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Abstract: We study the particle motion around a black hole (BH) in Hofava-Lifshitz (HL) gravity with the Keha-
gias-Sfetsos (KS) parameter. First, the innermost stable circular orbit (ISCO) is obtained for massive particles
around the BH in HL gravity. We find that the radii of the ISCOs decrease as the KS parameter decreases, meaning
that the parameter Q causes the orbits of particles to move inward with respect to that of the Schwarzschild BH case.
Then, the optical properties of a KS BH are studied in detail, that is, the BH shadow and gravitational weak lensing.

We demonstrate that the size of the BH shadow decreases under the influence of the KS parameter.
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I. INTRODUCTION

The current resolution of experimental and observa-
tional data on gravitational interactions in strong and
weak field regimes is consistent with general relativity.
However, to the best of our knowledge, general relativity
cannot be unified with quantum field theory. An attempt
to create a quantum gravity theory was proposed by
Hotava, referred to as Hotava-Lifshitz (HL) theory [1-8].
HL theory was especially inspired by Lifshitz theory in
solid-state physics. This theory enables us to acquire dif-
ferent solutions and black hole (BH) thermodynamics. In
the high energy limit, this theory breaks the Lorentz in-
variance, and in the low energy limit, it reduces to stand-
ard general relativity. Thus, the extended version of gen-
eral relativity can be considered as one of the candidates
for the unified theory of interactions.

The action of HL theory has a complex form, and it is
difficult to obtain a general field equation. However, one
may derive a so-called effective equation for the gravita-
tional field [9—11]. A spherical-symmetric solution of the
effective field theory of HL theory in the infrared (IR) re-
gime was found by Kehagias and Sfetsos [12]. This solu-
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tion, usually referred to as the KS solution, was later ana-
lyzed in Refs. [13, 14]. One of the interesting aspects of
this solution is that depending on the value of the coup-
ling parameter of the solution, it may describe both BHs
and naked singularities and asymptotically represents the
Schwarzschild characteristics. In Ref. [15], the possibil-
ity of observationally verifying Hotava gravity on a Sol-
ar System scale was explored by considering the classic-
al tests of general relativity for the Kehagias-Sfetsos (KS)
asymptotically flat BH solution of HL gravity. The au-
thors of Ref. [16] explored equations of motion and later
obtained spherically symmetric solutions for the ultra-vi-
olet (UV) regime of HL gravity. A noteworthy character-
istic of a KS BH is its violation of the cosmic censorship
hypothesis, which postulates that any singularity that
emerges in the cosmos should be concealed by an event
horizon. In a KS BH, the singularity is naked because it is
not obscured by an event horizon and can be observed by
distant observers. This violation of cosmic censorship is
caused by the modified structure of spacetime in the HL
theory of gravity, which permits the formation of naked
singularities under certain conditions. The circular mo-
tion of particles around a KS naked singularity was ana-

* This study is partly supported by Grants F-FA-2021-432, F-FA-2021-510, and MRB-2021-527 of the Ministry of Higher Education, Science and Innovations of

the Republic of Uzbekistan
" B-mail: malloqulov@gmail.com
t. E-mail: atamurotov(@yahoo.com
¥ E-mail: ahmadjon@astrin.uz
* E-mail: ahmedov@astrin.uz

©2023 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese

Academy of Sciences and IOP Publishing Ltd

075103-1


http://orcid.org/0000-0001-8857-4970
http://orcid.org/0000-0002-1232-610X

Mirzabek Alloqulov, Farruh Atamurotov, Ahmadjon Abdujabbarov ef al.

Chin. Phys. C 47, 075103 (2023)

lyzed in [17]. Using the slow rotation approximation, the
solution for a BH in the IR regime was found in Refs.
[18, 19]. The properties of the accretion disk around a BH
as well as particle dynamics were analyzed in [20—25].
The shadow of a rotating BH in HL gravity was dis-
cussed in [26]. KS BHs have been the subject of many
studies and debates in the physics community because
they provide a testing ground for the HL theory of grav-
ity and challenge our understanding of the nature of sin-
gularities and the cosmic censorship hypothesis. There-
fore, in this study, we probe HL gravity using particle dy-
namics, the plasma effect on shadows, and weak gravita-
tional lensing.

