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Abstract: This study investigated the tetrahedral structure in **Zr and Lambda (A) impurity effect in 8/{ Zr using the
multidimensionally constrained relativistic Hartree-Bogoliubov model. The ground states of both *Zr and SZ{Zr ex-

hibit a tetrahedral configuration, accompanied by prolate and axial-octupole shaped isomers. Our calculations reveal

that there are changes in the deformation parameters 859, 830, and 83> upon A binding to *°Zr, except for 83, when

A occupies p-orbits. Compared to the two shape isomers, the A particle exhibits weaker binding energy in the tetra-

hedral state when occupying the 1/2*[000](Ay) or 1/27[110] single-particle state. In contrast, the strongest binding

occurs for the A particle in the 1/27[101] state with tetrahedral shape. Besides, a large A separation energy may not

necessarily correlate with a significant overlap between the density distributions of the A particle and nuclear core,

particularly for tetrahedral hypernuclei.
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I. INTRODUCTION

Tetrahedral symmetry, a prevalent arrangement in
molecules and metallic clusters, can also manifest in nuc-
lei. This specific symmetry arises from nonaxial octupole
deformations B;,. Similar to the well-established concept
of magic numbers for spherical and prolate/oblate nuclei,
specific configurations of protons and neutrons that fill
full shells are predicted to be associated with enhanced
stability for nuclei adopting a tetrahedral shape. These
configurations effectively close certain energy shells,
leading to tighter binding energy for the nucleus. Con-
sequently, nuclei with specific neutron (proton) numbers,
N(Z)= 16, 20, 32, 40, 5658, 70, 90—94 and N = 112,
136/142, are predicted to have comparable or larger de-
formed gap sizes than the strongest spherical gaps at
Z =20, 28, 40, or 50 [1].

Among nuclei predicted to exhibit a tetrahedral shape,
%0Zr serves as a prime example. Previous theoretical cal-
culations have predicted a low-energy tetrahedral config-
uration for %°Zr alongside its known prolate ground state
[2, 3]. Later, the Hartree-Fock-Bogoliubov calculations
with Gogny interations found that the ground state of **Zr
is tetrahedral carried by pure B3, deformation [4, 5].
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However, experimental observations based on decay
properties indicate a highly deformed, non-tetrahedral
shape for this nucleus [6, 7]. Recent mass measurement
found that it is more strongly bound than predicted and
might be classified as a deformed doubly magic system
[8]. However, this observation does not resolve the dis-
crepancy regarding its shape. Tagami et al. [4] proposed
that the observed "superdeformed" band in **Zr might be
an excited state, while the tetrahedral ground state re-
mains elusive.

A hypernucleus is composed of nucleons and hyper-
ons. Due to the additional strangeness degree of freedom,
hyperons can penetrate deeply into the nucleus, acting as
sensitive probes of various nuclear properties. These in-
clude effects like shrinkage [9, 10], modification of
cluster [11—13] and halo structures [14—18], and enhance-
ment of the pseudospin symmetry in the nucleons [19].
Additionally, hypernuclei have been linked to the exten-
sion of the nuclear drip line [16, 20—22], increase of fis-
sion barrier heights [23, 24], and modification of shapes.
These hyperon impurity effects are associated with nucle-
ar shapes and the hyperon single-particle levels. In axial
and reflection-symmetric nuclei, a A hyperon occupying
the lowest s-state (represented by A, or Nilsson quantum
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numbers Q"[Nnym;] = 1/2*[000]) reduces the quadrupole
deformation parameter 8,, effectively shrinking the nuc-
leus [25—28]. Conversely, a A hyperon occupying the
1/27[110] Nilsson orbit derived from the p shell (A,)
makes the nucleus more prolate, while those occupying
the nearly degenerate 3/27[101] and 1/27[101] orbits
make it more oblate [11, 26, 29-31]. In triaxial calcula-
tions, a A hyperon can soften the potential energy sur-
face (PES) along the y-direction (Hill-Wheeler coordin-
ate) [32—34]. This alters the 2* excitation energy and E,
transition probability of the core nucleus [34—37]. Addi-
tionally, A hyperons can split the rotational bands of the
corresponding nucleus when they occupy p-orbits [35]. In
calculations assuming axial symmetry but reflection
asymmetry, with increasing octupole deformation, the ad-
ditional A,(A,) hyperons become more concentrated
around the bottom (top) of the pear-shaped nucleus [38].
However, to date, no further studies have investigated
exotic tetrahedral hypernuclei.

