
 

Spin alignment of quarkonia in vortical quark-gluon plasma*
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J/ψAbstract: The spin alignment of  with respect to the event plane in relativistic heavy ion collisions exhibits a
significant signal. We propose a possible mechanism for spin alignment through the spin-dependent dissociation of
quarkonia  in  vortical  quark-gluon  plasma.  The  spin-dependent  dissociation  is  realized  through  inelastic  scattering
between constituents of quarkonium and those of quark-gluon plasma polarized by vorticity. The spin-dependent dis-
sociation rate is found to depend on the directions of vorticity, quantization axis, and quark momentum. We imple-
ment our results in a dissociation-dominated evolution model for quarkonia in the Bjorken flow, finding that the spin
0 state is slightly suppressed compared with the average of the other two, which is consistent with the sign observed
in experiments. We also observe the absence of logarithmic enhancement in the binding energy in the vortical cor-
rection to the dissociation rate, which is understood from the requirement that a spin-dependent dissociation can only
result from quark coupling to a pair of chromomagnetic and chromoelectric fields.
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I.  INTRODUCTION
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The  spin  physics  in  relativistic  heavy  ion  collisions
(HICs) has  recently  become an  emergent  field  under  in-
tensive  studies.  Researchers  first  realized  that  the  final
particles in off-central HICs should be spin polarized [1].
The first  measurement  was  made  in  the  global  polar-
izaiton  of  hyperons  [2], which  has  been  easily  under-
stood  from the  coupling  of  the  spin  of  hyeprons  with
the  vorticity  of  quark-gluon  plasma  (QGP)  [3−5]. Fur-
ther  measurement  of  local  polarization  revealed  a  more
refined structure of the spin interaction [6], enabling us to
characterize the  spin  response  to  more  general  hydro-
dynamic gradients [7−14].
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A  closely  related  phenomenon  is  the  spin  alignment
of vector mesons,  originally proposed from the polariza-
tion  of  the  two  constituent  quarks  based  on  the  quark
model [15, 16]. In HICs, the spin alignment is measured
with  a  quantization  axis  selected  to  be  perpendicular  to
the  event  plane.  The  spin  component  along  the  axis
defines  states.  With  the  polarization  of  quarks
from spin-vorticity coupling, we would have a spin align-
ment quadratic in vorticity. However, the measurement of
the spin alignment of the  meson has revealed a signific-

0antly  large  signal,  with  the  probability  of  finding  the 
state significantly  larger  than  the  other  two  states.  Vari-
ous  mechanisms  have  been  explored  to  understand  the
large signal [17−26]1); see [27] for a recent review. More
recently, a  proposal  on  constraining  the  mechanisms ex-
perimentally has been made [28].
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A second vector meson observed with spin alignment
is . Measurements revealed a spin alignment different
from  the  counterpart  of  the  meson  in  sign  [29].  This
might  not  be  a  surprise  as  the  production  mechanism of

 is completely different from that of , which results
primarily  from  thermal  production.  Because  the  charm
quark  is  much  larger  than  the  temperature  of  QGP,
thermal  production  is  negligible.  can  be  produced
either directly in initial hard scatterings or from a recom-
bination of charm and anti-charm quarks, which are also
produced by initial hard scatterings. Both sources are sub-
ject to  significant  medium modifications.  The  early  pro-
duced  is  partly  dissociated  because  the  interaction
with the medium and charm quarks evolving with the me-
dium  also  carries  information  about  the  medium  before
they  recombine  to  form .  We  shall  refer  to  the  two
cases loosely  as  dissociation  and  recombination  produc-
tions. The dissociation and recombination productions are

        Received 11 February 2025; Accepted 15 April 2025; Published online 16 April 2025
      * Partly supported by NSFC (12475148, 12075328)
     † E-mail: liangyh83@mail2.sysu.edu.cn
     ‡ E-mail: linshu8@mail.sysu.edu.cn

Chinese Physics C    Vol. 49, No. 8 (2025) 084105

1) Besides that, we can also refer to "F. Li, S.Y.F. Liu, Tensor Polarization and Spectral Properties of Vector Meson in QCD Medium. (2022)"

 Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-
tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP3 and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-
lishing Ltd

084105-1

http://orcid.org/0009-0002-7190-2960
http://orcid.org/0000-0003-3420-862X


known to dominate in low and high energy collisions, re-
spectively [30−32].
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Γs = Γ1s p̂ ·ω(n̂ · p̂)+Γ2sn̂ ·ω+O(ω2) n̂ p̂

s = 1,−1,0

exp(−
∫
Γsdt)
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While  the  vorticity  coupling  to  spin  of  constituent
quarks correctly gives the sign for spin alignment of ,
the  overall  magnitude  is  expected  to  be  much  smaller
than  what  has  been  observed  in  experiments  [15, 16].
This is because the spin alignment is quadratic in the phe-
nomenologically small  vorticity.  This  is  not  the  only  ef-
fect of vorticity on spin alignment. In this paper, we pro-
pose  another  possible  mechanism  through  spin-depend-
ent dissociation in a QGP with vorticity. Because dissoci-
ation  occurs  throughout  the  evolution  of  the  QGP,  the
small vorticity  can be  compensated  for  by  a  long evolu-
tion time.  For  simplicity,  we  focus  on  dissociation  pro-
duction  in  medium-high  energy  collisions.  We  consider
the  dissociation  rate  of  quarkonia  in  a  spinning  QGP
characterized by vorticity . For quarkonia in the vortic-
al  QGP,  we expect  through rotational  symmetry  that  the
vortical contribution  to  the  dissociation  rate  for  quarko-
nia  in  the  spin s state  can  be  parameterized  by

,  with  and  being
the  directions  of  the  quantization  axis  and  quarkonium
momentum, respectively.  labels the spin states
of the quarkonia. The survival probability of the initially
produced  quarkonia  is  given  by  exponential  decay  as

.  Because  exponential  decay  is  a  concave
function, the splitting in the dissociation rate above leads
to a suppressed rate of the  state compared with the av-
erage of the other two. This is independent on the signs of

 and  in the parameterization above. The objective of
this  paper  is  to  determine  the  spin-dependent  part  of  the
dissociation rate  and  study  its  impact  on  the  spin  align-
ment of .

J/ψ

The remanider  of  this  paper  is  structured  as  follows:
In  Sec.  II,  we  first  review  the  spin-independent dissoci-
ation  of  quarkonia  in  the  QGP  in  the  quasi-free  picture
and then calculate  the spin-dependent  vortical  correction
to the  dissociation  rate  of  quarkonia.  In  addition  to  de-
pendence on spin component s, the correction is found to
depend  on  the  quantization  axis  and  momentum  of
quarkonia.  In  Sec.  III,  we  apply  the  results  to  calculate
the  spin  alignment  of  in  medium-high energy  colli-
sions  and  discuss  the  phenomenological  implications.
Sec. IV is devoted to the conclusion and outlook. Details
of the calculations are given in three appendices. 

II.  QUARKONIA DISSOCIATION IN
VORTICAL QGP

J/ψ

∼ 10MeV
∼ 200MeV

With application to  in mind, we consider the dis-
sociation  of  spin-triplet S-wave  quarkonium  states
(henceforth referred to  as  quarkonium states)  in  the  vor-
tical QGP.  Because  the  magnitude  of  the  vorticity  pro-
duced in HICs is , still much smaller than that at
the typical temperature of the QGP ( ), we may

treat  the  vorticity-dependent  part  of  the  dissociation  rate
as a  perturbation.  The  dissociation  rate  of  the  quarkoni-
um state in the absence of vorticity has been well under-
stood, which we briefly review below. 

