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Abstract: The astrophysical S-factor of the '>C(p, y,)"°N reaction at energies from 25 keV to 5 MeV within the
framework of a modified potential cluster model with forbidden states is considered. The experimental phase shifts

resonant dxg, ,, 02p, and non-resonant 6z, nat the energies up to E.,, =3 MeV are reproduced with high accur-

acy, which provides the appropriate agreement with the experimental data for the S-factor of 1950—-2023 years. Two
sets of asymptotic constant are used: Set I refers to C,, = 1.30(2), and Set II refers to C,, = 1.37(1). Set I leads to the
astrophysical factor S(25) = 1.34 £ 0.02 keV'b, which is in agreement with data by Skowronski et al., 2023 — 1.34 +
0.09 keV'b; Set II gives S(25) = 1.49 + 0.02 keV'b, which is in agreement with data by Kettner ef al., 2023 — 1.48 +
0.09 keV-b. The reaction rates of ?C(p, 7,)"°N at temperatures T, from 0.001 to 10 are calculated. The detailed com-
parison with some models, the R-matrix approach, and NACRE II data for reaction rates is considered.
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I. INTRODUCTION

The radiative capture reaction of protons *C(p, y,)"°*N
has been the subject of careful research, both experiment-
al and theoretical, for a number of reasons. This process
occurring at low energies is a starting point of the solar
CNO nuclear fusion cycle [1-3], as well as a part of the
nucleosynthesis evolution of other hydrogen-burning
stars such as Asymptotic Giant Branch (AGB) and Red
Giant Branch (RGB) stars (see, for example, [4] and
[5-8]).

The novel review "Solar fusion III" (SF III) summar-
izes the data on the proton-induced reactions and over-
views the progress made in the last ten years in the com-
prehension of stellar thermonuclear reactions at a post pp-
cycle stage [9].

The results of five new direct measurements of low-
energy "“C(p, 70)"°N cross sections converted to astro-
physical S-factors are included in SF III: Csedreki et al.,
2023 [10]; Gyiirky et al., 2023 [11]; Kettner ef al., 2023
[12]; and Skowronski et al., 2023 [13, 14]). These data
cover the E_, energy interval from 76 keV LUNA
(Laboratory for Underground Nuclear Astrophysics) up
to 2300 keV, i.e., spanning the resonance energy range
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and low energies appropriate for the extrapolation of the
astrophysical S-factor to stellar energies of up to 25 keV.
In the present work, we provide a comparative analysis of
these modern SF III data and some early ones with a the-
oretical study of >C(p, 7,)"°N reactions in Sec. III.

Our discussions are focused on three main works for
the following reasons: Skowronski ef al. [14] outlined the
range of main issues related to the carbon isotopes ratio
12C/C in AGB and RGB stars, basing their study on the
R-matrix processing of their own experimental data on
the *C(p, 70)"°N and “C(p, 7,)'*N reactions. Meanwhile,
almost simultaneously with works [13, 14], Kettner et al.
also published their paper [12], and therefore, these three
publications have no corresponding cross-references. We
assume it reasonable to compare our model calculations
for the process “C(p, y)"°’N with the R-matrix results of
both [12] and [13, 14] for the astrophysical S(£)-factor. In
particular, the value S(25 keV) can be selected as a refer-
ence point.

In general, our goal is to clarify how all three ap-
proaches conform with each other and what new qualitat-
ive features may suggest the exploited modified potential
cluster model (MPCM) for analyzing the *C(p, y,)"*N re-
action. So, for example, in Ref. [15], we suggested the
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B(n, y)""B(8)"C alternative chain, comparing the neut-
ron-induced *C(n, y)**'C series on carbon isotopes lead-
ing to *C creation but without combustion of '*C. Our
study was based on a comparative analysis of reaction
rates for '““B(n, y)'""B, 2C(n, y4:1+2+3)" C processes
calculated within the frame of MPCM and with the *C(p,
7)°N reaction rate taken from NACRE II [16]. In the
present work, we calculate the rate of the *C(p, y)"*N re-
action in the same model formalism, i.e., MPCM, and
may support our proposal [15] in a more consistent way.

II. MPCM INTERACTION POTENTIALS

The main principles and methods of the modified po-
tential cluster model have been discussed in recent works
[17-19]. The formalism of MPCM is based on the solu-
tion of a single-channel radial Schrédinger equation for
the discrete bound and continuum states, which is spe-
cified by the corresponding interaction potential defined
for each partial wave. We use the standard central Gaus-
sian potential,

V(r, JLS {f}) = =Vo(JLS { fexp [-a(JLS,{fHr*]. (1)

We demonstrated the advantages and capabilities of
the two-parameter Gaussian potential in solving prob-
lems on bound states and scattering states in a study of re-
actions involving the radiative capture of nucleons (N, y)
on 1p-shell nuclei, as well as the radiative capture of the
lightest clusters. In a book by Dubovichenko et al. [20],
the results of 15 reactions are presented with detailed de-
scriptions of the numerical calculation methods and ori-
ginal programs. Additionally, about 10 capture reactions
on light nuclei with charged particles have been con-
sidered in analyses presented in recent papers; references
to some of these articles may be found in our latest work
[19].

To preface the calculations for the astrophysical S-
factor for the reaction '2C(p,y,)"*N , let us provide some
input data. The following values were used for the radii
of the proton and "2C nucleus: r, = 0.841 fm [21, 22] and
R, (*C) = 2.483(2) fm [23]. The mass of "*C, m(**C), is
12 atomic mass units (amu), and the mass of the proton
my,=1.007276467 amu [21, 22].

