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Friedmann’s universe controlled by Gauss-Bonnet modified gravity
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Abstract: We consider a Lagrangian to describe gravity using a nonlinear term depending on the Gauss-Bonnet to-
pological invariant. We examine the conditions for a bouncing and the existence of an ulterior accelerated phase of
the universe. The original concept of Einstein's first paper on cosmology was to modify the equations that control the
gravitational metric. Based on this, several authors have proposed different formalisms to modify general relativity.
Herein, a function of the topological invariant is used in a homogeneous and isotropic cosmological model. First, a
case with the topological invariant as a constant is thoroughly examined, yielding specific constraints on the evolu-
tion of the Hubble parameter. Subsequently, we study a function of the topological invariant squared. In an empty
space-time scenario, the term that modifies Einstein’s equations functions as an effective geometrical density, and
we map regions in the phase space in which the effective pressure is positive or negative. This results in non-trivial
integral solutions such as cyclic stages of acceleration and deceleration of the scale factor in the model, among other
behaviors. We add cosmic dust to the system, and for certain classes of solutions, we observe that the minimum pos-
itive value of the Hubble parameter is limited by the cosmic dust matter density. If this matter density reaches zero,

the minimum value of the Hubble parameter also reaches zero.
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I. INTRODUCTION

For compatibility to general relativity, the accepted
idea that the expansion of the universe is accelerating re-
quires the introduction of some unusual forms of matter.
However, several authors have proposed that instead of
creating strange hypothesis on some yet unobservable
species of matter, one should follow the original concept
of Einstein’s first paper on cosmology and consider
modifying the equations that control the gravitational
metric in the cosmic scene. This possibility prompted us
to re-examine the evolution of the topological invariant
containing two duals in a dynamical universe, the so
called Gauss-Bonnet (GB) topological invariant. The par-
ticular interest on this invariant emerges from the fact
that, in a homogeneous and isotropic universe, it drives
the cosmic acceleration. In a decelerating scenario and as
a necessary previous condition of an ulterior acceleration,
this invariant must have an extremum identified to its
maximum value. We will examine the conditions for this
to occur and a description of the universe with epochs of
accelerated and decelerated expansion.

Modified theories of gravity have been proposed to
account for astronomical data, such as the cosmic late ac-
celeration. Two of such propositions that have have be-
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come popular are the f(R) theory and GB topological in-
variant modified gravity [1—-4]. GB modified gravity util-
izes the topological invariant of the same name, which is
only an invariant in 4D space-time, commonly expressed
as G.

This topological invariant, G, by itself does not affect
the dynamics of general relativity in 4D when added to
the Einstein-Hilbert action. Instead, it can be inplemen-
ted in three basic ways: first, by coupling G to a scalar
field ¢ [5—7]; second, by considering a nontrivial func-
tion of the topological invariant, f(G) modified gravity;
third, by implementing the topological invariant to a Ein-
stein-Hilbert action of higher dimension D, in which G is
no longer a topological invariant, and taking the limit
D — 4, yielding nontrivial modified dynamics [8]. Some
researchers have used observational data to determine
constraints to different approaches to GB modified grav-
ity [9—13]. Comprehensive reviews of modified theories
of gravity are available in Refs. [14—18].

Studies on f(G) gravity have shown its capabily to
mimick ACDM cosmology and describe radiation/matter
epochs followed by cosmic acceleration [19]. The main
critique for f(G) is on the appearance of higher order de-
rivative terms in the equations, which may lead to in-
stabilities in the theory in first order perturbation models

Received 6 August 2024; Accepted 6 December 2024; Published online 7 December 2024

¥ E-mail: fabio.anjos@protonmail.com

©2025 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

045108-1


http://orcid.org/0009-0006-4222-9307

F. dos Anjos, M. Novello

Chin. Phys. C 49, 045108 (2025)

[20, 21]. This requires the establishment of criteria and
conditions to exclude possible unphysical solutions (see
Ref. [5] for example).

In this paper, we use the f(g) GB modified gravity
approach by applying the simplest non-trivial function of
G. We examine its consequences on a homogeneous and
isotropic Friedmann's geometry, first in an empty space-
time and then in a case with source matter as cosmic dust.
Section II provides a brief definition of topological in-
variants in 4D. Section III presents the standard f(G)
gravity; subsection III.A presents a relationship between
f(G) and the Fierz representation of a spin-2 particle.
Section IV applies the theory to Friedmann's universe;
subsection IV.A presents a case for G = constant, which
yields several important constraints to filter out non-phys-
ical solutions; subsection IV.B considers the simplest
non-trivial function of G, that is f(G) = 0 G>; first, we as-
sume an empty space-time, which produces a 2D dynam-
ical system, and a complete qualitative description of nu-
merical solutions near and around the critical points is
presented; second, we assume cosmic dust as a source,
producing a 3D dynamical system, and present a set of
qualitative behavior of numerical solutions. Section V
presents the conclusion.