A.    Quarkonia dissociation rate in equilibrium QGP
The  dissociation  of  unthermalized  quarkonia  results

from  two  types  of  processes:  gluo-dissociation and  in-
elastic  scattering.  In  the  former,  the  color  singlet
quarkonium  dissolves  into  a  color  octet  by  absorbing  a
gluon from the QGP [33−36]. This process is leading or-
der  in  the  coupling  constant.  In  the  latter,  one  of  the
heavy  (anti-)  quark  constituents  scatters  with  a  light
quark  or  gluon  in  the  QGP,  converting  the  color  singlet
quarkonium into a color octet.  It  is next to leading order
in  the  coupling  constant  and  formally  suppressed.
However,  the  naive  power  counting  ignores  the  bound
state  nature  of  quarkonium.  The  gluo-dissociation pro-
cess  is  only  possible  for  the  bound  state:  in  the  limit  of
vanishing binding energy, the gluo-dissociation cross sec-
tion simply vanishes by vanishing the phase space. There-
fore, the effect of a finite binding energy should be con-
sidered.  Scholars  have  realized that  the  cross  section  for
gluo-dissociation is rather small as quarkonium is loosely
bounded  at  high  temperatures  [37].  Thus,  the  dominant
process  for  dissociation  is  the  inelastic  scattering.  A
quasi-free  picture  has  been  proposed  for  quarkonium,  in
which  the  two  constituents  of  quarkonium  scatter  with
light  quarks  and  gluons  in  the  QGP  independently  [38,
39], see also [40, 41]. The validity of the scenario is stud-
ied in the framework of a potential  non-relativistic QCD
[42−45], which treats the bound state effect more system-
atically.

ϵb

ln
T
ϵb

Binding energy also plays a crucial role in the inelast-
ic scattering process, which includes Coulomb scattering
and Compton scattering. It is well known that the perturb-
ative damping rate for heavy quarks suffers from infrared
(IR)  divergence  when  the  exchanged  gluon  carries  very
soft momenta [46, 47]. Fortunately, the finite binding en-
ergy, denoted as , sets a threshold for the energy of an
exchanged  gluon  to  dissolve  the  quarkonium;  thus,  the
binding  energy  effectively  cuts  off  the  IR  divergence,
leading to  a  logarithmic  enhancement  in  the  binding  en-
ergy.  Similar  IR  divergence  does  not  occur  in  Compton
scattering as the exchanged particle is the heavy constitu-
ent  [46]. At  a  sufficiently  low  binding  energy,  the  Cou-
lomb  scattering  process  is  logarithmically  enhanced,
providing the dominant contribution to the cross section.

Such  an  enhancement  of  form  was  found  in  [43],
with T being the temperature of the QGP. Focusing on the
logarithmically enhanced contribution allows one to con-
sider only Coulomb scattering.

With Coulomb scattering, the evaluation of the disso-
ciation rate can be reduced to the effective one-loop self-
energy  diagram  for  heavy  quarks  shown  in Fig.  1.  The
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ϵb

gluon propagator running in the loop is the hard thermal
loop (HTL)  resummed propagator,  which  screens  the  IR
divergence of  Coulomb scattering.  The  remaining  logar-
ithmic divergence is cut off by , as we have already dis-
cussed. 

B.    Vorticity correction to dissociation rate

ln
T
ϵb

The question we now ask is  how the  vorticity  enters
the diagram above. We still assume the quarkonium to be
unthermalized such that the vorticity affects only the light
quarks  and  gluons.  The  modifications  are  known  from
quantum  kinetic  theories;  see  [48]  for  a  recent  review.
Crucially,  the  vorticity  modifies  only  the  on-shell  light
quarks  and  gluons  but  not  their  off-shell  counterparts.
Aiming  at  vortical  correction  to  the  dissociation  rate  to

leading  logarithmic  order ,  we  will  also  restrict
ourselves  to  the  Coulomb  scattering  process.  The  role
played by the vorticity is to affect the distribution and po-
larization of light degrees of freedom in the initial and fi-
nal states.

With the light degrees of freedom polarized by vorti-
city,  we  expect  a  spin-dependent  damping  rate  of  heavy
quarks inside the quarkonium though collisions with po-
larized  light  degrees  of  freedom.  The  spin-dependent
damping  rate  for  the  constituent  can  further  lead  to  a
spin-dependent dissociation rate for the bound state. The
spin averaged damping rate can be related to self-energy
as [49] 

Γ =
1

4Ep
tr[(̸P+m)Σ>(P)]. (1)

To derive the damping rate for a particular spin state, we
must project the self-energy into a spin state. To determ-
ine the  appropriate  spin  projection  operator,  we  first  re-
call  the  following  representation  of  the  free  retarded
propagator for the particle state: 

S R(P) =
1

2Ep

∑
s

us(P)ūs(P)
p0−Ep+ iϵ

=
1

2Ep

∑
s

us(P)u†s(P)γ0

p0−Ep+ iϵ
, (2)

us(P)where  is  the eigenspinor  solution to the free Dirac

u†r us = 2Epδrs

us(P)u†s(P)
2Ep∑

s us(P)u†s(P)
2Ep

equation, normalized as . This is the general
eigenstate  representation  of  the  retarded  function  in
quantum mechanics applied to Dirac theory with labels of

eigenstates being spin. We readily identify  as
the  projection  operator  onto  a  specific  spin  state  and

 as  the  identity  operator  in  Dirac  space.
With  the  same logic,  we can  rewrite  the  spin  average  in
(1) more explicitly as 

Γ =
1
2
tr[

∑
s us(P)u†s(P)γ0

2Ep
Σ>(P)]. (3)

This suggests the following damping rate for specific spin
states: 

Γs =
1

2Ep
tr[us(P)u†s(P)γ0Σ>(P)] =

1
2Ep

tr[us(P)ūs(P)Σ>(P)].

(4)

Ep

Let us comment on the validity of this representation: (4)
implicitly  assumes  to be  degenerate  and  free  eigen-
spinors can be used. In principle,  both emanate from the
solution  to  the  following  Dirac  equation  in  the  presence
of self-energy: 

( ̸P−m−ΣR)us(P) = 0, (5)

ΣR

ΣR ∼ Σ>
Γs

with  being  the  retarded  self-energy.  However,  in  the
perturbation theory,  is small and has a leading or-
der  contribution  to ; hence,  we  may  ignore  modifica-
tions to the energy and eigenspinor in (4), which are high-
er order effects.

The  case  of  anti-particles  can  be  analyzed  similarly.
Because  the  vorticity  effect  in  a  charge  neutral  QGP  is
expected to be identical for a particle and an anti-particle,
we will focus on the damping rate for particles in the fol-
lowing.

Now,  we  are  ready  to  calculate  the  self-energy  of
heavy quarks in a vortical  QGP. As argued in the previ-
ous  subsection,  only  Coulomb  scattering  contributes  to

 

Fig. 1.    Self-energy diagrams for heavy quarks. The cut propagators can be put on-shell. The left/right diagram corresponds to Cou-
lomb scattering off light quarks/gluons. The logarithmic enhancement results from the exchange of gluons with soft momenta; there-
fore, we must use HTL resummed propagators for them, indicated by blobs.
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ϵbthe leading logarithmic order  in ,  corresponding to  the
self-energy diagrams in Fig. 1.