The Coulomb potential is of the point-like form
Veou(MeV) = 1.439975-Z,Z,/r, where r is the relative dis-
tance in fm, and Z; is the charge of the particles in units of
the elementary charge. The Sommerfeld parameter 5 =
uZ Zye*| (kii*) is therefore reformulated as n = 3.44476 x
1072Z,Z,u/k, where u is the reduced mass of the '*C + p
system in amu. k (fm™) is the wave number related to the
center-of-mass energy E_,, and is defined as k*>=
2UEcm |1

In the current work, the %*/m, constant is set to

41.4686 MeV-fm?. We use this value of the constant,
which had been in use since the 1980s, to allow a com-
parison between earlier and new calculation results. The
new value #*/my=41.8016 MeV-fm? comes from the up-
dated value of m,. At the same time, we check that the
new value does not lead to significant changes in the
binding energy, or the energy of the resonances. The dif-
ference in the constant values has a minimal effect (~
1°=2°) on the scattering phase shifts.

The construction of radial wave functions in MPCM
is based on a choice of optimal interaction potentials deep
enough to include the Pauli forbidden states (FS), if any,
along with the allowed states (AS). Since the classifica-
tion of orbital states based on using the Young's dia-
grams {f} methods in the p + '*C channel was implemen-
ted in our early works [24, 25], here a short summary is
suggested. The direct product {1} x {444} = {544} +
{4441} shows one forbidden Young diagram {544} and
another one, {4441}, that is allowed. Even orbital angu-
lar momentums L = S, D, G refer to the {544} diagram,
and corresponding waves should have an internal node.
Meanwhile, the {4441} diagram refers to the odd waves
L= P and F, and corresponding radial wave functions
should be nodeless. This classification concerns both dis-
crete and continuous states and is used while determining
the Gauss' potential parameters.

A. Resonance and continuous states in the p + >C

channel

Now, we consider the spectrum of resonance levels
and determine their role in the studied reaction,
2C(p,70)°N. The spectrum of the N levels at energies

I, keV
E_.MeV [J7]

[ =115(5) keV
6.886(8) [3/2']

I'=11keV
6.364(9) [5/2']

I =47(7) keV
3.547(4) [5/21

[ = 62(4) keV
3.502(2) [3/2]

I =31.7(8) keV
2.3649(6) [1/27]

p12c
A 1.9435
N[1/27]

Fig. 1. (color online) Energy spectrum of *N in MeV [26].
The widths T" of the levels in c.m. are marked in red.
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up to 5 MeV above the p'*C channel threshold is shown
in Fig. 1.

The available experimental data on the astrophysical
S-factor [13, 14, 27, 28] show the presence of a narrow
J* = 1/2" resonance with a width of about 32 keV at
E.. = 0421 MeV or the excitation energy E, =
2.3649(6) MeV. Presently, it can be considered precisely
established that this resonance is due to the %S, ,-wave,
and consequently, its excitation in S(F) factor is the sig-
nature of an E1 transition to the ground *P,, state of the
N nucleus.

Another resonance taken into consideration corres-
ponds to the J* = 3/2" state at the excitation energy E, =
3.502 MeV (E_,, = 1.559 MeV). It is compared with the
2P, ,-wave without FS.

All other resonances in Fig. 1 do not lead to p, y-
channels and will not be studied [26] (see Table 13, Ta-
ble 14). However, we consider the *D;,-wave with FS
and quantum numbers J* = 3/2". Present calculations are
limited to £1 and M1 processes. That is why states with a
momentum of 5/2% at E, = 3.547 and 6.564 MeV com-
pared to the *Dsj,-wave, providing an M2 transition, are
out of consideration.

Thereby, we treated three partial transitions of proton

radiative capture to the 2P,;, GS of "N. They are classi-
NJ

fied following the spectroscopic notation [**'L,] P

El
“ e 2 2
2Py,. These are two resonance transitions, “S12 — “Pip
El

and *P3 ﬂ>2Pl/z, and a non-resonance one, D3 —
2P1/2 .

Table 1 presents the results on the potential paramet-
ers of p+'2C elastic scattering waves included in consider-
ation for the analysis of the astrophysical S-factor in Sec.
I11.

The R-matrix fits of Refs. Kettner er al., 2023 [12]
and Skowronski ef al. [13, 14] give the following values:
Fem( 172y =31.4 £ 0.2 keV and 33.8 keV, I, ,,(3/2) =
50.9 £ 0.3 keV and 54.2 keV, respectively. These para-
meters are comparable with the MPCM ones.

Kelley et al. [29], 2024, provide the most complete
data on "*N levels in a recent compilation , whereas Anh
et al. [30], 2024, reported the results of measurements on
1/27 and 3/2 resonances, as follows: E,. = 421 keV, T,

Table 1.

=34.1 keV, and E,, = 1554 keV, ', =56.5, respect-
ively.

Figure 2 shows the phase shifts of %S, *Ps,, and
D5, partial waves calculated using the parameters listed in
Table 1. Here and elsewhere, the scattering phase shifts at
E. .. =0 are determined based on the generalized Levin-
son theorem [31].

5L=7T(NL+ML), (2)

where N; and M; are the numbers of forbidden and al-
lowed bound states, respectively, and L is the orbital an-
gular momentum. According to this theorem, the phase
shifts are positive and tend toward zero at high energies.
The 2Ds, potential with FS leads to a phase shift of
180(1)°. The S-wave phase shift should be d5(0) = 180°
according to the Levinson theorem (2). In Fig. 2 , it starts
from zero to confine all curves within a uniform range of
values.

210
180
150 |
& 120}
o |
:’Oﬂ L
90
60 - P 1
[ ; o Jackson & Galonsky, 1953
30 ; 4 Trachslin & Brown, 1967
[ J- ¢ Dubovichenko, 2008
0 LA ] | 1 |
0 1000 2000 3000 4000 5000
Ec m.? kev
Fig. 2. (color online) Elastic p'*C scattering phase shifts at

low energies. Results of %S, phase shift analysis: red dots are
from Ref. [31], Dubovichenko, 2008; blue open squares are
from Ref. [32], Jackson & Galonsky, 1953; black solid tri-
angles are from Ref. [33], Trachslin & Brown, 1967. Curves
are calculated using potential parameters from Table 1.