II. TOPOLOGICAL INVARIANTS IN 4D

4D Riemannian geometry has two topological invari-
ants, that is

1= / V-gAd'x, (1)
1= [ veegats @)

where
A=R,, R €)

and G is the GB topological invariant:
G = R R )

The dual is defined for any anti-symmetric tensor F,, as

* 1 Q)
Fio = 3 Mo P )
nuvuzﬁ = V-8 Eyvaﬁ, (6)

where €,,,; is the completely anti-symmetric Levi-Civita
symbol.

We note that invariant G can be expressed in terms of
the curvature tensor (without the dual operation) using
the identity

G = —Rupn R +4R,, R —R. (7)

This G satisfies the identity

. * 1
RHmﬁfoaﬁ = Zggﬂs' (8)

IIT. MODIFIED GRAVITY VIA GAUSS-BONNET
TOPOLOGICAL INVARIANT

For an arbitrary function, f(G), the variation in action
S=/\/—_8(R+f(§)+Lm), )

where L, isthe matter Lagrangian, leads to the follow-
ing set of dynamic equations:

1
R, - ERg”V +Zy =Ty, (10)

where Z,, is defined as

1
Zuy =5 (F'G= ) 8w+ 2H (11)
H"P = G R, (12)
,_af
where [ = G

Note that contraction of the last two indices of H*
implies the following identity:

1
=G, (R~ 1Re"). (13)

A. Curious Presence of Fierz Tensor H,g,
Representing a Spin-2 Field

Let us show that quantity H*# defined by Eq. (12)
may be associated with a spin-2 field. We begin by re-
membering that two basic representations can be used to
solve a spin-2 field, which we call the Einstein and Fierz
representations (both were introduced by Fierz):

o Einstein representation: ¢,,,

o Fierz representation: Fg,.
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Tensor ¢, is symmetric and has 10 independent com-
ponents. Tensor F,s, has symmetries

PP = — ", (14)
which states that this tensor has 24 independent compon-

ents. The second property states that the dual has no
trace, that is,

Fup+Fguy+Fyup, =0, (15)
or, equivalently,
Fre, =0, (16)
which reduces this number to 20. Identity
FPp=0 (17)

makes this number 14, and finally, the property of vanish-
ing trace,

F*, =0, (18)
reduces the number of independent components to 10.

We can directly to show that tensor H*"*, defined in
Eq. (12),

['G R, (19)
satisfies all the conditions above, showing that a spin-2
tensor is hidden in the above dynamics, constructed with
invariant G.

Tensor H** has four properties:

e Anti-symmetry in the first two indices: H*? =
_ Hvuﬁ;

[ ] CycllC ldentlty H,uvﬁ + H[fyv + Hvﬁy =0 H,m/(x = O’
o Null divergence in the last indice: H*# 4 = 0;

e Contraction of the last two indices:
-X, (R - 1Rg").

A
HY, =

Therefore, quantity H*# satisfies all these conditions,
showing that it can be associated with a spin-2 tensor hid-
den in the above dynamics. This is only a formal prop-
erty of quantity H* related to derivatives of second or-
der of the metric tensor.

IV. GAUSS-BONNET MODIFIED GRAVITY IN
FRIEDMANN'S UNIVERSE

Let us consider the homogeneous and isotropic Fried-
mann's metric,

ds? = d® — a()*(dx® + dy? +d2?), (20)

where a(r) is the scale factor. With the definition of the
Hubble parameter, H = a/a, the GB topological invariant
yields

2

G=-24% - o4+ HHH, 21)
a

3

note that the sign of G indicates the sign of the accelera-
tion of the scale factor.

From (10), the new term, Z,,, can be considered a
geometric source, and for metric (20), when G is only a
function of time, it can be associated with a perfect fluid
[22], that is,

1
R, - ERgW =~Zy—T,, (22)

where Z,, can be expressed as

Z,uv = (pz + pz)vﬂvv — Pz8uv> (23)

Thus, the corresponding geometric density p, and
geometric pressure p, are given by

pe= 5 (PG~ P+ 12 GH’ (4)

and

1 . .. . .
p:==5(fG-f)-4 [(f"G*+ f"G) H +2f"GH(H + H)] .
(25)

The modified dynamical equations from (22) are
straightforward:

3H? = p.+pu, (26)

2H+3H*=—p.—po, (27)

where the energy-matter source satisfies the conservation
law,

0= 0w +3(om+pm)H. (28)
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We observe that differentiating (26) with respect to
time and applying Eqs. (21) and (28) result in Eq. (27),
that is, Eq. (27) is not an independent equation and can be
interpreted as a cinematic relation with respect to the ex-
pansion parameter of the model.

