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Abstract: In the electromagnetic channel, chaotic gravitational lensing is a peculiar phenomenon in strong gravita-
tional lensing. In this study, we analyze the properties and emergence of chaotic gravitational lensing in the Manko-
Novikov black hole spacetime. Aiming to better understand the underlying physics, we elaborate on the boundaries of
the accessible region through analyses of the contours of the effective potentials. The latter is associated with the two

roots of a quadratic equation. In particular, we explore its interplay with an ergoregion, which leads to specific features

of the effective potentials, such as the emergence of a cuspy edge and the formation of a pocket, which serve as static
constraints on the geodesics. Additionally, we investigate the properties of the radial and angular accelerations at the
turning points in photon trajectories. The accelerations are further examined and may provide kinematic constraints on
the geodesics, as argued herein. It is concluded that the onset of the chaotic lensing is significantly related to both con-
straints; as a result, an arbitrary slight deviation in the incident photon is significantly amplified during evolution

through an extensive period, demonstrating the complexity in the highly nonlinear deterministic gravitational system.
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I. INTRODUCTION

Gravitational lensing is a prominent demonstration of
Einstein's general relativity. It is typically manifested in
terms of the distortion of a galaxy's image in its weak
form and the appearance of Einstein's ring in its strong
form. Although gravitational lensing was first proposed
as a theoretical speculation [1-3], its direct observation is
not currently possible. In the 1960s, the discovery of
quasars [4] indicated that gravitational lensing observa-
tion might be feasible, mainly because quasars are excel-
lent light sources in the universe due to their brightness.
Subsequently, weak gravitational lensing was first ob-
served in 1979 [5], where the twin images of a distant
quasar were published. Besides the weak lensing effect,
ultra-compact objects [6] might bend light at more signi-

Received 9 May 2023; Accepted 24 May 2023; Published online 25 May 2023

ficant angles that, in turn, lead to a non-perturbative ef-
fect by creating even more extreme lensing effects in im-
ages. The latter is referred to as strong gravitational lens-
ing [7]. Empirical observations unambiguously demon-
strated that gravitational lensing is one of the most relev-
ant observables in astrophysics. Since then, various as-
pects of weak gravitational lensing effects have been ex-
plored further, including numerous distinct gravitational
lensing images and Einstein rings [8].

Moreover, in the strong field limit, a black hole might
even cause light to revolve around it following given or-
bits. For spherical black holes, the corresponding circular
orbits form the light rings. The latter is generalized to the
notion of fundamental photon orbit (FPO) [9] by Cunha
et al. The FPO governs the boundary of the critical light
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geodesics that can be seen by an observer, known as the
black hole shadow [10—12].

In the case of the Kerr black hole, the relevant FPOs
comprise spherical orbits. Besides the structure of the
spherical orbits determining the black hole shadow, the
entire collection of light geodesics gives rise to the im-
age of the black hole, a possible nearby accretion disk, on
top of that of the background celestial sky. The recent ob-
servation of the M8&7* supermassive black hole by the
Event Horizon Telescope Collaboration [13] strongly in-
dicated the significance of the electromagnetic channel in
the novel era of precise astrophysics. In many cases, the
light geodesics, particularly the FPOs, possess a rich
structure, producing a sophisticated black hole image. In
this regard, topics considering black hole shadow and rel-
ative images have aroused much interest in recent years
[14—24]. In particular, in Kerr black holes with Proca
hair, the black hole shadow was demonstrated to possess
a cuspy edge [9], which has been analogically explained
in terms of the Maxwell condition in the transition of a
two-component system [25]. In the Randall-Sundrum
braneworld scenario, a break in the shadow's boundary
was observed, creating an open shadow [26]. Moreover,
the lensing image of a Kerr black hole with scalar hair
has been shown to lead to chaotic lensing [27]. In literat-
ure, chaotic scattering was known in the multibody scat-
tering [28, 29]. In the context of null geodesics in black
hole spacetime, a few other spacetime structures were
discovered to be subject to the phenomenon, including
Bonnor black dihole [30] and a non-Kerr black hole with
a quadrupole mass moment [31].

This paper further explores chaotic gravitational lens-
ing while focusing on its generation mechanism. We ex-
plore the lensing image of a non-Kerr black hole with a
quadrupole mass moment. Generally, the latter is a
Manko-Novikov spacetime with a single quadrupole de-
viation parameter. We investigate the effective potential
of relevant geodesics and its connection to the emer-
gence of chaotic lensing. The remainder of the paper is
organized as follows. First, we briefly revisit the black
hole metric in question, and the effective potential and er-
goregions are discussed. Section III presents the analysis
of chaotic lensing in the black hole image and the con-
nection with the pocket formed in the effective potential
and acceleration of the geodesic at the turning points. The
concluding remarks are provided in the last section.