The  vorticity  corrections  to  the  diagrams  enter
through modifications of propagators for light quarks and
gluons. The explicit forms are known from quantum kin-
etic theories.  The  gluon  lesser  propagator  in  the  Cou-
lomb gauge is given by [50−52] 

D<
µρ(X,Q) = D<(0)

µρ (X,Q)+D<(1)
µρ (X,Q),

D<(0)
µρ (X,Q) = 2πPT

µρδ(Q
2)ϵ(Q ·u) f (Q ·u),

D<(1)
µρ (X,Q) = 2πϵ(Q ·u)δ(Q2)

ï
iPµλQλPρσPσβ

2(Q ·u)2 ∂β f (Q ·u)

− (µ↔ ρ)− i
ϵµραβQαuβ

(Q ·u)2 Qνων f ′(Q ·u)
ò
, (6)

uµ(X)

ωµ =
1
2
ϵµνρσuν∂ρuσ Pµρ

T = −ηµρ+
Qµuρ+Qρuµ

Q ·u − QµQρ

(Q ·u)2

Pµν = uµuν−ηµν
ϵ

(0) (1)
D<(1)
µρ

uµ = (1,0,0,0)
D<(1)
µρ

where X is a coarse-grained coordinate labeling fluid ele-
ments. We assume a uniform temperature and slow-vary-
ing  fluid  velocity .  The  vorticity  is  defined  as

.  and
are  the  transverse  and  spatial  projectors,

respectively. is the sign function, and f is the Bose-Ein-
stein distribution function. Superscripts  and  indic-
ate the order in vorticity.  can be further simplified.
In  the  fluid  rest  frame  with ,  only  spatial
components of  are nonvanishing and are expressed
as 

D<(1)
i j = 2πδ(Q2)ϵ(q0)

ï
− iqiqk∂ juk

2q2
0

f ′− (i↔ j)

− iϵ i jkqk

q2
0

(−qlωl) f ′
ò

= 2πδ(Q2)ϵ(q0)
ï

iϵ i jkqkqlωl

2q2
0
+

iϵ i jkωk

2

ò
f ′, (7)

f ′ ≡ ∂

∂q0
f (q0) ∂ juk = ϵ

jklωl

−qiϵ
jkl+q jϵ

kli−
qkϵ

li j+qlϵ
i jk = 0

D>
µρ f → 1+ f

D<(1)
µρ = D>(1)

µρ

where . We have used  in a vor-
tical  fluid  and  the  Schouten  identity 

 in  the  second  equality.  The  greater
propagator  can be obtained by replacement 
in (6).  Note that ,  indicating that the spectral
function is not modified at this order. The color structure
is the trivial one inherited from the free gluon propagator,
which we have suppressed for notational simplicity.

The quark lesser propagator is given by [53, 54] 

S <(X,K) = S <(0)(X,K)+S <(1)(X,K), (8)

 

S <(0)(X,K) = −2πϵ(K ·u)δ(K2) ̸K f̃ (K ·u),

S <(1)(X,K) = −πKµΩ̃µνγ
νγ5ϵ(K ·u)δ(K2) f̃ ′(K ·u), (9)

Ω̃µν = ωµuν−ωνuµ f̃
S >

− f̃ → 1− f̃ S <(1) = S >(1)

uµ = (1,0,0,0)

with .  is  the  Fermi-Dirac distribution
function. Greater propagator  can be obtained from (8)
by replacement . Again, we have ,
indicating no modification of spectral function at this or-
der. In the following, we confine to the rest frame of the
fluid  with  and suppress  the  explicit  de-
pendence on X.

The  self-diagrams adopt  the  same  representation  be-
low: 

Σ>(1)(P) = g2CF

∫
Q
γµS >

H(P+Q)γνD<(1)
νµ (Q)

= −g2CF

∫
Q
γµS >

H(P+Q)γνDR
να(Q)Παβ<(1)(Q)DA

βµ(Q),

(10)

CF =
N2

c −1
2Nc

ta
i jt

a
jk =CFδik S >

H(P+Q) = 2π( ̸ P+ ̸Q+m)δ((P+Q)2−
m2)
D<(1)
νµ (Q) = −DR

να(Q)Παβ<(1)(Q)DA
βµ(Q)

Π
<(1)
αβ

DR/A
µν

with  resulting  from  the  color  sum
.  Here, 

 is  the  greater  propagator  for  probe  heavy  quarks.
 is the vortical correc-

tion  to  the  gluon  propagator,  with  the  correction  located
entirely  in  gluon  self-energy  [55].  The  gluon  self-
energy emanates from either the quark loop or gluon loop
captured  by  the  two  diagrams  in Fig.  1.  represents
retarded/advanced  gluon  propagators  in  the  absence  of
vorticity, given by 

DR
µν = uµuν∆L +PT

µν∆T , DA
µν = DR

µν
∗. (11)

PT
µν uµuν is the transverse projector defined earlier, and  is

the longitudinal projector in the Coulomb gauge. We use
HTL  resummed  propagators  relevant  for  exchanged
gluons with soft momenta [49], for which 

∆T =
−1

Q2−m2
g

Å
x2+

x(1− x2)
2

ln
x+1
x−1

ã ,
∆L =

−1

q2+2m2
g

Å
1− x

2
ln

x+1
x−1

ã . (12)

mg m2
g =

1
6

g2T 2

(CA+
1
2

N f ) x =
q0

q q0

Παβ<(1)

 is  the  gluon  thermal  mass  defined  by 

. ,  where and q are  the  temporal  and
spatial components of the momentum in the QGP frame,
respectively. Using (8), we obtain  from the quark
loop as 

Παβ<(1)
q (Q) = −2g2N f TF

∫
K

tr
ï
γαS <(1)(K +Q)γβS >(0)(K)

ò
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= −4ig2N f TF(2π)2
∫

K
ϵανβλ(K +Q)µΩ̃µνKλϵ(k0)

× ϵ(k0+q0)
Ä

1− f̃ (k0)
ä

f̃ ′(k0+q0)

×δ(K2)δ
(
(K +Q)2) , (13)

TF =
1
2 tr[tatb] = TFδ

ab

N f 2

Παβ<(1)

Παβ<(1)

with  resulting from the color sum ,
and is  the  number  of  light  quark  flavors.  Prefactor 
occurs  because vortical  correction can enter  either  quark
propagator in the loop. Clearly,  denotes anti-sym-
metric  indices.  Using  (6),  we  obtain  from  the
gluon loop as

 

Παβ<(1)
g (Q) = −g2CA

1
2

∫
K

î
D<(0)
µρ (K +Q)D>(1)

σν (K)+D<(1)
µρ (K +Q)D>(0)

σν (K)
óî

gµα(−K −2Q)ν+gαν(Q−K)µ+gνµ(2K +Q)α
óî

gρβ(K +2Q)σ+gβσ(K −Q)ρ+gσρ(−2K −Q)β
ó
,

(14)

CA = Nc f acd f bcd =

CAδ
ab

1/2

where  results  from  the  color  sum 
. The two terms in the square bracket in the first line

correspond to vortical corrections to two gluon propagat-
ors. A symmetry factor of  is included. We now show