Therefore, this work investigated the shape of *Zr
and the A hyperon impurity with tetrahedral shapes. Al-
though it is difficult to synthesis the hypernucleus §!'Zr,
this paper provides a theoretical understanding of the
hyperon impurity effect with Y3, correlation. We employ
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where B represents baryon (neutron, proton or A), and
Mjp is the corresponding mass. o, «*, and g* are scalar-
isoscalar, vector-isoscalar, and vector-isovector meson
fields coupled to baryons, respectively. A* is the photon
field. Q,,, ﬁyv, and F,, are field tensors of the vector
mesons «* and g* and photons A*. m, (gs8), M. (gus) »
and m, (g,s) are the masses (coupling constants) for
meson fields. Note that o* and ¢ mesons introduced for
multihypernuclei [44, 54, 55] and nuclear matter [S6—58]
are omitted in this work because we only focus on single-
A hypernuclei.

The nonlinear coupling terms for mesons [59—61] and
density dependence of the coupling constants [62—64] in-
troduced two different approaches to give proper satura-
tion properties of the nuclear matter, extending the invest-
igation to hypernuclei. For nonlinear coupling effective
interactions, nonlinear meson fields are added to the Lag-
rangian in Eq. (1) [55, 65, 66]. For density-dependent ef-
fective interactions, the coupling constants are dependent

the multidimensionally-constrained covariant density
functional theories (MDC-CDFTs), where the shape de-
grees of freedom (represented by 8,, with even u values)
are self-consistently included under the intrinsic V, sym-
metry group [39—42]. This framework has been success-
fully applied to study tetrahedral shapes in neutron-rich
Zr isotopes [42] and Y3, correlations in N = 150 isotones
[43] and has been extended to hypernuclear properties
[27, 28, 30, 32, 44].

The remaidner of this paper is organized as follows. In
Sec. II, we introduce the MDC-CDFTs for hypernuclei.
In Sec. III, we use MDC-CDFTs to calculate the poten-
tial energy surfaces (PESs) of **Zr and ' Zr and discuss
their shapes. The impurity effect in a tetrahedral nucleus
is analyzed based on A separation energies, charge radii,
and density distributions. Finally, a summary is given in
Sec. IV.

II. THEORETICAL FRAMEWORK

The CDFTs are microscopic nuclear models that have
been very successful in describing properties of nuclear
matter and finite nuclei [41, 45—53]. In CDFTs, baryons
interact through mesons, and the Lagrangian for a A hy-
pernucleus is written as

f wAA

A”)lﬁg+!ﬁ/\ O—pvQ wl\

1. 1

7 M

on the total baryonic density p” as follows:

gmB(pU) = gmB(psat)ﬁnB(x), X = pu/psat’ (2)

where m labels mesons, pg, is the saturation density of
nuclear matter, and f,5 describes the density dependence
behaviour [28, 67]. Because nonlinear coupling methods
are widely used, in the following, we only introduce the
detailed framework adopting density-dependent coupling
constants.

Starting from the Lagrangian (1) with density-de-
pendent coupling constants, the equations of motion can
be derived via the variational principle. The Dirac equa-
tion for baryons reads

hgip = eiip, 3)

where ¢; is the single-particle energy, ¢z is the single-
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particle wave function, and the single-particle Hamiltoni-
an

hB=a'~p+VB+TB+ER+,8(MB+SB). (4)

The Klein-Gordon equations for mesons and the Proca
equation for photons are

(_A + m(27')0- = _g(eriv - g(r/\pf\a

v U f AA
(—A+m)wy = unPyy + ZunPi — 2L10\/1A e
(-A+ mf))Po = 8on (0, —Pp)s
—AAy = ep). %)

Eqgs. (3) and (5) are coupled via the scalar, vector, and
tensor densities

Py = leiBWiB»

Py = ZJ’[B)’O%B,
px =10 (Z ‘/’Z\)’%A) , (6)

and various potentials
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The rearrangement term Xy is present in the density-de-
pendent CDFTs to ensure energy-momentum conserva-
tion and thermodynamic consistency [68].

