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Abstract: This work examines the observational signatures of rotating black holes with tidal charge in the
Randall-Sundrum braneworld scenario. By combining an elliptic-integral-based analytical treatment with numerical
ray tracing, we characterize photon motion around braneworld black holes in detail. At small observer inclinations,
secondary images remain embedded within the primary emission rings. As the inclination increases, the primary and
secondary images gradually separate, producing a strongly asymmetric image morphology. We show that the image
asymmetry and deformation of the inner shadow are jointly governed by the black hole spin, tidal charge, and ob-
server inclination. To analyze frequency shifts across the accretion disk, we extend the emitting region from the
ISCO to the event horizon by including the plunging flow. The results indicate that the observer inclination is the
dominant factor controlling the frequency-shift distribution. In addition, we reconstruct braneworld black hole im-
ages using a fisheye-lens ray-tracing model. The optical morphology and brightness distribution exhibit a clear de-
pendence on the observing frequency, particularly when comparing 230 GHz with 86 GHz. We also compare the
brightness distributions of prograde and retrograde disks and find that both the total intensity and peak intensity at 86
GHz are higher than those at 230 GHz. For negative tidal-charge values, we further investigate the corresponding
frequency-shift behavior and 230 GHz intensity profiles, which may provide useful theoretical guidance for future
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studies of extra-dimensional gravity models.
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I. INTRODUCTION

General relativity is one of the central pillars of mod-
ern physics and provides the fundamental theoretical
framework for black hole physics and cosmology. With-
in this theory, black holes first appeared as particular
solutions of Einstein’s field equations, long before they
were established as astrophysical objects [1]. A black
hole represents a distinctive spacetime region whose out-
er boundary is a null hypersurface, namely the event hori-
zon. Many characteristic properties of black holes are
therefore encoded in the behavior of this horizon. In the
early stages of the field, research was primarily theoretic-
al because direct observational evidence was still lacking.
As observational facilities and analysis techniques have
improved, an increasing number of measurements have
provided both direct and indirect evidence for black holes
in the observable universe [2].

A major observational milestone was reached in
2019, when the Event Horizon Telescope collaboration
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released the first horizon-scale image of the shadow of
the black hole in M87 [3]. This result provided direct em-
pirical support for the predictions of GR in the strong-
field regime. The subsequent polarized image of M87%*,
published by the EHT collaboration in 2021, revealed a
highly complex magnetic-field structure near the black
hole and provided important clues about the launching of
relativistic jets [4]. In 2022, the EHT further reported an
image of the supermassive black hole at the Galactic cen-
ter, Sagittarius A* (Sgr A*), marking the first direct visu-
alization of a black hole in the Milky Way. Together with
stellar-orbit measurements, these observations strongly
support the broad applicability of general relativity to as-
trophysical black holes [5, 6]. Such developments have
opened a new stage in strong-gravity studies and have
made physically reliable shadow models, especially those
incorporating realistic astrophysical environments, an im-
portant objective in gravitational physics [7].

Polarimetric observations of M87* by the Event Hori-
zon Telescope also provided strong evidence for magnet-
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ic fields in the vicinity of black holes. In realistic astro-
physical systems, black holes are generally expected to be
surrounded by magnetized plasma; the magnetar detected
near Sgr A* provides a representative example of such an
environment [8]. In addition, the size and circularity of
the M87* shadow are closely related to the inference of
black hole spin and are often used to test the applicability
of the Kerr description [9, 10]. These observations there-
fore deepen our understanding of strong-gravity phenom-
ena and highlight the importance of gravitational lensing
in black hole imaging.

The black hole shadow is associated with the inner-
most unstable photon orbits and appears as a central dark
depression, whereas the neighboring bright ring is pro-
duced by photons that are strongly lensed before reach-
ing the observer [11]. The shadow and photon ring there-
fore serve as important probes of black hole parameters
and provide useful constraints on gravity in the strong-
field regime [12]. At the same time, the detailed appear-
ance of the photon ring is shaped not only by gravitation-
al lensing but also by radiation from the accretion flow.
The geometry and emissivity of the disk play a decisive
role in determining the observed brightness pattern.

The intrinsic properties of the shadow are mainly con-
trolled by the underlying spacetime geometry, whereas
the surrounding luminous structures are strongly affected
by the emission model of the accretion disk. Earlier the-
oretical work has classified black hole shadows and
photon rings in detail and has shown that small-scale disk
structures can leave visible imprints on the image [13].
The "critical curve", associated with the photon orbit,
forms a basic element in shadow studies and has motiv-
ated a large body of subsequent work. Supermassive
black holes are generally believed to accrete hot, magnet-
ized plasma and to produce bright disk emission. In the
observational bands relevant to black hole imaging,
thermal synchrotron radiation from electrons in the disk
is usually considered a plausible source of the detected
signal [14].

Numerical images of Kerr black holes surrounded by
optically thin accretion disks usually show two character-
istic features: a dark central region and a narrow ring-like
photon structure [15]. Based on this general picture,
Wang studied Kerr—de Sitter black holes and discussed
how the cosmological constant modifies their imaging
properties [16]. Hou considered Kerr—Melvin black holes
with thin accretion disks and demonstrated that the inner
shadow and critical curve can be used to diagnose the
magnetic-field strength [12]. Guo further analyzed the
optical appearances of Kerr—Newman and Kerr—Sen
black holes, focusing on the effects of spin, charge, and
observer inclination [5, 17]. Yang investigated the rotat-
ing Ghosh—Kumar black hole and later carried out a sys-
tematic study of rotating charged black holes in the
Kalb—Ramond gravitational framework [18, 19].

Among the theoretical extensions of GR, braneworld
models have received considerable attention because of
their relevance to cosmology, particle physics, and string
theory. In this framework, our observable universe is re-
garded as a four-dimensional timelike hypersurface em-
bedded in a higher-dimensional spacetime. Extra dimen-
sions can affect both particle physics and cosmology, and
their possible imprints on black hole images are therefore
worth investigating [20]. Ref. [21] analyzed the shadow
of rotating black holes in the Randall-Sundrum brane-
world scenario, and later work introduced a cosmological
constant to extend this analysis [22]. Gravitational lens-
ing and retrolensing in braneworld black hole spacetimes
have also been examined [23]. More recently, the M87*
image has been used to constrain the parameters of rotat-
ing braneworld black holes [24]. Although substantial
theoretical progress has been made, previous investiga-
tions have mainly focused on vacuum shadow boundar-
ies, shadow sizes, deviations from circularity, or unre-
solved spectral observables. The resolved radiative ap-
pearance of a rotating braneworld black hole surrounded
by an optically thin accretion flow remains comparat-
ively less explored.

From an astronomical perspective, the assumption
that black holes are strictly electrically neutral is not uni-
versally guaranteed. Small electric charges may arise
through the selective accretion of charged particles or
through the Wald induction mechanism when a rotating
black hole is immersed in an external magnetic field [25,
26]. Although the realistic electric charge expected for
Sgr A* is many orders of magnitude below the extremal
value and is therefore insufficient to modify the back-
ground geometry appreciably, it may still affect charged-
particle motion, the ISCO, and the surrounding plasma
emission [26]. In addition, primordial black holes resid-
ing in virialized dark-matter halos have been predicted to
acquire a net negative electric charge because electrons
are lighter and may be accreted more efficiently than pro-
tons [27]. These studies indicate that charge-related de-
grees of freedom need not vanish identically in realistic
astrophysical environments.

The tidal charge considered in the present work is,
however, fundamentally different from an ordinary elec-
tromagnetic charge. It is not generated by the selective
accretion of electrons or protons, but instead encodes the
nonlocal gravitational influence of the higher-dimension-
al bulk projected onto the four-dimensional brane [28,
29]. In the Kerr—Newman geometry, the electric charge
enters the metric through Q?, and hence positive and neg-
ative electric charges produce the same spacetime geo-
metry for neutral particles and photons. By contrast, the
tidal charge ¢ enters the braneworld metric linearly, so
that its sign directly affects the event horizon, photon or-
bits, the ISCO, and the resulting black hole image. Con-
sequently, the negative-q sector should be interpreted as a
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sign-dependent gravitational modification rather than as
an ordinary electrically negative black hole.

The negative-tidal-charge sector also has direct astro-
nomical motivation. Comparisons between theoretical ac-
cretion-disk spectra and the optical luminosities of quas-
ars in a related higher-dimensional model have reported a
model-dependent preference for a negative effective
charge parameter [30]. Moreover, analyses of the shad-
ow properties of M87* and Sgr A* have constrained large
negative tidal charges but have not completely excluded a
limited negative parameter range [31, 32]. These results
do not constitute evidence for the detection of a negative
tidal charge, but they motivate a more detailed investiga-
tion of its observable consequences in realistic radiative
environments.