To observe qualitative and quantitative properties of
the model, we utilize the theory of dynamical systems.
With variables G, H, and p,, and through Egs. (21), (24),
(26), and (28), the problem can be enunciated in a gener-
al dynamical system form:

b 2 Lire_

G=Gaprgp P = 30G=Npal. (29)
. G o

H=-o i~ 1, (30)
p'm = _3(pm +pm)Ha (31)

where Eq. (31) refers to one class of matter-energy
source; when other independent sources of matter-energy
are added to the system, the corresponding source dens-
ity dynamical variables and equations can be identified.
In addition, the equation of state relating p,, and p,,, fre-
quently of form p = wp, must be identified for a given
value of w.

One class of functions for G to consider is of the type
f(G)=0G", where o is a constant parameter and
n=2,3,--- to produce nontrivial effects. The choice of a
particular f(G@) only affects Eq. (29):

R 1 n—1
= 3H? - "ol (32
G = Bonn— DG i ;9GP (32)

For n> 2, the dynamical system presents a singular-
ity when G =0 in the phase space, which may provide a
barrier for the system to transition between the positive
and negative values of G. Subsequently, n =2 provides
the simplest case for G to have the ability to change the
sign, and consequently, give rise to a model with epochs
of accelerated and decelerated rates of expansion. We
will see later that this system can have solutions where
Gauss-Bonnet topological invariant G is cyclically
dampened, changing its sign periodically. This can be
used to describe a universe with stages of acceleration
and deceleration. However, we must first consider a case
in which G is constant for an interval or indefinitely.

A. Case with G = cte

The most simple behavior we could get from G is
constant a, let

=q, (33)

therefore, G=0 and G =0. Thus, the geometric density
and pressure Egs. (24) and (25) are also constants, re-
spectively given by

1
p: =5 (f(@a—f(@), (34)

1
pe= =3 (f @a~f(@). (35)

From the definition of G in (21), the problem in-
volves solving the following integral:

—H?
—dH =t+k. (36)
/H4+ »

The solutions for Eq. (36) have three classes, depend-
ing on if a is positive, negative, or zero. A fourth class of
solutions can be obtained by assuming H as a constant.

1. Solution for a positive

The implicit solution of Eq. (36) for @ > 0 is

3N Hz_(%)l/th_’_(%)l/z
_(@) {Eln o (%)l/4H+(%)1/2

6\ /4 6\ /4
+ arctan (2() H+1)+arctan (2() H—l)}
a a

= t+k,

(37

where £ is a constant of integration that simply shifts the
solution in time. Assuming k =0 and taking the limit for
H — +oco on the left side of Eq. (37), we obtain

inzi\/z (%)1/4. (38)

This implies that the Hubble parameter diverges to
+o0 in a finite interval. The general solution is expressed
in Fig. 1(a).

From Eq. (26), the source density can be expressed as

Pm = 3H® — Pz (39)

this means that if p, is positive, condition p,, >0 is only
satisfied in intervals —L<¢t<-m and m<t< L, where
+m is time ¢ for which relation 3H? —p, =0 is satisfied.
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(a) General solution of H(t) for a > 0. The H(t)
diverges to £oo in a finite interval [—L, L], where

- 1/4
L=+ ()"

Fig. 1.

The value of m depends on the choice of function f(G)
and a. The conclusion is that, for G as a constant and «
and p, being positive, the evolution of H is confined in
one of the intervals [-L,—m] or [L,m] for source density
pm to be greater than or equal to zero; therefore, H can be
either positive or negative in this configuration. Fig. 1(b)
shows the graph of 3H? and its corresponding allowed in-
tervals.

2. Solution for a negative

The implicit solution of (36) for @ <0 is

1/4 H+ (M) " 1/4
(i) 1/2In 24 —arctan <%> H
2|a| ||

o (Eﬂ)lM
24
= t+k.

(40)

Here, k is a constant of integration. For k = 0, the implicit
solution above implies two possible solutions for H(z):
one is Hi(¢), which is always positive and diverges to +co
at a finite past time ¢ = —L; for infinite future (¢ — c0), it
stabilizes at the value of H; = (|a]/24)""*. The other solu-
tion is H,(r), which is always negative and diverges to
—oo in finite future 7 = L; for infinite past (r - —0), it ap-
proaches the value of —H,. Solutions H, and H,are in-
verse mirror images of each other, obtained using trans-
formation H,(¢) = —H;(-t) (Fig. 2(a)). The values of +L
are obtained using limits H; — +oo and H, — —oo0, given

>
>

3H?