µ↔ σ ν↔ ρ
K→−K −Q

that it is also anti-symmetric in indices. By relabeling in-
dices ,  and  redefinition  of  momentum

,  which  amounts  to  the  interchange  of  two
vertices, we find

 

Παβ<(1)
g (Q) = −g2CA

1
2

∫
K

î
D<(0)
σν (−K)D>(1)

µρ (−K −Q)+D<(1)
σν (−K)D>(0)

µρ (−K −Q)
ó

(15)
 î

gσα(K −Q)ρ+gαρ(K +2Q)σ+gρσ(−2K −Q)α
óî

gνβ(Q−K)µ+gβµ(−K −2Q)ν+gµν(2K +Q)β
ó
. (16)

D<(0)
µρ (P) = D>(0)

µρ (−P) D>(1)
σν (P) =

−D<(1)
σν (−P) Παβ<(1)

g = −Πβα<(1)
g

Παβ<(1)

D<(1)
νµ

D<(1)
νµ

Using  properties ,  and 
,  we  immediately  find .

Moreover,  is  purely  imaginary  from  the  explicit
representations (13), (14), and (6). It follows that  is
also anti-symmetric and purely imaginary. The anti-sym-
metric  property  of  enables the  following  replace-
ment in the product of gamma matrices in (10) 

γµγλγν = γνηµλ−γληµν+γµηλν− iϵµλνργ5γρ→−iϵµλνργ5γρ,

γµγν = ηµν− iΣµν→−iΣµν,
(17)

Σµν =
i
2

[γµ,γν]with .
To evaluate the trace in (4), we require the following

representation of eigenspinors: 

us(P) =
…

p0+m
2

ÜÅ
1− p⃗ · σ⃗

p0+m

ã
ξsÅ

1+
p⃗ · σ⃗

p0+m

ã
ξs

ê
. (18)

ξs(s = +/−)
n̂

 are  the  spin  up/down  spinors  along  a  given
quantization  axis , with  the  following  explicit  expres-
sions:
 

ξ+ =
1√

2(1− n̂z)

Ç
n̂x − in̂y

1− n̂z

å
, ξ− = ξ+(n→−n). (19)

s = +

n
us(P)ūs(P)

We analyze the case  below. The other case can be
simply  obtained  by  flipping  the  direction  of .  Product

 is determined as

 

u+(P)ū+(P) =
p0+m

4

ï
(1− p̃2)I+

1
2
Σi jϵ i jk(nk(1+ p̃2)−2p̃ · n̂p̃k)+2Σ0iϵ i jk p̃ jn̂k

+ (1+ p̃2)γ0+2 p̃ · n̂γ5γ0−2p̃iγ
i− (n̂i(1− p̃2)+2p̃ · n̂ p̃i)γ

5γi
ò
,

(20)

p̃ =
p⃗

p0+mwhere we have defined . Using replacement (17), we evaluate the trace as
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tr[u+(P)ū+(P)γµ (̸P+ ̸Q)γνD<(1)
νµ (Q)] = −(p0+m)

[
− iϵµλν0(P+Q)λD<(1)

νµ (Q)2 p̃ · n̂− iϵµλνi(P+Q)λD<(1)
νµ (Q)(ni(1− p̃2)+2 p̃ · n̂ p̃i)

]
,

tr[u+(P)ū+(P)(−iΣµν)D<(1)
νµ (Q)m] = −(p0+m)

[
−2iD<(1)

i0 (Q)2mϵ i jk p̃ jnk − iD<(1)
ji (Q)mϵ i jk(nk(1+ p̃2)−2p̃ · n̂p̃k)

]
.

(21)

D<(1)
νµ (Q) = −DR

να(Q)Παβ<(1)(Q)DA
βµ(Q)

Παβ<(1)

DR/A

Using ,  the  anti-sym-
metric  property  of  and  explicit  representation  of

 (11), we  observe  that  only  the  following  contrac-

Pm′m
T Π

0m<(1)

Pm′m
T Pn′n

T Π
mn<(1)

tions  of  gluon  self-energy  are  required:  and
.  These  are  derived  in  Appendix  A,  with

the following results:

 

Pm′m
T Π

0m<(1)
q = −2g2N f TF

∫
K

[
4iϵm′ jk(k+q)0ω jq̂kk∥

]
(2π)2δ((K +Q)2)δ(K2) f̃ ′(k0+q0)(1− f̃ (k0)),

Pm′m
T Pn′n

T Π
mn<(1)
q = −2g2N f TF

∫
K

[
−4iϵm′n′kq̂kq̂lωl((k∥+q)k∥− (k+q)0k0)

]
× (2π)2δ((K +Q)2)δ(K2) f̃ ′(k0+q0)(1− f̃ (k0))

Pm′m
T Π

0m<(1)
g = −g2CA

∫
K

(2k+q)02ql

ïÅ
2− (k∥+q)q

(k0+q0)2

ã
iϵ lm′ak2

⊥ω
⊥
a

4k2
0

+

Å
2+

k∥
2q
− k2

⊥+2(k∥+q)2

4(k0+q0)2

ã
× iϵ lm′aω⊥a

2

ò
(2π)2δ((K +Q)2)δ(K2) f (k0+q0) f ′(k0),

Pm′m
T Pn′n

T Π
mn<(1)
g = −g2CA

∫
K

ï
iϵn′lm′ω∥l

Å
k2
⊥k∥q
2k2

0
+

k2
⊥
4

ãÅ
−4

(k∥+q)q
(k0+q0)2

−4
ã
+4q

k2
⊥k∥

(k0+q0)2
(−k2

⊥)

× iϵkm′n′ω∥k
2k2

0
+

4qk∥k2
⊥

(k0+q0)2

Å
iϵn′m′aω∥ak2

∥

2k2
0

+
iϵn′m′aω∥a

2

ãò
(2π)2δ((K +Q)2)δ(K2) f (k0+q0) f ′(k0). (22)

Subscripts  "q"  and  "g"  denote  contributions  from  the
quark and gluon loops, respectively. The common part of
the phase space integration is calculated as ∫

K
δ(K2)δ((K +Q)2) =

∫
k2dkdcosθdϕ

1
2k
|k0=k

+

∫
k2dkdcosθdϕ

1
2k
|k0=−k

=

∫
q−q0

2

k2dk2π
1
2k

1
2kq
|k0=k

+

∫
q+q0

2

k2dkdcosθdϕ
1
2k
|k0=−k, (23)

∫
dcosθδ((K +Q)2) =

1
2kq cosθ =where ,  fixing 

q2
0−q2+2k0q0

2kq .