In this work, the Bogoliubov transformation is imple-
mented to describe the pairing correlation between nucle-
ons. A separable pairing force of finite range in the spin-
singlet channel [69, 70], i.e.,

l_P(r

V = -GS8§(R-R)P(r)P(r') >

@®)

is adopted, where G is the pairing strength, R and r are
the center of mass and relative coordinates, respectively,

and P(r) is the Gaussian function. The equal filling ap-
proximation [71] is adopted for the single A hyperon.
Then, one can calculate the pairing field A and construct
the relativistic Hartree Bogoliubov (RHB) equation as

/ 3 ’( hB_/l A ) ( Uk > < Uk >
d’r = Ek .
—-A* —h3+/l Vi Vi
)

where A is the Fermi energy, and E; and (U, V)" are the
quasi-particle energy and wave function, respectively. In
MDC-CDFTs, instead of treating the pairing with BCS
approximation after solving Eq. (3), Eq. (9) is directly
solved by the multidimensionally-constrained relativistic
Hartree Bogoliubov (MDC-RHB) model.

The (hyper)nuclear shapes are charaterized by the de-
formation parameters 3,, as

4r

= WQ/U“ (10)

B/lp

where R=1.2A"3 fm with mass number 4. Q,, is the
multipole moment of the intrinsic densities and is calcu-
lated as follows:

On = /dSrp”(r)rlY/m(Q), (11)

where Y,,(Q) represents spherical harmonics with Euler
angle Q = (¢,6,y).

In the MDC-RHB model, thanks to the usage of an
axial symmetric harmonic oscillator basis in solving the
RHB equation (9), one can keep or break the axial and re-
flection symmetries easily. Therefore, four kinds of sym-
metries can be imposed: (a) axial-reflection symmetry
with only By; (b) non-axial but reflection symmetry with
B and By; (c) axial symmetry but reflection asymmetry
with By and Bsp; and (d) non-axial and reflection asym-
metry with B, B, B and Bs,, which are labeled as K,
Kn, K #, and K #, respectively.

Note that higher-order deformations are included
naturely in MDC-CDFTs [72, 73] with the V, symmetry,
but we only discuss the deformations up to 2 =3 in this
work.

III. RESULTS AND DISCUSSION

To investigate the shape of **Zr, we begin by calculat-
ing its two-dimensional PESs. Figure 1 shows the results
obtained using the PK1 [61] effective interaction. In these
calculations, specific pairing strengths (G, = 728.00 MeV
fm? and G, =815.36 MeV fm?) are assigned to the pair-
ing forces between neutrons and protons within the nucle-
us, respectively. These parameters are adjusted to repro-
duce the available empirical pairing gaps of 192194 Zr [42].
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Fig. 1.
faces (PESs) with (a) Kn, (b) K#, (¢) K#&B3 =0.0, (d)
K#&ﬁﬁ) = 0.1, (C) K?f'&ﬁzo = 0.0, (D K?}‘&,Bzo = 0.1, and (g)
K #&pB3, = 0.2 symmetry imposed. The PK1 [61] effective in-
teraction is adopted for the particle-hole channel, and
G, =1728.00 MeV fm3 and G, =815.36 MeV fm? are adopted
for the pairing channel. The location of the global energy min-

(color online) Two-dimensional potential energy sur-

imum on each PES is marked by a red star.

In Fig. 1(a), the Hill-Wheeler coordinates g, =
VB +2B3, and 7y = arctan( V28,,/Bx) with y €[0,60°]
are constrained instead of B,y and B,, because of the six-
fold symmetry with pure quadrupole deformations. The
PES reveals that the nucleus prefers a prolate shape in its
ground state, with a quadrupole deformation of 3, = 0.49.
This finding aligns with several other theoretical models
[74—77] and experimental observations based on decay
properties [6, 7]. However, it is noteworthy that some
theoretical models predict a spherical ground state for
807r [78, 79]. Our calculations also show the presence of
other possible shapes (spherical, oblate, and triaxial) at
slightly higher energies on the PES, suggesting a poten-
tial coexistence of shapes. This finding is consistent with
other studies [74, 78].