!
|
1
|

el i ettt

Y

=L

fé 0 m

t

(b) General graph of 3H? as function of time.

The At delimits the intervals for which p,, >0,
the size of these intervals depend on the value of
p-. The function diverges to +oco at +L, and m
depends on the specific choice for f(G) and the
value of a.

(color online) Solution of H(r) for G as a positive constant.

by

3 T
|L| = \/;W- (41)

Functions 3H? and 3H; have the same minimum
value at 3H;. Using the condition for the positivity of
matter source (p,, > 0) given by (26), that is, 3H*> > p,, we
obtain two possibilities. (a) If 3Hj2c > p., then solutions H,
and H, are valid over their respective time intervals
([-L,+o0] and [-oo,L]). (b) If 3H? < p,, then H, is only
valid in interval [-L,-m], and the same for H, in interval
[m,L], where Fm is the time for which 3H? =p, and
3H3 = p,, respectively (Fig. 2(b)). The value of +m de-
pends on the specific choice of function f(G) and the
value of a.

3. Solution for a =0

For G as a constant with a value of zero, we can ob-
tain an explicit solution for the Hubble parameter. Solv-
ing Eq. (36) for a = 0 provides the solution for H:

1

H=—— 42
t+K;’ (42)

where K is a constant of integration. For scale factor a(z)

a(t) = K, (t+ Ky), (43)

where K, is a constant of integration.

045108-5



F. dos Anjos, M. Novello

Chin. Phys. C 49, 045108 (2025)

H, H

(a) General solution of H(t) for @ < 0. The H(¢)
has two possible solutions, H; positive and Ho
negative. The H; diverges to +00 at a finite past
t = —L (vertical dashed line), and approaches the
value Hy at the infinite future (horizontal dashed
line). The Hy is the reverse mirror image of Hj.

Fig. 2.

Therefore, if G is constant and zero, then the scale
factor increases or decreases linearly over time, and the
Hubble parameter presents a singularity at r=—K;. The
condition for the positivity of the matter source (p,, > 0)
can be obtained explicitly from Eq. (26):

3

= m =Pz (44)

Pm

Eq. (44) shows that if geometric density p, is less or
equal to zero, then p,, is always positive; but if p, is pos-
itive, then p,, will be positive only in the following inter-
val:

3 3
- oK <t< S-K, (45)

pZ z

which depends on the initial condition for H(z).

4. Solutions for H as a constant

Finally, one more class of solutions can be obtained
by assuming the Hubble parameter as constant H.. For
H. # 0 and using the equation of state, p,, = wp,,, the dy-
namical equation (26) and conservation equation (28),
that is,

pm=3H. —p, (46)

pm = _3pm(1 +(’-))Hcv (47)

A
I
[
|
I
I
!
I
I
I
I
!
I
[
!
I
I
[
|
I
I
|
!
I
I
!
|
L
I
|
I
I
1

SR [ g 8

A\

[

-L -m 0 m
t
b) General graph of 3H? and 3H2 as functions of
grap. 1 2
time, both functions have a minimum value at

3H? = Zﬂ/g. If SH? > p, then Hy and Hy are
allowed in their full respective time intervals. But
if 3H§ < p., then, in order for p,, > 0, the H;
and Hs are only allowed in the time intervals
[-L,—m] and [m, L] respectively.

(color online) Solution of H(r) for G as a negative constant.

can only be satisfied if p,, =0, because Eq. (46) implies
pm as a constant, but Eq. (47) makes p,, #0 if p, #0.
From Egs. (46) and (21), we obtain the relationships
among H., a, and p,:

2 _Pe_ [
H =5 =50 (48)

where a must be negative for the quantities to be real
numbers. Therefore, a constant Hubble parameter can
only describe an empty space-time.

Note that for H. =0, Eq. (21) implies @ =0, and Eqgs.
(46) and (47) are both satisfied, with the matter source as-
suming the following condition:

1
P ==p: = 51(0). (49)

where Eq. (34) is used. Here, we have a description of a
static universe with homogeneous matter density p,, as a
constant directly controlled by function f(0). Because the
Hubble parameter is zero, the scale factor is a constant a,
in the metric. The positivity of the matter source imposes
the condition

om > 0= £(0) > 0. (50)

In summary, when G is assumed to be constant, spe-
cific conditions emerge for the matter source p, to be
strictly positive; even in some cases, G cannot be con-
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stant indefinitely but must vary over time. These specific
conditions are highly dependent on the choice of func-
tion f(G). This may be useful in the future to filter only
solutions with p,, > 0. The separation of solutions through
the sign of G is useful because it indicates if the system is
under accelerated, decelerated, or null accelerated expan-
sion, according to Eq. (21). When the Hubble parameter
is assumed constant, the direct influence of function f(G)
over the system is clear, either dictating the expansion
rate in an empty universe or controlling the value of ho-
mogeneous source matter density p,, in a static universe.