Characteristics of continuous spectrum states in the p'?C channel. Excitation and resonance energies £, and E,, are provided

in MeV, and level widths I'; ., are in keV. J7 is the total angular momentum and parity of the initial state. Parameters of interaction po-
tential (1) are ¥, in MeV and a in fm™. Experimental data are from Ref. [26].

No E,, exp. Jr, ’4L, Iem. €Xp. E.s, exp. Vo o E., theory I'; ., theory
1 2.3649(6) 1/2°,%81, 31.7(8) 0.4214(6) 101.486 0.195 0.422 32
2 3.502(2) 312, %Py, 62(4) 1.559(2) 833.114 29 1.560 53
3 — 3/2%,Dyp — — 320.0 0.4 — —

Note: The recent experimental data on the 1/2" and 3/2" levels are reported by Csedreki et al., 2023: E, . =424.2+ 0.7 keV, [, =35.2+0.5keV, and E,., = 1554.6 £ 0.6 keV, T,
=53.1+0.7 keV, respectively [10]. Comparison with the recommended data from Ajzenberg-Selove, 1991 [26], shows the greatest difference for the 3/2" level widths. Therefore,

while fitting the corresponding potential parameters of the P, resonance wave, we oriented them on Ref. [10].
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A comparison of the calculated phase shifts o, ,,
02p,,, and ¢&:p,, with the experimental data from Refs.
[31, 32, 34] shows very good agreement in the energy re-
gion up to E,,, = 3 MeV. An independent checkup of
MPCM results is available for the resonance phase shifts
&s,,, 02p,, calculated using the multilevel, multichannel
R-matrix code, AZURE - Fig. 1 in Ref. [35]. A cross-
confirmation of the energy dependence of the ¢z, and
02p,, phase shifts is provided by calculations in the
framework of the cluster effective field theory (CEFT),
shown in Fig. 6 of early Ref. [36]. The results of CEFT
may be assumed as an additional confirmation for the
MPCM approach.

B. Bound state of the p'’C system in MPCM

The bound state potential construction is conditioned
by independent information on the asymptotic normaliza-
tion coefficients (ANC) in the single cluster channel. The
ANC is related to the dimensional asymptotic constant C
via the spectroscopic factor Sy: Ayc = /S ;- C [37].

We use the dimensionless asymptotic constant C,, in-
troduced in Ref. [38], which is related to the dimensional
C = 2k, - C,,. Therefore, the following expression holds:

Cy= \/S%N o - The wave number k, is related to the bind-

ing energy E, = k2h*/2u and 2k =0.768 fm? for the
p"*C system. Table 2 gives known values of ANC and
their recalculation to the dimensionless asymptotic con-
stant C,,,.

For the value of the spectroscopic factor Sg, we util-
ized the data provided in Table 2 from Ref. [41]. The data
from 18 studies have been analyzed in [41], focusing on
stripping and pickup reactions on '’C target with pro-
jectiles d, *He, o, 'Li, '°B, '“N, '®O within the time range
of 1967 to 2010. The averaged range of values for the

spectroscopic factor is Sy = 0.87(62).

The potential parameters for the GS of *N are adjus-
ted in such a way as to reproduce the channel binding en-
ergy and experimental data for the mean charge radius
with a given accuracy. In the p'*C channel, E, = 1.9435
MeV [28]. For the charge radius data, Ref. [44] gives
R(*N) = 2.45(4) fm, whereas the most recent work pub-
lished in 2024 reports the value R ("*N) = 2.37(16) fm
[45].

In Table 3, we present two sets of potential paramet-
ers that differ in their asymptotic constant C,, values but
both reproduce the binding energy £, with an accuracy of
10° and yield a charge radius of R ("’N) = 2.465
+ 0.05 fm, which is within the range of experimental val-
ues [44, 45].

Let us discuss the computing procedure providing the
calculation of the radial matrix elements of EJ-transitions
Iey(k, J 7, J0) = {xs| ' lx;) and MI-transitions Iy, (k,Js,J;) =
{xr|r""xiy (for the formalism details, see [24]). Over-
lapping integrals are calculated up to 50 fm. The initial
scattering radial WF y;(r) is normalized to the asymptot-
ics at the edge of the 50 fm interval, denoted as R.

Xirs(r = R) — cos(63 ,)Fy (kr) +sin(6¢ )G (kr),  (3)

where F; and G; are the regular and irregular Coulomb
functions, and &%, are the scattering phase shifts. Rela-
tion (3) provides the calculation of phase shifts at two
matching points [20].

The final radial WF y,(r) for the bound states are the
numerical ones on the interval » = 0-12 fm because at
larger distances the function reaches stable asymptotic
behavior [38].

Table 2. Asymptotic constant data for the '*N ground state in the p'>C channel.

Reference ANC/ fm™'? Sy C,

Barker & Ferdous, 1980 [39] 1.84 1 2.396
Yarmukhamedov, 1997 [40] 1.43(6) 1 1.86(8)
Lietal., 2010 [41] 1.64(11) 0.64(9) 2.71(37)
Azuma et al., 2010 [35] 1.87(24) 1 2.43(31)
Timofeyuk, 2013 [42] 1.38 0.61(2) 2.30(4)
Artemov et al., 2022 [43] 1.63(12) 1 2.12(16)
Kettner et al., 2023 [12] 1.62(5) 1 2.11(7)

Range of ANC: 1.37 - 2.11 fm " Range of C,: 1.78-3.08

Table 3. Parameters of ground state potential for two sets of C,,.

