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Abstract: We investigate the photon sphere and marginally stable circular orbit of massive particles over the re-

cently proposed regular black holes with sub-Planckian curvature and a Minkowskian core. We derive the effective

potential for geodesic orbits and determine the radius of circular photon orbits, with an analysis of the stability of

these orbits. We extend our analysis to the background of a compact massive object (CMO) without a horizon,

whose mass is below the lowest bound for the formation of a black hole. For massive particles, marginally stable cir-

cular orbits become double-valued in the CMO phase. Through a comparison with Bardeen and Hayward black
holes, we also find that the locations of the photon sphere and marginally stable circular orbit in the CMO phase with
a Minkowskian core are evidently different from those in the CMO phase with a dS core, which potentially provides
a way to distinguish between these two types of black holes by astronomical observation. Finally, we present the ob-
servational constraint on the deviation parameter for such regular black holes using observed data from the black

hole M&7*.
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I. INTRODUCTION

Until the recent remarkable progress made by the
Event Horizon Telescope (EHT) collaboration, the identi-
fication of compact massive objects (CMOs) as black
holes via astronomical observation has been a challenge.
The successful detection of black holes at the center of
MS87 and Sgr A* announced the coming of a new age of
the study of black holes as genuine astrophysical objects
[1, 2]. In this direction of study, detecting the photon
sphere closely surrounding a black hole silhouette plays a
key role in measuring various parameters of black holes,
such as the size, mass, and spin.

It is well known that the existence of black hole solu-
tions in general relativity introduces several fundamental
problems that are notoriously difficult to solve in theoret-
ical physics. Among them, the most famous is the singu-
larity problem, which tells us that the scalar curvature be-
comes divergent at the center of black holes [3—7]. This
problem became severe after Hawking radiation was dis-
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covered, a phenomenon that leads to the evaporation of
black holes and finally the information loss paradox
[8—16]. Theoretically, it is believed that the infinity of the
Kretschmann scalar curvature simply implies that classic-
al general relativity would not be applicable to space time
with an extreme environment, and the singularity at the
center of a classical black hole might be removed or
avoided by the quantum effects of gravity [17—26]. One
widely accepted belief is that when the effects of
quantum gravity are considered, any object should have a
minimal observable length of the Planck length order. In
theory, two prominent quantum effects of gravity may
give rise to the minimal observable length: the general-
ized uncertainty principle (GUP) [27] and modified dis-
persion relations (MDR) [28]. Their impacts on the ther-
modynamics of black holes have been extensively invest-
igated in literature, for instance, in [29, 30] and [31, 32].
Owing to the effects of the MDR or GUP, a black hole
will stop radiating at the final stage and prevent the
Hawking temperature from diverging. Nevertheless, all
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these effects are considered for radiation particles over
the background of ordinary Schwarzschild black holes,
which contain the singularity at the center of the black
holes. Therefore, it is highly desirable to overcome this
weak point by constructing the geometry of spacetime
without a singularity directly based on the effects of
quantum gravity. In contrast, regular black holes or non-
singular black holes are candidates that do not suffer from
the singularity problem because their Kretschmann scalar
curvature is finite everywhere. Furthermore, when the
mass of regular black holes decreases below some value
at the late stage of evaporation, the horizon disappears
such that the remnant becomes a CMO with vanishing
Hawking temperature, which provides more a reasonable
result for the fate of black hole evaporation. Previously,
some well-known regular black holes, such as Bardeen/
Hayward/Frolov [33—35] black holes, were constructed
by considering the violation of energy conditions and
adding exotic matter. From our perspective, it is highly
desirable to directly link these regular black holes to
quantum gravity effects. Such an attempt was made in
[12]. The GUP may lead to a modified Newton's con-
stant such that an ordinary black hole may be modified
into a regular black hole. Our theoretical consideration
can be summarized as follows: Recalling that the GUP
provides the minimal observable length of any object, if
an object enters a curved space-time, for instance, out-
side the horizon of a black hole, it would be affected by
the tidal force. Moreover, it turns out that the effects of
the tidal force can be equivalently described by an effect-
ive gravitational field strength, which is introduced to cal-
culate the interaction between gravity and the quantum
object, leading to a modified metric with the characterist-
ic of an effective Newtonian constant [12]. Explicitly, if
the uncertainty relation is modified as

[p,x] = —iz(p) M

in the GUP, where z(p) is a function of momentum p, it is
expected that Newton's constant is modified as

G=z"Gy, 2

where Gy is the ordinary Newton's constant. This scen-
ario is supported by many thought experiments, as de-
scribed in [12]. In this route, one can successfully derive
Bardeen/Hayward/Frolov black holes as the result of the
modification of Newton potential owing to the effects of
quantum gravity. It is found that the lowest bound for the
black hole mass is naturally defined by the existence of
the horizon, which may be caused because the minimal
observable length of the black hole can no longer be ig-
nored after it evaporates to a small size approaching the
Planck length scale. The quantum effects of gravity alter

the classical geometry of a black hole such that it stops
evaporating at a certain scale and leaves behind a black
hole remnant. Going further, a new type of regular black
hole was proposed in [12] and [36]. In comparison with
the well-known Bardeen/Hayward/Frolov black holes,
which are characterized by the de-Sitter core at the cen-
ter, this new type of black hole has an exponentially sup-
pressed Newton potential and is characterized by a
Minkowski core at the center. Recently, more features of
this type of black hole were investigated in [37, 38].