B. Case with f(G) = 0G>

We now consider the first non-trivial term in the
Taylor expansion of f(G), that is, function f(G)=o0G>,
with o as a constant. Here, the geometric density and
pressure assume the following forms:

2

Pe o9 a6, (51)
o 2

2
z =_%_g [GH? +2GH (H+H?)] (52)

and we must solve the set of differential equations

3H? = p.+ P, (53)
0= i +3(om + pum)H, (54)
G = —-24(H+ H»)H>. (55)

1. Consider an Empty Space-Time

Let us consider a case with an empty space-time. Un-
der this condition, Eq. (54) is identically zero. Applying
the dynamical system expression of the problem, given
by Egs. (29) and (30), we obtain

.1 [3H* @

9= 2 [7 - 7} ’ (56)
. G o

H= S H2. (57)

This 2D dynamical system represents the entire prob-
lem in an empty space-time. Its numerical solutions will
prove useful in providing a map to search for certain
types of structures and behaviors in the complete prob-
lem with energy-matter sources, which is a dynamical
system of higher dimension.

For G =0 and H =0, the equilibrium points in phase
space (G()xH(1) are Go=0 203 (%) " and H,=
+(096)7"/¢, respectively; these imply that constant ¢ must
be positive for the equilibrium points to be real. We have
observed in subsection IV.A.4 that solutions for the
Hubble parameter as a constant H, are viable in an empty
space-time, which means that in these equilibrium points,
the scale factor behaves as an exponential manner, given
by a(t) ~exp(Hot). We observe that line H=0 in the
phase space is a singularity region, and for the origin
H =G =0 of the phase space, the dynamical system is
undefined. However, from Egs. (53) and (55), we ob-
serve that the equations are identically satisfied. Sub-
sequently, to determine the behavior of solutions near the
origin, we must apply specific methods of analyses.

The next step is to determine the behavior of solu-
tions near the equilibrium points. For this, we analyze the
Jacobian matrix of the system in the equilibrium points,

oG ) (ag) (aH) ;
a = —_— S = —_ , Cc= - , an
ag (Go.Hop) oH (Go.Ho) ag (Go,Ho)

0H

d=\ , and compute the eigenvalues of the mat-
oH (Go.Ho)

=0. (58)

We observe that the two eigenvalues are real and of
opposite signs for both equilibrium points; therefore,
these equilibrium points are saddle points, that is, traject-
ories near the equilibrium points are attracted or repelled
depending on the direction they approach these points
[23].

Now, to obtain more information on the solutions for
this problem, we can numerically integrate the solutions
for given initial conditions. To numerically integrate the
solutions, we assume o = 1, and using the Runge—Kutta
method [24], we integrate for different initial conditions
inside interval [G=-2,---,1,H=-1,---,1], which con-
tains the two equilibrium saddle points and produces the
behavior map in Fig. 3.

Numerical solutions are only possible far from the re-
gion of singularity of the system, but through approxima-
tion, we can determine the behavior of solutions near the
singularity region (for H = 0). From Egs. (56) and (57),
we obtain

H _dH _  (G+24H")

¢ a6~ Mo (59)

For |H|<<1 and |G|>>1, Eq. (59) simplifies to

G ~0, with solution H(f) ~ cte, that is, in the phase

space, H(t) is constant near the G axis when not close to
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Fig. 3.

W

RS

1

(color online) Integral solutions for the 2D dynamical system in phase space [G(¢) x H(7)]. Points P1 and P2 are the correspond-

ing equilibrium points of the system. The G axis is a singularity for the system and we cannot infer its behavior numerically.

the origin. Let us now focus on the behavior of solutions
near the origin of the phase space; because G~ 0 and
H ~ 0, the H* term can be dropped compared with G in
Eq. (59), yielding

dH _ HG

dG ~ 3H-G/2 (60)

and the solutions to this system are given by

1
HG)= - (1- V1-24226?), (61)

and
H(G) = ﬁ (1+V1-24062), (62)

where a and b are the constants that depend on the initial

conditions. We note that the value of H(¢) is bounded.
The plots of Egs. (61) and (62), for different values for a
and b, are given in Figs. 4(a) and 4(b). Although the dy-
namical system is undefined at the origin of the phase
space, we observe that its solutions near it are well
defined, and the origin acts as a convergence and diver-
gence of solutions, depending on the region it is ap-
proached.