II. PROPERTIES OF NULL GEODESICS AND
EFFECTIVE POTENTIALS

A. Equation of motion for null geodesics
To investigate the strong gravitational lensing, includ-
ing the chaotic lensing phenomenon, in Manko-Novikov
spacetimes [32], we first explore the properties of the null

geodesics and the associated effective potential. Accord-
ingly, we focus only on a particular subclass of the
Manko-Novikov metric that is essentially determined by
three parameters: mass M and spin S of the black hole and
dimensionless parameter g. ¢ measures the deviation of
the Manko-Novikov spacetime quadrupole mass moment
from that of a Kerr one. The metric in Boyer-Lindquist
coordinates is given by
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y =cosé. 3)

and P/(z) are the /-order Legendre polynomials. Sub-
sequently, the black hole's outer horizon radius is
rn=M+k [32-36].

The null geodesics of the black hole spacetime gov-
ern the trajectories of photons. The latter can be ex-
pressed in terms of Hamilton's equation

0
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of the following Hamiltonian
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where E =—-p, and L= p,y. The Hamiltonian can be di-
vided into the sum of two parts. The first one is the kinet-
ic term

K = prg” +pg”. (6)
and the second term gives the potential energy

V= pig'+pge® +2pypig”. @)

As the kinetic energy is positive semi-definite, the po-
tential term thus delimits the accessible region in the (r,6)
coordinates.

To be specific, Eq. (7) can be rewritten as

1
V: —B(E2g¢¢+2Eng¢+L2gtl) SO’ (8)

where D = g,2¢ —8u8sp > 0 outside the horizon. Defining
impact parameters = %, it is convenient to rescale the
effective potential as

DV

2 =8 208 +1°8u > 0, 9)

V=-

which can be further rewritten as
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It is noted that the condition in Eq. (10) introduces two
two-dimensional functions h, = h.(r,0). As V =0, when
n = h., the contours h.(r,6) govern the boundary of the
accessible region in the (r,0) coordinates for a subclass of
null geodesics, whose 7 is given. As discussed below, a
transition occurs at the ergoregion boundary where the
sign of g, flips. The specific solution of Eq. (10) will be
elaborated further in the following subsections.

B. Ergoregion and effective potentials

An ergosurface [37, 38] comprises a collection of
spacetime where the timelike killing vector field
(uniquely recognized at spatial infinity) becomes null.
The ergoregion [39, 40], defined as the spacetime region
between the outer horizon and outer ergosurface, is a re-
gion where physical objects cannot remain stationary. In
the present context, a close relationship exists between
the ergoregion and the boundary of the allowable region
by null geodesics, evaluated by employing the effective
potential defined above.

For the metric in question, the boundary of the er-
goregion is determined by surface g, = 0. This is because,
for the only time killing vector at asymptotic spatial infin-
ity k, we have k? = g;;. Using the specific form of g,

A
gu=—f= eZ\PE
** =11 +ab)> - (1 =y*)(b-a)?

_ _BE
[(x+ D)+ (x—=Dab? +[(1 +y)a+(1-y)b]*>’
(

lim g;; = —1 can be readily verified, while at the horizon,
;_;mrh with 0 =7x/2; thus, x=1, y=0, and g, is positive.
Therefore, g, must attain zero between the horizon and
infinity on the equatorial plane. The ergoregion on the
symmetric axis can also be analyzed as follows. First, as
the pole in the zenith direction is approached considering
the limit r=r, and 6 — 0%, which implies x=1 and
y— 17, then

(1-y)b-a)* _

lim gu(r=r})= 7 lim =0*.  (13)

yol-  4+4a?

More specifically, g, >0 at the horizon as one moves
away from the symmetry axis in the zenith direction, sub-
sequently indicating the existence of the ergoregion.
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However, if one approaches the outer horizon along the
axis in the radial direction, taking the limit r — r} and
6 =0, which implies x —» 17 and y = 1, then

(2= 1)(1+ab)®

lim g,(6 = 0) = —e*7 lim =0". (14)

Sl 4+442

The latter indicates that the thickness of the ergoregion
vanishes along the axis. This is largely similar to the case
of the Kerr black hole. In fact, when sitting on the hori-
zon r = ry, gy = 0 for an arbitrary 0, indicating that the er-
goregion is topologically connected. The above results
are also confirmed numerically, as shown in Fig. 1. For
the current metric, the ergoregion is observed to be relat-
ively thin at certain zenith angles.