Γ(1)
s

Using (4),  (10),  and (21) and performing the angular
average of q (details given in Appendix B), we obtain the
following representation for 
 

Γ(1)
s = Γ1s p̂ ·ω(n̂ · p̂)+Γ2sn̂ ·ω. (24)

s = ±1
2

Γ1 Γ2

p0

ϵb

In  the  above,  has  been  inserted  for  the  cases  of
both spin states. Functions  and  are scalar functions
that  depend  on  quark  momentum p,  energy ,  binding
energy ,  and  temperature T,  with  explicit  forms  given
by

 

Γ1 = g2 N2
c −1
2Nc

p0+m
4p0

2πi
∫

dq0

(2π)3
dq

q2

2pq

ï
4|∆T |2(Aq

1+Ag
1)

1
q2

ï
(1− p̃2)q0(3q2

∥ −q2)+4 p̃2q2
∥ (p0+q0+m)−4 p̃(pq2

∥ +q∥q2)
ò

+4
∆L∆

∗
T +∆T∆

∗
L

2
(Aq

2+Ag
2)

1
q
×
ï
( p̃2−1)(2pq∥+3q2

∥ −q2)+4 p̃2(q2−q2
∥ )+4mp̃q∥

òò
, (25)
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Γ2 = g2 N2
c −1
2Nc

p0+m
4p0

2πi
∫

dq0

(2π)3
dq

q2

2pq

ï
4|∆T |2(Aq

1+Ag
1)

1
q2

(1− p̃2)q0(q2−q2
∥ )

+4
∆L∆

∗
T +∆T∆

∗
L

2
(Aq

2+Ag
2)

1
q

ï(
1− p̃2

)(
2pq∥+q2+q2

∥
)
−4mp̃q∥

òò
. (26)

q∥ ≡ q · p̂ = q2
0−q2+2p0q0

2p δ((P+

Q)2−m2) = δ(2P ·Q+Q2)
q0 q0 ∈ [ϵb,

+∞) q ∈ [
√

p2+2p0q0+q2
0− p,

√
p2+2p0q0+q2

0+ p]
Aq/g

1 Aq/g
2 (q0,q)

Here,  following  from 
 for  on-shell P.  The  integration

bounds  of  and q are  given  respectively  by 
 and .

Functions  and  are related to the projected
gluon self-energies in (22) as 

Pm′m
T Pn′n

T Π
mn<(1)
q/g = ϵm′n′lωl

∥A
q/g
1 ,

Pm′m
T Π

0m<(1)
q/g = ϵm′klωk

⊥q̂lA
q/g
2 . (27)

Γ1 Γ2 ϵb

αs = 0.3 N f = Nc = 3
ϵb =

In Fig.  2,  we  show  and  as  functions  of p, ,
and T with , ,  and m taken  to  be  the
charm  quark  mass.  For  simplicity,  we  take 

 

Γ1 Γ2 ϵb αs = 0.3 N f = Nc = 3

ϵb ϵb = 0.0233GeV 210MeV
|Γ2 | ≫ |Γ1 | Γ

(1)
s

ω ·n p̂

Fig. 2.    (color online)  and  defined in (24) as functions of p, , and T, respectively, with , , and m taken to be
the charm quark mass.  is temperature dependent. For simplicity, we take  for an average temperature of  cor-
responding to the weak binding scenario [56]. We find  numerically, indicating that the angular dependence of  is largely
set by , with only a small correction from the dependence on the quark momentum direction .
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0.0233GeV 210MeV

|Γ2| ≫ |Γ1| Γ(1)
s

ω ·n
p̂ Γ1

p→ 0
p̂

 for  an  average  temperature  of  cor-
responding  to  the  weak  binding  scenario  [56].  We  find

,  indicating that  the angular  dependence of 
is  largely  set  by ,  with  only  a  small  correction  from
the  dependence  on  quark  momentum  direction . 
tends  to  zero  as , which  is  consistent  with  the  ex-
pectation of no -dependence in this limit.

ln
T
ϵb

ln
T
ϵb

∝ |∆T |2

ln T
ϵb

q0

q0

q0

Dm′n′<(1) = −|∆T |2Pm′m
T Pn′n

T Π
mn<(1)
q/g

A  surprising  result  is  the  absence  of  enhance-

ment,  which  we  now  explain.  Note  that enhance-
ment has indeed been found in earlier calculations of the
spin-independent  dissociation  rate;  see  [43].  It  results
from  quark  coupling  to  fluctuations  of  incompletely
screened chromomagnetic fields. Because two spin-mag-
netic vertices exist, the dependence on spin cancels in the
product. In our case, the fluctuations of the chromomag-
netic field can be identified with terms  in (25) and
(26). In the mean time, we have explicitly calculated the
IR limit of vortical correction to gluon self-energy in Ap-
pendix C, finding the same scaling with q as their  coun-
terpart in the absence of vorticity. However, similar 
does not  occur  for  vortical  correction owing to  the pres-
ence  of  an  additional  factor  of  in  the  corresponding
terms.  The  appearance  of  can be  understood  as  fol-
lows:  we  are  seeking  a  spin-dependent  dissociation  rate.
The quark can only have spin-dependent coupling to the
chromomagentic  field  in  one  vertex  and  spin-independ-
ent coupling to the chromoelectric field in the other ver-
tex1) such  that  the  product  is  still  spin  dependent.  The
factor of  is necessary for converting one of the trans-
verse  gauge  fields  in to  a
chromoelectric  field.  Because  the  chromoelectric  field  is
completely screened,  no  logarithmic  enhancement  is  ob-
served.

Thus  far,  we  have  calculated  only  the  dissociation
from scattering with one of the constituent quarks. In the
quasi-free  picture,  we  can  easily  obtain  the  dissociation
rate for quarkonia by adding contributions from two con-
stituents: 

Γ(1)
+ = 2Γ(1)

1/2, Γ
(1)
− = 2Γ(1)

−1/2, Γ
(1)
0 = Γ

(1)
1/2+Γ

(1)
−1/2 = 0. (28)

 

J/ψIII.  SPIN ALIGNMENT OF  IN VORTICAL
QGP

J/ψ
To implement the spin-dependent dissociation rate in

the spin alignment for , we take the Bjorken flow for
the  evolution  of  the  QGP  and  the  evolution  of  vorticity
from Eq. (8) of [58]; see also [59] 

ω(t,b,
√

sNN) = tanh(0.28b)(0.001775tanh(3−0.015
√

sNN)

+0.0128)(exp(−0.016b
√

sNN)+1)+

(0.02388b+0.01203)(0.58t)0.35 exp(−0.58t)

× (1.751 − tanh(0.01
√

sNN))

× (exp(−0.016b
√

sNN)+1)
(29)

√
sNN = 200GeV

For illustration, we consider quarkonia spin alignment in
collisions with .  The temperature profile
is modeled using Bjorken flow with 

T = T0

Å
τ

τ0

ã−1/3

, (30)

T0 = 350MeV τ0 = 0.6 fm τ =
√

t2− z2

|Γ1| ≪ |Γ2|
p̂

with  and .  is  the
proper time. Given that numerically, we ignore
the term dependent on quark momentum direction . Be-
cause  the  quark  and  anti-quark should  carry  close  mo-
menta in the quasi-free picture, the spin-dependent disso-
ciation rate  is  nearly  independent  of  the  quarkonia  mo-
mentum direction.  We can  then  obtain  a  simple  form of
spin  alignment  as  follows:  assuming  spin-independent
distribution  function f for  initially  produced  quarkonia
and  considering  the  dissociation  contribution  only,  the
distribution of quarkonia in the i-th spin state is given by 

fi = e−
∫

(Γ0+Γ
(1)
i )dτ f , (31)

i = 0,+,− n ∥ ωwith . Further assuming , we determine the
corresponding spin alignment as 

ρ00−
1
3
=

f0

f0+ f++ f−
− 1

3

=
1

1+ e
∫
Γ2dτ
+ e−

∫
Γ2τ
− 1

3
≃ −1

9

Å∫
Γ2dτ
ã2

. (32)

 

ρ00 −1/3Fig. 3.    (color online) Spin alignment  as a function
of p.
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∫
Γsdτ τ τ0

T = 150 MeV

In the final step, we have expanded to the first non-trivial
order . The -integration is chosen to start at  and
stop  at .  In Fig.  3,  we  show  the p depend-
ence of spin alignment. 