Figure 1(b) explores a different scenario, where K #
symmetry is applied. In this case, the calculated PES re-
veals three possible low-energy shapes for the nucleus:
prolate, oblate, and a new one called 'pear-like'. Interest-
ingly, the pear-like shape, characterized by (B20,830) =
(0.02,0.20) deformation, has a slightly higher energy than
the prolate shape. This suggests that **Zr naturally prefers
a prolate shape. However, including the reflection asym-
metry reduces the energy barrier between the prolate and
pear-like shapes. This makes it easier for the nucleus to

fluctuate between these two shapes, potentially even fa-
voring the pear-like shape under certain conditions.

To explore a scenario with even less symmetry, we
completely remove both reflection and axial restrictions
(represented by K # symmetry). In Fig. 1(c), we fix
B = 0.0, set By as a free parameter with initial value
zero, and calculate E(B1,B3;). Similar to the previous
case, the nucleus can adopt prolate and oblate shapes.
However, a new, even lower-energy minimum appears,
characterized by a deformation pattern of a tetrahedron.
This finding aligns with calculations using other theoret-
ical models [4, 5].

We investigate how the interplay between various de-
formation parameters (B,8330,832) affects the PESs of
87r. Figure 1(d)—(g) present the results. A key finding is
that the tetrahedral minimum becomes more prominent
when the B85 and B3, values are close to zero (Fig. 1(c,e)).
This suggests that a more spherical shape favors the tetra-
hedral configuration. Additionally, the flatness of the PES
with respect to B3 and Bs, in Fig. 1(e) indicates a high
degree of shape fluctuation between the tetrahedral and
pear-like shapes. As B3 increases in E(B,B3) (Fig.
1(d)), the correlation between Y,y and Y3, weakens. With
increasing prolate deformation B,y (Fig. 1(f)), a saddle
point emerges between the tetrahedral and axial-octupole
energy minima. When B,y reaches 0.2 (Fig. 1(g)), neither
B30 nor Bs, impacts the energy minimum of *°Zr. These
findings align with observations in neutron-rich Zr iso-
topes [42] and support the notion that octupole deforma-
tions play a significant role in near-spherical nuclei [2,
42, 80]. This further strengthens the validity of using the
MDC-RHB model with K # symmetry as a reliable ap-
proximation for studying the ground state of *Zr.

Figure 2 compares PESs calculated with various sym-
metry constraints in one-dimensional PESs. In Fig. 2(a),
the Kn symmetric PES exhibits three energy minima cor-
responding to those in Fig. 1(a), except for the triaxial
minimum. However, relaxing parity symmetry (K #) in-
troduces an additional energy cost for near-spherical
shapes. This is because a slightly non-spherical deforma-
tion term (B;) becomes more influential in this case, fa-
voring a pear-shaped minimum over a perfect sphere. In
the K # calculation, we fix B3, to zero to isolate the ef-
fect of B3y and set the initial value of B, to zero. This
leads to the spherical minimum transforming into a tetra-
hedral minimum. Interestingly, the oblate and prolate
minima remain similar to those in the case with only B
considered. It is worth noting that the higher energies ob-
served with the K #&p3 = 0.0 symmetry than those with
the K# symmetry around the prolate region disappear
when the B;, and B, deformations are allowed to vary
freely. We have checked this through the PESs in the sup-
plement: a proper initial value of 3,, will make the en-
ergy of the prolate saddle point with K # symmetry lower
than that of the K # one. Besides, the energy of the ob-
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Fig. 2. (color online) Potential energy surfaces of (a) **Zr

with PK1, (b) §! Zr with PK1-Y1, (c) **Zr with DD-ME2, and
(d) 3!Zr with DD-ME2-Y2. The calculations are performed
with K (blue dashed-dotted line), K # (red dotted line), and
K #&pB30 = 0.0 (black solid line) symmetries imposed.

late minimum is lowered by the 35, deformation, but the
ground state still exhibits tetrahedral shape.