The final step to understanding the whole qualitative
picture for the behavior of this simplified problem is to
determine the interactions of the numerical solutions giv-
en in Fig. 3 with solutions near the origin of the phase
space (61) and (62). We can take a direct approach: first,
considering solution (61) with an arbitrary value for a,
because of its square root, both G and H have two ex-
treme values in this solution. Therefore, selecting one of
the extreme values and considering them as initial condi-
tions for the 2D dynamical system (56) and (57), we can
numerically integrate it to obtain an integral solution.
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(a) Plots of the solution (61) for different initial
conditions.

Fig. 4.

Fig. 5.  (color online) Examples of integral solutions that
pass one time through the origin of phase space Gx H.

Two things can occur to this integral solution: it can grow
away from the origin of the phase space (Fig. 3) or it can
return to the origin in two forms: to the original solution
(61), where the integral solution is cyclic closed, or with
a different value for constant ¢ in (61), where the integral
solution is cyclic open or has a vortex-like behavior. De-
pending on the initial conditions selected, the integral
solution grows away from the origin or cycles back in a
vortex-like behavior nearing the origin of the phase
space. Figure. 5 shows some examples of the first result,
and Fig. 6 shows an example of the second result.
Figures. 3, 5, and 6 summarize the global behavior for
the 2D dynamical system (56) and (57). Focusing on pos-
itive H, we can divide the phase space into four quad-
rants, as shown in Fig. 7. The first quadrant (I) produces
initial conditions under which H decreases to a minimum
positive value and increases afterward. The second quad-
rant (II) has initial conditions with integral solutions that
converge to the origin of the phase space and are connec-
ted to the fourth quadrant (IV). Subsequently, for initial

AT

g R

K ™

(b) Plots of the solution (62) for different initial
conditions.

(color online) Solutions near the origin of phase space Gx H.

-02 -01 0.1 02

0
G
Fig. 6. (color online) One example of an integral solution

presenting an open cyclic behavior (vortex-like) near the ori-
gin, each time passing through the origin with an smaller arch
of travel, that is, the origin acts as an attraction pole.

conditions in II, H decreases to zero and increases after-
ward in region IV. In region III, the initial conditions res-
ult in integral solutions that are open cyclic around the
origin of the phase space, where the origin acts as an at-
traction pole.

Therefore, having a global qualitative behavior for the
empty space-time problem, we have a map of the behavi-
or to look for in the real case with energy-matter sources.
The complete problem is given by the set of Egs. (53) to
(55); for an empty space-time, this set yields a 2D dy-
namical system, and adding matter-energy source yields a
higher dimension dynamical system. Figures 3 and 7
provide an approximation of the behavior of the integral
solutions in these higher dimensional cases.

The behavior of the Hubble parameter, and con-
sequently of the scale factor, is highly dependent on the
initial conditions, as we observe in Fig. 7. On quadrant II,
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Fig. 7.

(color online) Global behavior of the 2D dynamical system (56) and (57) for positive H. Quadrants II and IV are connected

through the origin, and quadrant (III) has open cyclic solutions attracted to the origin.

it can describe a universe initially in an epoch of acceler-
ated expansion, followed by a period of deceleration, and
finally a last epoch of steady increase in acceleration and
rate of expansion in region IV. Region I offers only the
behavior of an ever increasing rate of expansion and ac-
celeration of the system. Solutions on quadrants I and
II/IV tend to converge to a single path in the phase space.
While region III describes an empty Friedmann's uni-
verse in which G changes sign periodically, Eq. (21) im-
plies that acceleration of the scale factor a(r) changes sign
periodically, but H is always positive or negative. In oth-
er words, it can describe an empty universe that is al-
ways expanding but periodically accelerating and decel-
erating. Moreover, the intensity of this acceleration and
deceleration decreases over time. Points of equilibrium
Go and H, are saddle points, which implies that perturba-
tions in these points may lead to two outcomes: the sys-
tem is attracted to either the convergence of solutions of
quadrants I and II/IV or the periodical solutions of quad-
rant III. Points G =0 and H =0 is a special point of con-
vergence and divergence of solutions. This means that
small perturbations to the system near this origin may
lead to radical differences in the evolution of the system,
hinting to a possibly chaotic nature of behavior. In future
work, we will present a study on when perturbations are
applied to the system.

Egs. (26), (27), and (30) imply that p, = 3H?, and the
geometrical equation of state relating the geometrical
density and geometrical pressure is given by

=7 & (63)

Because geometrical density p, is always positive, G
is the factor responsible for the sign of the effective pres-
sure in the model. Geometrical density p, will be associ-
ated with a positive effective pressure when G satisfies
the following condition:

G> 300, (64

and the negative pressure occurs under the following con-
dition:

4
G< gpz (65)

In particular, if G <0, then p, <0 is satisfied automat-
ically.