Any new theory should undergo experimental and ob-
servational tests for consistency. Optical properties, espe-
cially light propagation in a curved background, can be
considered useful tools to test the metric theories of grav-
ity. Moreover, the observation of a shadow by the EHT
collaboration has forced researchers to test the modified
theories of gravity using the optical properties of space-
time [27-30]. Light propagation in the curved spacetime
is affected by curvature and, consequently, strong gravity.
Owing to captured photons by the central BH, an observ-
er may detect a black spot on the celestial plane. This
black spot may be referred to as a BH shadow, and the
concept of this phenomenon was first proposed by Synge
[31] and later developed by Luminet [32] and Bardeen
[33]. The BH shadow has since been extensively studied
by various authors [34—57].

The effect of gravitational lensing from light deflec-
tion due to spacetime curvature has also been extensively
studied by various authors [58—65]). Light propagation is
sensitive to the plasma surrounding compact gravitating
objects (for example reviews, see [66—74]). The effects of
different configurations of plasma on light propagation
have been studied in [75-95].

In this paper, we explore light propagation around a
BH in HL gravity. The paper is organized as follows:
Sec. II is devoted to reviewing the particle dynamics
around a BH with the KS parameter. Next, we study the
shadow of the BH in HL gravity in Sec. III. Weak gravit-
ational lensing around the BH is analyzed in Sec. IV, and
the observable quantities of light deflection are discussed
in Sec. V for uniform and non-uniform plasma cases. We
summarize the obtained results in Sec. VI. Throughout
the paper, we use the geometrical system of units, where
G =1 = ¢. Moreover, Latin (Greek) indices run from 1(0)
to 3.

II. PARTICLE DYNAMICS

The spacetime metric in HL gravity with the KS para-
meter can be written as [12]

2
4 = —f()dP + Y 4 2P +sin20dsd) . (1)
)

where

f=1+2Q(1- V1+4M/(Qr)) )

and Q is the KS parameter in HL theory. In the limiting
case, when Q — oo, it coincides with Schwarzschild geo-
metry.

Now, we study the horizon structure of a BH in HL
gravity using the general condition f(r) =0 and easily ob-
tain the event horizon of the BH with the KS parameter,

, 1
thMi M—T

Next, we consider the motion of a test particle around
a BH in HL gravity. To find the trajectory of the test
particle, we must consider the Lagrangian of the test
particle with mass m in the following form:

, 1 Y dx*
L= Egﬂ,,u”u = i 3)

where 7 is an affine parameter, and x* and u* are the co-
ordinates and four-velocity of the test particle, respect-
ively. The conserved quantities of the particle motion,
such as the energy & and angular momentum £ of the
test particle can be written in the following form

oL’ dt
8_8u’__f(r)a’
_oL 50,48
L—au¢—r sin QE. 4)

By inserting the expressions in (4) into the normalization
condition g,,u*u” = —€, we can easily obtain the equa-
tions of motion of the test particle:

dr K
a: 82—f(r)(6+r7>, (5)

o1 2

aw=r X are ©
dp L2

dr  2sin?6’ @
&

ar = oy “"

where K is the Carter constant, and the parameter € is
defined as
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1, for timelike geodesics,
€= 0,

—1, for spacelike geodesics.

for null geodesics, )

For simplicity, we can explore the motion of the particle

. . do .
in the equatorial plane, where 0 = g and i 0. In this

special case, the Carter constant takes the form % = £2,
and the equation for radial motion takes the form

<:;)2:82—Veﬂ~(r)=82—f(r)(1+f22>’ (10)

where

V=1 (145). (i

is the effective potential of the radial motion of the test
particle. The radial dependence of the effective potential
of a massive test particle around the BH in HL gravity for
different values of the KS parameter Q is presented in
Fig. 1.