Currently, although we are still far from a complete
understanding on these regular black holes, it is in-
triguing to link these regular black holes to astrophysical
observation and explore if there is any evidence or signa-
ture implying that the detected black holes in the sky are
of the regular type rather than traditional black holes with
singularities. Obviously, at the current stage, it is imprac-
tical to distinguish between singular and regular black
holes by diving into the horizon or detecting any signal
emerging from the interior of the horizon. Nevertheless,
the difference inside black holes may leave signatures on
the featured phenomena outside the black holes, such as
the photon sphere or the trajectories of massive particles
[39—46]. Therefore, in this paper, we intend to provide a
detailed analysis of the photon sphere and marginally
stable circular orbit of massive particles over the recently
proposed regular black holes with sub-Planckian
curvature. We expect that our theoretical investigation
will provide a basis and useful information for distin-
guishing between different types of black holes via astro-
physical observation in the near future.

The paper is organized as follows: In the next section,
we present a short review of regular black holes with sub-
Planckian curvature, which are characterized by the two
factors (x,n). We focus on the structure of the horizon,
which usually contains two branches, namely, the inner
and outer horizons. When the mass is below some value,
the horizon will disappear and the black hole becomes a
horizonless CMO. In Sections III and IV, we consider
two regular black holes, with (x=2/3,n=2) and
(x=1,n=13), and determine the radius of circular photon
orbits, with an analysis of the stability of these orbits. For
massive particles, the curve of the marginally stable cir-
cular orbit becomes double-valued in the CMO phase.
Via a comparison with those of Bardeen and Hayward
black holes, we find that the locations of the photon
sphere and marginally stable circular orbit over the hori-
zonless CMO with a Minkowskian core are evidently dif-
ferent from those over the CMO with a dS core, which
potentially provides a way to distinguish between these
two types of black holes by astronomical observation. In
Section V, based on the observed shadow diameter of
MS87*, we provide the observational constraint on the
parameter «, for such regular black holes by considering
the modification of the impact parameter with the para-
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meter ap. It turns out that within a reasonable range of
ap, the shadow of these regular black holes may fit well
with the observed shadow from the black hole M87*. Our
study provides guiding significance for the observation of
regular black holes.

II. REGULAR BLACK HOLES WITH SUB-
PLANCKIAN KRETSCHMANN SCALAR
CURVATURE

In Ref. [36], a new type of regular black hole with
sub-Planckian Kretschmann scalar curvature was pro-
posed with the following metric:

ds? = —(1+2¢(r))de* + dr? +r7dQ%,  (3)

1
(1+2¢(r))

where ¥(r) is understood as the modified Newton poten-
tial, which is specified as

—agM¥

M =
W =-—e
r

“)

The modified Newton potential is characterized by an ex-
ponentially suppressed form with a deviation parameter
ag. Obviously, when «y =0, it returns to the standard
Schwarzschild black hole. The metric of this type of reg-
ular black hole was originally proposed in [36] based on
the motivation that the GUP may introduce the effects of
tidal force on any object with finite size bounded below
by the minimal length [12, 47]. In this sense, the dimen-
sionless parameter «q arises from the quantum effects of
gravity and characterizes the modification of the stand-
ard Heisenberg uncertainty principle due to quantum
gravityl). Furthermore, the exponentially suppressed form
of the modified Newtonian potential seems reasonable
because its corrections become significant only in the
range of the center of the black hole, such that the classic-
al singularity can be avoided, and simultaneously without
significantly changing the geometry in the region with
weak gravity. Alternatively, several motivations leading
to the modified Newton potential can be found in literat-
ure from the viewpoint of classical gravity theory. For in-
stance, in [48], some regular black hole solutions are gen-
erated by coupling nonlinear electrodynamics and grav-
ity theory, in which the deviation parameter aq plays the
role of the magnetic charge of the nonlinear field. The be-
havior of Kretschmann scalar curvature at the core de-
pends on both the factors x and n. In Ref. [36], it was

noted that to guarantee the existence of the horizon and
for the scalar curvature to be sub-Planckian, the two
factors must satisfy the conditions n > x>n/3 and n > 2.
Furthermore, as r — 0, the space time is characterized by
a Minkowskian core, unlike well-known regular black
holes, such as Bardeen, Hayward, and Frolov black holes,
which are characterized by a de-Sitter core. Nevertheless,
a one-to-one correspondence between such regular black
holes with a Minkowskian core and those with a de-Sit-
ter core was constructed in [36]. Explicitly, given a regu-
lar black hole with a Minkowskian core, which is de-
scribed by Eq. (4), there is a corresponding regular black
hole with a de-Sitter core whose Newton potential (r) is
given by

Myril
(" + xagM*)1/x"

Y(r) = (%)

Bardeen black holes are simply given by specifying
x=2/3, n =2, whereas Hayward black holes are given by
x=1,n=3. These two types of regular black holes ex-
hibit identical asymptotic behaviors at large scales but
possess different cores at the center. Therefore, it is in-
triguing to explore practical ways to distinguish between
them via possible astronomical observation in the future.
Here, as the starting point, we investigate this issue from
the theoretical perspective by comparing the distinct be-
havior of the photon spheres and marginally stable circu-
lar orbits of massive particles over the two types of back-
grounds.