To proceed, we will consider the properties of g4¢ >0
and g, <0. The former is also a physical requirement, as
there is no closed timelike geodesics, and these proper-
ties persist in accordance with most relevant axisymmet-
ric metrics [27].

Outside the ergregion, namely, g, <0, the two-di-
mensional effective potential A, satisfies

hy <0<h_. (15)

For a given null geodesic, where # is given, the condition
in Eq. (10) is met when

he(r,0) < < h_(1,0). (16)

Similarly, when g, >0, the null geodesic enters the
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Fig. 1.  (color online) Ergoregions of the specific Manko-
Novikov black hole spacetime.

ergoregion, and
O0<h_<h,. 17
Thus, the condition in Eq. (10) is ensured given that

h_(r,0),
ho(r,6).

=
A

(18)

\%

or p >

For both cases, equality is assumed at the boundary of the
accessible region. Specifically, the boundary of the ac-
cessible region corresponds to either n = h_ or n = h,.

It is worth noting that as one approaches the ergore-
gion from the outside, g, — 0_, it is apparent that one of
28t¢

8t
which remains finite. Therefore, the

the solution A, — — — —co, which diverges, while

h— S0 =K,

1
condition in Eq. (16) becomes
n<hl. 19)

Meanwhile, if one approaches the ergoregion from the in-
side, namely, g, — 0., the effective potential diverges as
h, — +oco, while h_ — h° remains finite. Subsequently,
the condition in Eq. (18) is simplified again to an expres-
sion identical to Eq. (19).

In practice, the value of # is given in the first place
via its angular momentum and energy [27]. If >0, the
relevant bound of the accessible region depends on the
sign of g,, and the above-derived condition can be rewrit-
ten as Q; = 1, where

01 = sgn(gy) [sgn(n—h.) +sgn(h —n)]

(20)
+sgn(—gy)sgn(h —1).

where the staircase function sgn evaluates the sign of a

quantity,
(x) :
sgn(x) =
£ 0

In contrast, if 1 <0, the condition of accessibility can be
expressed as O, = 1, where

if x>0

if x<0'

2

0, =sgn(gy)sgn(h — 1) + sgn(—g.)sgn(n —hy)
=sgn(—gu)sgn(n - h), (22)
whose form simplifies due to Eq. (17), and thus, the con-

dition dictated by the first line of Eq. (18) is always met.
Combining Egs. (20) and (22) obtains
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Q = sgn(m)Q1 +sgn(=1)Qs. (23)

The condition of accessibility corresponds to Q = 1.

It is worth mentioning that a null geodesic that satis-
fies the second line of Eq. (18) can be considered as a
"bound state." This is because one might argue that such
a photon will never be able to escape to spatial infinity.
Consider a null geodesic with a given impact parameter
no initially propagating inside the ergoregion, so that
g+>0 and 5y >h,. However, as one approaches the
boundary of the ergoregion, k. increases and approaches
+o00, which eventually breaks the second line of Eq. (18).
Therefore, for such a photon, the spacetime region in the
vicinity of the boundary of ergoregion is prohibited. More
specifically, its trajectory is bound as an inaccessible re-
gion surrounding it. Accordingly, as g, flips its sign, a
transition occurs regarding the accessible region for a
specific class of null geodesics, as observed in the last
subsection. In particular, the class of null geodesics asso-
ciated with the second line of Eq. (18) cannot appear out-
side the ergoregion, while the class associated with the
first line of Eq. (18) merges with those governed by Eq.
(16), in accordance with Eq. (19). In the following sub-
section, the above properties of 4,are demonstrated to
also dictate the feature of the associated contours, lead-
ing to additional constraints on the motion of geodesics.

C. Contour map of effective potentials and
accessible regions

Here, we present the ergoregions, relevant null
geodesics, and contours of the effective potential that
constraint the null geodesics, based on the criterion in
terms of i, and h_, detailed in the preceding subsection.
In the following figures, we utilize dashed blue curves to
represent the boundary associated with %_, correspond-
ing to the contours 4_ =, and dot-dashed red curves de-
note those associated with 4. The solid black curves in-
dicate the boundaries of the ergoregion governed by the
condition g, =0. Next, we will focus on the interplay
between the ergoregion and the contours of the effective
potential. In particular, we explore the formation and
properties of the pocket formed in the latter. Without loss
of generality, for the remaining numerical calculations in
this paper, we utilize two sets of metric parameters:

: S =02M? g=2, M=1,
: §=098M? g=8, M=1.

set 1 (24)
set 2

In particular, the second set is in the vicinity of an ex-
treme black hole and is featured by a more significant de-
viation of the quadrupole moment from the Kerr black
hole. Novel characteristics are also introduced to the res-
ulting strong gravitational lensing, as discussed below.