The novelty of the present analysis is therefore not
merely the replacement of the Kerr metric by a rotating
braneworld metric in an existing ray-tracing framework.
Previous braneworld studies have mainly concentrated on
vacuum shadow geometries, shadow diameters, circularit-
ies, or unresolved continuum spectra. In contrast, we con-
nect the tidal charge to disk-dependent and frequency-de-
pendent imaging observables, including the inner shad-
ow, higher-order images, frequency shifts, and intensity
distributions. We also provide quantitative comparisons
with the Kerr limit ¢ = 0, including changes in the shad-
ow eccentricity, characteristic frequency shifts, and im-
age intensities. These results provide theoretical imaging
templates for identifying the effects of a negative effect-
ive tidal charge and distinguishing them from ordinary
electromagnetic-charge effects.

To address this issue, we study photon trajectories
around braneworld black holes surrounded by optically
thin accretion disks. By combining general relativity with
ray-tracing methods, we focus on the observable signa-
tures of this spacetime. Specifically, we calculate photon
orbits, examine the influence of gravitational lensing and
particle dynamics, and analyze frequency-shift and in-
tensity variations at 230 GHz and 86 GHz. In addition to
improving our understanding of braneworld black hole
images, this study provides a theoretical framework for
exploring how the tidal charge affects photon trajectories,
frequency shifts, and intensity distributions in an optic-
ally thin disk model.

The remainder of this paper is organized as follows.
Section Il summarizes the basic properties of braneworld
black holes and uses a semi-analytic approach to calcu-
late photon deflection and lensing-ring formation. Sec-
tion III derives the frequency-shift and intensity distribu-
tions and presents synthetic images at different observing
frequencies for both prograde and retrograde accretion
disks. Section IV presents the main conclusions.

II. RAY TRACING OF A SPINNING BRANE-
WORLD BLACK HOLE

This section briefly reviews the braneworld black
hole solution and describes the ray-tracing approach
based on the trajectories of test particles in this space-
time [28, 33].

2Mr— 2Mr—q)sin®6 )
dﬁ::—(1—4—1—3)dﬁ—zﬁg—liggggfdm¢+gdﬁ

2Mr—
+3d6* + (rz +d*+ #az sin® 0> sin® 0d¢2,
(1)
where the metric functions are defined as
A:r2—2Mr+a2+q, 2
Y =’ +a*cos? 6. 3)

The parameter M is the black hole mass, and a = J/M
denotes the spin parameter. The parameter ¢ is the tidal
charge, which represents nonlocal gravitational effects
produced by the higher-dimensional bulk spacetime. In
the braneworld picture, this parameter should not be in-
terpreted as an electric charge located on the brane. In-
stead, the bulk tidal field modifies the effective gravita-
tional field on the brane in a form analogous to a charge
contribution. Unlike the squared electric charge Q? in the
Kerr—Newman solution, ¢ is not required to be positive;
several studies have argued that a negative tidal charge
may be more natural in braneworld models [20, 28, 33].

The metric is obtained by assuming that the induced
four-dimensional brane geometry has the Kerr—Schild
form, although whether this brane metric can be embed-
ded as an exact solution of the full higher-dimensional
bulk equations remains unclear. The standard Kerr space-
time is recovered for g = 0, whereas the non-rotating lim-
it a =0 yields the static braneworld black hole solution
discussed in Ref. [34]. The event horizon follows from
the condition A =0 [21]:

ry =M= /M2 —(a®+q). 4)

For simplicity, we use geometric units and set the
black hole mass to M =1, so that all relevant quantities
are dimensionless. The event horizon radius is denoted by
ry. From an imaging perspective, photons that terminate
on the event horizon produce a central dim region, which
can be identified as the black hole inner shadow. The ex-
istence of an event horizon requires g < M?>-—a?, with
equality corresponding to an extremal black hole with
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ry = M. For positive tidal charge, the allowed spin is re-
stricted by a < \/M?— ¢, which reduces to the usual Kerr
bound a<M when ¢=0. For negative tidal charge,
however, the standard bound can be relaxed, allowing an
extremal black hole with a > M.

To clarify the physical differences between brane-
world black holes and the Kerr spacetime, we adopt the
method of Refs. [35, 36] and examine the photon regions
for several tidal-charge values. The Kerr limit is re-
covered when ¢ = 0. Figure 1 displays the corresponding
photon regions in the (r,6) plane. In each panel, the green
shaded area indicates unstable photon orbits, the yellow
hatched domain represents causality-violating regions,
and the black dashed curve denotes the event horizon.
The radial direction is plotted over the entire spacetime
domain. For clarity, the radial coordinate has been scaled
to Mexp(r/M) for r <0 and to r+ M for r > 0, so that the
throat at r = 0 appears as the black dashed circle.

The figure provides a direct visualization of how the
tidal charge affects photon motion for a fixed spin. Be-
cause ¢ may be either positive or negative in the brane-
world scenario, we use the representative interval
—0.25 < ¢ £ 0.25 to illustrate its effect. As the tidal charge
increases, the outer edge of the photon region moves in-
ward, whereas the domain of bound photon orbits ex-
pands. The internal arrangement of photon trajectories
also changes visibly. The case ¢ =0 corresponds to the
Kerr black hole, and the comparison between negative
and positive tidal charges emphasizes the characteristic
behavior of the braneworld solution.

A. Photon trajectories near a braneworld black hole

To investigate photon trajectories around a brane-
world black hole, it is essential to examine the dynamical
behavior of particles in the corresponding spacetime.
Photon trajectories in curved spacetime are governed by
the geodesic equation, which reflects the effect of space-
time curvature [37]:

dx dx” déf
+ _— =
d2 P da da

)

2=0.5, q=-0.25 a=0.5, q=-0.1

O

Fig. 1.

2=0.5, Kerr(q=0)

Here, / is the affine parameter, and I',; denotes the Chris-
toffel symbol. Once appropriate initial conditions are spe-
cified, the photon path can, in principle, be obtained from
this equation, although direct integration is usually im-
practical.

For this reason, we use the Hamilton—Jacobi formal-
ism to describe the geodesic motion. In the present space-
time, the Hamilton—Jacobi equation is given by [38]:

as 1,

o5 1,05 095 _
o1 28 -

Oxt Oxv

(6)

Owing to spacetime symmetries, photon orbits can be
described in terms of conserved quantities. For an
axisymmetric rotating black hole, three constants of mo-
tion are sufficient to determine photon trajectories:
pi=—E, py=L, and C=p}—cos’d(a’E*—L*csc?0),
where E is the conserved energy, L is the conserved angu-
lar momentum, and C is the Carter constant. Introducing
the dimensionless impact parameters, namely the normal-
ized angular momentum ¢ and the rescaled Carter con-
stant 7, yields

L
§=E, n=—- (7

For braneworld black holes, the photon four-momentum
p* along a trajectory can be written as

S0 =5 VRO, ®)
)y

Epg =+4/0(0), ©
) £ a(@® +r?> —a€)

= o _

Ep ey + A a, (10)

a*+2a*r* +r* —aé(a® +r?)
A 9
(11)

' 2.2
—p =afé—a“sin“ 0+
Ep at—-a

=05, g=0.1 2=05, g=0.25

(color online) The photon shell and photon-orbit structures of the braneworld black hole are illustrated. In all panels, the spin

parameter is fixed at « = 0.5, while the tidal charge ¢ varies from left to right as ¢ = -0.25, —0.1, 0, 0.1, and 0.25; g = 0 corresponds to

the Kerr solution. In all cases, the black hole mass is setto M = 1.
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where the radial potential R(r) and the angular potential
©(0) are given by

R(r)=-A [(§ —a)’+ 77] +(a*+ 1" —aé), (12)

O(0) = a®cos’ 0+ 1 — & cot> 6. (13)

The symbols +, and +, denote the signs of p” and p?,
respectively. The radial and angular turning points occur
at the values of » and @ for which R(r) and ®(6) vanish.
We consider a photon emitted from (z,,r,,0,,¢,) and re-
ceived by a distant observer at (¢,,0,6,,¢,). To describe
its trajectory, we introduce the Mino time 7.