IV.  CONCLUSION AND OUTLOOK

We have  considered  the  dissociation  of  quarkonia  in
the vortical QGP and proposed the spin-dependent disso-
ciation  rate  as  a  possible  mechanism  for  the  quarkonia
spin alignment observed in heavy ion experiments. In this
mechanism, small vorticity in high energy collisions may
be compensated for by a long evolution time of the QGP.
With QGP  constituents  being  polarized  by  vorticity,  in-
elastic scattering between quarkonium and QGP constitu-
ents  naturally leads to a  spin-dependent  dissociation rate
for quarkonia.  Aiming  at  leading  logarithmically  en-
hanced contribution in binding energy, we focus on Cou-
lomb scattering process in this work. We have obtained a
non-trivial  angular  structure  of  the  vortical  correction  to
the dissociation rate that depends on the directions of the
quantization axis,  vorticity,  and  constituent  quark  mo-
mentum. The dependence on the quark momentum direc-
tion is found to be weak for phenomenologically interest-
ing parameter choices.  We have implemented the results
in  a  simplified  dissociation-dominated  evolution  of
quarkonia,  which  gives  a  slightly  suppressed  spin  zero
states compared with the average of the other two states.

A  surprising  result  we  have  found  both  numerically
and analytically  is  the  absence  of  logrithmical  enhance-
ment  in  the  binding  energy  in  the  vortical  correction  to
the dissociation rate. This is understood as resulting from

the  requirement  that  a  spin-dependent  dissociation  can
only come from quark coupling to a pair of chromomag-
netic and  chromoelectric  fields.  In  this  case,  the  screen-
ing effect is sufficient to render the results free of logar-
ithmical enhancement.

Clearly,  a  complete  study  requires  the  inclusion  of
Compton  scattering.  Indeed,  early  calculations  of  heavy
quark  energy  losses  [46]  indicate  a  possible  significant
contribution from Compton scattering, suggesting a simil-
ar contribution  to  the  dissociation  rate.  A  more  interest-
ing question is, how do other hydrodynamic gradients af-
fect the spin alignment? A specific example is the shear,
which can sustain for long time and is known to contrib-
ute  to  local  spin  polarization  significantly  [7−9]. Study-
ing spin-dependent dissociation in a QGP with shear flow
would be an interesting direction. We leave these interest-
ing directions for future explorations. 
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APPENDIX A. VORTICAL CORRECTION TO
GLUON SELF-ENERGY

uµ = (1,0,0,0)

We start with the evaluation of the vortical correction
to the gluon self-energy from the quark loop. Working in
the QGP frame with , we can give the expli-
cit form of (13) as

 

Πi j<(1)
q = −2g2N f TF

∫
K

[
−4iϵ i jk(k+q)lωlkk +4iϵ i jk(k+q)0k0ωk

]
(2π)2δ((K +Q)2)δ(K2)ϵ(k0)ϵ(k0+q0)× f̃ ′(k0+q0)(1− f̃ (k0)),

Π0i<(1)
q = −2g2N f TF

[
4iϵ i jk(k+q)0ω jkk

]
(2π)2δ((K +Q)2)δ(K2)ϵ(k0)ϵ(k0+q0) f̃ ′(k0+q0)(1− f̃ (k0)).

(A1)

P2 = (P+Q)2 = m2
Q

q0 ≥ ϵB > 0
Q≪ mQ δ(K2)

δ((K +Q)2) = δ(q2
0−q2+2k0q0−2kqcosθ)

θ k q δ((K +Q)2)

cosθ =
q2

0−q2+2k0q0

2kq |cosθ| ≤ 1

Note that the heavy quarks are on-shell in quasi-free pic-
ture . The gluon energy threshold is set
by  binding  energy .  We  can  easily  show  that
the  gluon  is  spacelike  as  long  as .  Using ,
we  obtain ,  with

 being  the  angle  between  and .  fixes

.  gives the following kin-
ematic constraint on k: 

2k ≥ q−q0 for k0 = k; 2k ≥ q+q0 for k0 = −k. (A2)

ϵ(k0)ϵ(k0+q0) = 1For  both  cases,  we  have .  To  simplify

Πi j<(1)the  tensor  structures,  we  note  that  should be  con-
tracted with transverse projectors on both sides; therefore,
we may simply take i and j to be transverse indices. Thus,
index k must  be  longitudinal.  Formally,  we  can  express
this statement by the following identity:
 

ϵ i jkPim
T P jn

T Pkl
T = 0 ⇒ ϵ i jkPim

T P jn
T δ

kl = ϵ i jkPim
T P jn

T q̂kq̂k. (A3)

ϵ inlq̂m− ϵnlmq̂i+ ϵ lmiq̂n− ϵminq̂l = 0
Πi j<(1)

The first identity can be shown by expanding it and using
the Schouten identity . We
can then obtain projected  as 
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Pm′m
T Pn′n

T Π
mn<(1)
q =−2g2N f TF

∫
K

[
−4iϵm′n′k(k+q)lωlk

∥
k +4iϵm′n′k(k+q)0k0ω

∥
k

]
(2π)2δ((K +Q)2)δ(K2)× f̃ ′(k0+q0)(1− f̃ (k0))

=−2g2N f TF

∫
K

[
−4iϵm′n′kq̂kq̂lωl((k∥+q)k∥− (k+q)0k0)

]
(2π)2δ((K +Q)2)δ(K2) f̃ ′(k0+q0)(1− f̃ (k0)).

(A4)

∥ k∥ = k · q̂
(k+q)l→

We  use  to  denote  longitudinal  projection. .  In
the second line, we have made the replacement 

(k∥+q)l k⊥λ k∥k
k Π0i<(1)

q

. This is because  vanishes on the angular in-
tegration of . Similarly,  is projected as

 

Pm′m
T Π

0m<(1)
q = −2g2N f TF

∫
K

[
4iϵm′ jk(k+q)0ω jq̂kk∥

]
(2π)2δ((K +Q)2)δ(K2) f̃ ′(k0+q0)(1− f̃ (k0)). (A5)

Now,  we  turn  to  vortical  correction  from  the  gluon
loop.  Noting  that  vortical  correction  to  either  gluon
propagator  gives  an  identical  contribution  and  gluon

propagators in the loop take only spatial indices, we may

write

 

Παβ<(1)
g = −2g2CA

1
2

∫
K

(2π)2δ((K +Q)2)δ(K2)ϵ(k0)ϵ(k0+q0)PT
i j(K +Q)

[ iϵklakakbωb

2k2
0

+
iϵklaωa

2
]

f ′î
giα(−K −2Q)l+gαl(Q−K)i+gli(2K +Q)α

óî
g jβ(K +2Q)k +gβk(K −Q) j+gk j(−2K −Q)β

ó
. (A6)

αβ = 0m
The  product  of  vertices  in  the  second  line  above  can  be
expressed explicitly. For , we have 