To derive the circular motion of the neutral particle
around the BH, we can use the conditions 7/ =0 and # = 0.
These conditions allow us to obtain expressions for the
energy & and angular momentum £ of the test particle in
the following form:

[4AM
r5Q< r3Q+1—1>—Mr2

L= : 12
A/ M +1-3M "
) — 41—
r3Q
1.2} | | — am?=05
—— aMmM?=08
L1t - QM?=12
QM2 =2
Veff 1.0+
091
0.8-L—k : :
2 5 10 20
/M
Fig. 1. (color online) Radial dependence of effective poten-

tial Ver of a massive particle for different values of the BH
parameter QM?.

M-rQ \/4—M+1—1
& rQ

= +1

4
x<r29(1— r3]‘é+1>+1> (13)

Figure 2 shows the radial profiles of the energy & and
angular momentum £ of the test particle along circular
stable orbits around an object in HL spacetime.

We study the radius of the innermost stable circular
orbit (ISCO), hereafter referred to as risco. To consider
the ISCO radius, we must apply the following general
conditions:

Vier =0
eff (14)
V" =0.

From the above conditions, we cannot obtain an ana-
lytical expression for the radius risco. However, we can
numerically present the radius of the ISCO using a plot of
various values of the parameter €, as shown in Fig. 3.
From this figure, we can obtain information about the de-
pendence of the ISCO radius on the parameter Q in HL
gravity. The ISCO radius decreases under the influence of

10

L — am?*=05
o |t
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£ Tt \" QM?=2
M 6F
5 L
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3 L L L L L
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r/M
1.10f — QM?=05 ]
- 2 _
Lost QM2=08 |
- aM?=12
1.00p \ am?=2
& ;
0.95} \
N e
0.90¢
0.85 : : ‘
5 10 20
r/M
Fig. 2. (color online) Radial dependence of £ and & for dif-

ferent values of the QM? parameter.
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QM

Fig. 3. Dependence of the ISCO radius on the QM? paramet-

er.

the parameter Q.

III. BLACK HOLE SHADOW

Now, we investigate the massless particle motion
around a BH in the HL spacetime metric by varying the
BH parameters.

A. Photon motion

Here, to study photon motion, we can apply the
Hamilton-Jacobi equation and the Hamiltonian of a
photon orbiting a BH surrounded by plasma, expressed as
[96]

1
HOpa) = 5 (8% paps—(n* = D(paP)?] . (15)

where x? are the spacetime coordinates, p, and «# are the
four-momentum and four-velocity of the photon, respect-
ively, and » is the refractive index (n = w/k, where k is
the wave number). In the case of plasma contribution, the
refractive index is expressed as [97]

W2
n?=1- w% , (16)
and in terms of the plasma frequency wlz,(x“) =
4me*N(x®)/m, (where e and m, are the electron charge
and mass, respectively, and N is the number density of
electrons), the photon frequency w(x®) is defined by
w* = (pp®)?

Wo

Vi)’

w(r) = wo = const . (17)

The lapse function is such that f(r) —» 1 as r — oo and
w(o0) = wy = —p;, which shows the energy of the photon
at spatial infinity [66]. Moreover, the plasma frequency
can be sufficiently smaller than the photon frequency

(w} < w?), which allows the BH shadow to be differenti-
ated from the vacuum case (w, = 0). The Hamiltonian for
light rays in the plasma medium has the form [76, 96]

1
H =2 |8 papp+ ). (18)

The components of the four velocity of the photons in the
equatorial plane (6 = /2, pg = 0) are written as

dr _ — Pt

isa_%, (19)
. dr B
F= 7 =pefO), (20)
=90 _Ps

Tda @1

where we use the relationship x* = 0H/dp,. From Egs.
(20) and (21), we obtain a governing equation for the
phase trajectory of light (or photon):

rr

dr  ¢"pr
dp  g%py

(22)

Using the constraint H =0, we can rewrite the above
equation as [66]

dr g ) w}
—= g\ [rm—=-1 (23)
dp g% 7

where
2 g" 127
y(nN=-—p2-—"s, (24)
g9 g"W}
which yields
2 o[ 1wt )}
Yy =r { - (25)
fn W}