Now, we present several basic properties of regular
black holes with the metric given by Egs. (3) and (4). In
general, the location of the horizon is determined by
1 +2y(ry) = 0, namely,

2M = re™Mn, (6)

From this equation, we may obtain the radius of the hori-
zon ry, as the function of mass,

M*nay ;
= |- i 7
T T WM hag) )

where W is the Lambert-# function, which allows two
possible branches of solutions with appropriate values of
@y, corresponding to the outer and inner horizons.

Next, we consider the geodesics of photons and
massive particles over such a background. First, we ex-
press the geodesic equation over these regular black holes

1) Throughout this paper we treat @ as the dimensionless parameter and set the Planck length [, = 1. It implies that in order to keep the exponential factor always

dimensionless, appropriate dimensions with the power of Planck length [, is assumed to be inserted. Definitely, one may define an parameter @ = @l

(=) and restore

G into M* such that the power becomes —a@(MG)*/r". In this form, the parameter @ has the dimension lgFX), thus manifestly coming from the effects of quantum

gravity.
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with metric (3), which gives the form

dot dx” _ (1+2)<‘”)2+ ! (‘1’)2
S g an T Y\a1) Tara \a

do\? . (d¢)2
2 22 _
+r (d/l) +r-sin” 6@ i1 €, ®)

where € = 0 for photons, and € = —1 for massive particles.
Because there are two Killing vectors, namely, (9/dr)*
and (9/0¢)*, for the space time, there are two correspond-
ing conservative quantities for freely moving particles,
namely, the energy E and angular momentum L, which

are separately by
d¢)
— 2=
L=r <d/l . ©)

In spherically symmetric space-time, without loss of gen-
erality, we may consider orbits with 6 =x/2. We then
substitute £ and L into Eq. (8) and obtain the following
equation:

e=avan($):

E?= ($)2+(1+2¢)(§—e>. (10)

Now, from this equation, it is straightforward to express
the effective potential for geodesic orbits as

L2
VE(r)=(1+21ﬁ)(r—2—€). (11)

As a result, the location of the photon sphere r. is de-
termined by the vanishing of the derivative of the effect-
ive potential with respect to the radial coordinate, giving
rise to

—3M" + M M e = 0. (12)

In parallel, for massive particles, the location of the mar-
ginally stable circular orbit is denoted as r,, which is de-
termined by the equation

rZ" (—6M+eM\r;”“°re)
—-M*nr} [2M(—4 +n)— eMAr‘T"““nre} ag
—-M*n* (2M +eM"r,) f = 0. (13)

The derivation of this equation can be found in the next
sections for special x and n.

Following the strategy presented in [41], we may
define two dimensionless quantities as

r M

w= W; z= SITE (14)
and then Egs. (7), (12), and (13) can be rewritten as
wy =27 {Wié)y’ 0=—#, (15)
and
3z + & W+ 7 =0, (16)
and

Wy (=62 +e"“ w,) — 2w} [22(=4 +n) — e nw, |
-22n? (2z+e7 w,) = 0.

(17

This means that under the condition x # n, we may plot
the locations of the horizon, photon sphere, and margin-
ally stable circular orbit as functions of z, which exhibit a
universal behavior independent of the deviation paramet-
er ay. Nevertheless, we can easily derive the effects qf

the deviation parameter using the parameters M = zaj”

and r = way" .

III. REGULAR BLACK HOLE WITH x =2/3
AND n=2

In this section, we investigate the photon sphere and
marginally stable circular orbit over a regular black hole
with x=2/3 and n =2, which correspond to a Bardeen
black hole at large scales. The thermodynamic behavior
of this black hole as well as the feature of Kretschmann
scalar curvature was investigated in detail in [36].

First, we present the basic properties of the regular
black hole with x =2/3 and n = 2. The location of the ho-
rizon is given by Eq. (7). Note that the Lambert-W func-
tion has two branches in the real region [49, 50, 51],
which give rise to the inner and outer horizons separately
for this regular black hole as

g 1?2 6
%@}’”Hﬂ4mw>

172 1

(18)

wH+ =2Z {

We plot the inner and outer horizons as functions of mass
in Fig. 1. As shown in this figure, with the decrease in the
mass, the inner and outer horizons become closer and fi-
nally merge at some critical point. The location of this
critical point can be evaluated using a feature of the Lam-
bert- ¥ function as follows:
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The two branches of the Lambert-# function merge

at W_1(0) = Wy(8), implying that W(8)=-1. Using the
identity of the Lambert- ¥ function
6=w(e"?, (19)

we find that the inner and outer horizons merge at
0 = —1/e, namely,

M 3/4
1= =(5) =1258.;

: W= =152... (20)

3/4
@y

As a result, the condition for the existence of the hori-
zon is § > —1/e, namely,

> (3)3/4’ @1

below which the horizon disappears such that the black
hole becomes a CMO. It is interesting to note that this
situation is in contrast with that of the standard Schwarz-
schild black hole, where the horizon does not disappear
as the mass decreases but deceases to zero with its mass.