Our calculations explore the dependence of ground
state predictions on the effective interaction used. While
the PK1 functional (Fig. 2(a)) predicts prolate ground
state with Kz symmetries, the DD-ME2 [64] interaction
(Fig. 2(b)) favors a spherical ground state with this sym-
metry. However, relaxing both the axial and reflection
symmetry leads to tetrahedral ground states for both ef-
fective interactions. To further solidify this result, we cal-
culate the ground state of *Zr using additional effective
interactions (NL3 [81], TM1 [60], PC-PK1 [82], and DD-
PC1 [83]) in Table 1. Interestingly, all interactions pre-
dict a tetrahedral ground state for **Zr. This consistency
reinforces the conclusion that *¥Zr exhibits a tetrahedral
ground state, independent of the specific effective inter-
action employed.

Then, the PESs of §'Zr for various symmetries are
studied using PK1-Y1 [65] (Fig. 2(c)) and DD-ME2-Y2
[28] (Fig. 2(d)) effective interactions. As expected, the
PES for 8 Zr with PK1-Y1 closely resembles that of its
core nucleus, *Zr (Fig. 2(a)). This indicates that a single
A hyperon has minimal influence on the overall nuclear
shape dominated by the eighty core nucleons. The inclu-
sion of the S5 (and B3,) deformation lowers the energies
for near-spherical shapes, favoring a transition from a
spherical to pear-like (or tetrahedral) minimum. Ulti-
mately, the calculations predict a prolate minimum with
slightly higher energy compared to the tetrahedral ground
state. This suggests that 8! Zr adopts a tetrahedral struc-
ture as the ground state, coexisting with prolate and pear-
like shape isomers. Similar results are observed with the
DD-ME2-Y2 interaction (Fig. 2(d)). Here, the overall

Table 1. Minimums of **Zr in the cases of spherical, prolate,
axial-octupole, and tetrahedral symmetry with different effect-
ive interactions using MDC-RHB model. Pairing strength
G, =1.0Gy, G, =1.12Gy with G, =728.0 MeV fm?3 and effect-
ive range a = 0.644 fm.

Interaction B0 B30 B3 EMeV
0.000 0.000 0.000 -664.861
0.493 0.000 0.000 —665.191
NL3
0.015 0.185 0.000 —665.759
0.000 0.000 0.178 -666.524
0.000 0.000 0.000 -668.674
0.538 0.000 0.000 —664.996
T™I1
0.017 0.194 0.000 —669.800
0.000 0.000 0.184 —670.657
0.000 0.000 0.000 -665.074
0.491 0.000 0.000 -667.061
PK1
0.021 0.201 0.000 —666.894
0.000 0.000 0.192 —-668.336
0.000 0.000 0.000 -666.702
0.499 0.000 0.000 -663.911
PC-PK1
0.005 0.118 0.000 -666.844
0.000 0.000 0.116 -666.971
0.000 0.000 0.000 —665.675
0.502 0.000 0.000 —663.500
DD-ME2
0.012 0.166 0.000 -666.476
0.000 0.000 0.162 -667.213
0.000 0.000 0.000 -667.551
0.536 0.000 0.000 -663.577
DD-PC1
0.009 0.151 0.000 -668.032
0.000 0.000 0.144 -668.397

PES is lowered upon binding a A hyperon to **Zr, but the
core nucleons continue to dictate the dominant shape. The
calculations again predict a tetrahedral ground state for
817Zr with a pear-like isomer.

Therefore, to investigate the effects of the A hyperon
impurity in 8! Zr, calculations that relax both axial and re-
flection symmetry constraints are necessary (denoted as
K #t). For simplicity, Fig. 3 presents results from calcula-
tions with K #&pB3 = 0.0. As discussed previously, B3 in-
fluences the PES within the —0.2 <8,y < 0.2 region but
does not alter the energy minima. In this investigation, we
calculate the PESs for §'Zr in which the A hyperon occu-
pies the four lowest available orbits. These PESs are then
compared to the PES of the core nucleus, *Zr. It is im-
portant to note that while the Nilsson quantum numbers
(Q"[Nn3my]) are used to label the A single-particle states
for convenience, they lose their exact meaning when both
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P

(color online) Energies of 8! Zr(**Zr) as a function of the deformation parameter £ calculated by (a) PK1-Y1(PK1) and (b)

DD-ME2-Y2(DD-ME2) effective interactions. The calculations are performed with K #&pB30 = 0.0 symmetry. In each subfigure, A hyp-
eron occupies the lowest s orbit and the three p orbits. The Nilsson quantum numbers Q*[Nn3m;] shown here are the dominant compon-

ents of the corresponding A orbits. The inset in each subfigure shows the 83, deformation of the corresponding PES as a function of

deformation.

axial and reflection symmetries are broken.