Set Vgs/MeV 0y /i’ Ey/MeV Ry, (PN)/fm C,
I 157.13831 0.47 1.94350 2.46 1.302)
i} 143.701125 0.425 1.94350 2.47 1.37(1)
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Fig. 3. (color online) Ground state WF of the "*N nucleus in

the p'?C channel (blue curve, Set I in Table 3); product of the
ground state WF and scattering S-wave function calculated at
E_ .. =5 MeV (green curve, Table 1); /() is integrand corres-
ponding to E1-transition (filled area).

xi(r) = vV ZkOCwW—nL+1/2(2k0r)7 “4)

where W_, 1.1,2(2kor) is the Whittaker function. The dif-
ference between the AC values at the beginning of the
stabilization region, starting from R = 12 fm, usually does
not exceed 10”10 — this value is specified as the relat-
ive accuracy of determining the AC.

Figure 3 shows the radial dependence of the *P,, GS
wave function, scattering S-wave function calculated at
E. .. =5 MeV, and integrand /(r) corresponding to the E1
matrix element Ig(k,Js,J;) = (x¢|rlx:). One can see the
internal node in the y; wave owing to the FS according to
the above symmetry classification, in contrast to the
nodeless y; bound state function. Thereby, we illustrated
the peripheral character of the '>C(p,y,)"*N process, i.e.,
that the integral Iz (k,J;,J;) accumulates in the interval r
~5-10 fm at £, =5 MeV. We tried to employ shallow
phase-equivalent potentials for the S-wave [24], but they
led to the completely inappropriate description of the first
1/2* resonance at 0.421 MeV in the S-factor, i.e., an over-
estimation of 2—3 orders of magnitude.

III. ASTROPHYSICAL S-FACTOR

The results of MPCM calculations of the astrophysic-
al S-factor in the energy interval from 25 keV to 5 MeV
are shown in Fig. 4. The magenta band is the total S-
factor and refers to the interval of the asymptotic con-
stant 1.30 < C,, < 1.37. The low and upper bounding band
curves refer to Set I and Set II for the GS potential from
Table 3, respectively.

The partial structure of the S-factor is determined well
enough. The resonances 1/2" and 3/2" are revealed at E, ,,
= 0.421 MeV and E_,, = 1.559 MeV, respectively. The

10° P — ——
owronski ef al., - 12 13 E
O Skowronski et al., 2023 C(P,Y) N ]
m  Kettner et al., 2023
5 ®  Gyurky et al., 2023
10" £ & Zazulin et al., 2019 E
A Burtebaev et al., 2008
< Rolfetal, 1974
A Yangetal., 1963
101 L. v Vogletal., 1963 4
e) o Lambetal., 1957 § E
. ® Bailey et al., 1950
E ®  Hall et al., 1950 St éy’ %
. “Ti'l i
v 10°F \ had E
Present results, MPCM: % §
Total 5
10! k- El from S, , to GS % b
-+« M1 from ?Py,, to GS o e
—— El from 2Dy, to GS -7
10-2 n M| " P T
10! 10 10°
E, . . keV
Fig. 4. (color online) Astrophysical S-factor of the radiative

p'*C capture at low energies. Experimental data are desig-
nated and taken from works [11-14, 26, 27, 46-51]. Curves
represent calculations using potentials from Tables 1 and 3.

E1l
. . 2 2 ..
1* resonance is determined by a “S12 — “Pi,2 transition

and a tail of the 2™ resonance due to a *Ps) X op 1/2 par-
tial transition. The energy dependence of the S-factor
above 2 MeVEils provided predominantly by the non-res-
onance ‘D3 — *Pi; transition. The S-factor error of ~
1%—2% is determined by the error of the numerical meth-
ods used.

The comparison of the calculated S-factor and experi-
mental data in Fig. 4 shows good agreement in general,
but there are some deviations. In the interval E,, ~
640-930 keV, the average overestimation factor is ~
1.3—1.5. On the right of the minimum in the region of the
2" resonance, i.e., E,,, ~ 1200-1850 keV, the theory is
in very good agreement with the experimental data from
Gyiirky et al., 2023 [11] and Kettner et al., 2023 [12].
However, the experimental values at E_.,, > 2000 keV
from Refs. [27] and [12] are higher than the MPCM
curves.

We cannot explain the origin of these differences giv-
en that both the experimental data on the scattering phase
shifts in Fig. 2 and the parameters of the resonance levels
(Table 1) are reproduced with high accuracy. However,
these deviations do not affect the value of the S(E)-factor
at low energies relevant to the astrophysical applications.

Note that some other model calculations of the S-
factor meet the analogous problems with reproducing the
right slope of the 1% resonance [52-55].

Let us now turn to the discussion of the astrophysical
S-factor at low energies relevant to the stellar temperat-
ure conditions. To implement the extrapolation of the as-
trophysical S-factor to the low energies, we use the well-
known expression for S-factor parametrization (see, for
example, Ref. [56]):
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Table 4. Parameters for the S-factor parametrization (5).