A. Photon spheres

Next, we consider the property of photon spheres over
this background. The effective potential is given by

Outer horizon
====Inner horizon

Fig. 1. (color online) Outer horizon (black solid line) and in-
ner horizon (black dashed line) of the black hole with x=2/3
and n=2. The vertical dashed line in orange is the borderline
between the region in the black hole phase (right) and the re-
gion in the horizonless CMO phase (left).

2ze_% L?
Vf(w)=<1— » ) <E—E>. (22)

For null trajectories, the effective potential is

2ze‘% I?
Vo(w) = (1 i ) (E) (23)

Thus, the location of the circular photon orbit can be de-
termined by Vj(w,) = 0, leading to

ﬂ
-3zwi+e? wl+277 =0. (24)

We numerically plot the radius of the photon sphere as a
function of mass in Fig. 2. First, we note without surprise
that the radius of the photon sphere is always larger than
the outer horizon. In particular, if we rewrite the equa-
tion for the photon sphere in terms of M and r, it becomes

M2Bag

—-3Mri+e 7 r,+2M°Pay=0. (25)

Obviously, when «( is vanishing, the location of the
photon sphere is r. =3m, which is a well-known result
for Schwarzschild black holes. Second, we find that in the
horizonless CMO phase, the radius of the photon sphere
becomes double-valued, as illustrated in Fig. 2. This phe-
nomenon is consistent with the results presented in [52,
53], where it was found that photon spheres always ap-

Photon Sphere(Black Hole)
Photon Sphere(CMO,unstable)
-~~~ Photon Sphere(CMO,stable)
Outer horizon

-=== Inner horizon

0 2 4 6 8 10
z

Fig. 2.  (color online) Location of photon spheres in the
spacetime with x=2/3 and n=2. The blue line represents the
location of photon spheres in the black hole phase, whereas
the red solid line is the location of unstable photon spheres in
the CMO phase, and the red dashed line is the location of
stable photon spheres in the CMO phase. The turning point of
each curve is marked by a black dot.
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pear in pairs outside a horizonless compact object. The
location of the turning point is given by dz/dw.=0,
namely,

2/3

dz _ 2e¥ T2 4 620, — 3¢ F W2
27 eI Be (26)

dwe 10z +2e % we — 9713w

Numerically, we find that the coordinates of the turning
point are (z = 1.037...,w = 1.929...).

In summary, we argue that photon spheres exhibit an
abundant structure in this background. In the region of
the black hole phase (z > 1.258), the radius of the photon
sphere is single-valued and approaches 3M as a tends to
zero. In the region of the CMO phase with (1.258 >
7> 1.037), the radius of the photon sphere has two solu-
tions with the same mass, whereas in the region with
(z < 1.037), we find no photon sphere.

B. Stability of photon spheres
Next, we consider the stability of photon spheres,
which is related to the second order of the derivative of
the effective potential. The stable photon orbit is located
at a place where V{/(w.) 2 0,

20 20
2e 7 L? (—121w‘c‘ +3e 7 +187°3w? —4z7/3>
V(@) = >0.

o’
(27)

c

Therefore, we have

203

12zt +3e 7 W) + 18273 w?

—47"3 > 0. (28)

We can identify the stable region of photon orbits by nu-
merically solving this equation. Combining Eqs. (24) and
(28), we can obtain the demarcation point of whether the
photon sphere orbit is stable or unstable, as illustrated in
Fig. 2. We find that the photon sphere is not stable in the
region of the black hole phase, whereas in the region of
the CMO phase, the upper branch is unstable, but the
lower branch is stable.

C. Circular orbits for massive particles

For massive particles, we set e =—1 in the effective

potential
,L’; 2
Voi(w) = (1 e ) (iz + 1) . (29)
w w

Hence, the radius of circular orbits can be determined by
V', (w,) =0, leading to

w2037 - I (—3zw§+e?w3+2z5/3) =0. (30)

With the above equation, the angular momentum can be
written as

W, —2w5/% 2
L?= . (31)
—3zwi+e ra a)g +273/3

The positivity of the angular momentum (0 < L? < o)
constrains the conditions for the existence of the circular
orbit as

we—2w}77 > 0;  —3zw; . Twi422P >0, (32)
Furthermore, the stability of these circular orbits is
determined by the second derivatives of the effective po-

tential, namely, V", (w,) > 0, which requires

— W, (w‘e1 + 4z2/3w? — 4Z4/3)

+e 7 (6zwp —82 Wl +8777) > 0. (33)

The equals sign in the above equation gives rise to the
location of the marginally stable circular orbit, which is
plotted as a curve in the (z,w) plane, as illustrated in Fig.
3. As shown in this figure, in the black hole phase, the
marginally stable circular orbit is single-valued, whereas
in the region of the CMO phase, there are two possible
marginally stable circular orbit locations for a fixed value
of z. Moreover, the curve of the marginally stable circu-
lar orbit does not terminate at the horizon but at the
photon sphere. This result is similar to that of other regu-
lar black holes in [41].