Figure 3 reveals a strong similarity between the PESs
of 8! Zr and those of its core nucleus, **Zr, for both PK1-
Y1 and DD-ME2-Y2 interactions. The presence of a A
hyperon occupying the 1/2*[000] orbit primarily leads to
an binding energy increase of approximately 22 MeV. In-
terestingly, the 1/27[101] and 3/2°[101] states exhibit
nearly identical energies for specific shapes. This is nat-
urally attributed to the very weak spin-orbit splitting ob-
served in A hyperons, as reported in Ref. [84]. The inset
of the figure depicts the 35, deformation of the PESs as a
function of the B,, deformation. Notably, for all PESs, the
B3, values coincide with those of **Zr for specific 8, val-
ues.

Table 2 provides quantitative data to explore the rela-
tionship between nuclear shape and the influence of the A
hyperon impurity. Let us focus here on the deformation
changes. When a A particle occupies the 1/2+[000] state,
all three studied states (prolate, pear-like, and tetrahedral)
exhibit a decrease in deformation compared to their coun-
terparts in the core nucleus. For the 1/27[110](1/27[101])
state occupancy by a hyperon, the B,y deformation of the
prolate state increases, while the B;, deformation of the
pear-like state decreases compared to the core nucleus.
Interestingly, the B3, deformation of the tetrahedral state
remains almost unchanged.

In addition to the deformation changes, our findings
also reveal a shrinkage effect. The prolate state exhibits
larger matter and charge radii compared to the tetrahed-
ral and pear-like states. This is further illustrated in Fig.
4, which depicts the difference in core and hypernuclear
charge radii (Ar.), defined as Ar.=r.(3Zr)-r.(Zr).
Here, r, signifies the charge radius. The Ar. values range
from —0.04 to 0.01 fm when the A particle occupies the
s12 orbit. This shrinkage effect is smaller for p-orbit oc-
cupancy and demonstrates sensitivity to the chosen ef-

fective interaction. Calculations using the PK1-Y1 inter-
action predict a smaller shrinkage compared to those us-
ing DD-ME2-Y2.

The final aspect we explore is the A separation en-
ergy, denoted by S ,, which represents the energy differ-
ence between the hypernucleus (3Zr) and core nucleus
(*Zr), expressed as: S, = E('Zr)— E(*Zr). Figure 4(d)
depicts this energy for the three studied states when a A
particle occupies the sy, orbit. The S, values are around
22-23 MeV, with minor variations between the shapes.
Notably, the prolate state exhibits a slightly higher separ-
ation energy compared to the other two states when cal-
culated with the PK1-Y1 interaction. In contrast, the DD-
ME2-Y?2 interaction predicts the highest separation en-
ergy for the axial-octupole state. Nonetheless, the tetra-
hedral ground state does not exhibit the strongest binding
for the A hyperon, regardless of the interaction. For the A
particle occupying the 1/27[110] orbit, the S, value for
the prolate state is approximately 2 MeV larger than those
of the pear-like and tetrahedral states. Interestingly, when
A occupies 1/27[101], the largest separation energy is
consistently found in the tetrahedral shape, irrespective of
the chosen effective interaction.

Finally, the overlap integral (Zovenap) between the core
nucleon density (py(r)) and A density (pa(r))is calcu-
lated using the following equation [27, 33, 85, 86]:

Ioverlap = /PN(V)PA(”)d3r~ (12)

This integral quantifies the degree of spatial overlap
between these densities, as introduced in Ref. [33]. The
slightly softer energy curve toward the prolate configura-
tion in C isotopes originates from the fact that the over-
lap between the deformed nuclear density and spherical A
density is maximum under the prolate configuration.
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Table 2. Deformation parameters (820, 830, and B3;), root mean square (r.m.s.) matter radii (r,,), r.m.s. charge radii (r.), total ener-

gies (E), and A separation energies S of §! Zr and density overlaps between the nuclear core and hyperon (Iovenap) With hyperon injec-
ted into the A, (1/2*[000]) and A, (1/27[110] and 1/27[101]) orbits, respectively. The properties of 807r are also listed for comparison.
The tetrahedral state (labeled with one asterisk) is calculated with K #&p30 = 0.0 symmetry, and the pear-like state (labeled with two as-

terisks) is calculated with K # symmetry.