Sy/keV-b S)/b S,/keV'b v S(0)/keV-b S(25)/keV-b
Set I 1.3376221 -0.10687459-10™* 0.40271982-10* 0.001 1.34 1.34
Set II 1.4821 -7.7013-10" 4.1620-10° 0.001 1.48 1.49
Table 5. Values of the astrophysical S-factor. Data from similar tables in works [12] and [7] are partially included.
Reference S(25)/keV-b S(0)/keV-b
Hebbard & Vogl, 1960 [57] 1.33+£0.15 1.25+0.15
Rolfs & Azuma, 1974 [26] 1.45+0.20 1.43
Barker & Ferdous, 1980 [39] 1.54+0.08 —
Caughlan et al., 1988 [58] — 1.4
Burtebaev et al., 2008 [46] 1.75+0.22 1.62+0.20
Azuma et al., 2010 [35] 1.61+0.29 —
Lietal., 2010 [41] 1.87+0.13 —
Adelberger et al., 2011 [59] — 1.34+0.21
Moghadasi et al., 2018 [7] — 1.32+0.19
Irgaziev et al., 2018 [60] — 1.37
Kabir et al., 2020 [61] — 1.31
Artemov et al., 2022 [43] 1.72+0.15 1.6 £0.15
Kettner et al., 2023 [12] 1.48 +£0.09 —
Skowronski et al., 2023 [14] 1.34+0.09 —
Present work, Set I 1.34 +0.02 1.34+0.02
Present work, Set I1 1.49 +0.02 1.48 +£0.02

S(E)y=So+E-S,+E*-S,. (5)

The interpolation procedure for our results was done
in the range 25-100 keV with an average y*> = 0.001. The
parameters of expression (5) are given in Table 4.

A summary of the astrophysical S-factors at 25 keV
and S(0) discussed in literature from 1960 to today is
compiled in Table 5.

We would like to concentrate the discussion on the
present low-energy results for Sets I and II with Luna
data [14] and results reported by Kettner et al., 2023 [12].
As follows from Table 5, Set I leads to the astrophysical
factor S(25) = 1.34 £ 0.02 keV'b, which is in excellent
agreement with data from Skowronski et al., 2023, i.e.,
1.34 £ 0.09 keV'b [14]. Meanwhile, MPCM calculations
with Set II yield S(25) = 1.49 + 0.02 keV'b, which is in
excellent agreement with data from Kettner et al., 2023,
i.e., 1.48 £0.09 keV-b [12]. The difference between these
two data sets is ~ 9%—11% at 25 keV.

Another, albeit slight, conformity follows from the
data given in work [9]: the astrophysical S-factor S(E) for
the range 5—140 keV in the first row of Table 6 are taken
from SF III [9] (see Table XI) and referred to in
Skowronski et al. [14]; the % uncertainty is indicated in

parentheses. A comparison with present MPCM calcula-
tions shows very good agreement with results obtained
with Set II for the potential parameters of Table 3. We
believe that any feedback on some of these differences
should be addressed to the authors of [9]. The analysis of
the causes is beyond our competence.

In Fig. 5, we illustrate the accuracy of reproducing
the LUNA data [14] for the astrophysical S-factor and in
the framework of MPCM - the experimental points with-
in the error bars lie within the calculated band.

IV. REACTION RATE OF "*C(p, y)°N

REACTION
The reaction rate of the radiative capture of protons
(p, y) with an equilibrium velocity distribution in the stel-

lar environment is calculated as an integral of the total
cross section weighted by the Maxwell-Boltzmann factor

[4]:

12 E
N,{ov) =N, (nﬂ) (kgT)3/? /(r(E)Eexp (_kTT> dE,
(6)

where N, is the Avogadro number, u is the reduced mass
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Table 6. Low energy astrophysical S-factor of ?C(p, y)"°N reaction in keVb.

Ecm. 5 keV 10 keV 20 keV 40 keV 60 keV 100 keV 140 keV
Ref. [9] 1.46(4.1%) 1.47(4.1%) 1.51(4.1%) 1.58(4.1%) 1.67(4.1%) 1.89(4.0%) 2.19(4.1%)
Set I (Low) 1.34 1.34 1.34 1.36 1.42 1.63 1.94
Set IT (Up) 1.48 1.48 1.48 1.52 1.59 1.82 2.17
25 ; ‘ : ; ; . 10°F " ' , .
Skowronski ef al., 2023-1 2C(py) "N ok TGN 5 ;
Present results, MPCM: - 105 F Present result B
Total /l 10 ]
20 I [] a _ 107 ]
0 /,/I - s ]
o . [ SENS y E
> gy’ i $ 2 10 10 ; 3
L | /T = 10-30 L ) 4
2 / ? g P e sk in i ks st S I
o = /]/ § 10 25 | ) J{/t’/;’, =
- 4 =3 o 11
L3 8{ 30 «.E 10 /}’//' Roughton er al., 1979 7 ]
I = 107" F g /7 ----Zazlineral, 2019 | 7
s £ Jﬂ/ -------- Kabir et al., 2020
1077 F i 10 // -=-=Artemov ef al., 2022 4
0 = 41 -~ Keunereral., 2023
1.0 L L L L L L L 1077 F }',’/ — Skowronski er al., 20231
0 20 40 60 80 100 120 140 105 E ‘.f / ‘ Present result IR
Ec.m.’ keV 10° [g 10" ]
L 1 1 u|
Fig. 5. (color online) Comparison of MPCM astrophysical 10° 107 107" r 10° 10!
S-factor and LUNA data [14]. Colored band refers to Sets I J
and II in Table 3. Fig. 6. (color online) p'>C capture reaction rate. Blue dots

of two interacting particles, kj is the Boltzmann constant,
and T is the temperature of the stellar environment.

Specifying the numerical constants in (6) and meas-
urement units, one obtains the reaction rate in the units of
cm’mol's™:

Ny (ov) =3.7313 - 10* 2 15%?

=)

X /O'(E)Eexp(—l 1.605E/To)dE N
0
where Ty is in 10° K, E is in MeV, the cross section o(E)
is in pb, and x is in amu.

The total cross sections o(E) for E, ,, ranging from 1
keV to 5 MeV are used for the calculation of the reaction
rate. To provide the cross sections at ultra-low energy, we
use the well-known relation S (E) =o(E)Ee*. Numerical
calculation of the S-factor is performed from 25 keV to 5
MeV, and at lower energies, its value for 25 keV is used.
In the energy range of 1-25 keV, the S-factor enters the
stabilization region, which follows from the approxima-
tion (5) with parameters from Table 4 and illustrated in
Fig. 5.

