-
tor, for which vacuum scattering length 20 fm will be re-
duced to lower values, less than 1 fm. By using scatter-
ing length as an input parameter, the present work just
unfolds this issue but not well equipped for the micro-
scopic calculation of density dependent scattering length,
which may be explored in future. We believe that other
hadronic models, whose mass and chemical potential un-
dergo almost similar kind of modification in terms of or-
der of magnitude, will face same problem of fluidity cal-
culation in the dense sector, which should be checked
with other hadronic models.
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