(Hyper)nucleus Boo B30 B3> i /fm re/fm EMeV S A/MeV Ioverlap /fm—3
PKI-Y1 [65]
807y 0.491 - - 4219 4326 -667.019 - -
81 25(1/271000]) 0.483 - - 4202 4.320 -689.764 22.745 0.144
817e(1/2[110]) 0.498 - - 4218 4327 —685.247 18.228 0.139
81 7e(1/27101]) 0.475 - - 4208 4.321 -681.709 14.690 0.124
807+ 0.000 0.000 0.192 4.154 4.265 —668.332 - -
81704 (1/2*000]) 0.000 0.000 0.189 4.140 4.263 -690.372 22.040 0.142
8170 (1/2-[110]) 0.011 0.000 0.192 4.151 4.265 —684.078 15.746 0.126
81704 (1/2-101]) 0.000 0.000 0.192 4.151 4.265 ~683.957 15.625 0.126
- 0.021 0.202 - 4.139 4.252 ~666.895 - -
8170+ (1/2*[000]) 0.020 0.197 - 4.126 4.250 -688.984 22.089 0.143
81z (1/2-[110]) 0.037 0.206 - 4.137 4.253 —682.767 15.872 0.127
8170 (1/2-[101]) 0.015 0.199 - 4.136 4.252 -682.432 15.537 0.125
DD-ME2-Y2 [28]
807y 0.502 - - 4.240 4.350 ~663.500 - -
817:(1/2+[000]) 0.491 - - 4.206 4.329 —686.322 22.822 0.149
8174(1/2°[110]) 0.506 - - 4224 4337 -682.011 18.511 0.146
817x(1/27[101]) 0.483 - - 4214 4331 -677.811 14311 0.130
807+ 0.000 0.000 0.162 4.157 4272 —667.213 - -
8170 (1/2+[000]) 0.000 0.000 0.151 4.125 4.254 -689.973 22.760 0.152
81704 (1/2°[110]) 0.013 0.000 0.161 4.140 4.261 ~682.948 15.735 0.135
8170 (1/2-1101]) 0.000 0.000 0.160 4.140 4.261 ~682.762 15.549 0.136
807p*s 0.012 0.166 - 4.147 4264 —666.476 - -
81 20+ (1/2*000]) 0.010 0.154 - 4.117 4.247 ~689.352 22.876 0.153
8170 (1/2-[10]) 0.027 0.177 - 4.132 4.254 ~682.403 15.927 0.137
0.006 0.161 - 4.130 4252 —681.940 15.464 0.134

81zr**(1/27[101])

Later, a correlation between S, and Ioen,, Was found in
Refs. [27, 85, 86]. In this work, as shown in Table 2 and
Fig. 4(d)—(i), a larger A separation energy (S ) generally
correlates with a larger overlap integral. However, an ex-
ception occurs for the case of the A particle occupying
the 1/27[000] state with the DD-ME2-Y2 interaction.
Here, the prolate state exhibits a higher S, than the pear-
like state, despite a lower Ioenap value. This discrepancy
can be understood by examining the nucleon and A dens-
ity distributions, which are presented in Fig. 5 for calcula-
tions with both PK1-Y1 and DD-ME2-Y?2 interactions. In
all cases, the A hyperon resides in the center of the x—z
plane. However, the tetrahedral state exhibits a
"clustered" feature within its nucleon density, leading to a

lower density at the center of the x—z plane compared to
the other shapes. This explains the smaller S, observed
for the tetrahedral state. Conversely, the large S, value
for the pear-like state with DD-ME2-Y?2 interaction arises
from its very small radii and a more centralized nucleon
density distribution.

IV. SUMMARY

This study investigated the Y;, correlation in **Zr and
Lambda impurity effect in tetrahedral shape using the
MDC-RHB model. We found that the ground state of **Zr
exhibits a minimum energy configuration in a tetrahedral
shape, along with minima in prolate and axial-octupole
shapes. The octupole deformations B;y and B;, lower the
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Fig. 4.