For better visualization, we also define a compact ra-
dial coordinate R € [0, 1] as

R*
R=—, 25
1+R* 25)
where
R = \/r2-rl. (26)

In this subsection, the calculations are carried out us-
ing the first set of metric parameters. We first present the
ergoregions of the black hole metric in question in Fig. 1.
As discussed in the previous subsection, the ergoregion
encloses the outer horizon r=r}, which corresponds to
the y-axis of the plot. At certain zenith angles, the thick-
ness of the ergoregion is numerically insignificant in the
present coordinate. On the equatorial plane, one observes
two separate areas of ergoregion, which will be referred
to as outer and inner ergoregions. Along the symmetry
axis (6 = 0), though not visually apparent, the thickness of
the ergoregion vanishes, in accordance with Eq. (14).

In the left panel of Fig. 2, we present the contour map
associated with effective potential 4_. Based on previous
discussions regarding Eqgs. (16) and (18), the contours
represent the boundary of the accessible region for null
geodesics when the equalities are assumed. As 7>0,
these geodesics evolve around the black hole along the
direction of its spin. On the right side of the contour map,
the contours start to form pockets around 7 ~ 6 and even
separate to form an isolated area of accessible region as #
further increases. It is also noted that the blue dashed
curves intersect the solid black curves. More specifically,
the union of these contours associated withs_ corres-
ponds to the geodesics capable of entering and exiting the
ergoregion. In comparison with Fig. 1, the contours
cluster themselves in between the inner and outer ergore-
gion near the equatorial plane, as shown in the left panel
of Fig. 2, forming a structure featuring a cuspy edge. In
particular, the blue dashed curves seem to break at the in-
ner bound of the outer ergoregion. These counters en-
close themselves around the immediate vicinity of the
bound. This is because 1> h° ~ —0.004 around the inner
boundary of the ergoregion, which is accompanied by a
relatively steep gradient. In contrast, the accessibility of
geodesics requires the condition 1 < 4_ given by the first
line of Eq. (18). Reminiscent of the discussions in the
previous subsection, such a geodesic will never be cap-
able of traversing the bound as 7_ — h° < 1 at the bound-
ary. As a result, these contours that govern the boundary
of the geodesics are constrained between the two ergore-
gions with a cuspy edge. Similar to 4_, we also show the
contour map of 4, in the right panel of Fig. 2. These con-
tours stay mainly inside the ergoregion. In the vicinity of
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(color online) Contour maps i =n (left) and A, =7 (right) associated with the effective potentials in Eq. (11) are shown in

dashed blue and dot-dashed red curves, respectively, where the values of 7 (> 0) are indicated. The solid black curves indicate the

boundary of the ergoregion.

the equatorial plane, they are located inside the outer er-
goregion and outside the inner ergoregion. According to
the discussions in the last section, inside the ergoregion,
g > 0; therefore, the geodesics constraint by such con-
tours can never traverse the boundary of the outer ergore-
gion and escape to spatial infinity.

In Fig. 3, we present the contour map s, =n but for
n<0. These contours indicate possible constraints for
geodesics evolving in the opposite direction of the black
hole's spin. It is apparent that the main features of the
contours associated with the effective potential 4. are ex-
changed. Now, pockets also emerge by the contours re-
lated to h, for n~—7. As # further decreases, the con-
tour separates and forms isolated areas of accessible re-
gions. Different from the left panel of Fig. 2, the red dot-
dashed curves do not traverse the boundary of the ergore-
gion. This feature is observed for contours near the equat-
or plane or the symmetry axis. Such a result can also be
derived by employing the arguments parallel to those
stated above. As g, <0 outside the ergoregion, i, <O,
according to Eq. (15). As a geodesic approaches the
bound from the outside, h, asymptotically approaches
—oo, which implies that an arbitrary geodesic with
hy <n <0 will never be able to penetrate the ergoregion.
Subsequently, the pockets enclose themselves by margin-
ally going through the boundary of the ergoregion. In
Fig. 3, the contours formed by the blue dashed curves are
primarily located inside the outer ergoregion, similar to
the red dotted-dashed curves shown in Fig. 2.