The turning point of the curve of the marginally stable
circular orbit can be obtained by solving dz/dw,=0,
which gives rise to

By 3

162~ 162" 02 +4¢ % —42Pw;

16T 2R w3 + 24708 _5eF w! =0 (34)

The numerical analysis indicates that the turning point is
located at

M
= 37/4 20850, w = TM

0 @y

=2807...  (35)

In summary, we remark that the circular orbits of
massive particles exist only in the region outside photon
spheres. In particular, those between the curve of the mar-
ginally stable circular orbit and the curve of the photon
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Marginally Stable Circular Orbit(Black Hole)
- ---Marginally Stable Circular Orbit(CMO)
Photon Sphere(Black Hole)
——Photon Sphere(CMO,unstable)
-===Photon Sphere(CMO,stable)
Outer horizon
====Inner horizon

Circular orbit cannot exist

Stable circular orbit

unstable circular orbit

Fig. 3. (color online) Location of the marginally stable cir-
cular orbit for massive particles in the spacetime with x=2/3
and n=2. The purple solid line represents the location of the
marginally stable circular orbit in the black hole phase, where-
as the purple dashed line is the marginally stable circular or-
bit in the CMO phase. In the region shaded in orange, all the
circular orbits are unstable, whereas in the region shaded in
pink, all the circular orbit are stable. The region shaded in
green denotes the place where the circular orbit does not exist.
The turning point of each curve is marked by a black dot.

sphere are unstable, whereas those outside the curve of
the marginally stable circular orbit are stable, as illus-

trated in Fig. 3.

D. Comparison with Bardeen black hole

For massive particles, the marginally stable circular orbit
can be obtained in a parallel way to that of the black hole
with x =2/3 and n = 2, which is given by

(38)
2768 [ (227 +302) 7 -6(3)2] =0,

We compare the radius of photon spheres as well as mar-
ginally stable circular orbits in these two spacetimes with
the same deviation parameter in Fig. 4. In the black hole
phase, it is difficult to distinguish between the regular
black hole with (x=2/3, n=2) and the Bardeen black
hole by detecting either the photon sphere or the margin-
ally stable circular orbit because these curves almost
overlap. Nevertheless, we may theoretically analyze their
differences by expanding the radius of the photon sphere
in series of the deviation parameter @y for these two
black holes. For Bardeen black holes, we find

re,=3M+ iao +0[ao)?, (39)

oM1/3
whereas for the black hole with (x =2/3,n = 2), we have

re=3M- Lao +O0[ao]*. (40)

9M1/3

First, in comparison with the standard result of a Schwar-
zschild black hole, which is 3M, we find that the radius
of the photon sphere in the Bardeen black hole increases,
whereas the radius of the photon sphere in the black hole

It is instructive to compare the photon sphere as well
as marginally stable circular orbits over the spacetime
with (x=2/3, n=2) and those over Bardeen spacetime
because these two spacetimes have the same asymptotic
behavior at large scales in the radial direction.

Bardeen black holes have a dS core. A previous in-
vestigation on photon orbits over Bardeen black holes can
be found in [54]. With the same value of the deviation
parameter ag, the effective potential is given by

Velw)=|1-

Thus, the radius of the photon circular orbits is determ-
ined by V{(w,,) =0, namely,

2 543z,

LS Ve (37)
w3, (3w + 212/3)5/2

—— Horizon(Minkowskian)
Photon sphere(Minkowskian)

Marginally Stable Circular Orbit(Minkowskian)
=== Horizon(dS)

====Photon sphere(dS)

-~~~ Marginally Stable Circular Orbit(dS)

0
6 8 10

Fig. 4. (color online) Comparison of photon spheres and
marginally stable circular orbits in the spacetime with a
Minkowskian core (x=2/3,n=2) and those in Bardeen space-

time with a dS core.
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with (x =2/3,n=2) decreases. In particular, with the de-
crease in mass, the discrepancy becomes larger. We re-
mark that the above result coincides with the result in
[38], where the shadow of these regular black holes were
compared and it was found that the shadow of the black
hole with (x =2/3,n = 2) was more deformed and the size
was smaller. We may also expand the radius of the mar-
ginally stable circular orbit in the two spacetimes near
a — 0. For Bardeen black holes, we find

_ 2
re, = 6M + w0 + Ol . (41)

For the black hole with (x =2/3,n =2), we have
re = 6M + ——ap +O[ag]”. (42)

313

We find that both radii are larger than 6M, but the radius
of the marginally stable circular orbit in the black hole
with (x=2/3,n=2) is slightly larger than that in the
Bardeen black hole. In the region of the CMO phase,
which could be viewed as the remnants of the evapora-
tion of these two black holes, the behavior of these curves
are different and, in principle, can be distinguished by the
observation, as demonstrated in Fig. 4. From Egs. (37)
and (38), we can obtain the turning points of the curves of
the photon sphere and marginally stable circular orbit us-
ing dz/dw, = 0 for Bardeen spacetime. We collate the loc-
ations of these turning points in the two different space
times in Table 1.