The radius of a circular orbit of light, particularly one
that forms a photon sphere of radius 7,, is determined as
a solution of the following equation [66]:

d(y2(r)) B
- =0. (26)

r=r,

By substituting Eq. (25) into (26), we can write the algeb-
raic equation for 7, in the presence of the plasma medi-
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um as
[a)%(rp) ra)'p(rp)a)p(rp)]
w§ w§
M(3-6r20, /B 1) +2r}0 A1)
P P

27)

where the prime symbol denotes the derivative with re-
spect to the radial coordinate r. Clearly, the roots of Eq.
(27) cannot be obtained analytically for most choices of
w,(r). Therefore, we can solve it numerically to con-
struct a plot to study the properties of photon orbits and
the dependence of photon orbits on the parameter @ for
the different parameters of the plasma medium. The ob-
tained results are presented in Fig. 4.

B. BH shadow in a plasma medium

In this subsection, we investigate the radius of the

Q m?

05
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__ [

g
o
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wp2iwp?

28
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26
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24

0.0 . P . - f
0.6 0.8 1.0 1.2 14 1.6 1.8 20

a m?
Fig. 4.  (color online) Dependence of the radius of the
photon sphere on the parameter QM? (upper panel). This rela-
tionship is represented by a color map, which indicates that
the photon sphere is highly sensitive to the parameter QM?
and plasma frequency (lower panel). ry, is changed to r,.

shadow of a BH described by the HL space-time metric
in the presence of plasma. The angular radius ag, of the
BH shadow is defined by a geometric approach, which
results in [66, 70]

2
) Y (rp)

sin’ ag, = ,
YA (r)

2 |: 1 B w%(rp):|
_ P f(rp) w(z)
) |: 1 ‘U%(ro):| '

o f(ro)_ w(z)

(28)

where r, and r, represent the locations of the observer
and photon sphere, respectively. If the observer is loc-
ated at a sufficiently large distance from the BH, we can
approximate the radius of the BH shadow using Eq. (28)
[66]:

Rg, =ry sinagy,

-l ).

e T e

where we use the fact that y(r) — r, which follows from
Eq. (25), at spatial infinity for both models of plasma
along with a constant magnetic field. In the case of vacu-
um when w,(r) =0 and Q — oo, we recover the standard
value for the radius of the BH shadow, Ry, = 3 V3M when
rp =3M. The radius of the BH shadow is depicted for dif-
ferent values of the Hofava parameter in Fig. 5 for a ho-
mogeneous plasma with fixed plasma frequencies, while
Fig. 6 demonstrates the dependence of the radius of the
BH shadow on plasma frequencies. We observe that the
size of the BH shadow radius decreases by increasing the
plasma frequency. Accordingly, the BH shadow further
shrinks in the presence of a plasma medium, as expected.
The above dependencies are described in the color map
presented in Fig. 7.

Now, we consider the assumption that Sgr A* and
MS87* are spherically symmetric static objects in HL
gravity, although the observation obtained by the EHT
collaboration does not support this assumption. However,
we attempt to theoretically explore the lower limits of the
KS parameter in HL spacetime using the data provided by
the EHT collaboration. The spacetime metric has only
one parameter €. Therefore, we choose plasma fre-
quency as the second parameter for the constraint. We
can use the observational data provided by the EHT col-
laboration regarding the shadows of the supermassive
BHs Sgr A* and M87* to constrain the two parameters Q
and w,/w. The angular diameter Ovg7. of the BH shadow,
the distance from Earth, and the mass of the BH at the
center of MR7* are Omg7« =42 +3 pas,

29
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54+ —— wp2/w02=0.0

Fig. 5. (color online) Dependence of the radius of the BH
shadow on the QM? parameter for different values of plasma
frequency.

