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Abstract: Starting from the first law of black hole thermodynamics, we establish an explicit correspondence

between the corrected entropy and the metric function under the condition of fixed black hole energy and horizon

location. Using the corrected metric, we then compute the photon sphere radius and shadow size, demonstrating that

different entropy corrections produce characteristic optical shifts. By comparing these results with Event Horizon

Telescope observations of Sgr A*, we constrain the parameter range associated with the corrected entropy. This ana-

lysis provides a feasible approach for testing generalized entropy frameworks and probing deviations from the Bek-

enstein--Hawking area law.
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I. INTRODUCTION

The connections among gravity, thermodynamics, and
quantum theory have proven highly useful for studying
the structure of spacetime. Since the pioneering work of
Bekenstein and Hawking revealed that black holes be-
have as thermodynamic objects with well-defined tem-
perature and entropy, it has become evident that the laws
of gravity are closely linked to thermodynamic structures
[1-6].

One of the most profound predictions of general re-
lativity is the deflection of light in curved spacetimes,
known as gravitational lensing. Gravitational lensing has
emerged as a crucial tool for addressing fundamental
problems in astrophysics and cosmology. Research on
gravitational lensing in the strong-field regime, particu-
larly near compact objects such as black holes and neut-
ron stars, began in the 1970s [7]. Since then, extensive
studies have examined gravitational lensing caused by a
wide range of structures, including dark matter, dark en-
ergy, quasars, gravitational waves, and other compact ob-
jects [8—12].

Near black holes, the most mysterious objects in the
universe, light is not merely swallowed; it may also be
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temporarily trapped. Theoretically, a special spherical
surface known as the photon sphere exists just outside the
black hole event horizon, where gravity is strong enough
to force photons to move along closed orbits, forming a
short-lived and highly unstable "photon cage". Any small
perturbation causes photons either to fall into the event
horizon or to escape to infinity. On April 10, 2019, astro-
nomers worldwide jointly released the first image of a
black hole [13—15], and the photon sphere serves as the
key structure underlying these images. The optical detec-
tion of the supermassive black hole at the Galactic center,
Sgr A* (represented by the first black hole shadow im-
age released by the Event Horizon Telescope (EHT)),
stands as a landmark triumph for general relativity. Its
far-reaching theoretical significance, however, lies in the
following: for the first time, the exploration of gravity has
transcended the weak-field approximation and entered an
entirely new regime encompassing strong gravitational
fields, dynamical spacetime, and quantum effects, while
also providing a practical instrument for stringently con-
straining a broad spectrum of new physics theories. In es-
sence, the optical imaging of Sgr A* marks a revolution-
ary leap in gravitational testing methodologies: from
"hearing" gravity via gravitational waves to "seeing" it
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through electromagnetic radiation. This breakthrough
ushers observational and theoretical investigations in
strong-gravity astronomy into an unprecedented era of
high-precision research. In particular, the black hole
shadow observed in these images is closely related to the
properties of the photon sphere and the strong gravita-
tional lensing effect near the event horizon. In recent
years, the study of photon spheres and black hole shad-
ows has attracted considerable interest, with many works
investigating the photon spheres and shadow images of
various black hole models. Moreover, photon spheres can
provide valuable insights into the physical properties and
characteristics of black holes. They can reveal nontrivial
features related to spacetime singularities, event horizons,
causal structures, and asymptotic behaviors associated
with black holes and ultracompact objects. Significant
differences exist in the size and morphology of shadows
cast by different types of black holes, offering important
clues for probing black hole properties and serving as a
powerful tool for estimating black hole parameters and
testing general relativity, as well as alternative modified
theories of gravity [16—58].

Significant progress has also been made in under-
standing photon spheres and black hole shadows from a
geometric perspective. For static, spherically symmetric
spacetimes, the photon sphere can be characterized by the
vanishing of geodesic curvature and Gaussian optical
curvature, providing a coordinate-invariant framework
for investigating circular null geodesics. Recently, the au-
thors of [59] systematically studied the gravitational lens-
ing effect and the dynamical evolution of the shadow of
the Vaidya black hole using backward ray-tracing tech-
niques, paving the way for exploring the optical proper-
ties of nonstationary black holes. The authors of [24] in-
vestigated the relation between the number of stable and
unstable photon spheres outside the black hole horizon.
Motivated by these developments, recent studies on the
optical properties of various deformed black holes have
attracted our attention [60—66]. The relationships among
the location of the black hole photon sphere, critical im-
pact parameters, and the effective potential are among the
key issues of widespread concern. Compared with
Schwarzschild black holes, black holes with quantum
corrections generally possess larger radii for the event ho-
rizon, photon sphere, and photon ring, along with a lower
effective potential for photons. This conjecture has been
widely accepted in the community [67, 68]. By contrast,
typical black holes in nonlinear electrodynamics exhibit
opposite behavior relative to Schwarzschild black holes:
their event horizon, photon sphere, and photon ring radii
are smaller, whereas the photon effective potential be-
comes higher [69, 70]. Our analysis further reveals that
distinct conclusions can be drawn for different entropy
corrections.