The results of the MPCM calculations of the reaction
rate N, {ov) for the range 7y = 0.001 to 7y = 10 based on
the astrophysical S-factor illustrated in Fig. 4 are shown
in Fig. 6. As for the value of N, (ov) varying near 50 or-
ders of magnitude in the pointed 7y interval, the band cor-
responding to the two sets of S-factors is visible only in

are from work [62], blue dashed curve is from [47], black
short-dashed curve is from Ref. [61], purple dash-double-dot-
ted curve is from Ref. [43], green dash-dotted curve is from
Ref. [12], gray short-dash-dotted curve is from Ref. [13], and
red solid curve shows the present MPCM results. Inset shows
interval of Ty = 0.4-10.

the inset of Fig. 6.

The difference between the current calculations and
the available reaction rates is evident in the inset of Fig.
6, where the disparity in absolute values is clearly visible.
The ratios of the reaction rates to NACRE II [16], as de-
picted in Fig. 7, reveal additional information.

Figure 7 shows the results of only the most recent
publications [12, 13, 43, 47, 61]. The R-matrix procedure
was employed by Zazulin et al., (2019) [47], Artemov et
al., (2022) [43], Kettner et al., (2023) [12], and Skowron-
ski et al. [13] for the calculation of S-factors and con-
sequent reaction rates. The comparison of the rates in Fig.
7 shows the differences in-between, as well as with the
adopted NACRE II values. However, the rates from Za-
zulin et al., (2019) [47] and Artemov et al., (2022) [43]
are within the gray band corresponding to the low and
high NACRE II data.

Figure 7(a) shows near-precise reproduction of the
adopted NACRE I reaction rate for 75 = 0.006—1 by
Kabir et al., (2020) [61]. This work uses the potential
model for the calculation of the cross section in the en-
ergy range corresponding to the 1% resonance, i.e., covers
E, ., <1MeV.

044104-7



S. B. Dubovichenko, N. A. Burkova, A. S. Tkachenko et al.

Chin. Phys. C 49, 044104 (2025)

T — T T T

[ 2Cp.y)PN
1.50

Xu e al., 2013, NACRE 1I (a)
= = =Zazulm er al., 2019

----- Kabir er al., 2020

—--— Artemov ef al., 2022
Skowronski ef al., 2023, LUNA
—-—-Kettner er a/., 2023

Present results A

1.00 f

Ny<ov>/ N <GV>yscren
I
I
/

0.75 L A= e meiTe o]

0.01
Fig. 7.

0.1 1, 1 10

T T
[ 12C(py) N Xueral, 2013, NACRETL  (b)
N PR Kabir ef al., 2020
= 1.50 | —--= Artemov et al., 2022 _
= Skowronski er al., 2023, LUNA
; —-—-Kettner e al., 2023
P L Present results
£o1ash 1
o} : L
v L
= Fromremee e
= b e
~  ETTTTeeeal ~.
Tl .
4 1.00 T e
o SiSER -
e [ N
= | i
0.75 STrmrmimad
RGB/AGB
1 1
0.01 T, 0l 1

(color online) Reaction rate ratio to NACRE II values for '*C(p, y)">N [16]: (a) temperature range Ty = 0.007—10; (b) temperat-

ure range 7o = 0.007—1. Violet bar indicates the temperature range of relevance for RGB and AGB stars. In both panels, the central blue
short-dashed curve in the band refers to the reaction rate adopted from [13, 14].

Our focus is on the results of the works of Kettner et
al., (2023) [12] and Skowronski et al., (2023) [13, 14].
As follows from Fig. 7, the reaction rates obtained in
these works via the R-matrix best-fit procedure for the ex-
perimental S-factors are consistent throughout the entire
temperature range, with deviations less than 2%, except
for the temperatures 6 < Ty < 10, where the difference
reaches 2.4%-16.6%. The ~ 5% deviation from NACRE
II appears at 79 ~ 0.1 and reaches ~ 25% at higher Ty,
Compared to the results for NACRE 11, the reaction rate
obtained in this study is ~ 10 % lower at 7y < 0.2 but be-
comes higher than the corresponding value obtained via
NACRE II near 5%—15% starting from 7y ~ 0.4 and up to
Ty =10.

Figure 8 illuminates the range of deviation between
the current MPCM reaction rate and those obtained based
on the R-matrix fit done in Refs. [12] and [14]. Skowron-
ski et al., (2023)[14] discuss in detail the *C/**C evolu-

1.25 —
L 20(py) N (a)
= e R e
& Y
B 1.00 :ix
e g
Z )
~ )
V<C -};\ g
z 0.75F Present work "‘.“\_‘ ]
—rmme Kettner er al., 2023 “Umzitmmienooe
Skowronski er al ., 2023
0.01 0.1 1y | 10
Fig. 8.

tion in AGB and RGB stellar environments in the 7q =
0.02—0.14 range and propose a value of 3.6 = 0.4, which
is the most precise up to now. Following, the carbon iso-
topic ratio is defined via the '*C and "*C densities n,, and
ny3 inversely proportional to the reaction rates:

n av
RIZC/BC = £ = ( >13

ns (0'V>12.

®)

For the reaction *C(p, y)"*N in temperatures T, ran-
ging from 0.02 to 0.14, the reaction rates {ov),, vary
from 107" cm®mol's™ to 10* cm®*mol!s?; that is, the
difference is 10 orders of magnitude.