In phase space G x H, the positive and negative signs
of the effective pressure are divided by curve G = 12H*
(Fig. 8). If we compare with the global behavior map giv-
en in Fig. 7, then, if G is in the cyclic region III, the ef-
fective pressure changes sign periodically, whereas, in re-
gion II, the pressure may change sign from negative to
positive. In region IV, it becomes negative again, and fi-
nally, in region I, it is always negative.

2.  Friedmann's Universe with Cosmic Dust

Let us consider a Friedmann's universe with cosmic
dust. Here, p,, = 0. The differential equations are

3H? = p.+ P, (66)
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Fig. 8. (color online) Regions in phase space Gx H, where
the effective pressure is positive (region with blue plus) and
negative (region with negative red). Solid curve G = 12H* is
where the pressure is zero.

0= pm+3pnH, (67)

G = -24(H + HH)H". (68)

This set of equations may be expressed as an
autonomous 3D dynamical system in terms of independ-
ent variables G, H, and p,, given by Egs. (29), (30), and
(31), that is,

. 1 ) 2
9= Sorp P 0 7P (69)
' G
H= A H?, (70)
pm = _3pmH- (71)

The equilibrium points of the system obtained by set-
ting G=0, H=0, and p,, = 0 are

6. () )
Hozi(%%)a, (73)
pu, =0, (74)

which are the same equilibrium points as in the case of an
empty universe. The eigenvalues of the Jacobian matrix
of the system, applied at the equilibrium points, have

mixed signs. This implies that they behave as saddle
points for the integral solutions, similar to the empty
space case. In addition to these two equilibrium points,
solution H =0 satisfies Eqgs. (66) to (68), under condi-
tions G =0 and p,, =0, as shown in subsection IV.A.4,
with o = —p; = Ef(o) =0,

Numerical solutions to this system present behaviors
similar to those observed in the empty space case, that is,
for positive H(f) and o, solutions in which the Hubble
parameter decreases to a minimum positive or zero value
and increases afterward or exhibits open cyclic behavior
in the phase space. Because we are now involving a 3D
dynamical system, a compilation of integral solutions in
one 3D graph on the phase space becomes convoluted. A
sample of two integral solutions, representing the two de-
scribed behaviors, with given initial conditions, are given
below:

In Figs. 9(a), 9(b), 10(a), and 10(b), we have a case of
integral solution with cyclic behavior. This shows that
cosmic dust has a dampening effect on the evolution of
the system; the integral solution need not necessarily pass
through the origin in the Gx H phase plane (as shown in
Fig. 9(a)); H begins with an initial value and then de-
creases periodically over time, similar to a ball bouncing
from a surface a few times, approaching a stable value (as
observed in Fig. 9(b)); G changes its sign a few times un-
til a point in time when it approaches a stable value (as
observed in Fig. 10(a)), that is, it describes a Friedmann's
universe that goes through epochs of accelerated and de-
celerated expansion, approaching a stable value with zero
acceleration; finally, the matter density decreases as ex-
pected.

Figures. 11(a), 11(b), 12(a), and 12(b) show a case
where the Hubble parameter has only one minimum pos-
itive value, and the topological invariant changes sign
only one time.

One important qualitative result here is that, given a
positive value for o, and fixed initial conditions for G(0)
and H(0) =0, the initial value of cosmic dust density
pm(0) will dictate which type of behavior the system will
develop, that is, if the Hubble parameter will have only
one minimum value, or have a cyclic behavior with
epochs of acceleration and deceleration. Then, p,, plays
an important role in the evolution of the system.

The dampening effect due to the cosmic dust in the
system is a consequence of its direct action on G, as
shown in Eq. (69). When the system is about to change
from a positive to negative G, this implies G <0, and
Egs. (69) and (70) show that the presence of the cosmic
dust increases the negative value of G but does not dir-
ectly affect H. The consequence of this modification to
the dynamical system is that the cosmic dust accelerates
the change in sign of the topological invariant from posit-
ive to negative before the Hubble parameter can reach
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Hyt) x Gib) Initial Conditions (G(0)=1, H(0)=1, rhe(0)=15)
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(a) Plot of G(t) x H(t) for the Integral solution in
the phase space [G x H X p,,] with initial conditions
G(0) =1, HO) = 1, pmy(0) = 15. Observe that
this is a 3D phase space, so the path of the integral
solution does not cross with itself but rather the
path is flattened out in the plane G x H.

(color online) Numerical solution of the dynamical system in phase space Gx H X p,,. Initial conditions G(0)=1, H(0)=1,
pm(0) =15.

s (G(O)=1, H(0)=1, rho(0)=15)

G

(a) Plot of G(t) x t for the integral solution in the

phase space [G X H X p,,] with initial condition G(0) =
1, H(0) =1, p(0) = 15.