Here, we discuss the accessible region by combining
the information of ergoregion and effective potential con-
tours, as in Egs. (20), (22), and (23). In Fig. 4, we show
the accessible region for geodesics with =1 based on
Eq. (20). The left panel of Fig. 4 presents the region asso-

A
~ N
0.0, ~X
0.0 0.2 0.4 0.6 0.8 1.0
R
Fig. 3. (color online) Same as Fig. 2 but for  <0; the con-

tours associated with the effective potentials #_ and h,are
shown in blue dashed and red dot-dashed curves, respectively.

ciated with effective potential 4_, while the right panel
represents that associated with 4,. According to Eq. (20),
two contributions are related to the effective potential &_,
corresponding to the region outside the ergoregion where
g <0 and that inside the ergoregion with g, >0. As
sgn(g;) +sgn(—g,) =1, the accessible region satisfies
sgn(n—h,) = 1, irrelevant to g;,. As shown in the left pan-
el of Fig. 4, the accessible region is obtained by filling up
the area enclosed by the contour - =7 =1 and on the
side where 7 increases. Meanwhile, the accessible region
associated with A, only concerns the region inside the er-
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goregion, owing to sgn(g;) in Eq. (20). Comparing the
right panel of Fig. 4 with that of Fig. 2, the above condi-
tion is evident as the fraction between the inner and outer
ergoregions enclosed by the contour (the dot-dashed red
curve) in Fig. 4 is removed from the red area shown in
Fig. 4.

Similarly, we present the accessible region in Fig. 5
with n = —1 based on Eq. (22).

Finally, combining the acquired information, the ac-
cessible region governed by Eq. (23) is depicted in Fig. 6.
These plots can be obtained by the unions or the intersec-
tion of Figs. 4 and 5. Depending on the accessible re-
gions, they are located inside or outside the ergoregions.
Alternatively, this can be obtained by directly employing
Eq. (23). In addition, some accessible regions are topolo-
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Fig. 4.
Eq. (20).
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25

2.0

(S

1.5

1.0

0.5

R

Fig. 5.
based on Eq. (22).

00 02 04 06 08 10

gically connected to not spatial infinity but to the outer
event horizon. As a result, they are not physically relev-
ant to the discussions of gravitational lensing. The prop-
erties of the geodesics and accessible region explored in
this subsection will be utilized to analyze the chaotic
gravitational lensing observed in the black hole metric in
question.

III. BLACK HOLE IMAGES AND CHAOTIC
GRAVITATIONAL LENSING

In this section, we first present the numerical results
of black hole images in Manko-Noviko spacetime, fea-
tured by chaotic lensing, first reported by Wang, Ming-
zhi and Chen, Songbai and Jing, and Jiliang [31]. Sub-

30 |
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©15
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0.0
0.0 0.2 0.4 0.6 0.8 1.0

R

(color online) Accessible region for geodesics with = 1 constraint by the effective potentials 4_ (left) and h, (right) based on

3.0
2.5
2.0

© 15
1.0

0.5

0.0: 1
0.0 0.2 0.4 0.6 0.8 1.0

R

(color online) Same as Fig 4 but for n = —1; the calculations are carried out for the effective potentials h_ (left) and &, (right)
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Fig. 6. (color online) Entire accessible regions for geodesics with =1 (left) and n = -1 (right) based on Eq. (23). The plots consist of
the union of red (4. ) and blue (/_) areas shown in Figs. 4 and 5, and the purple filling indicates whenever the area is accessible by both

effective potentials.

sequently, we analyze the relations between the observed
chaotic lensing and the properties of the geodesics ex-
plored in the preceding sections.

A. Numerical results from backward ray-tracing
calculations

An image of the black hole spacetime can be ob-
tained numerically using the backward ray tracing meth-
od, a technique that numerically integrates the trajector-
ies of individual photons that emanate from the observer,
producing the effective potentials. The method is based
on the fact that a null geodesic will end up either at a
pixel on the celestial sky, which will be subsequently as-
signed to a given color as defined beforehand, or at the
outer event horizon of the black hole, which will be de-
noted as a black dot. Such a strategy is feasible as long as
the metric is stationary because any geodesic is revers-
ible in time in such a spacetime configuration. By enu-
merating and painting the entire solid angle of the observ-
er, one can depict the image of the black hole spacetime
from the observer's perspective.

As shown in Fig. 7, the black hole is placed at the ori-
gin of the coordinate system and the observer on the
equatorial plane. A null geodesic emanated from the ob-
server is governed by initial conditions or the conserved
quantities. Specifically, it can be expressed either in
terms of the solid angle (6p,¢0) in the observer's local
sky or the conserved quantities. In either case, it is de-
termined by two free parameters: the initial angular direc-
tion of the geodesic determines the coordinates of the cor-
responding pixel, while the color of the pixel is governed
by the eventual fate of the photon, as it either escapes to
spatial infinity or is captured by the black hole event hori-
zon (indicated by a black pixel). For the former, the even-

tual angular direction when the geodesic reaches spatial
infinity determines the pixel's color. The conserved
quantities can be readily incorporated into the equation of
motion (Eq. (4)) to derive the trajectory and sub-
sequently the final angular motion of the photon.