The equations of motion expressed in Mino time take
the form [39]

= (14)

Using Egs. (8)—(11), the equations of motion can be re-
cast in the following integral form [39]:

At=t,—t, =1, +d*G,, (15)
7=1,=Gy, (16)
A¢:¢u_¢szl¢+§G¢- (17)

The detailed derivation is provided in Appendix A.
The integrals [,, I,, and I, represent path integrals
between the source and observer coordinates, x* and x,
respectively. For angular motion with 5 > 0, the geodesic
is described by the polar turning points 6., which are

symmetric with respect to the equatorial plane [40]:

0. = arccos (¥ v, ) , (18)
where
L+  p 1/ n+&)’
(A)izi— 202 + ;'}‘Z 1—7 . (19)

To avoid coordinate singularities at the poles, we re-
strict 8 to 0 <6 <n and rewrite the angular potential in
terms of w =cos?’d. The four roots of ®(F) are then
0 = arccos(+ \w.).

Special cases occur only when w, =0, w_=0, or
wy = w_. These conditions divide the (£,7) plane into dis-
tinct regions. Within each region, the angular potential re-

tains the same qualitative structure, including the number
of real roots and the sign of the potential near them.
Therefore, the behavior in each region can be effectively
characterized by examining a representative point within
it.

In this formulation, the positive angular integral can
be expressed in terms of elliptic integrals and classified
according to the number of turning points z along the tra-
jectory. Following Refs. [39, 40], we obtain

1
G(-) = [ZZK BN F.v Fo Fo] 5 (20)
a\—w-
1
G¢ = [ZZH +5 Hs +o Ho] s (21)
a\—w-
G = 2 [22E' +,E,%,E,] (22)
t a (_—(,U, —sH=sTo™o] -

Here, K, I1, and E’ denote the complete elliptic integrals
of the first, third, and second kinds, respectively. The
quantities K;, II;, and E! denote the corresponding in-
complete elliptic integrals.

In the braneworld black hole spacetime, the tidal
charge directly modifies the effective radial potential. By
analyzing the roots of this potential, the conserved photon
impact parameters, ¢ and #, can be obtained explicitly by
simultaneously solving Egs. (2), (3), and (12), yielding:

R(r)=r*+Ar* + Br+D, (23)

where
A=d-n-¢&, (24)
B=2M®n+& +d*>-2af), (25)
D = —d*n—qn+& +a* - 2a¢f). (26)

From Eq. (23), the four roots of the radial potential satis-
fy ri +r,+r; +ry =0 and can be expressed as

n=-j- _§_j2+Zj’ 27
. A _ B
rp=-j+ —E—JZ"'I]., (28)
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. A _ B where
r=J- _5_12_471" (29)
. A _ B
ra=J+ _5_12_47 (30) 31
3 A(A2 ) B? A2 D3 A(A2 ) B?
=-S(=-D)-—+ = -Z-Z(Z-D)-=. 32
= \/6 36 16° 36 3  6\36 16 (32)

For an observer at spatial infinity, a photon trajectory
can have at most one radial turning point outside the
event horizon. If r, is real and lies strictly outside the ho-
rizon, the turning point is located at ry; otherwise, the
photon falls directly into the black hole. Therefore, the ra-
dial integral can be written in the generalized form [40]:

I,~/ dr~/ ~~~+2w/ dr---. (33)

In this way, the radial integration takes the following spe-
cific form:

< dr s dr
”‘L N R A, <% G4

where o is defined in Eqgs. (18) and (19). Depending on
the light source, two distinct cases should be considered
for the total radial integral [40]:

® dr
2 / —, 1, <r;€R,
Ilotal - rs VR(F )

(35)
otherwise.

/oo dr
. VR

The root r, represents a physical radial turning point
only if it is real and lies outside the event horizon. Fol-
lowing the analytical method of Ref. [40], the inverse
path integral is obtained by exchanging the observer and
source positions. This exchange reverses the direction of
integration along the photon path and changes I, to —I,.
The source radius r, can then be expressed explicitly as

1 3.
> 32741
T4F31 — 374 SN <*\/r31’”421r —Fo|——
ro= 2 31742 (36)
’ 2 1 32l
r3; — 74181 *\/”31V421r —Fo|—
2 31742

Here, r;; = r;—r; denotes the difference between the cor-

responding pair of roots, and the auxiliary function ¥, is
defined by [40]

f,:F(arcsin,/@|%>. (37)
T4 3174

As in Kerr spacetime, the radial and angular components
of photon geodesics in a braneworld black hole can be
expressed analytically in terms of elliptic integrals. Be-
cause photons may orbit the black hole more than once,
we introduce the fractional orbital number

G ar-w-
n=—g " T (38)
2 / doe(9) "2
0.

Combining Eqs. (20) and (38) yields a derived expres-
sion that relates the orbital fraction n to the number of
turning points z [39, 40]:

1

n=ger, g [Chew T (39)

FNp.

For a given pair of impact parameters, ¢ and 7, the ra-
dial potential in Eq. (12) has four roots, given in Egs.
(27)~(30). The real roots correspond to radial turning
points. As in the Schwarzschild case, the limiting values
of the impact parameters determine the photon-ring loca-
tion. In the rotating case, the radial potential can develop
a double root at a critical radius 7. The corresponding
critical impact parameters, & and 7, are determined by
R(7) = R'(¥) = 0 and can be written as [20]

[(2a% +2q - 3MF +P)F]
a(M—-7)

R
Il

; (40)

7 [4a2q —4a® M7+ (2q + F(F— 3M))2]
a*(M —7)?

= (41)
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From Eq. (41), ## is a quartic polynomial in 7 for a
braneworld black hole. Therefore, the standard trigono-
metric transformations used in simpler cases are not dir-
ectly applicable. We solve this equation numerically to
determine the critical curve accurately. It should also be
noted that n> 0 for any geodesic crossing the equatorial
plane. The photon-shell boundaries are determined by cir-
cular photon orbits confined to the equatorial plane, for
which 7 = 0. Simplifying Eq. (41) gives

—F+OMP —(OM? +49) +(da* M +12Mq)7—4(a*q+¢*) = 0.
(42)

The radial potential R(r) can be expressed as a fourth-
degree polynomial, R(r)=(r—7)(r—7)(r—7r)(r—7y).
The roots are ordered as 7 <7, <7; <7 and satisfy the
constraint 7, + 7, + 73 + 74 = 0.

Figure 2 shows the dependence of 77 on 7, with four
roots ordered as 7, < 7, < ry < 73 < 74. Since the event ho-
rizon is located at ry, only the two roots outside the hori-
zon, 73 and 74, are physically relevant. We therefore la-
bel them r_ and r,, respectively.

B. Lensing bands and photon orbits in braneworld
spacetime

We consider an observer located at spatial infinity.
On the observer’s image plane, the apparent position of a
photon is described by the orthogonal celestial coordin-
ates (@,f3). This configuration maps the observer’s celesti-
al sphere onto a two-dimensional Cartesian plane, where
the coordinates scale with trigonometric functions of the
photon’s incidence angles. For a braneworld black hole,
in which photon trajectories are characterized by two

-1 0 1 2 3 4

Fig. 2.  (color online) The dependence of 7 on 7 is shown.
The dashed vertical line indicates the event horizon radius ry,
while the solid curves show 7 as a function of 7 for different
values of the tidal charge ¢. The curves are plotted for a = 0.8
and M =1, with the blue and red curves corresponding to
g=0.1 and ¢ = 0.3, respectively.

constants of motion, the celestial coordinates a and £ are
defined as [39, 40]:

a = - i N (43)
sinf,

B=20/00) = +9 \/n+a*cos?Oy— &2 cot?fy . (44)

In the above expressions, the parameter 6, denotes the
observer’s inclination angle. Using the analytical rela-
tions derived above, the critical impact parameters &(7)
and 7j(7) can be determined explicitly. Projecting these
parameters onto the celestial coordinates @(#) and B(F)
provides a direct characterization of the photon ring on
the observer’s screen for a braneworld black hole sur-
rounded by an optically thin accretion disk.

Figure 3 presents the photon lensing bands of the
braneworld black hole for different observer inclinations,
with each image computed at a resolution of 1024 x 1024
pixels. The solid white contour denotes the critical photon
curve. We compare three inclination angles, 6, = 17°, 75°,
and 150°. The case 8, = 17° is close to the inclination in-
ferred for M87* from EHT observations. The dark and
light gray regions indicate light rays that cross the equat-
orial plane once and twice, respectively, corresponding to
the lensing ring and photon ring. The central dark region
is the inner shadow of the braneworld black hole.