(color online) Numerical solution of the dynamical system in phase space Gx H X p,,. Initial conditions G(0)=1, H(0) =1,
pm(0) = 15.

H(1) Initial s (G(O)=1, H{0)=1, rho(0j=I5)

(b) Plot of H(t) x t for the Integral solution in the
phase space [G x H X py,] with initial condition
G(0) =1, H(0) = 1, pm(0) = 15. If you compare
to the case with empty space-time (see figure 6 for
example), the cosmic dust has a dampening effect
on the open cyclic behavior of the system.

rhot) Iniial Conditions (G(0)=1. H(0)=1. rho(0)=15}

p(1)

0

0 { : ; y

t
(b) Plot of py,(t) x t for the integral solution in
the phase space [G X H X p,,] with initial condition
G(0) =1, H(0) = 1, p(0) = 15. Here p,, satisfies
Pm > 0.
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H(n)

(a) Plot of G(t) x H(t) for the Integral solution in
the phase space [G x H X p,,] with initial condition
G(0) =1, H(0) =1, p(0) = 1.

Fig. 11.

p(0)=1.
(a) Plot of G(t) x t for the Integral solution in the
phase space [G x H X py,] with initial condition
G(0) =1, HO) = 1, p(0) = 1. G changes sign
only one time.

Fig. 12.

p(0)=1.

zero. For example, consider the cyclic solution in Fig.
9(a): when it is approaching the change in sign of G from
positive to negative, the condition over the Hubble para-
meter is

2
§<O—>3H2<g—+pm,

: (75)

and when the topological invariant is exactly zero, we
have the following specific condition:

G<0and G=0—3H> <p,. (76)

H(y Initial Conditons (G(0)=1, H(0)=1, rho(0)=1)

(b) Plot of H(t) x t for the Integral solution in the
phase space [G X H X p,,] with initial condition
G(0) =1, HO) = 1, p(0) = 1. The H(t) param-
eter has one minimum value.

(color online) Numerical solution of the dynamical system in phase space Gx H X p,,. Initial conditions G(0)=1, H(0) =1,

rho(t) Initial Conditons (G(0)=1, H(0)=1, rho(0)=1)

o

0 1 2 E 4

(b) Plot of p,,(t) x t for the Integral solution in
the phase space [G x H X pp,] with initial condition
G(0) =1, H(0) = 1, p(0) = 1.

(color online) Numerical solution of the dynamical system in phase space Gx H X p,,. Initial conditions G(0)=1, H(0) =1,

The above condition shows a mechanism for which
cosmic dust p, limits the maximum value that H can
have when G changes sign from positive to negative, that
is, when the model changes from an epoch of decelerated
expansion to an epoch of accelerated expansion. As p,,
tends to zero (Fig. 10(b)), condition (78) implies that
H — 0, which is the behavior of the empty space-time
solution observed, for example, in Fig. 6.

V. CONCLUSIONS

The rank-3 tensor representation of a spin-2 field ap-
pears directly in the modified equations of f(G) gravity
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as a covariant divergent. In a homogeneous and isotropic
Friedmann's universe, the trivial case for topological in-
variant G as a constant results in specific conditions for
pm =0 to be true: depending on the sign of G, geometric
density p, must satisfy certain conditions and Hubble
parameter H(¢) may only vary over delimited time inter-
vals. In other words, in some cases, G can only be con-
stant over a finite interval of time for density mass p,, to
be strictly positive. This results in one necessary but in-
sufficient tool for filtering non-physical solutions.

The first non-trivial case we can consider, f(G) = cG?,
yields different behaviors for the Friedmann's universe. In
the empty space-time case, it can describe a universe that
is always in accelerated expansion or that decelerates and
accelerates at a later phase; or it describes a universe that is
expanding in phases of decreasing acceleration and decel-
eration. When cosmic dust is added to the system, its ini-
tial value will dictate the evolution of this universe: if it
will expand with increasing dampened phases of accelera-
tion and deceleration or expand with ever increasing accel-
eration. Hubble parameter H as a non-zero constant is a vi-
able solution for an empty space-time, whereas H =0 is a

possible solution when constant source matter p,, is added.
The next step would be to add a gas of photons to the
system, study its influence, and compare the numerical
solutions with real observational data to constrain the
value of ¢ and verify if it is reasonable. In our dynamical
systems, G is unbounded. An interesting aspect to invest-
igate would be to bound G to a finite interval using a
Born-Infeld type function, sum or multiply the original
function, and verify the effects of this boundary for G and
its variation on the evolution of the system. Another point
of interest would be to study perturbations to determine
how stable and unstable the equilibrium points are and, in
particular, to study the origin of the phase space that may
present chaotic behavior in the evolution of the system.
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