Rep/M

4.4 . . . . .
0.0 0.1 0.2 0.3 0.4 0.5

wpzl wgz
Fig. 6. (color online) Dependence of the radius of the BH
shadow on the plasma frequency for different values of the
parameter QM?.
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Fig. 7. (color online) Color map indicating the strong de-
pendence of the radius of the BH shadow on the parameter
QM2

D=168+0.8 Mpc, and Myg7. =6.5+0.7x10°M, [27],
respectively. For Sgr A*, the data provided by the EHT
collaboration are Osgra. =48.7+7u D =8277+9+33 pc,
and Mg, =4.297£0.013x 10°M, (VLTI) [98]. Using
this information on BH shadows, we can roughly calcu-
late the diameter of the shadow caused by the BH per unit
mass with the following equation:

dsh = ﬁ . (30)

From the expression dg, = 2Ry, we may now easily de-
rive an expression for the diameter of the BH shadow:
dM87* = (11 +1.5)M for M87* and &2 = (9.5 + 1.4)M for
Sgr A*. Using EHT data, we can find the lower limits on
the parameters Q and w/w} for the supermassive BHs at
the centers of the galaxies Sgr A* and M8&87*. This is rep-
resented numerically in Fig. 8.

IV. WEAK GRAVITATIONAL LENSING IN
HORAVA-LIFSHITZ GRAVITY

In this section, we explore the optical properties of
compact objects in HL gravity using the gravitational
weak lensing effect. For a weak-field approximation, we
can use the following standard notation for the metric
tensor [75, 81]:

8ap =TNap+hag 31)

where 7,5 and h,g refer to the expressions for Minkowski
spacetime and the perturbation gravity field describing
HL theory, respectively. The following properties are re-
quired for 145 and kg

Nap = diag(-1,1,1,1),,
hap < 1,hep — 0 under x* — oo,

g =P —hP h =hep. (32)

Uniform and non-uniform plasma frequencies are re-
named as w, and w., respectively. Furthermore, all
graphs are corrected.

Using the fundamental equation, we can obtain an ex-
pression for the angle of deflection around a compact ob-
ject in HL gravity [75]:

_1/"% dhyy 1 dhoo K. dN})
PTo )\ dr 1-wl/w? dr -} dr “
(33)

where w and w, are known as quantities representing the
photon and plasma frequencies, respectively. We expand

>
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wp?lwy?
Fig. 8.

supermassive BHs in the galaxies M87* and Sgr A*. We set
M =1 in the both panels.

Lower values of the parameters Q and w?/w} for the

the lapse function f(r) into a Taylor series owing to the
difficulty of performing direct calculations on f(r). We
may rewrite the line element (1) in the form

2M  2M? 2M  2M?
ds* ~d 2+(———>dt2+(———)d 2, (34
s %o r o Ao )Y (34)
where ds3 = —d¢? +dr? + r*(d6? + sin® 6d¢?).
Now, we can easily find the components /1,5 of met-
ric tensor perturbations in Cartesian coordinates in the

form

2M  2M?

hoo = =" ="ag (33)
2M  2M?

e (36)

2M 2M2) )
h3z = (T—m cos x, (37

where cos’y = z2/(b*+7%), and r* = b*>+7>. The derivat-
ives of hgy and h33 by the radial coordinate are defined as

dhooy  8M*> 2M
dr ~ QP27

(38)

dhy;  12M?Z22 6MZ?
a QA (39)

We can write the following expression for the deflec-
tion angle [80]:

ap=a|+dr+az, (40)

with

R 1/°°bdh33
dy =2 -——dz,
o ¥ dr

A_l/m944147§@5
27 ,oorl—a)f,/a)z ar oo

1 /b K. dN
Ly S A 41
@ 2/_mr< wz—w%,dr) ¢ @1

Now, we check and evaluate the deflection angle for
different plasma density distributions.

A. Uniform plasma
In this subsection, the gravitational deflection angle
around compact objects in HL gravity with its parameter
in the presence of a uniform plasma can be written as the
sum [80]

Quni = Qunil + Quni2 + Funiz- (42)

From Egs. (37), (40), and (41), we may easily obtain
the expression for the deflection angle around compact
objects in HL gravity in a uniform plasma medium as

. 2M  3aM*  (2M  3aM? w?
b= = e+ (S ) ST (@3)
b 8b*Q b 20*QJ W?