The basis vectors must be chosen in the observer's
local inertial frame, and two transforms are involved. The
first one is a coordinate transform that converts the angu-
lar directions (6, ¢) in the observer's local sky into two-di-
mensional coordinates (x,y), utilized in depicting the res-
ultant black hole image, given by

6 =arccos (cos (7_r ) cos (7—T ))
= red 4%))
tan (ﬂ )

)
sin (7—Tx>

4

The above transform is somewhat arbitrary, as a map
must be defined from an S? surface to a flat sheet.

The second one evaluates the covariant four-mo-
mentum of the photon using the energy and three-mo-
mentum of the photon in the observer's local sky. This is
essentially governed by the choice of the basis vectors in
the observer's local inertial frame. Following Refs. [30,
41, 42], we have

¢ =arctan 27

A
pi=— ——— —sinfcos¢ L ,
oo V89s

pr=c080~/g,r,
Po =sindsing /ge,
D¢ =SInBcos P \/ggg, (28)
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Fig. 7.
time.

where

A= gttg¢¢_gzz¢~ (29)

In the above expressions, all the emitted photons are as-
sumed to have unit energy in the local inertial frame.

The resultant black hole images are presented in
Fig. 8, where chaotic lensing is observed by the edge of
the central black hole shadow in both cases, particularly
those on the left-hand side. Subsequently, we further ana-
lyze the emergence of chaotic lensing and its connection
with the properties of geodesic and effective potentials.

B. Connection between pockets and chaotic lensing

Cunha P V P, Grover J, and Herdeiro C et al. [27]
first stated that it is intuitive to observe that the forma-
tion of the pocket discussed in the last section might be
related to the black hole shadow. As denoted in Fig. 8, we
will explore several distinct scenarios, particularly on the
edge of the image's chaotic region, to study the key ele-
ments that lead to such a phenomenon.

Three different scenarios will be elaborated. We first
consider a physically straightforward scenario with the
presence of a pocket. As discussed above, a pocket might
be formed for a given >0 owing to the contours of A_.
Regarding this, we consider two specific cases, as shown
in the top row of Fig. 9, with n=15.78. The calculations
are performed using the first set of metric parameters in
Eq. (24) and denoted in the left panel of Fig. 8 by the la-
bels 1 and 2. As the pocket implies an area of accessible
spacetime region with a narrow opening, when a geodes-
ic enters the area, it will keep bouncing against the wall
of the pocket repeatedly until it eventually escapes to in-
finity through a narrow opening. However, owing to the

(color online) Left: setup of the observer and the coordinate system. Right: image of the celestial sky in the Minkowski space-

size of the opening, the number of bounces is typically
significant. Specifically, any insignificant deviation in its
initial state will become significantly amplified; there-
fore, it is increasingly sensitive to the initial state,
namely, the incident angle of the geodesic. Meanwhile,
each time the number of bounces increases by a unit, it
implies that the geodesic's resultant solid angle sub-
sequently involves by an entire period in terms of either
one of the two angular coordinates. Therefore, the pixel's
color varies significantly in an insignificant coordinate in-
terval, giving rise to chaotic lensing. This is apparent ow-
ing to the strongly nonlinear nature of a deterministic sys-
tem, demonstrated by the geodesic equation of motion.

A typical geodesic trajectory of the above case is dis-
played on the top left plot of Fig. 9. In this case, once a
geodesic enters the pocket, chaotic lensing is triggered. In
the right panel of Fig. 9, we present an example in which
the geodesic does not enter the pocket but bounces back
immediately at the outer wall of the accessible region.
For the latter case, chaotic lensing is not observed, even
though a pocket is present. The geodesic corresponds to a
colored pixel on the background celestial sky. Two ex-
amples of this case are presented on the top right plot of
Fig. 9. As observed, the two geodesics on the top row of
Fig. 9 correspond to pixels adjacent in the resultant black
hole image: one is located inside the chaotic region, while
the other stays on the immediate outside. The two
geodesics on the bottom row possess similar features;
they are obtained using the second set of metric paramet-
ers and denoted by 1’ and 2’ in the right panel of Fig. 8. It
is also worth pointing out that the geodesic cannot enter
the horizon of the black hole. As shown in Fig. 9, any
possible trajectory to the interior of the black hole is com-
pletely walled off by the effective potentials. Therefore, it
always corresponds to a colored pixel, either chaotic or not.
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Fig. 8. (color online) Images of the Manko-Noviko black hole spacetime with different metric parameters. The calculations are car-
ried out using the metric parameter sets 1 (left) and 2 (right), specified in Eq. (24).