δilδ jm(2k+q)0(k+2q)k +δ
ilδmk(2k+q)0(−2q j)+δilδk j(2k+q)0

(−2k−q)m = δ
ilδ jm(2k+q)0(k+2q)k +δ

ilδmk(2k+q)0(−2q j),

(A7)

PT
i j(K +Q)

ï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
i j kl αβ = mn

where  the  last  term  is  dropped  upon  contraction  with

,  which  is  symmetric  in

 and  anti-symmetric  in .  For ,  the  product  is

slightly complex:

 

δimδ jn(−k−2q)l(k+2q)k +δ
imδnk(−k−2q)l(−2q j)+δimδk j(−k−2q)l(−2k−q)n+δ

mlδ jn2qi(k+2q)k +δ
mlδnk2qi(−2q j)

+δmlδk j2qi(−2k−q)n+δ
ilδ jn(2k+q)m(k+2q)k +δ

ilδnk(2k+q)m(−2q j)+δilδk j(2k+q)m(−2k−q)n. (A8)

mnThe first and last terms are symmetric in ; thus, they can be dropped1). The remaining terms can be organized as
 

δimδnk(−k−2q)l(−2q j)+δimδk j(−k−2q)l(−2k−q)n+δ
mlδk j2qi(−2k−q)n− (m↔ n)+δmlδnk2qi(−2q j). (A9)

PT
i j(K +Q)

ï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
αβ = 0m

We then  contract  (39)  and  (40)  with  and  project  the  spatial  indices  to  the  transverse
plane. For , we have
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D<(0)
i j (K +Q)D>(1)

kl (K) D<(1)
i j (K +Q)D>(0)

kl (K)1) The anti-symmetric part of the contribution from  is doubled by the counterpart from , while the symmetric part is
canceled. This can be seen easily from the discussion below (14).
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Πm′m
T (Q)δilδ jm(2k+q)0(k+2q)k

ï
δi j−

(k+q)i(k+q) j

(k+q)2

òï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
= (2k+q)02qk

iϵkm′ak2
⊥ω
⊥
a

4k2
0

+ (2k+q)0(k∥+2q)k
iϵkm′aω⊥a

2
+ (2k+q)0

k2
⊥
2

ql

(k0+q0)2

iϵm′laω⊥a
2

,

Πm′m
T (Q)δilδmk(2k+q)0(−2q j)

ï
δi j−

(k+q)i(k+q) j

(k+q)2

òï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
= (2k+q)0(−2ql)

Å
1− (k∥+q)q

(k0+q0)2

ã
iϵm′lak2

⊥ω
⊥
a

4k2
0

+ (2k+q)0(−2ql)
Å

1− (k∥+q)2

(k0+q0)2

ã
iϵm′laω⊥a

2
, (A10)

ω⊥a = (δab− q̂aq̂b)ωb δ((K +Q)2)

k⊥a k⊥b →
1
2

k2
⊥(δab− q̂aq̂b) αβ = mn

where .  In  arriving  at  the  above,  we  have  used  and  made  replacements  such  as
 using rotational invariance in the transverse plane. Similarly, for , we have

 

Pm′m
T Pn′n

T δimδnk(−k−2q)l(−2q j)
ï
δi j−

(k+q)i(k+q) j

(k+q)2

òï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
= 2

(k∥+q)q
(k0+q0)2

ï
iϵn′lm′k2

⊥k∥ω
∥
l

4k2
0

(−2q)+
iϵn′m′aω∥a

2

Å
− 1

2
k2
⊥

ãò
,

Pm′m
T Pn′n

T δimδk j(−k−2q)l(−2k−q)n

ï
δi j−

(k+q)i(k+q) j

(k+q)2

òï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
=

iϵm′ln′k∥ω
∥
l

2k2
0

2qk2
⊥+

iϵn′m′aω∥a
2

k2
⊥,

Pm′m
T Pn′n

T δmlδk j2qi(−2k−q)n

ï
δi j−

(k+q)i(k+q) j

(k+q)2

òï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
= 2q

k2
⊥k∥

(k0+q0)2
(−k2

⊥)
iϵkm′n′ω∥k

2k2
0
+

2q(k∥+q)
(k0+q0)2

k2
⊥

ï
iϵn′m′aω∥ak2

∥

2k2
0

+
iϵn′m′aω∥a

2

ò
,

Pm′m
T Pn′n

T δmlδnk2qi(−2q j)
ï
δi j−

(k+q)i(k+q) j

(k+q)2

òï
iϵklakakbωb

2k2
0

+
iϵklaωa

2

ò
= −4

q2k2
⊥

(k0+q0)2

ï
iϵn′m′aω∥ak2

∥

2k2
0

+
iϵn′m′aω∥a

2

ò
. (A11)

Collecting all terms, we have
 

Pm′m
T Π

0m<(1)
g = −g2CA

∫
K

(2k+q)02ql

ïÅ
2− (k∥+q)q

(k0+q0)2

ã
iϵ lm′ak2

⊥ω
⊥
a

4k2
0

+ (2+
k∥
2q
−

k2
⊥+2
Å

k∥+q)2

4(k0+q0)2

ã
× iϵ lm′aω⊥a

2

ò
(2π)2δ((K +Q)2)δ(K2) f (k0+q0) f ′(k0),

Pm′m
T Pn′n

T Π
mn<(1)
g = −g2CA

∫
K

ï
iϵn′lm′ω∥l

Å
k2
⊥k∥q
2k2

0
+

k2
⊥
4

ãÅ
−4

(k∥+q)q
(k0+q0)2

−4
ã
+4q

k2
⊥k∥

(k0+q0)2
(−k2

⊥)

× iϵkm′n′ω∥k
2k2

0
+

4qk∥k2
⊥

(k0+q0)2

Å
iϵn′m′aω∥ak2

∥

2k2
0

+
iϵn′m′aω∥a

2

ãò
(2π)2δ((K +Q)2)δ(K2) f (k0+q0) f ′(k0). (A12)

 

APPENDIX B. ANGULAR AVERAGE OF q

We start by writing out explicit expressions of (21) as
 

tr[u+(P)ū+(P)γµ( ̸P+ ̸Q)γνD<(1)
νµ (Q)] = −(p0+m)

[
iϵnmk(p+q)kD<(1)

mn (Q)2p̃ · n̂+ (iϵnmi(p+q)0D<(1)
mn +2iϵmki(p+q)kD<(1)

0m )

× (−ni(1− p̃2)+2p̃ · n̂ p̃i)
]
,

tr[u+(P)ū+(P)(−iΣµν)D<(1)
νµ (Q)m] = −(p0+m)

[
−2iD<(1)

i0 (Q)2mϵ i jk p̃ jnk + iD<(1)
ji (Q)mϵ i jk(nk(1+ p̃2)−2 p̃ · n̂ p̃k)

]
. (B1)
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Using (27), we may further simplify the above as
 

tr[u+(P)ū+(P)γµ( ̸P+ ̸Q)γνD<(1)
νµ (Q)] = (p0+m)

î
iA1|∆T |2(2(−p−q)kω

∥
k2p̃ · n̂+2(p+q)0ω

∥
i (ni(1− p̃2)+2 p̃ · n̂ p̃i))

+ iA2
∆T∆

∗
T +∆

∗
T∆L

2
2(−p−q)k(q̂kω

⊥
i − q̂iω

⊥
k )(ni(1− p̃2)+2p̃ · n̂ p̃i)