Using the above equation, we plot the dependence of
the angle of deflection on the impact parameter b for dif-

ferent values of the parameter Q, w3/w?,in the space-

—7
Wp
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time of KS gravity, which is presented in Fig. 9.
Moreover, we explore the dependence of deflection angle
on plasma parameters in Fig. 10 and the Q parameter in
Fig. 11.

B. Non uniform plasma

In this part of our current analysis, we consider a non-

biM

Fig. 9.
&y on the impact parameter b for different values of the para-

(color online) Dependence of the deflection angle

meter QM? (upper panel) and plasma medium (bottom panel).

0.0 0.2 0.4 0.6 0.8

wplw?
Fig. 10. (color online) Dependence of the deflection angle

&ynion plasma parameters for the fixed value of the impact
parameter b=5M.

2.0

— w,?/w?=0.0
————— wp?lw?=0.3
1.5F
----- - wyllw?=05
. eI TSI T T
<t$= 1.0 ;: _____________________________________________
hl
0.5
00 Il L L L L
0.0 0.5 1.0 1.5 2.0
Q m?
Fig. 11.  (color online) Dependence of the deflection angle

@i on the parameter QM? for the fixed value of the impact
parameter b=5M.

singular isothermal sphere (SIS), which is the most favor-
able model for understanding peculiar features of gravita-
tional weak lensed photons around BHs. Generally, an
SIS is a spherical gas cloud with a singularity located at
its center, where the density tends to infinity. The density
distribution of an SIS is given by [75]

2

\4
272’

p(r) = (44)

where o2 refers to a one-dimensional velocity dispersion.
The plasma concentration has the following analytic ex-
pression [75]

Ny =20 (45)
4

where m,, is the proton mass, and k is a dimensionless
constant coefficient generally associated with the dark
matter universe. The plasma frequency is

2
K.o;

2
=KN@r)=— .
we = KN(r) 2ntkm,,r?

(46)

Now, we explore the non-uniform plasma (SIS) effect on
the deflection angle in the spacetime of an HL BH. We
may write the expression for the deflection angle around
a BH in HL gravity with the KS parameter as [80]

asis = dsist + @sisa + dsis3 - 47)

Combining Egs. (37), (41), and (47), the deflection angle
can be expressed in the following form:
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AM  4w’M? . 16w2M?
b rw?b  3nw?b’
157M?  50*M*
8b*Q  WhOQ

A

asis =

(4%)

These calculations introduce a supplementary plasma
constant w?, which has the following analytic expression
[81]:

2
W? = 21{702 . (49)
mwkm, R

Using Eq. (48), we construct graphs for the depend-
ence of the angle of deflection on the impact parameter b
for different values of the parameters Q and w?/w? for
non-uniform plasma medium in HL spacetime, as shown
in Fig. 12. Then, we demonstrate the dependence of the
angle of deflection of a light ray around a BH in the pres-
ence of a non-uniform plasma in Figs. 13 and 14.

In addition, we compare the different effects of
plasma on the HL BH deflection angle with gravity, as
shown in Fig. 15.

Asjs

biM

141 — ww?=0.0 |
————— wellw?=0.3

121 ]
----- - wlw?=05

Asjs

0.4
4.‘0 4.‘5 5.‘0 5.‘5 610
biM
Fig. 12. (color online) Dependence of the deflection angle

&gs on the impact parameter for different values of the para-
meter QM? (upper panel) and plasma parameters (lower pan-
el).

0.90

Asjs

wllw?
Fig. 13.
asson plasma for the fixed value of the impact parameter
b=5M.

(color online) Dependence of the deflection angle

1.4 — w2iw?=0.0
128 e w2 lw?=0.3
1ol - wliw?=05

1.‘0 1.‘5 2.‘0
Q m?

Fig. 14. (color online) Dependence of the deflection angle
@5 on the parameter QM2 for the fixed value of the impact
parameter b=5M.