IV. REGULAR BLACK HOLE WITH x =1 AND
n=3

In this section, we investigate photon spheres and
marginally stable circular orbits for massive particles in
the spacetime with x =1 and n = 3, which corresponds to
Hayward black holes at large scales. Its thermodynamic
behavior and the feature of Kretschmann scalar curvature
can be found in [36].

In this background, the outer and inner horizons are
given by

cxlstg] s -l -3
R R il KT T8
(43)

We plot the locations of the outer and inner horizons
in Fig. 5. The point where the inner and outer horizons
meet is given by

M r
7= 7 =1.010..., w= — 7 = 1.465....

)} @y

(44)

A. Photon spheres

The effective potential used to determine the geodes-
ic trajectory of photons is given by

=% 2
o= (-3) ().
w w

Setting V{(w.) =0, we find that the radius of circular
photon orbits is determined by

(45)

“3zwd +edwt+32 =0. (46)
Similarly, the stability of photon spheres requires
Vi (we) = 0, leading to

—4z6 + &7 ] + 10203 - 320 > 0. (47)
We obtain the turning point using dz/dw. =0, which
gives rise to

M r

@y 0

(48)
We plot the radius of photon spheres as a function of
mass in Fig. 6.

B. Circular orbits for massive particles

For massive particles, the effective potential is given

Turning points of the curves representing the location of the horizon, photon sphere, and marginally stable circular orbit in

Photon sphere Marginally stable circular orbit

Table 1.
the (z,w) plane for various regular black holes.
Horizon

n=2x=1 (1.359, 1.649)
n=2,x=2/3 (1.259, 1.527)
Bardeen (1.092,1.189)
n=3,x=1 (1.010, 1.465)
Hayward (0.918,1.224)

(1.050, 1.953)
(1.037, 1.929)
(0.927,1.592)

(0.806, 2.660)
(0.850, 2.807)
(0.788,2.424)
(0.794, 1.731)
(0.743,1.549)

(0.595, 2.403)
(0.576,2.258)

085103-8



Astrophysical observables for regular black holes with sub-Planckian curvature

Chin. Phys. C 47, 085103 (2023)

Outer horizon
====Inner horizon

Fig. 5. (color online) Outer horizon (black solid line) and in-
ner horizon (black dashed line) of the black hole with x=1
and n =3. The vertical dashed line in orange is the borderline
between the region in the black hole phase (right) and the re-
gion in the CMO phase (left).

by

2zer L?
V_1(w) = (1— » )(a)z+l>. (49)

Then, the radius of circular orbits w, is determined by
V'’ (we) =0, which gives

w? (a)g - 3z) . (—3zwz + eéwi + 3z2) =0. (50)

Furthermore, the angular momentum for all circular or-
bits must satisfy

L=

2(,)3
-3
W (wi 2) >0, 51)
-3zw} +e% wi+322

which gives the region where the circular orbit for
massive objects is allowed. The location of the margin-
ally stable circular orbit is given by

e w] - 182 +32w, (20} -3¢ ) +2(~60f +9e7 wif) = 0,
(52)

which produces a curve in the (z,w) plane. We plot the
location of the marginally stable circular orbit as a func-
tion of mass in Fig. 7. Keep going further, the turning
point of the curve of marginally stable circular orbit is
calculated by dz/dw, = 0, which turns out to be

Photon Sphere(Black Hole)
Photon sphere(CMO,unstable)
-=-=--Photon sphere(CMO,stable)
Outer horizon

—===Inner horizon

w

___________________

Fig. 6. (color online) Location of photon spheres in the
spacetime with x = 1 and n = 3. The blue line represents the
location of photon spheres in the black hole phase, whereas
the red solid line is the location of unstable photon spheres in
the CMO phase, and the red dashed line is the location of
stable photon spheres in the CMO phase. The turning point of
each curve is marked by a black dot.