A comparison of the panels shows that, as the view-
ing inclination 6, increases from the polar direction to-
ward the equatorial plane, namely within 0 < 8, < /2, the
critical curve becomes more asymmetric and is gradually
stretched toward the southwestern direction on the ob-
server’s screen. This asymmetric deformation mainly
arises from frame dragging generated by the black hole
rotation, and it becomes stronger as the line of sight
moves closer to the equatorial plane. A larger spin fur-
ther enhances frame dragging and therefore increases the
distortion of the critical curve. When the inclination
passes the equatorial plane and approaches larger values,
the orientation of the critical curve is nearly reversed.
This behavior can be interpreted through the intrinsic D-
shaped profile of the critical curve for a rotating black
hole: changing the viewing direction from 6, to 180° -6,
approximately produces a mirror-symmetric mapping on
the image plane.

We now consider photon orbits around the brane-
world black hole, focusing mainly on sources in the
equatorial plane. For an observer with inclination 6, # 0,
the first incomplete elliptic integral F, vanishes. We then
obtain

V-w_al, +sign(B)F, = 2zK. (45)
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Fig. 3. Photon lensing bands around a braneworld black hole are shown for different combinations of the spin parameter a, tidal
charge ¢, and observer inclination angle ,. The four parameter sets considered are a =0.5, ¢ =-0.3; a=0.5, ¢=0.1; a=0.5, ¢ =0.3;
and a = 0.8, ¢ = 0.3. The corresponding images are presented for inclination angles of 17°, 75°, and 150°. The dark gray and light gray
regions denote light rays that intersect the equatorial plane once and twice, respectively. The white line marks the critical curve, and the
innermost region represents the inner shadow of the braneworld black hole. In all cases, the black hole mass is fixed at M = 1.
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Here, F, denotes the incomplete elliptic integral of the
first kind, whereas K denotes the corresponding complete
elliptic integral. This equation specifies the functional de-
pendence of the image coordinates («,8) on the radial
source position r, and the source order z.

III. IMAGE OF THE BRANEWORLD BLACK
HOLE

We now examine the observational appearance of a
braneworld black hole illuminated by an optically thin ac-
cretion disk. Following the standard relativistic disk mod-
el, we assume that the accreting material moves along
quasi-circular geodesics in the equatorial plane. The in-
ner edge of the disk is assumed to lie at the innermost
stable circular orbit (ISCO). Physically, the ISCO marks
the transition between stable and unstable circular orbits.
Under radial perturbations, particles crossing this
threshold lose orbital stability, move rapidly inward, and
eventually plunge into the black hole.

As test particles move inward toward the ISCO of a
braneworld black hole, their orbital velocities increase.
To account for these relativistic kinematic effects, we ex-
tend the emitting region of the accretion disk inward to-
ward the event horizon. In this disk model, the innermost
emitting edge is placed close to the event horizon, while
the main body of the disk extends outside the ISCO. This
treatment requires two additional considerations:

1. Gravitational redshift and radiative-transfer effects
near the ISCO must be carefully re-evaluated.

2. Ray tracing must be performed over an extended
radial interval.

For a massive particle confined to the equatorial
plane, we define the conserved specific energy and angu-
lar momentum as &= -u, and L =u,, respectively. As
derived in Appendix B, the inward-directed radial com-
ponent of the four-velocity can be written as

_ V(r,E,L)
g

(46)

Here, the negative sign corresponds to the inward-mov-
ing branch, and the effective potential is defined by

V(r,&,.L) = [1+8"E —28"EL+g" L7] (47)

O=r/2 "

Using Eq. (47), we describe the radial motion of test
particles in terms of the effective potential. Figure 4
shows the radial profiles of —V.q for different spin para-
meters a and tidal charges ¢g. For fixed spin, increasing ¢
decreases the maximum of —V.4 and shifts its location to
a larger radius. Similar behavior is observed when the
spin is increased at fixed tidal charge. The differences

Effective potential

20 '— a=0.5and q=-0.1
— a=0.5and q=0.3
1.5¢ a=0.5and q=0.5 -
a=0.8 and g=0.3
3 10
0.5r
%% 2 4 6 8 10
rirg
Fig. 4. (color online) Profiles of the effective potential as

functions of radius for test particles around the braneworld
black hole. Four parameter sets are shown: a =0.5, ¢ =-0.1;
a=0.5,¢=0.3;a=0.5, ¢g=0.5; and a = 0.8, g = 0.3, illustrat-
ing the effects of black hole spin and tidal charge. The peak of
the effective potential shifts outward and decreases in amp-
litude as either parameter increases. The plot uses the conven-
tion M =1 for the black hole mass.

among the curves are most pronounced near the black
hole, whereas they gradually diminish at larger radii.

For a circular equatorial orbit, the radial velocity van-
ishes. The ISCO is determined by the simultaneous mar-
ginal-stability conditions V=0, 4,V =0, and §*V =0,
where the radial derivatives are evaluated with & and £
held fixed. The corresponding physical root outside the
event horizon is denoted by risco.

Inside the ISCO, stable circular motion is no longer
possible. Following the Cunningham-type prescription
adopted in this work, the conserved quantities of the
plunging matter are set to their ISCO values, & = Eisco
and £ = Lisco. Equation (46) then becomes

w=— Yo Lisco)
8rr ’

ry <1 <rsco- (48)

The explicit expressions for risco, Eisco, Lisco, and
the full plunging four-velocity u* = (u',u’,0,u?) are
presented in Appendix C. The upper and lower signs
therein correspond consistently to the prograde and retro-
grade branches, respectively.

A. Zero-angular-momentum observer

To rigorously model a fisheye camera and define the
observer’s local reference frame, we introduce a standard
orthonormal tetrad that provides a local basis at each
point in spacetime [41]. In the braneworld black hole
spacetime, the observer’s orthonormal tetrad can be ex-
pressed as [41, 42]
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1 1 +,VO©O
=60, 4+x0y e =——0, (49) prop L TNOO o p & (54)
V&rr 1 Ay V849
1 1 To show more clearly how the inner shadow of the

(50) braneworld black hole changes, the corresponding re-

gions in Fig. 5 are enlarged in Fig. 6. The inner shadow
where becomes progressively more distorted as the tidal charge
and spin increase. Its morphology is particularly more
sensitive to the spin parameter than to the tidal charge.

Figure 7 shows the inner shadow of the braneworld
black hole for different values of the observer inclination,
tidal charge, and spin parameter. For a controlled com-
parison, four inner-shadow images are superposed in each
panel, revealing the following trends:

5= 28¢¢ L x -3 ~ 8¢9 . (51)
8o — 8u8o¢ 8¢ 81p — 8u¢s

In the ZAMO frame, photon trajectories are revers-
ible; therefore, photons arriving at the observer can be
traced backward to their emission points. The photon
four-momentum measured in the local tetrad frame can
then be transformed to the coordinate basis. Thus, the
four-momentum p* is given by

e As the observer inclination increases from 0° to
90°, the inner shadow becomes progressively flattened.
At inclination angles greater than 90°, this deformation
gradually decreases.

P = ek, (52)
® As the tidal charge increases, the effective gravita-
The explicit components of the four-momentum are tional field is altered, causing the inner shadow to shrink.
defined as follows [16, 40]:

e Similarly, an increase in the spin parameter

P =E@G—x8), P =E 1 £ VR(r )’ (53) strengthens the frame—dragging effect indpced by t'he
g A black hole’s rotation, thereby reducing the size of the in-
ner shadow.

1 500 1024

4 500 1024
1024 1024

1024 1024

1 1

Fig. 5. (color online) The shadow cast by the braneworld black hole is investigated using numerical ray tracing. From left to right, the

parameter sets are a =0.5, g=-0.3; a=0.5, ¢=0 (Kerr); a=0.5, ¢=0.3; and a =0.8, ¢ =0.3. All images use the convention M =1
for the black hole mass, and the observer inclination angle is fixed at 17°.

600 550 500 450 400 600 550 500 450 400 600 550 500 450 400 600 550 500 450 400

a=0.5 and q=-0.3 a=0.5 and q=0(Kerr) a=0.5and q=0.3 a=0.8 and q=0.3

400 400 400 400 400 400 400 400
550 500 450 400 600 550 500 450 400 600 550 500 450 400 600 550 500 450 400

Fig. 6. The inner shadow of the braneworld black hole is examined using four parameter sets, shown from left to right: a =0.5,
q=-0.3;a=05, g=0 (Kerr); a=0.5, ¢=0.3; and a =0.8, g =0.3. All images adopt the convention M =1 for the black hole mass,
and the observer inclination angle is fixed at 17°.
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Fig. 7.
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(color online) A comparison of the black hole inner shadow is presented for four parameter sets: a =0.5,¢=-0.3, a =0.5,

¢=0.1, a=05,4g=0.3, and a=0.8,¢g=0.3. These cases are analyzed for three observer inclination angles. From left to right, the
columns correspond to 6, = 17°, 75°, and 150°. In all panels, the black hole mass is set to M = 1.

e For all observer inclination angles, the deformation
of the inner shadow is more sensitive to variations in the
spin parameter than to changes in the tidal charge.