ó
,

tr[u+(P)ū+(P)(−iΣµν)D<(1)
νµ (Q)m] = (p0+m)

î
iA2
∆T∆

∗
T +∆

∗
T∆L

2
4m(q̂ jω

⊥
k − q̂kω

⊥
j p̃ jn̂k)

− iA1|∆T |22mω∥k(nk(1− p̃2)+2 p̃ · n̂p̃k)
ó
. (B2)

qk = q∥k +q⊥k
p̂

q∥ =
q2

0−q2+2p0q0

2p δ((P+Q)2−
m2) = δ(2P ·Q+Q2)

ω∥ ω⊥ q̂

q⊥k

q⊥i q⊥j →
1
2

q2
⊥δ
⊥
i j δ⊥i j = δi j− p̂i p̂ j

To  perform  an  angular  integration  of q,  we  decompose
 with the  parallel  and  perpendicular  compon-

ents  defined  with  respect  to .  Note  that

 is  already  fixed  by 
.  Thus,  we  only  need  to  perform  an

angular integration in the perpendicular plane. Recall that
 and  are defined with respect to  instead. The an-

gular  integration  can  be  easily  performed  following  the
same logic as the angular integration of k in Appendix A,
i.e., keeping  only  the  even  power  of  and  replacing

 with .  After straightforward
calculations, we obtain
 

p̃iω
∥
i → p̃ ·ωcosφ,

(p+q)iω
∥
i → (pcosφ+q) p̂ ·ωcosφ,

ω∥i ni→
1
2
[
ω ·nsin2φ+ (3cos2φ−1)p̂ ·ω p̂ · n̂

]
,

ω⊥i ni→ (1− 1
2

sin2φ)ω · n̂+ (
1
2

sin2φ− cos2φ) p̂ ·ω p̂ · n̂,

ω⊥i p̃i→ p̃ ·ωsin2φ,

piω
⊥
i q̂ · n̂→−1

2
pcosφsin2φω · n̂+ 3

2
p̂ ·ω p̂ · n̂cosφsin2φ,

(B3)

cosφ = q̂ · p̂with .
 

APPENDIX C. IR LIMIT OF VORTICAL COR-
RECTION TO GLUON SELF-ENERGY

K ∼ T ≫ Q

We  will  require  the  IR  limit  of  (36),  (37),  and  (44).
For the  quark  loop  contribution,  the  dominant  contribu-
tion is from the phase space with , which leads
to the following approximation: 

Pm′m
T (Q)Π0m<(1)

q ≃ −2g2N f TF

∫ ∞

0
k2dk

× 1
2π

(4iϵm′ jkk2ω⊥j q̂k
q0

q
)

1
2kq

1
2k

f̃ ′(k),

Pm′m
T (Q)Pn′n

T Π
mn<(1)
q ≃ −2g2N f TF

∫ ∞

0
k2dk

× 1
2π

(4iϵm′n′kω∥kk
2(1− q2

0

q2
))

1
2kq

1
2k

f̃ ′(k), (C1)

with  subscript  "q"  denoting  the  quark  loop  contribution.
In the above, the angular part of the k-integration is calcu-
lated as ∫

dΩδ((K +Q)2) =
∫

dcosθdϕδ(q2
0−q2+2k0q0−2kqcosθ)

= 2π
1

2kq
.

(C2)

δ(K2)
f̃ (k0)+ f̃ (−k0) = −1 T 2ω/q

O(q/T )

The two pole  contributions of  are  combined using
. (48) scales as  with the correc-

tion  suppressed  by .  A  similar  approximation  for
the gluon loop contribution is

 

Pm′m
T (Q)Π0m<(1)

g,hard ≃ −2g2CA

∫ ∞

0
k2dk

1
2π

2kqiϵ lm′aω⊥a
k

2q
q0

q
1

2kq
1
2k

f ′(k),

Pm′m
T (Q)Pn′n

T Π
mn<(1)
g,hard ≃ −2g2CA

∫ ∞

0
k2dk

1
2π

(−1)dϵn′m′aω∥ak2
Å

1− q2
0

q2

ã
1

2kq
1
2k

f ′(k), (C3)

T 2ω/q

K ∼ Q f (k0+q0) ≃ T
k0+q0

− 1
2

f ′(k0) ≃ − T
k2

0

with  subscript  "g,  hard"  denoting  the  gluon  loop  contribution  from  hard  loop  momenta.  (50)  also  scales  as .
However, it is incomplete. Because of Bose enhancement, an additional contribution comes from the phase space with

. In this case, we may expand the distribution function ,  to obtain
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Pm′m
T (Q)Π0m<(1)

g,soft ≃ −g2CA

∫
q∓q0

2

k2dk
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2
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Å
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2
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⊥

2k2
0
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k∥qk2

⊥
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Å
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∥
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ãòÅ
T

k0+q0
− 1

2

ã
T
k2

0
iϵn′m′aω∥a|k0=±k, (C4)

k0 = ±k
q∓q0

2
T 2ω/q

T
k0+q0

f (k0+q0)

k0 = ±k
∞

with  subscript  "g,  soft"  denoting  the  gluon  loop  contribution  from soft  loop  momenta.  Two contributions  in  (51)  are
from the poles at , with the corresponding integration lower bound set by , respectively. We will extract the

leading  contribution, which clearly comes from the term  in the expansion of . The correspond-
ing integral  can be calculated analytically.  While the contributions from the poles at  are separately ultraviolet
(UV) divergent, their sum is UV safe1). Pushing the integration upper bound to , we obtain
 

Pm′m
T (Q)Π0m<(1)

g,soft = −g2CA
1

2π
T 2

q
1

48qx5 (x4−10x2+9)
[
−54x+123x3+725x5−447x7+177x9

−12x11+12x5(18−2x2−9x4−8x6+ x8) tanh−1 1− x
2
+30x6(9− x2−9x4+ x6) tanh−1 x

3
+3(−3+ x)(−1+ x)(1+ x)(3+ x)((2−3x2+28x4−13x6−10x8) tanh−1 x+4x5(2+2x2+ x4)

× tanh−1 1+ x
2

)
]
iϵ lm′aω⊥a q̂l,

Pm′m
T Pn′n

T Π
mn<(1)
g,soft = −g2CA

1
2π

T 2

q
1

24x4

[
−30x7+35x5−16x3+3(x−1)(x+1)

(
10x6−5x4+6x2+17

)
× tanh−1 x+51x

]
iϵn′m′aω∥a. (C5)

The hard parts for quark (48) and gluon (50) can be calculated and combined as
 

Pm′m
T (Q)(Π0m<(1)

g,hard +Π
0m<(1)
q ) = − 1

2π
π2g2T 2x

6q
(N f +

CA

2
)iϵm′alω⊥a q̂l,

Pm′m
T Pn′n

T (Πmn<(1)
g,hard +Π

mn<(1)
q ) = − 1

2π
π2g2T 2(1− x2)

6q
(N f +

CA

2
)iϵn′m′aω∥a. (C6)

q≪ T

We  have  verified  that  the  combination  of  (52)  and  (53)
accurately  reproduces  a  direct  numerical  integration  of
the full  expressions when .  Moreover,  the IR limit

D<(1)
m′n′ D<(1)

0m′

D<(0)
µν

of  and given by (52) and (53) scales the same
as counterpart  in the absence of vorticity.
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