M r
2= —5 =0595..; w=—5=2403...  (53)
Qg @

C. Comparison with Hayward black hole

The effective potential of a Hayward black hole with
a de-Sitter core is

Ve(w) = (1—5)_5‘11) (:—z—e). (54)

For null trajectories, the radius of photon spheres is giv-
en by Vj(w,,) =0, leading to

wgz (-3z+w.,) +21a)g’2 +72=0. (55)

For massive particles, the marginally stable circular orbit
is given by

-8z + 11z}, + W) (—6z+w,,) =0. (56)

A similar discussion on circular orbits in Hayward space-
time can be found in [55]. Now, we compare photon
spheres as well as the marginally stable circular orbits in
these two different spacetimes in Fig. 8. In the black hole
phase, the radius of the circular orbits of photons and
massive particles can be expanded as a series of the devi-
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Marginally Stable Circular Orbit(Black Hole)
~===Marginally Stable Circular Orbit(CMO)
Photon Sphere(Black Hole)
Photon sphere(CMO,unstable)
~===Photon sphere(CMO,stable)
Outer horizon
====Inner horizon

Circular orbit cannot exist

Stable circular orbit

unstable circular orbit

Fig. 7. (color online) Location of the marginally stable cir-
cular orbit for massive particles in the spacetime with x=1
and n =3. The purple solid line represents the location of the
marginally stable circular orbit in the black hole phase, where-
as the purple dashed line is the marginally stable circular or-
bit in the CMO phase. In the region shaded in orange, all the
circular orbits are unstable, whereas in the region shaded in
pink, all the circular orbit are stable. The region shaded in
green denotes the place where the circular orbit does not exist.
The turning point of each curve is marked by a black dot.

ation parameter «. (The left equation is for Hayward
spacetime and the right equation is for the spacetime with
(x=1,n=23)).

Photon sphere:

2
re =3M — ——ag +O[ap].

2
re, =3M+ —ayp +O[ao]2; oM
(57)

oM

Marginally stable circular orbit:

19
r, =6M+ Mao +O[a0]2.
(58)

11
Fe, = O6M + %—Mao +O[ao]2;

Note that the radius of the photon sphere in the Hayward
black hole is larger than the standard result 3M in a
Schwarzschild black hole, whereas that in the spacetime
with x =1 and n = 3 is smaller than 3M. The radius of the
marginally stable circular orbit in both spacetimes is lar-
ger than the standard result 6M in a Schwarzschild black
hole. In the CMO phase, both photon spheres and margin-
ally stable circular orbits exhibit distinct behaviors in
these two spacetimes. In particular, setting dz/dw, =0
and dz/dw, =0, we can obtain the turning point of the
curves of the photon sphere and marginally stable circu-
lar orbit in the two different spacetimes. These results are

Horizon(Minkowskian)
Photon sphere(Minkowskian)

Marginally Stable Circular Orbit(Minkowskian)
====Horizon(dS)

- ---Photon sphere(dS)

- ~---Marginally Stable Circular Orbit(dS)

1 2 3 4

Fig. 8.  (color online) Comparison of photon spheres and
marginally stable circular orbits in the spacetime with a
Minkowskian core (x = 1,n=3) and those in Hayward space-

time with a dS core.
shown in Table 1.

V. CONSTRAINT ON THE PARAMETER ¢
FROM THE BLACK HOLE M87*

Strictly speaking, the photon sphere cannot be ob-
served in celestial body observation. Instead, the critical
impact parameter b is an observable measurement related
to the radius of the photon sphere. In this section, we
provide the constraint on the parameter a by the obser-
vation data from the supermassive black hole at the cen-
ter of the galaxy, M87*. We link the shadow diameter to
the critical impact parameter, which receives corrections
for regular black holes due to the presence of the modi-
fied Newton potential. Following the method proposed by
Luminet in [56], we derive the critical impact parameter
form for regular black holes with metric (3) as

2
R )

where r. is the radius of the photon sphere. For the black
hole with n =2 and x = 2/3, the photon sphere is given by
Eq. (25). In particular, for a small parameter a(, we may
expand the impact parameter as a series of @y by combin-
ing Egs. (40) and (59)

by =3\3M - Lm +Olag .

3T (60)

In parallel, from Egs. (57) and (59), we expand the im-
pact parameter for the black hole with n=3 and x=1 as
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@Q

by =3V3M -
? 3V3M

+O0[ao]>. (61)

When a9 — 0 and b — 3V3M, both b; and b, return to
the standard result for Schwarzschild spacetime.

According to the results of [57], M87* has rotation,
but the degree of distortion caused by rotation is not sig-
nificant. Thus, the M87* black hole can be approxim-
ately viewed as a rough circle, which can then be used to
constrain the parameters of static spherically symmetric
black holes. In [58], the diameter of the shadow of M&7*
is given by

Dé
dys7 = 7 ~ 110215, (62)

where D is the distance to M87%, and ¢ is the size of the
shadow angle of the black hole at the center of the M87
galaxy. Within 1o uncertainties, the shadow diameter
ranges from 9.5 to 12.5 with the black hole mass M as the
unit. Theoretically, because this quantity corresponds to
2b/M, we may constrain the parameter ay by requiring
that the theoretical value of the shadow diameter falls in-
to this range for regular black holes. Specifically, for the
black hole with n =2 and x = 2/3, we define the new co-
ordinates p = r/M and 7| = ap/ M*/3. With these coordin-
ates, we rewrite Eq. (25) and the horizon as

,,I
7
h

_3p§1 +ezp3‘ +271=0; pp, =2e™. (63)

Using Eq. (63), we can obtain the analytic form of 7, as
1 1
n=g 3w (e )| e

Then, the theoretical value of the shadow diameter can be
written as a function of p,.