(color online) Difference of the core and hypernuclear charge radii Ar., A separation energy (S, ), and density overlap of the

core and hyperon Ioyem1ap as a function of the isomer (prolate, tetrahedral, and pear-like) states. The A hyperon occupies the lowest s or-
bit (Q"[Nn3my] = 1/2*[000]) and the two p orbits (1/27[110] and 1/27[101]). For convenience of comparison, panels (¢) and (f) are offset
downward from panel (d) by 6 and 8 MeV, respectively. The calculations are performed using PK1-Y1 and DD-ME2-Y2 effective in-
teractions, respectively.

PK1-Y1, pro.

Z (fm)

DD-ME2-Y2

Z (fm)

Fig. 5.

X (fm)

PK1-Y1, tetra.

X (fm)

PK1-Y1, pear

DD-ME2-Y2,

X (fm)
(color online) Contour plot of nucleon density and density profile of the A hyperon in the (x,z) plane at y =0 fm for differrent

0.008

0.006

0.004

o (fm=3)

0.002

0.000

shapes of §Zr calculated with PK1-Y1 (a)—(c) and DD-ME2-Y2 (d)—(f) effective interactions, respectively. The A hyperon occupies

the 1/2*[000] orbit.

PESs in near-spherical shapes. However, differentiating
between the pear-like and tetrahedral shapes remains
challenging due to the very flat potential energy surface

E(B30,332) in near-spherical region.

The binding strength of the A particle, quantified by
the A separation energy (S, ), depends on the specific en-
ergy level (orbital) it occupies within the nucleus and the

chosen nuclear interaction. For the A in the 1/2*[000] and
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1/27[110] states, the prolate state shows the largest S,
with the PK1-Y1 interaction, while the DD-ME2-Y2 in-
teraction favors the axial-octupole state. Interestingly,
when the A occupies the 1/27[101] orbit, the tetrahedral
shape consistently exhibits the strongest binding (largest
S ) regardless of the interaction used. Our analysis re-
vealed a general correlation between S, and the overlap
integral (Lovernap) between the Lambda and nucleon densit-
ies. This suggests a stronger binding for a larger spatial
overlap between these densities. However, an exception
occurs for the 1/2*[000] state with the DD-ME2-Y2 in-
teraction. In this case, a "clustered" structure within the
tetrahedral nucleon density distribution leads to a smaller
S A despite a potentially larger overlap.

APPENDIX A

The 2D PESs of %Zr at different points of Fig. 2(a)
are discussed here. Fig. Al(a) shows the E(B,,, B3) from
the energy minimum of E(By = —0.22, B3,). The energy
minima appear at 8, ~ 0.3 and S5 = 0.0, meaning that the
triaxial shape will lower the energy minimum of
E(By =—0.22, B3,). However, the obtained energy is still
higher than the tetrahedral one. Fig. A1(b) and (c) show
the E(B,,,53) from the saddle point of E(By = —0.14,53,)
and the tetrahedral minimum, respectively. The energy
minima appear at 3, = 0.0 and S5 = 0.0, indicating that
these two deformation parameters do not attribute to the
energies at the E(B, = —0.14, B3,) saddle point and tetra-
hedral minimum. Fig. Al1(d) is the E(Ba,, B3) from the
saddle point of E(By = 0.2, 83). The energy minima ap-
pear at B, ~0.12 and B3 ~ 0.0 and lower than the K #

~[ =

(c) Kit&fpr0=0.0

. B32,ini =02

Fig. Al.
surfaces (PESs) at (a) the E(B29 = -0.22, B3;) energy minimum,
(b) E(Ba = —0.14, B3,) saddle point, (c) tetrahedral energy min-
imum, (d) E(Bx = 0.2, B3) saddle point, and (e) prolate region

(color online) Two-dimensional potential energy

with By > 0.2 of Fig. 2(a). The location of the global energy
minimum on each PES is marked by a red star.

saddle point at B,y = 0.2. Fig. Al(e) shows the PES with
B from 0.2 to 0.5. Considering the obtained result that
octupole deformations will not change the energies in this
region, this figure shows us that the energy minimum at
B ~ 0.5 is prolate in the K # calculations.
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