Table 1 compares the effective shadow eccentricity of
Kerr and rotating braneworld black holes at 8, = 17°. The
Kerr limit is recovered for ¢ = 0. For a fixed spin, a neg-
ative tidal charge decreases the effective shadow eccentri-
city, whereas a positive tidal charge increases it. This be-
havior indicates that the tidal charge can modify the glob-
al deformation of the black hole shadow. Moreover, the
variation in Aey, becomes more pronounced for the high-
er-spin case, indicating that the deformation effect is en-
hanced when the black hole rotates faster.

B. Intensity and frequency shift

When analyzing photons emitted from the accretion
disk that reach the observer’s image plane, it is essential
to account for variations in the observed intensity due to

Table 1.

scattering, absorption, Doppler boosting, and gravitation-
al redshift. With these effects included, the radiative
transfer equation governs the intensity measured by the
observer [43]:

i(i)_JV—KVIV
d\»v/ oy

Here, 1 is the affine parameter, while I,, J,, and «, de-
note the specific intensity, emission coefficient, and ab-
sorption coefficient at frequency v, respectively. In vacu-
um, J, and «, vanish; thus, 1,/ is conserved along the
geodesic. Under the assumption that the accretion disk is
geometrically and optically thin, the intensity profile on

(55)

the observer’s image plane is obtained by integrating the
photon trajectories. The observed intensity is therefore
[12]

Comparison of the effective shadow eccentricity for Kerr and rotating braneworld black holes at an observer inclination

angle of 6, = 17°. The Kerr case is recovered by setting ¢ = 0. The quantity Aey, = ey, (a,q) — eq(a,0) measures the additional global de-

formation induced by the braneworld tidal charge at fixed spin.

Model a q esn Aeg,

Kerr 0.5 0 0.0533767 0
Braneworld 0.5 -0.3 0.0457269 -0.0076498
Braneworld 0.5 —-0.1 0.0504692 —-0.0029075
Braneworld 0.5 0.1 0.0567748 0.0033981
Braneworld 0.5 0.3 0.0657453 0.0123686

Kerr 0.8 0 0.102891 0
Braneworld 0.8 -0.3 0.0836967 —-0.0191943
Braneworld 0.8 —-0.1 0.0952338 —-0.0076572
Braneworld 0.8 0.1 0.112556 0.009665
Braneworld 0.8 0.3 0.143703 0.040812
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1- e KmTm-1

Nmax 3
Vi
I, = E (v—0> JmKi. (56)

m=1

Here, vy denotes the photon frequency on the observer’s
image plane, v, denotes the frequency measured in the
disk comoving frame, and 7, is the optical depth for
photons emitted at point &. Accounting for the physical
properties of the accretion disk, Eq. (56) can be simpli-
fied to

Nmax

IvU = megS(rm)Jmodel(rm)’ (57)
m=1

where f,, denotes a weighting factor, g(r,) isthe fre-
quency-shift factor, and Jyeqe(r,) Tepresents the emissiv-
ity model evaluated at the emission radius r,.

In the following, we consider radiation emitted from
the equatorial plane. For each image-plane coordinate
(,8), Nux(a@,8) gives the number of intersections
between the photon geodesic and the equatorial plane.
For Nn. =1, the geodesic crosses the equatorial plane
only once, producing a direct image of the equatorial
emission. For N, =2,3,4,... multiple intersections oc-
cur, producing lensed and higher-order images.

The radius r,(a,pB) is the radial position at which the
geodesic associated with (@,(8) crosses the equatorial
plane. Thus, the image order is determined by the num-
ber of equatorial-plane intersections rather than by the
number of radial or angular turning points.

In Eq. (57), Jmodet(rm) 18 the emissivity evaluated at
the emission radius r, on the equatorial plane, g is the
combined gravitational and Doppler frequency-shift
factor, and f,, is a correction factor that adjusts the lumin-
osity contribution from higher-order photon-ring images
[39]. For the geometrically thin and optically thin disk
considered here, we set f,, = 1.5 throughout the analysis.
The emissivity profile Jioqi(r) is modeled as [15]

10g[oqer(r)] = A log(é) +B {log(’;)r, (58)

where 4 and B are model-dependent fitting parameters,
and ry denotes the black hole event horizon radius.

At 230 GHz, the corresponding observing wavelength
for M87* and Sgr A* is 1.3 mm. We adopt A =-2 and
B =-1/2 at this frequency. At 86 GHz, we set A =0 and
B =-3/4 [15]. Using these values, we calculate the lu-
minosity of the braneworld black hole within the thin-
disk model. Figure 8 presents a comparison of the fre-
quency at 230 GHz and 86 GHz.

The frequency-shift factor is defined as g=vy/v,.
The disk model used here extends previous models by al-
lowing radiation from the disk’s inner edge to reach the
event horizon, thereby enabling a more detailed analysis

230 GHz = 86 GHz

|
N
L
1

log J_model(r)
IS
—
1

Fig. 8.  (color online) Comparison of the accretion-disk
emissivity profiles at 230 GHz and 86 GHz, with the event ho-
rizon radius fixed at ry = 1. In all cases, the black hole mass is
setto M =1.

of frequency-shift effects. Outside the ISCO, the accre-

tion flow remains on circular orbits with angular velocity
¢

Q= =

The parra_r’ﬁeter ¢ is defined in Eq. (7), whereas €
measures the ratio of the observed energy to the con-
served energy along the geodesic [12]:

Ey
€= — =
&

|

L=6(1+&y). (59)

t

=

The quantities y and J are defined in Eq. (51). Be-
cause the spacetime is asymptotically flat, e =1. For an
emission radius r,, outside the ISCO, the frequency-shift
factor therefore becomes [12]

€

8&m = m, T'm > F1sco, (60)
where
- - 1 (61)
<= 8t 28r¢Qm +g¢¢Q%1 r:rm.

As discussed above, the ISCO determines the radial
location of the inner boundary of the accretion disk. In-
side the ISCO, the flow enters the plunging region and
develops a radial velocity u..In this region, the fre-
quency-shift factor is

€
8m = u .
— + 8" Ersc0 — €8 Ersco — 8¢ Lisco +£8%¢ Lisco

(62)

t

For a clearer presentation of the frequency-shift distri-
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bution, the radial coordinate of the observer is set to
r, = 100R,, where R, is the Schwarzschild radius, and the
image-plane angle is chosen as ¢ =/10. Both prograde
and retrograde disk rotations are included. Photons are
classified according to whether they are emitted in the
same direction as, or opposite to, the black hole rotation.
This distinction is important because the direction of disk
rotation strongly affects both the observed frequency shift
and the photon trajectories near the braneworld black
hole.

Here, "first-order" and "second-order" refer to the
number of intersections between a photon trajectory and
the equatorial emitting plane, rather than to a perturbat-
ive expansion of the frequency-shift factor. The first-or-
der map mainly represents the direct image, while the
second-order map corresponds to the lensed image. Their
comparison illustrates how stronger gravitational lensing
modifies the observed frequency-shift distribution.

Figures 9—12 display the first- and second-order fre-
quency-shift maps and show the kinematic imprint of the
optically thin disk in both prograde and retrograde con-
figurations. As the observer inclination 6, changes from
0° toward 90°, the redshifted area becomes smaller, while
the blueshifted region expands. When 6, increases fur-
ther from 90° to 180°, the trend is reversed: the redshif-
ted region grows again and the blueshifted area contracts.

This trend is mainly governed by the competition
between kinematic Doppler boosting and gravitational
redshift. When 6, is close to 0° or 180°, corresponding to
a face-on view, the disk rotational velocity is nearly per-
pendicular to the line of sight. The line-of-sight velocity
component is then very small, so the observed emission is
dominated by gravitational redshift and transverse Dop-
pler redshift, and the observable region remains strongly
redshifted. When 6, approaches 90°, corresponding to an
edge-on view, the projected rotational velocity becomes
maximal. On the side of the disk moving toward the ob-
server, the approaching velocity produces a strong Dop-
pler blueshift that can overcome the gravitational redshift
and enlarge the blueshifted region on the image plane. As
6, continues toward 180°, the line-of-sight velocity com-
ponent decreases, the Doppler blueshift weakens, and
gravitational redshift again becomes dominant.