n=5.78 n=>5.78
3.0 3.0
25 25
2.0 2.0
1.0 1.0
0'8.0 0.2 0.4 0.6 0.8 1.0 0'8,0 0.2 0.4 0.6 0.8 1.0
R R
n=6.05

3.0

2.5

) —
q’1.5—\@ L i D
w 10 w
o )

1.0
0.5 05
ool L
00 02 04 06 08 10 °8o 02 04 06 08 10

Fig. 9. (color online) Illustrations for the first scenario: two sets of trajectories of adjacent null geodesics with the presence of a pock-
et in the effective potential.
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The second scenario discussed here is also intuitive.
As shown in Fig. 10, the effective potential possesses a
gap at a certain zenith angle. As a result, a geodesic may
fall directly into the horizon of the black hole. Such a
case is illustrated by the geodesic shown in Fig. 10, ob-
tained using the two sets of metric parameters and de-
noted by labels 5 and 5’ in the left and right panels of
Fig. 8. Indeed, geodesics may also bounce off from the
effective potential in this case, similar to the depiction in
the right column in Fig. 9.

The third and last scenario corresponds to the emer-
gence of chaotic lensing without forming any pocket.
While the effective potentials entirely block the
geodesic's access to the horizon, intuitively, in such a
scenario, chaotic lensing is not expected. This is illus-
trated by the two geodesics on the top row of Fig. 11, ob-
tained using the first set of metric parameters and de-
noted as 3’ and 4’ in the right panel of Fig. 8. However,
this is not necessarily the only possibility. On the bottom
row of Fig. 11, chaotic lensing is observed for the two
geodesics for black hole metric using the second set of
metric parameters. This is in accordance with their loca-
tions denoted on the black hole image shown in the right
plot of Fig. 8. It is not straightforward to judge whether a
pocket (if any, with a relatively wide opening) is formed.
Nonetheless, the geodesic in question seems to be attrac-
ted to the boundary of the accessible region and bounces
back. The above discussions indicate that the pocket
alone, although an important asset, might not be enough
to determine the emergence of chaotic lensing. In the fol-
lowing subsection, we explore another intriguing factor
that involves the photon kinematics: the turning points of
the null geodesic.

n=0.267

3.0

2.5

2.0

(o)

1.5

1.0

0.5

%80

0.2 0.4

R

06 08 1.0
Fig. 10.

rizon without the presence of a pocket in the effective potential.

C. Connection with angular and radial accelerations

In this subsection, we discuss the impact of angular
and radial accelerations of the null geodesics. Specific-
ally, we explore their distributions at the turning points
and their relation with chaotic lensing. Such a considera-
tion is motivated by the observation that the trajectory of
null geodesics tends to converge in specific regions of
spacetime. For instance, when chaotic lensing emerges as
it is "trapped" for an extensive period inside a pocket, the
collection of the trajectory of the null geodesic is not ne-
cessarily reminiscent of that of an ergodic process. Spe-
cifically, the trajectory may not occupy the whole cham-
ber, i.e., the entire coordinate space inside the pocket.
Such a feature can be primarily understood by investigat-
ing the accelerations at the turning points in the traject-
ory.
The turning points on the null geodesic are defined in-
tuitively as below [27]. A turning point in the radial dir-
ection implies #=0, while that in the zenith direction
means §=0. Regarding the geodesic equation (Eq. (4)),
the accelerations that satisfy the following are not diffi-
cult to determine:

1

- @(Var In[gge] +0,V),

pr = (30)

and
(31)

) 1
Po = _E(Va" In[g, ]+ 0yV).

Here, Eq. (30) gives the radial acceleration at the radial
turning point, while Eq. (31) is the zenith acceleration at

n=0.483
sol ] T ~
25
2.0
°1.5®
1.0
o.5ﬁ
0.0 : : :
00 02 04 06 08 1.0
R

(color online) Illustrations for the second scenario: the trajectories of null geodesics that fall directly into the outer event ho-
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Fig. 11.
of a pocket in the effective potential.

the angular turning point. These two equations furnish a
distribution of accelerations as a function of spacetime
coordinates.

Besides the specific shape of the accessible region,
such as a pocket, it is possible to constrain the motion of
a geodesic inside a specific spacetime region delimited by
significant accelerations with opposite signs. Intuitively,
acceleration furnishes a kinematic constraint on the mo-
tion of geodesic, while a pocket enforces a static bound
by solid walls around the area.