Uniform

0.4

4.0 4.5 5.0 55 6.0
biM
Fig. 15. (color online) Dependence of the deflection angle

ap on the impact parameter.

V. MAGNIFICATION OF GRAVITATIONALLY
LENSED IMAGES

Now, we explore the brightness of an image in the
presence of plasma through the deflection angle of light
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rays around a BH in HL gravity. Using the lens equation,
we can express the combination of light angles around the
BH in HL gravity (&, 8, and ) [77, 81, 99] as

0D =D, + dpDyy (50)

where D;, D;, and Dy, are the distances from the source
to the observer, from the lens to the observer, and from
the source to the lens, respectively, and 6 and f refer to
the angular position of the image and source. From the
above equation, we can rewrite the equation for £ as

_Dusé®)1
D, D; 6°

B=0 (51)

where £(0) = |&,|b and b = D;0 have been used in [81]. If
the shape of the image looks like a ring, it is defined as
Einstein's ring, and the radius of FEinstein's ring is
R, = D,0p. The angular part 6 dueto spacetime geo-
metry between the images of the source in a vacuum
[100] can be written as

Dds

Or= 2R, . 52
£ DD, (52)

Now, we explore the expression for the magnification of

brightness [100].
(5)5)

Ilot
Hx = Z = Z
k
where I, and [y, are the unlensed brightness of the source
and the total brightness of all images, respectively. The
expressions for the magnification of the source are writ-
ten in the following form [100]:

B k:1’29""j7 (53)

1< X X244 )

pl

== + +2 54
K 4 x2+4 X ’ ( )

1< X X244 )

pl

o= - + —2 . 55
=3 x2+4 x &)

where x =£/0g is a dimensionless quantity [81], and ,uﬁl
and p” are the images. Using Eqgs. (54) and (55), we can
obtain the formula for the total magnification in the form

2
pl _ pl pl X +2
Hiot = My +H- = Veid (56)

Next, we investigate the magnification in the pres-
ence of plasma in the BH environment with different dis-

tributions of plasma: (i) uniform and (ii) non-uniform
cases.

A. Uniform plasma

In this subsection, we explore the effect of uniform
plasma on the magnification of an image in HL gravity
theory, and we write expressions for the total magnifica-
tion 4%, and angle (6%),y as

2
1 1 1 i
Hiop = py +p2 = —mee | (57)
Xuni A/ X5 . +4

and

1 3nM 1
i =05 (| = (1— ) - 1
O Juni =0k |5 W) eal |
S w?
(58)
where xp;is defined as
oo P
uni — -
(02 uni
= al (59)
1 3nM | 3nM
—| (1- —_— +1
2 4aQ) W2 16030
e

where xo =3/0g, and we can write the magnifications of
the image as

V xﬁni +4
+ +2 (60)

1 Xuni
(B uni = i un

Xoni T 4 Yuni
/2
ply . _ 1 Xuni Xuni T 4
=Junt —
) + -2 1)
4 X2 . +4 Xuni

uni

The total magnification of the image in the presence
of a plasma ,uf;t in HL gravity with its parameter is rep-
resented in Figs. 16 and 17. A plot of the dependence of
the total magnification on xy in the presence of uniform
plasma for fixed values of the parameter Q is demon-
strated in Fig. 18.

B. Non-uniform plasma

Here, we study the effect of non-uniform plasma (as
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24
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wpzlw
Fig. 16. (color online) Dependence of the total magnifica-

tion e on the plasma parameter for different values of the
parameter QM? corresponding to the fixed value of the im-
pact parameter b=5M.

281 : : ‘ ‘
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18
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Fig. 17. (color online) Dependence of the total magnifica-
tion wo on the parameter QM? for different values of the
plasma parameter corresponding to the fixed value of the im-
pact parameter b =5M.