Even a small change in the numerical values of the
rates may affect the calculated value of the ratio '*C/"*C.
It is most reliable to compare the reaction rates of *C(p,
7)°N and “C(p, y)'*N as obtained in the same formalism.
An example is how it is done in the work of Skowronski

1.25 T
IEC(}’,Y]”N (b)
= booimom e TSRS
g [T S3-
AE I ‘1}‘
-\_
B 1.00 i
v %
= W
= b
4
o Present work B
2< 075+ ~——- Kettner ef al., 2023 “};\.\ i
Skowronski et al., 2023 s
- L
0.01 7, 0.1 1

(color online) Reaction rates from Kettner et al., (2023) [12] and Skowronski et al. [13, 14], ratio to MPCM values for *C(p,

7)*N: (a) temperature range Ty = 0.007-10; (b) temperature range Ty = 0.007—1. In both panels, the central blue short-dashed curve in

the band refers to the reaction rate adopted from [13, 14].
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Fig. 9. (color online) Reaction rates calculated in MPCM:

black dotted curve is for '*B(n, y,)"°B, dashed blue curve is for
PC(n, ,0+143+2)"°C [15]; red solid curve is for 3C(p.y0)!*N,
present work. Filled area refers to the interval 7o = 0.01-0.14.

et al., (2023)[13, 14], where the rates of these reactions
are obtained via R-matrix calculations — this is a consist-
ent approach. In this context, calculations of the reaction
rate of “C(p, y)'"*N in MPCM and its comparison with
that of 2C(p, y)"*N can make an additional contribution to
the independent assessment of the *C/"*C ratio because
the model errors are reduced.

In the present stage, we may compare the reaction
rates for the processes '“B(n, y)"”B(fv)*C and "“C(p,
70)°N(F)*C calculated in the MPCM — Fig. 9. Both re-
actions are leading to the creation of the carbon isotope
BC, but in the first case, the boron sequence is involved
(see our works [15] and [63]) without combustion of *C.
The second chain refers to the hydrogen burning of *C,
and therefore, the amount of *C increases, while the
abundance of '*C decreases.

To compare the reaction rates in Fig. 9, the temperat-
ure range Ty = 0.01-0.14 relevant to the post-BBN nucle-
osynthesis and stellar CNO cycles is highlighted in blue.

(OV)ap .
is of ~ 10* or-

. <O'V>plzc
ders of magnitude at Ty = 0.01, and ~ 10® at Ty = 0.14.

One may assume that such dominance of the “B(n,
7)*B(Bv)"*C chain over the rate of the ?C(p, y,)*N(5")"*C
path may change the initial composition in terms of '“C
and lead to the redistribution of '*C and "*C. It is expedi-
ent to estimate this correction for the Riz¢;i3¢ ratio.

The ratio of reaction rates Rg/c =

V. CONCLUSION

We calculated the astrophysical S-factor for the pro-
ton radiative capture reaction *C(p, )"°N in the energy
range E.,, = 1-5000 keV. The reliability of the current
MPCM calculations is demonstrated by reproducing the
experimental phase shifts &, ,, 62p,,, and 62p,,at ener-
gies of up to E., = 3 MeV with high accuracy.

Moreover, the determined parameters of the 1/2" and 3/2°
resonances, i.e., £, =422 keV, ., =32 keV, and E, =
1560 keV, I'.,, = 53 keV, respectively, are in good
agreement both with the recent experimental data from
Csedreki et al., 2023, as well as with the most recent res-
ults of R-matrix fitting from Refs. [12—14, 43].

The GS main characteristics, namely the binding en-
ergy in the p +"°C channel E;, = 1.94350 MeV and charge
radius R, ("*N) =2.465 +0.05 fm, are calculated with ac-
curacies of 10° MeV and 107 fm, respectively. Two sets
of potential parameters for the GS radial wave function
have been found under the condition that £y, remains con-
stant, but the values of the asymptotic constant C,, are
different. Set I refers to C,, = 1.30(2), and Set II refers to
C,, = 1.37(1).

Set I leads to the astrophysical factor S(25) = 1.34 +
0.02 keV'b, which is in excellent agreement with data
from Skowronski et al., (2023)[14], i.e., 1.34 = 0.09
keV-b . Set 1 yields S(25) = 1.49 + 0.02 ke Vb, which is
in excellent agreement with data from Kettner et al.,
(2023)[12], ie, 1.48 = 0.09 keV'b . The difference
between these two data sets is ~ 9%—11% at 25 keV.
Therefore, we are able to reproduce both results for the
S(0), which demonstrates the flexibility of MPCM form-
alism at a well-substantiated level.

One cannot but agree that the R-matrix approach is a
fitting of experimental data, and that it is difficult for
model calculations to compete with it. The MPCM suc-
ceeded in reproducing the current known experimental
data for the astrophysical S(£) factor in the energy range
of 76 keV to 2000 keV, but met a problem at energies
E_ . ~ 640-930 keV, which correspond to the "slope" of
the 1% (1/27) resonance. Current calculations show a near
30%—-50% overestimation of the experimental S-factor
within this energy range, which has no explanation at the
moment, given that the phase shifts ¢z, ,, 62p,,, and &p, ,
providing the energy dependence of the calculated S-
factor are reproduced precisely up to £,,, = 3 MeV, as
we have stated above.

The reaction rate of the process ?C(p, y)"*N is calcu-
lated for Ty = 0.001-10. Typically, the NACRE II data
are used as a benchmark for comparing subsequent calcu-
lations of the reaction rates. Figures 6 and 7 show neither
qualitative nor quantitative exact agreement with the
NACRE II data for all cited Refs. [12, 13, 43, 47, 61] and
the present work throughout the entire range of 7y (there
may be some exception in Ref. [61]; see comments
above). However, there are temperature areas where ac-
ceptable agreement is observed for the reaction rates. The
R-matrix results for the reaction rate from Skowronski et
al., (2023) [13] and Kettner et al., [12] show excellent
agreement up to 7y =~ 6 between themselves. However,
there are also R-matrix calculations, for example, [43]
and [47], with very close input parameters that yield no-
ticeably different outcomes.
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Finally, we may conclude that any of the known reac-
tion rates of the "*C(p, 7)"*N process may be recommen-
ded for the calculation of astrophysical macro-character-
istics such as mass fraction or efficiency of '*C produc-
tion if deviations within ~ 30%-50% are considered ac-
ceptable. Otherwise, the issue of '>C(p, y)"*N reaction rate
consensus remains open.