The results are presented in Figs. 12 and 13 using the
first set of metric parameters. In the left panel of Fig. 12,
one observes that the radial acceleration is positive at the
pocket's bottom (c.f., the zoomed-in area shown in the
upper-left corner). This is in accordance with the fact
that, as the photon approaches the bottom of the pocket, it
will bounce off the wall. In contrast, around the opening
of the pocket, there is no significant acceleration, indicat-
ing that the photon can freely enter the pocket at an ap-

(o)

n=-0.678

3.0

25

2.0

1.5

1.0

0.5

25

2.0

1.5

1.0

0.5

0.8.0

1.0

0.6
R

0.2 0.4 0.8

(color online) Illustrations for the third scenario: two sets of trajectories of null geodesics without an unambiguous presence

propriate incident angle. However, it is notable that, out-
side the opening, there is a region of positive radial accel-
eration (not shown in the plot), implying that a photon
will likely be deflected in this area. Furthermore, the dis-
tribution is symmetric with respect to the symmetric axis
of the pocket, 6 = /2.

The distribution of the zenith acceleration shown in
the right panel of Fig. 12 is also in accordance with the
shape of the pocket. Different from the radial accelera-
tion, the distribution is observed as antisymmetric with
respect to the symmetric axis of the pocket, 6 = /2. Two
narrow regions of negative and positive accelerations are
located at the upper and lower edges of the pocket. These
two regions prevent the photon from traversing the bound
of the pocket. Meanwhile, the angular acceleration in the
pocket's upper half is mostly positive, while that in the
lower half is primarily negative. This indicates that the
photon is constantly pushed off from the center of the
chamber, consistent with the previous observations that
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the null geodesic is mainly concentrated in a narrow re-
gion inside the pocket.

Based on the above discussions, the kinematic con-
straint effectively provides a barrier that is consistent
with the static constraint furnished by the accessible re-
gion. To investigate the effect of the kinematic constraint
alone, we investigate the distribution of the acceleration
where the pocket does not form. The results are dis-
played in Fig. 13. In the left panel of Fig. 13, a robust po-
tential barrier (shown in blue) in the radial direction is
observed, even though the effective potential is wide
open in the area. In the angular direction, a similar fea-
ture is observed. The above kinematic constraint is con-
sistent with the chaotic lensing observed above in the bot-
tom row of Fig. 11, where a pocket is absent.

IV. CONCLUDING REMARKS

In this study, we explored the properties and emer-
gence of chaotic gravitational lensing in the Manko-
Novikov black hole spacetimes. To explore the underly-

I100.0
5.0

1.0
0.5
0
—-0.5
1.0

-5.0
I—100.0

00 02 04 06 08 10

R

(color online) Distributions of the radial p, (left) and zenith py (right) accelerations on top of the effective potential with a

100.0

0.50 055 0.60 0.65 0.70 0.75

(color online) Distributions of the radial p, (left) and zenith py (right) accelerations on top of the effective potential without a

ing physics, we analyzed the boundaries of the accessible
region in terms of the contours of effective potentials /..
and the ergoregions. An interplay between the ergore-
gion and effective potential defines the static boundary of
the photon's accessible region. Chaotic lensing typically
occurs with the presence of a pocket in the effective po-
tential. Meanwhile, it was observed that the above cri-
terion is insufficient. Thus, we further studied the angu-
lar and radial acceleration at the turning points of the
geodesics. We argue that the latter furnishes a kinematic
constraint for geodesics. Combining the above two criter-
ia reasonably explains the observed chaotic lensing in the
Manko-Novikov black hole spacetime. Thus, the onset of
chaotic lensing is crucially related to the static and kin-
ematic constraints derived from the effective potential
and the radial and angular accelerations.

In literature, chaotic lensing is an intriguing phe-
nomenon that has only been discovered for a few metrics
[27, 30, 31]. However, an unambiguous criterion for the
emergence of this phenomenon is yet to be established.
The present study attempted to explore the relevant
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factors in detail regarding static and kinematic con-
straints. Under the circumstance of such constraints, an
arbitrarily small deviation in the trajectory of the incident
photon will be significantly amplified through an extens-
ive evolution in the spacetime region. As a result, the
chaotic phenomenon in strong gravitational lensing
demonstrates the complexity of the highly nonlinear de-
terministic gravitational system, and intriguing implica-
tions entail. It is also curious that chaotic systems can be

successfully analyzed and, to a certain degree, predicted
by machine learning algorithms [43]. Thus, it is in-
triguing whether such an approach might be adopted for
the gravitational system.
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