SIS medium) on magnification, which can be written as

2
X&et+2
WPsis = (sis + (Psis = SIS72 , (62)
XSIS ‘/xSIS +4
with
/2
1 X&et+4
@Wss=~ | —=2_ Y5 ") (63)

4 2 X
\ Xsis +4 SIS

1 XsIS \/ s +4 (64)

W)sis = 1 + -2,

2 x
\/ Xsis +4 SIS

and

18.5

175 1
:’g: D _16 0.35 040 0.45 0.50 0.55 0.60
3 .
17.0 1
— aM?2=05
2
165 - QMm? =1 ]
------ QM?=2
16.0+ . L . . L .
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wllw
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20t
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Fig. 18.
a function of non-uniform plasma. Here, the impact paramet-

(color online) Total magnification of the images as

erissetas b=5M.

XSIs =————
(9%1)515
= 0 . (65)
| 5(1)%M3 15aM N 4w%M2 u)%M
40265Q  3203Q  3nw?b?  nw?

Using Eq. (62), we can find the dependence of total
magnification on the plasma parameter. With the in-
crease in the plasma parameter, magnification decreases,
as represented in Fig. 19. Moreover, a plot of the depend-
ence of total magnification on xy in the presence of
plasma for fixed values of the parameter Q is presented in
Fig. 20. Finally, in Fig. 21, we present a comparison of
these two cases, that is, for uniform and non-uniform
plasma distributions.

VI. CONCLUSIONS

In this study, we discuss particle motion around a BH
and the plasma effect on the optical properties of the BH
in HL space-time with the KS parameter. From our re-
search, we can summarize our main results as follows:

e We extensively study particle motion around a KS
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Uniform

ey 1™/ p
.

pl

M

0.(‘)1 0.‘10 i 1‘0 160 10‘00
X0
Fig. 19. (color online) Image magnification in the presence
of uniform plasma. The fixed parameters used are M =1,
b=3M,and QM? =0.5.

0.8

TR

0.6

oy

X0

Fig. 20.  (color online) Image magnification in the presence
of an SIS. The fixed parameters used are M =1, b=3M, and
QM?=05.

Uniform

05 ~ 4

X0
Fig. 21. (color online) Image magnifications in the presence
of uniform plasma and an SIS. The fixed parameters used are

CL)Z wz
M=1,b=3M, £ =05, = =05, and QM> =0.5.
w w

compact object and discuss the dependence of the effect-
ive potential of a massive particle on the radial coordin-
ate for different values of the Hofava parameter Q, the
results of which are presented in Fig. 1.

e Using effective potential, the ISCO is investigated
for massive particles orbiting a BH in HL gravity, and the
obtained results are presented in Fig. 3. The derived res-
ults show that the influence of the Hofava parameter
shifts the ISCO toward the central object.

e We also study the effects of plasma on the radius of
the photon sphere in a plasma medium and find that the
radius of the photon sphere decreases with the Hotava
parameter €, as shown in Fig. 4.

e Furthermore, we investigate the observable para-
meter, that is, the radius of the BH shadow. The size of
the radius of the BH shadow decreases in the presence of
the Hotava parameter, similar to the effect of plasma fre-
quency. This is represented in Figs. 5, 6, and 7.

e [n addition, we study one more optical property of a
BH in HL gravity through light rays: gravitational weak
lensing. Initially, we focus on the deflection angle of light
rays around the BH in KS gravity in the presence of
plasma (uniform and non-uniform cases) and find that the
influence of uniform plasma on the deflection angle is
greater than that in the non-uniform plasma case for fixed
parameters of the BH in HL gravity.

e Finally, we investigate the magnification of an im-
age using the deflection angle of light rays, which is
shown in detail in Figs. 19 and 20. We compare the mag-
nifications of the uniform and non-uniform cases, as
shown in detail in Fig. 21.

e Because we demonstrate that the size of the shad-
ow depends on the BH and gravity theory parameters, in
the future, the obtained results can be applied to images
of the Sgr A* and M 87* supermassive BHs to obtain
constraints on the HL gravity parameters.

Additionally, the observational data of gravitational
lensing in Refs. [101—-104] may be further used to obtain
constraints on the spacetime parameters of HL and estim-
ate plasma characteristics.
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