The same figures also demonstrate how the fre-
quency-shift pattern responds to changes in the tidal
charge and spin. Increasing the spin generally moves the
ISCO inward, so that radiation can be emitted from re-
gions closer to the event horizon, where gravitational red-
shift is stronger. A larger tidal charge produces a similar
tendency and can also enhance the gravitational redshift.
Even so, the location and amplitude of the peak blueshift
change only weakly with ¢ and ¢, especially when com-
pared with the strong dependence on the observer inclina-
tion. Thus, the overall frequency-shift distribution is con-
trolled mainly by the viewing angle, while the black hole

spin and tidal charge provide secondary corrections.

Table 2 lists the maximum observed frequency-shift
factors for rotating braneworld black holes with different
spin parameters «a, tidal charges ¢, disk rotation direc-
tions, and observer inclination angles. The row for ¢ =0
corresponds to the Kerr limit. According to the definition
& = Vobs/Vem, values greater than unity indicate blueshift.
The results show that the prograde disk generally attains a
higher maximum frequency-shift factor than the retro-
grade disk, especially for 6, = 75°, whereas the depend-
ence on q is relatively weak for 6, = 150°.

Figures 13 and 14 show how the frequency-shift
factor varies with the tidal charge and spin parameter. At
fixed spin, the maximum frequency-shift factor de-
creases slightly as the tidal charge increases in both the
prograde and retrograde cases, although the variation is
small. At fixed tidal charge, it increases with spin for pro-
grade motion but decreases for retrograde motion. Over-
all, the frequency-shift factor depends only weakly on the
tidal charge and spin parameter, whereas the observer in-
clination remains the dominant factor.

C. Image of the braneworld black hole within an
optically thin disk

We now simulate the apparent image of the brane-
world black hole. Using Eq. (56) and a fish-eye camera
ray-tracing technique, we generate synthetic images of a
braneworld black hole illuminated by an optically thin ac-
cretion disk. At an observing frequency of 230 GHz, we
adopt the phenomenological parameters A =-2 and
B =-1/2, which specify the radial emissivity profile as
follows:

2
toglmaa] = ~210g( ) 2 loe( )] 63)
Iy 2 Iy
Figures 15 and 16 show the intensity profiles of the
accretion disk along the x- and y-axes. The resulting
trends are summarized as follows.
Along the x-axis, disk emission exhibits a clear de-
pendence on the tidal charge, spin parameter, and observ-
er inclination:

e Impact of the tidal charge: Regardless of the dir-
ection of disk rotation, the tidal charge has a consistent
effect. In both prograde and retrograde configurations, the
peak intensity increases as the tidal charge increases.

e Impact of the spin parameter: In contrast to the
tidal charge, the spin parameter affects the prograde and
retrograde configurations similarly, although the effect is
more pronounced in the retrograde case. Increasing the
spin parameter reduces the peak intensity, with stronger
attenuation observed for retrograde accretion. Moreover,
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Fig. 9. (color online) First-order frequency-shift images of prograde accretion disks. The panels show the frequency-shift distribu-
tions for different black hole parameter sets and observer inclination angles. The four parameter sets are a =0.5, g =-0.3; a =0.5,
¢=0.1;a=05, g=03; and a =0.8, g =0.3. For each case, the frequency-shift distribution is shown at observer inclination angles of
17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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Fig. 10. (color online) Second-order frequency-shift images for prograde accretion disks. The panels show the frequency-shift distri-
bution for different black-hole parameter sets and observer inclination angles. The four parameter sets are a =0.5, g = -0.3; a =0.5,
¢=0.1;a=05, g=03; and a =0.8, g =0.3. For each case, the frequency-shift distribution is shown at observer inclination angles of
17°, 75°, and 150°. In all panels, the black-hole mass is fixed at M = 1.
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Fig. 11.  (color online) First-order frequency-shift images of retrograde accretion disks. The panels show the frequency-shift distribu-

tion for different black hole parameter sets and observer inclination angles. The four parameter sets are a =0.5, ¢=-0.3; a=0.5,
¢=0.1; a=0.5, g=0.3; and a = 0.8, g = 0.3. For each case, the frequency-shift distribution is shown for observer inclination angles of
17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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Fig. 12. (color online) Second-order frequency-shift images of retrograde accretion disks. The panels show the frequency-shift distri-
bution for different black hole parameter sets and observer inclination angles. The four parameter sets are a =0.5, g = -0.3; a =0.5,
¢=0.1;a=05, g=03; and a =0.8, ¢ =0.3. For each case, the frequency-shift distribution is shown at observer inclination angles of
17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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Table 2. Maximum observed frequency-shift factor for braneworld black holes with different parameter values. The row with g =0
corresponds to the Kerr limit.
Prograde Retrograde
a q
6, =75° gy = 150° 0y =75° 6y = 150°
0.5 -0.3 1.53636 1.04895 1.48647 1.04801
0.5 0 1.53347 1.04889 1.48111 1.048
0.5 0.1 1.53439 1.04886 1.47871 1.04799
0.5 0.3 1.52399 1.04881 1.47662 1.04797
0.8 0.3 1.51033 1.04911 1.46542 1.04766
a=0.5 parameter. Regardless of the disk rotation direction, lar-
~ Prograde ger inclination angles progressively reduce the peak in-
1547\\ ~ Retrograde - tensity while simultaneously driving an inward contrac-
tion of the central emitting region.
= The emission characteristics along the y-axis differ
7 il | significantly from those along the x-axis and exhibit dis-
g tinct dependencies on the tidal charge, spin parameter,
g 150 1 and observer inclination angle:
[s3
™~ — e Impact of the tidal charge: Regardless of the dir-
ol — ection of disk rotation, the peak intensity decreases
o . L g monotonically as the tidal charge increases. This suppres-
q sion occurs in both prograde and retrograde configura-
Fig. 13.  (color online) Blueshift profiles are shown for a tions.

fixed spin parameter a = 0.5, with the tidal charge g varying
over the range [-1.2, 0.5]. In all panels, the black hole mass is
setto M =1.

q=—0.3

1.60F T
—— Prograde

| — Retrograde

Frequency-—shift
T

I I I I I
0.2 0.4 0.6 0.8 1.0

a
Fig. 14.
fixed tidal charge ¢ = —0.3, with the spin parameter a varying
over the range [0.1, 1.1]. In all panels, the black hole mass is
setto M =1.

(color online) Blueshift profiles are shown for a

higher spin parameter values lead to an inward contrac-
tion of the central emitting region.

e Impact of the observer inclination: The observer
inclination angle has an effect similar to that of the spin

e Impact of the spin parameter: Unlike the tidal
charge, the effect of the spin parameter depends on the
accretion state. For a fixed tidal charge and observer in-
clination angle, increasing the spin parameter slightly en-
hances the peak intensity in the prograde case. In the ret-
rograde case, however, the peak intensity decreases
sharply with increasing spin and is accompanied by a pro-
nounced inward contraction of the central emitting re-
gion.

e Impact of the observer inclination: The observer
inclination angle exhibits a trend opposite to that ob-
served along the x-axis. For both disk rotation directions,
larger inclination angles significantly enhance the peak
intensity, indicating a stronger angular dependence than
that observed along the x-axis.

Figures 17 and 18 illustrate the apparent images of a
braneworld black hole surrounded by an optically thin ac-
cretion disk for both prograde and retrograde accretion.
Regardless of the disk rotation direction, for observer in-
clinations 6 < /2, the morphological distinction between
the direct and lensed images becomes increasingly pro-
nounced as the inclination angle increases. At an observ-
er inclination of 6= 150°, however, the overall intensity
decreases, obscuring the boundary and making it substan-
tially more difficult to distinguish the direct emission

115114-18



Optical images of the braneworld black hole surrounded by an optically thin accretion disk Chin. Phys. C 50, 115114 (2026)

0.10 T T T . . 0.08F T T T T . :

— =03 ' - === fy=17de

) a=05,¢=01 ! 0=174e9

0.8 a=0.5, 6p=17deg Ker(q=0) 006 006 ! —
----- =01

— =03 — 004 — 004

J
0.02 0.02 .
.
K .
. ..
00012 ‘ ‘ ‘ : 0.00 000 : H ‘ Iz
0 200 400 600 800 1000 0 200 400 600 800 1000
X X X
0141 4=0.3, By=17deg | 250 a=05,q=0.1
015 a=0.5, 60=17deg —g=-0.3 q=0.5, tp=1/deg = === az05 =0.9, ¢=0. = === fy=17deg
0.12 i
Kerr(q=0) ! —_—az08 20 — fp=T5deg
0.10 H
==== g=01 »
0.10 0.08 " 15 0.06
= — =03 = v = 0.05
0.06 H 0.04 .
H 10 003F 4,
005 0.04 ! 8'8?'"' S
05 v sonmmmmfivewee
0.00
0.02 \ 660 680 700 720 740
000 ‘ ‘ ‘ 000 : ] 00k Ol
0 200 400 600 800 1000 0 200 40! 600 800 1000 0 200 400 600 800 1000
y y y