During this study on the '>C(p, y)"°N reaction, the res-
ults of the MPCM approach have shown a reasonable
level of reliability; consequently, applying this model to
the analysis of the *C(p, 7)"*N reaction is a sensible ap-
proach.
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APPENDIX A

We approximate the reaction rates in Table Al calcu-
lated based on MPCM with the following expression:

Table Al. Radiative p'>C capture reaction rates in units of cm®mol 's™".

Ty Set I Set IT Set II/ Set I Ty Set I Set IT Set I/ Set I
0.001 6.04x107! 6.74x10™! 1.12 0.14 3.39x107* 3.79x107* 1.12
0.002 7.21x107% 8.04x107¥ 1.12 0.15 6.08x107* 6.79x107* 1.12
0.003 5.15x107% 5.75%x107% 1.12 0.16 1.04x107 1.16x107 1.12
0.004 2.52x107% 2.82x107% 1.12 0.18 2.73x107 3.04x107 1.12
0.005 1.06x1072¢ 1.18x107%° 1.12 0.2 6.36x107 7.10x107 1.12
0.006 1.06x107% 1.18x107% 1.12 0.25 3.93x107 4.39x1072 1.12
0.007 4.17x107% 4.65%107% 1.12 0.3 2.01x107" 2.25%107" 1.12
0.008 8.63x107% 9.63x10 22 1.12 0.35 8.71x107" 9.73x10™! 1.12
0.009 1.12x1072 1.25x1072° 1.12 0.4 3.02x10° 3.37x10° 1.12
0.01 1.01x107" 1.13x107" 1.12 0.45 8.37x10° 9.37x10° 1.12
0.011 6.93x107" 7.74x107" 1.12 0.5 1.93x10! 2.16x10" 1.12
0.012 3.81x107"8 425x107"8 1.12 0.6 6.79x10' 7.60x10" 1.12
0.013 1.75x107"7 1.95x107"7 1.12 0.7 1.65%10? 1.84x10? 1.12
0.014 6.89x107"7 7.69x107" 1.12 0.8 3.15x10? 3.53x10? 1.12
0.015 2.40x107' 2.68x107' 1.12 0.9 5.14x10? 5.75x10° 1.12
0.016 7.50x107'¢ 8.37x107'° 1.12 1 7.50x10? 8.39x10? 1.12
0.018 5.63x107"° 6.28x10°"° 1.12 1.25 1.42x10° 1.59x10° 1.12
0.02 3.19x107" 3.57x10°" 1.12 1.5 2.08x10° 2.32x10° 1.12
0.025 1.03x107"2 1.15x107"2 1.12 1.75 2.64x10° 2.96x10° 1.12
0.03 1.46x107" 1.63x107" 1.12 2 3.10x10° 3.46x10° 1.12
0.04 6.93x1071° 7.73x107"° 1.12 25 3.70x10° 4.13%10° 1.12
0.05 1.08x10°° 1.20x10°* 1.12 3 4.02x10° 4.48x10° 1.11
0.06 8.76x107 9.78x107® 1.12 35 4.18%10° 4.65x10° 1.11
0.07 4.68x1077 5.22x107 1.12 4 4.26x10° 471x10° 1.11
0.08 1.86x10°° 2.08x10° 1.12 5 4.27x10° 4.69x10° 1.10
0.09 6.02x10°° 6.72x10°° 1.12 6 421x10° 4.59x10° 1.09

0.1 1.65x10° 1.85x107° 1.12 7 4.12x10° 4.45%10° 1.08
0.11 4.01x10°° 4.48x10°° 1.12 8 4.01x10° 431x10° 1.07
0.12 8.82x10°° 9.85x10°° 1.12 9 3.89x10° 4.16x10° 1.07
0.13 1.79x10°* 2.00x10°* 1.12 10 3.77x10° 4.02x10° 1.06
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Table A2. Parameters of the reaction rate approximation (A1l).

] Set | Set 11
i

a; b; a; b;
1 2.209016x10* 7.5647x107" 3.390734x10* 8.1676x107"
2 —1.222668x10' 3.4343x107! —-1.230191x10" 3.4328x107"
3 2.06057x10° 8.05532x10° 2.23773%10° 8.46417x10°
4 7.060818x10? 9.4588x107! 5.202753x10? 9.4487x107!
5 2.24x107 3.48415x10° 5.86x1073 3.55824x10°
6 5.529536x10* 5.966096x10*
7 —4.36135%x10° —4.33828x10°
8 —-2.99216x10° —4.68741x10°
9 —1.212292x10! —1.287131x10"

¥ =0.05 ¥ =0.05

_ a ay T9 2
NA<O'V>—FCXP ng_ ;3

[1.0+a4T9 +a5Té’3}
9

ag ( a; ) ag ( dg )
+——exp| = | +——exp(— .
Téu p T9 Tgs p Tg

(A1)

The parameters a; and b, for the two sets are provided

in Table A2.

The calculation of y? is performed following the

standard definition (see, e.g., [20]):

N

Lo [(@n™ (To) = o)™ ()| *_ 1
=52 . =l =y 2xd (A2)

AoV (To)

i=1

where N is the number of the calculation points;

(ov)PP (Ty) is the approximated reaction rate from Eq.

(A1); (ov)& (Ty) is the calculated reaction rate accord-

ing to Eq. (7); and the error A{ov

>§alc4
1

(Ty) we assume here

to be 5% of the calculated reaction rate.
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