2 2
=y Pa (65)
M 1+2y(pc,)

Figure 9 illustrates the change in the location of the
photon sphere and horizon with the deviation parameter 7
after fixing M. For the black hole with n =2 and x =2/3,
Eq. (63) gives the range of the two parameters 7; and p;
under the condition that there is a horizon and photon
spheres in the black hole phase,

243<p1<3; 07,074, (66)

which can also be observed from Fig. 9. Correspondingly,
from Eq. (65), we obtain the range of x| as

9.28 < y1 < 10.39. (67)

To be consistent with the astronomical observation,
we know the shadow diameter y; is restricted to be no
less than 9.5. From Egs. (65) and (64), we find that the
ranges of p; and 7; are further constrained as follows:

254<p;<3; 0<71,<0.63. (68)

That is, under the condition 0 < ag < 0.63M*/3, the
range of the shadow diameter for this regular black hole
is 9.50 S x1 $10.39, falling well into the observation
range 9.50 <d < 12.5.

Similarly, for the black hole with =3 and x =1, the
new coordinates are p =r/M and 7, = ag/M>. The rela-
tionship between the location of the photon sphere and
the deviation parameter can be rewritten as

—3p., +epl +31,=0; pj, =2e . (69)
Solving Eq. (69), 7, can be expressed as a function of p,,

epe,
T :pi —piW(%). (70)

Thus, the shadow diameter y, is given by

2b, P>
=—-=7 _— 71
=0 T G0 70

In the black hole phase, the condition that there is a
horizon and photon spheres requires that the range of the
two parameters are

071 <097, 2.72 <pr <3.00. (72)
This means that the range of the parameter «p is
0 < ag < 0.97M?. The corresponding shadow diameter lies
in the range 9.94 <y, < 10.39, which is highly compat-
ible with the current black hole diameter observed for
M&7*. It is worth noting that because the primary role of
@y 1s to prevent black holes from completely evaporating,
its effect is more noticeable as r — 0, and a more precise
range may be obtainable at this region. However, a¢ has
a relatively small influence on observables in the region
outside the event horizon; therefore, the range of ay ob-
tained near r = r, is relatively approximate. As astronom-
ical observation accuracy improves or black holes in the
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Photon sphere
Horizon

azs\
2\
0 1 2 3 4

(a)

Fig. 9.

Photon sphere
Horizon

T

(b)

(color online) Relationship between the location of the photon sphere and the deviation parameter for the black hole with n =2

and x=2/3 (a), n=3 and x=1 (b). The blue solid line is the location of the photon sphere, and the red solid line is the location of the
horizon. The left region of the black dashed line is the phase of the black hole, and the right region is the phase of the CMO.

late stages of evaporation are observed, it is expected that
a more accurate range of apmay be obtained.

VI. CONCLUSION AND DISCUSSION

In this paper, we investigate the circular orbits of
photons and massive particles in regular black holes with
sub-Planckian curvature and a Minkowskian core, which
exhibit an abundant structure and contrast with the res-
ults of standard Schwarzschild black holes. We find that
in the black hole phase, the location of the photon sphere
and marginally stable circular orbit is singe-valued,
whereas in the CMO phase, it is double-valued. We also
study the stability of these circular orbits. In the black
hole phase, the photon sphere is unstable, whereas in the
CMO phase, the upper branch is unstable and the lower
branch is stable. The marginally stable circular orbit has
two branches in the CMO phase. In the region between
the curve of the photon sphere and the curve of the mar-
ginally stable circular orbit, all the circular orbits for
massive particles are unstable, whereas outside the curve
of the marginally stable circular orbit, all the circular or-
bits are stable. We also compare the locations of the
photon sphere and marginally stable circular orbit in
spacetime with a Minkowskian core and those in space-
time with a dS core. In the black hole phase, we find that
the radius of the photon sphere in spacetime with a
Minkowskian core is smaller than that in spacetime with
a dS core. In the CMO phase, we calculate the turning
points of the curves of the photon sphere and marginally
stable circular orbit and find that these points are distinct
in the two different types of spacetimes. This study

provides a theoretical basis for the possible detection of
regular black holes in astrophysical observation. Finally,
we investigate the constraint on the parameter ¢ using
the observation data from the black hole M87*. We find
that within a reasonable range of g, the shadow of such
regular black holes is highly compatible with the ob-
served shadow from the black hole M87*. Our study
provides guiding significance for the observation of regu-
lar black holes in the future.

As the first step, we only study the astrophysical ob-
servables in spherically symmetric spacetime. One could
definitely extend the analysis to rotating Kerr-like black
holes with sub-Planckian curvature. In this case, the null
geodesics with a circular orbit near the horizon of the
black hole were derived and the shadow of black holes
was plotted in [38]. However, detailed analyses on the
circular orbits of massive particles and the CMO phase as
the remnant of the evaporation of black holes are still ab-
sent. In addition, to conjecture that the remnant of the
evaporation may be a candidate of dark matter, the stabil-
ity of horizionless CMOs should be considered seriously.
Thus, it is worth studying the quasinormal modes of this
type of spacetime in the CMO phase.
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