Fig. 15. (color online) Intensity comparison for a prograde accretion disk. The 230 GHz intensity distribution of the braneworld black
hole is shown. The first and second rows show slices along the x- and y-axes, respectively.
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Fig. 16. (color online) Comparison of the 230 GHz intensity profiles of a retrograde accretion disk around the braneworld black hole.
The first and second rows show intensity slices along the x- and y-axes, respectively.

from the higher-order lensing rings. of inclination angles, despite variations in the black hole

Both the tidal charge and the spin parameter affect the spin and tidal charge, highlighting their fundamental
shadow of the braneworld black hole, although the spin nature in braneworld black hole spacetimes. The limited
parameter is dominant. Nevertheless, the inner shadow vertical extent of the accretion disk also reduces the cent-
and the critical curve remain detectable over a wide range ral brightness in the simulated images. In addition, with
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(color online) Intensity maps of the accretion disk in the prograde state at 230 GHz. The panels show the 230 GHz intensity

distribution of the accretion disk for different black hole parameter sets and observer inclination angles. The four parameter sets are
a=05,g=-03;a=05,¢=0.1;a=05, g=0.3; and a = 0.8, g = 0.3. For each case, the intensity distribution is shown at observer in-

clination angles of 17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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(color online) Intensity maps of the accretion disk in the retrograde state at 230 GHz. The panels show the 230 GHz intens-

ity distribution of the accretion disk for different sets of black hole parameters and observer inclination angles. The four parameter sets
area=0.5,¢g=-0.3;a=05,¢g=0.1;a=0.5,¢g=0.3; and a = 0.8, g = 0.3. For each case, the intensity distribution is shown for observ-

er inclination angles of 17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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sufficient angular resolution, the Doppler asymmetry in-
duced by prograde and retrograde disk motion can be
clearly identified on the image plane. For retrograde ac-
cretion, the Doppler signature is significantly stronger on
the right-hand side of the image than on the opposite side.
At the same time, frame dragging caused by the black
hole spin produces an observable suppression of bright-
ness in braneworld black hole images.

Figures 19 and 20 show how the intensity profiles de-
pend on the tidal charge and spin. At fixed spin, the in-
tensity increases steadily with the tidal charge in the pro-
grade configuration but decreases in the retrograde con-
figuration. At fixed tidal charge, a larger spin enhances
the intensity for prograde accretion and suppresses it for
retrograde accretion. Overall, the intensity variation is
more pronounced in the prograde case than in the retro-
grade case, regardless of whether the spin or the tidal
charge is varied. Thus, studying negative tidal charges in
braneworld spacetime helps characterize how the tidal
charge affects the frequency-shift behavior and radiation
profiles in the present model.

Table 3 lists the maximum observed intensities for ro-
tating braneworld black holes with different spin para-

a=0.5

—— Prograde
—— Retrograde
3F 1

-

q
Fig. 19. (color online) Intensity profiles are shown for a
fixed spin parameter a = 0.5, with the tidal charge ¢ varying
over the range [—1.2, 0.5]. In all panels, the black hole mass is

fixedat M =1.

Table 3.
the Kerr limit.

meters a, tidal charges ¢, disk rotation directions, and ob-
server inclination angles. The case ¢ =0 corresponds to
the Kerr limit. The results show that prograde disks gen-
erally exhibit higher maximum observed intensities than
retrograde disks, particularly for 6, = 75°. The maximum
intensity also varies with the tidal charge ¢, indicating
that the tidal charge affects the peak specific intensity on
the observer’s image plane.

As a complement to the 230 GHz results, we also
present 86 GHz images of a braneworld black hole with
an optically thin accretion disk. At this frequency, we use

A=0and B=—~

7> 50 that the emissivity profile is [15]:

logl a1 =~ {mg(éﬂ " (64)

Figures 21 and 22 present the 86 GHz intensity pro-
files of the accretion disk along the x- and y-axes. The
main trends are as follows.

Along the x-axis, the emission characteristics of the
accretion disk show distinct dependence on the spin para-
meter, tidal charge, and observer inclination angle:

q=—0.3

—— Prograde

| —— Retrograde 8

=~

I I I I I
0.2 0.4 0.6 0.8 1.0

a
Fig. 20.
charge of ¢ = —0.3, with the spin parameter a varied over the

(color online) Intensity profiles for a fixed tidal

range [0.1, 1.1]. In all panels, the black hole mass is fixed at
M=1.

Maximum observed intensity of braneworld black holes for different parameter values. The row with ¢ =0 corresponds to

Prograde Retrograde
¢ 1 Oy =75° 6 = 150° Oy =75° 6 = 150°
0.5 -0.3 2.64944 0.498447 1.05467 0.207229
0.5 0 2.80005 0.349915 1.28694 0.167148
0.5 0.1 2.98830 0.402825 0.93276 0.152894
0.5 0.3 3.58403 0.376889 0.88865 0.135587
0.8 0.3 3.38708 0.34138 0.26267 0.0527602
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Fig. 21. (color online) Comparison of 86 GHz intensity profiles for prograde accretion onto the braneworld black hole. The first and
second rows show intensity cuts along the x- and y-axes, respectively.
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Fig. 22. (color online) Comparison of the 86 GHz intensity profiles for retrograde accretion around a braneworld black hole. The first
and second rows show intensity cuts along the x- and y-axes, respectively.

e Impact of the spin parameter: The disk behavior causes an inward contraction of the central high-intensity

differs significantly between the two accretion configura- region.
tions. In prograde accretion, the peak intensity increases
with spin, whereas in retrograde accretion, it decreases as e Impact of the tidal charge: As the tidal charge in-

the spin increases. Moreover, a larger spin parameter creases, the peak intensity gradually decreases in both
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(color online) The 86 GHz intensity maps for a prograde accretion disk are shown. The panels present the 86 GHz intensity

distributions for different black hole parameter sets and observer inclination angles. The four parameter sets considered are a =0.5,
q=-03;a=05,4=0.1;a=0.5, g=0.3; and a = 0.8, ¢ = 0.3. For each case, the intensity distribution is shown at observer inclination

angles of 17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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(color online) The 86 GHz intensity maps for a retrograde accretion disk are presented. The panels show the 86 GHz intens-

ity distributions for different black hole parameter sets and observer inclination angles. The four parameter sets considered are a = 0.5,
q=-03;a=0.5, ¢g=0.1;a=05, ¢=0.3; and a=0.8, g = 0.3. For each parameter set, the intensity distribution is shown at observer

inclination angles of 17°, 75°, and 150°. In all panels, the black hole mass is fixed at M = 1.
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prograde and retrograde configurations. This attenuation
is more pronounced in the retrograde case.

e Impact of the observer inclination: The observer
inclination angle induces a trend similar to that associ-
ated with the tidal charge. Irrespective of the disk rota-
tion direction, the peak intensity decreases steadily as the
observer inclination increases, and the central emitting re-
gion contracts inward.

The emission characteristics along the y-axis differ
markedly from those along the x-axis and exhibit distinct
dependencies on the same physical parameters:

e Impact of the spin parameter: When the tidal
charge and inclination angle are held fixed, the effect of
the spin parameter depends on the accretion configura-
tion. In the prograde case, the peak intensity decreases as
the spin parameter increases. In the retrograde case, this
decrease is more pronounced and is accompanied by
stronger inward contraction of the central emitting region.

e Impact of the tidal charge: Irrespective of the disk
rotation direction, the peak intensity decreases steadily as
the tidal charge increases.

e Impact of the observer inclination: The observer
inclination angle exhibits a trend opposite to that found
along the x-axis. For both prograde and retrograde config-
urations, the peak intensity increases significantly with
increasing inclination angle, indicating a stronger angu-
lar dependence than that observed along the x-axis.

Figures 23 and 24 present the intensity images of the
accretion disk in the prograde and retrograde cases at 86
GHz. Comparison of the 86 GHz and 230 GHz synthetic
images reveals clear emission anisotropy between the
profiles along the x- and y-axes. Nevertheless, the overall
behavior remains consistent for both prograde and retro-
grade disks, and the 86 GHz images exhibit substantially
higher total intensity. Across the image plane, the radi-
ation intensity is strongly influenced by gravitational red-
shift and Doppler modulation. The central brightness de-
pression associated with the inner shadow remains vis-
ible, and the critical curve is also preserved. These fea-
tures suggest that, within the adopted disk model, the in-
ner-shadow-like structure remains observable at both fre-
quencies. However, this feature is not unique to brane-
world black holes and should be interpreted in conjunc-
tion with the disk emissivity, observer inclination, and
frequency-dependent radiative effects.

IV. CONCLUSION

In this work, we conducted a systematic study of the

observable properties of a braneworld black hole surroun-
ded by an optically thin accretion disk. By combining ray
tracing with a detailed analysis of photon trajectories, we
investigated how the black hole image depends on the tid-
al charge and spin. The critical curve and inner shadow
were determined using a quartic equation derived from
the elliptic-integral description of photon motion. The
results indicate that both a and g affect the deformation of
the inner shadow, with the spin parameter producing the
more pronounced distortion.

We also found that the observed intensity and fre-
quency-shift distributions depend strongly on the observ-
er inclination. This dependence is particularly evident
near the ISCO, where the viewing angle largely determ-
ines the frequency-shift pattern. The frequency-shift
asymmetry is generally more pronounced for prograde
disks than for retrograde disks. In the prograde case, the
left side of the image plane is blueshifted and the right
side is redshifted, whereas this pattern is reversed for ret-
rograde accretion.

We further compared the synthetic intensity distribu-
tions at 230 GHz and 86 GHz. The 86 GHz images exhib-
it both higher peak intensity and greater total intensity
than the corresponding 230 GHz images. Nevertheless,
the main spacetime-related structures, including the inner
shadow and the critical curve, remain visible at both fre-
quencies. This frequency dependence helps clarify the re-
lationship between disk emission and photon-ring geo-
metry and may provide useful theoretical guidance for fu-
ture high-resolution black hole imaging studies.

Overall, our results show that the geometry of the ac-
cretion disk is crucial for determining the apparent image
of a braneworld black hole, especially the photon ring
and the inner shadow. Clear image asymmetries appear in
both prograde and retrograde accretion cases because of
the combined influence of spin, tidal charge, and viewing
angle. These results provide a theoretical basis for future
studies of high-resolution black hole images and may
help characterize how the tidal charge modifies the appar-
ent interaction between rotating braneworld black holes
and their surrounding accretion flows.

APPENDIX A: DERIVATION OF THE RADIAL
AND ANGULAR INTEGRALS

In this appendix, we present the detailed derivation of
Egs. (15)—(17). The corresponding radial and angular in-
tegrals are defined as

B " 2Mr—q)(a® +1? —af)+ A(r) r?

== &, A VRO . @A
to dr
”"/, 5 NRD) (A2)
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" 2aMr —a*é —
1¢:_/ aMr—a*é —aq (A3)

THAO VRO

% cos?@
G,=- / —— __de, (A4)
e 20 VBO)

Gy=-— / vodo (A5)
T )y £ NO@O)

b csc?0
G,=- ———do. A6
¢ /0 +, VO0) (A6)

APPENDIX B: EFFECTIVE POTENTIAL AND
RADIAL FOUR-VELOCITY OF MASSIVE
PARTICLES

For massive particles in the accretion disk, we denote the
conserved specific energy and angular momentum by

E=—-u, L =uy, (B1)

where w* denotes the four-velocity of the disk matter.
These quantities refer to timelike particles in the disk and
should be distinguished from the photon constants of mo-
tion introduced in the previous section.

The normalization condition for massive particles is

wu, =—1. (B2)
Equivalently, it can be written as
g uu, = —1. (B3)

For equatorial motion, 6 = /2 and u’ = 0; therefore, we
have

8wy + 28wy + g% uy + g} = —1. (B4)
Substituting u, = -& and u, = L yields
§'E -26"EL+g" L2+ g Ul = 1. (B5)
Therefore,
gy =—(1+g"8-2g6L+g" 7). (B6)

We then define the effective potential as

V(r,&,L) = (1+g'6 -2g"EL+g" L) (B7)

0=r/2 "

Thus,

g =-V(r,8,L). (BS)

Since the metric contains no »—t or r—¢ cross terms, we
have g =1/g,, and u” = g"u,. Hence,

V(gL

rr

W) =-g"V(r& L) = (B9)

For the inward-plunging branch, we take the negative
sign and obtain

i V8D
g

(B10)

The minus sign preceding the square root denotes inward
radial motion. The allowed radial motion satisfies
V(r,E,L) <0, ensuring that the quantity under the square
root is non-negative.

APPENDIX C: FOUR-VELOCITY OF THE
PLUNGING FLOW INSIDE THE ISCO
In this appendix, we derive the four-velocity of the
plunging accretion flow inside the innermost stable circu-
lar orbit (ISCO) of a rotating braneworld black hole. For

a massive particle, the conserved specific energy and spe-
cific angular momentum are defined as [44]

E=-u, L=u, (C1)

In the equatorial plane, 8 = /2, the metric function is

A=r*-2Mr+a*+q. (C2)

Throughout this appendix, the upper and lower signs
correspond to prograde and retrograde motion, respect-
ively. For a given orbital branch, the same sign choice
must be used consistently in all expressions.

The ISCO radius is determined by the marginal-sta-
bility condition

Mr?SCO - 6M2r125CO + 9MquSCO - 46]2 + (12 (4q - 3Mrlsco)
+8a(Mrisco—q)"* = 0.
(C3)

The physically relevant root is selected to lie outside the
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outer event horizon and must satisfy

Mrisco—q >0, (C4)
together with
rIZSCO—3MrISCO+2qi2a \/Mr]sco—q>0. (CS)

Within the ISCO, stable circular motion is no longer
possible. Following Cunningham’s prescription, we as-
sume that the plunging matter retains the conserved spe-
cific energy and angular momentum of the circular orbit
at the ISCO:

E= 8]SCO’ L = LISCO- (C6)

These quantities are explicitly given by

V%sco—ZMrlsco"'C]ia VMrisco —¢q

Eisco = ,
Fisco \/ Tsco = 3Mrisco +2q + 2a Mrisco — q
(C7)
and
Lico = i‘VMVISCO—CI(VIZSCO"'aZ)_a(ZMVIsco—C])
1ISco = .

risco v/ Tsco — 3Mrisco +2q = 2a Mrisco _%C8)

For equatorial timelike geodesics, the radial equation is
given by

) = [SISCO ("2 + 112) - aLISCO] ?

-A [” ?+ (Lisco — a&sco)z] . (C9)

The inward-plunging branch is selected by choosing

1

t

rZAr]sco \/rIZSCO_3MrISCO +2qi2(1 \/Mr]sco—q

—a(ZMr—q) [i vV MTISCO—Q(”IZSCO"‘az) _a(ZMVISCO—q)]},

and

1
FZAFISCO \/rIZSCO—3Mr15CO+2qi2a \/Mr]sco—q

u? =

u <0.

Substituting the explicit ISCO energy and angular
momentum and applying the marginal-stability condition,
the radial component reduces to

3/2
. (VISCO—V)/

u = —
2
rerSCO \/rISCO—3MrISCO+2qi2a \/Mrlsco—q

X {MrrISCO [rIzSCO—3MrISCO+2qJ_r2a \/Mrlsco—q]
112
- <a¢ V MrISCO_q>2 [r(Mrisco —q) +qrisco] }

(C10)
This expression satisfies

: =0, (C11)

in | r=risco

The negative sign denotes inward motion for r < rigcg.
The covariant temporal and azimuthal components
are

2
rISCO_ZMrISCO +qg+ta \/MrISCO_q

= — : , (C12)
risco v/ Tisco — 3Mrisco +2q + 2a Mrisco — q
and
w = + VMrisco — 4 (Fisco +@°) —a(2Mrnisco = ) C13)
¢ _ .
T1sco \/Vlzsco —3Mrisco +2g+2aMrisco— g
The covariant radial component is obtained from
2
U= (C14)

= Kum.

Raising the indices and substituting the ISCO quantities
yields

u = X{[(rz+a2)2—a2A} |:r125C0_2MrISCO+qia \/Mrlsco—q:|

(C15)

X {a(ZMr—q) [”Izsco —2Mnrisco + g+ a~/ Mrsco —q]
+ (P =2Mr+q) [i VMrisco—q (risco +@°) _a(ZMrISCO_Q)}}~

(C16)
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Therefore, the contravariant four-velocity of the plunging

flow is

ut = (u’,u’,O, u"’) . (C17)
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