A central goal of modern theoretical physics is to un-

derstand the microscopic origin of black hole entropy.
Since Bekenstein and Hawking proposed that black hole
entropy is proportional to the area of its event horizon,
the concept of corrected Bekenstein-Hawking entropy has
attracted extensive research attention [71—74]. Corrected
Bekenstein-Hawking entropy serves as an important
bridge connecting general relativity with quantum grav-
ity theories. From loop quantum gravity to string theory,
diverse theoretical frameworks predict correction terms to
the entropy, including logarithmic corrections, nonextens-
ive entropies (such as Rényi entropy and Sharma-Mittal
entropy), and Barrow entropy, which accounts for
quantum gravity fluctuations. Any modification to the
Bekenstein-Hawking entropy-area relation induces a cor-
responding deviation in the spacetime metric, which in
turn directly alters the position, stability, and even topolo-
gical properties of the photon sphere. Recently, the au-
thors of [75, 76] demonstrated that, starting from a
chosen corrected entropy functional, one can systematic-
ally derive the associated modified metric and its effect-
ive matter sector, thereby establishing a direct entropy-
geometry correspondence. Furthermore, by comparison
with Event Horizon Telescope observations of Sgr A* at
the Galactic center, quantitative constraints were im-
posed on the parameters introduced in the corrected en-
tropy. Very recently, the authors of [77] derived the van
der Waals black hole by imposing the condition that the
temperature of the van der Waals system equals the
Hawking radiation temperature of the black hole. In-
spired by this idea, and based on the first law of thermo-
dynamics satisfied by any thermodynamic system, we in-
vestigate the effects of different generalized entropies on
the spacetime structure of black holes. First, we apply the
first law of thermodynamics to obtain the black hole radi-
ation temperature corresponding to various entropy cor-
rections. It should be noted that, under the same space-
time background, the event horizon of the black hole
should remain unchanged for different entropy correc-
tions. For the Schwarzschild black hole, r, = 2M is held
fixed. Under these two constraints, we construct the rela-
tion between the corrected entropy and the spacetime
metric. We obtain the metric corresponding to the correc-
ted entropy that preserves the fixed horizon position r,
and r, = 2M, as well as the black hole radiation temperat-
4n r=ry
ure at which spacetime thermodynamic quantities satisfy
the first law of thermodynamics after entropy correction.
The structure of this paper is organized as follows. In
Section II, we briefly review various entropy corrections.
In Section III, using the metric consistent with the correc-
ted entropy, we investigate the photon sphere location
and shadow radius of the modified black hole, analyze
the influence of each parameter on the photon sphere and
black hole shadow, and compare the theoretical results

ure T = , where T denotes the temperat-
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with the observational data of Sgr A* at the Galactic cen-
ter to obtain constraints on the corresponding parameters.
Concluding remarks and a detailed discussion of the find-
ings are presented in Section V. We use the units
G, =h=kg = c =1 throughout this paper.

II. NON-EXTENSIVE ENTROPY

Introduced by Constantino Tsallis, non-extensive en-
tropy extends the conventional Boltzmann-Gibbs entropy.
This concept is particularly valuable for systems charac-
terized by nonlinearity and strong sensitivity to initial
conditions. Unlike Boltzmann-Gibbs entropy, which as-
sumes linear scaling of entropy with system size, non-ex-
tensive entropy can describe systems in which such lin-
earity breaks down. Consequently, it has applications
across a broad range of fields, including theoretical phys-
ics, cosmology, and statistical mechanics. It is particu-
larly relevant to systems with long-range interactions,
fractal structures, or memory effects [56, 78].

A. Barrow entropy

Barrow proposed that quantum gravitational correc-
tions could modify the classical smoothness of the event
horizon, leading to horizon geometry with fractal fea-
tures. This modification suggests that the standard area
law governing black hole entropy may not hold exactly.
To quantify the degree of geometric irregularity, a para-
meter A is introduced to characterize the extent to which
the horizon deviates from a smooth two-dimensional sur-
face. Incorporating this modification, the entropy associ-
ated with a black hole can be expressed as [79, 801]:

2
SBZ(SBH)H%v SBH=S§+A, (H
where the parameter satisfies 0 <A < 1. When A =0, the
horizon remains undeformed, and the expression reduces
to the standard Bekenstein-Hawking entropy. In contrast,
nonzero values of A capture the effects of the fractal
structure induced by quantum gravity. Conceptually, a
nonzero A indicates that the microstructure of spacetime
at the event horizon departs from classical smoothness,
potentially reflecting the underlying quantum gravitation-
al degrees of freedom. Thus, Barrow entropy provides an
effective framework for modeling these quantum gravita-
tional corrections without requiring a detailed specifica-
tion of the microscopic theory.

B. Rényi entropy

Rényi entropy is a form of non-extensive entropy that
has been employed in studies of black hole thermody-
namics [56, 57, 81]. It provides a generalized entropy
measure that extends beyond the additive framework of
the Bekenstein-Hawking entropy. A key feature of this

framework is the parameter 4, which quantifies the devi-
ation of the entropy from extensivity. This generalized
entropy construction is valuable for black hole thermody-
namics because the microscopic horizon degrees of free-
dom can exhibit interactions that are not accounted for
within conventional Boltzmann-Gibbs statistics. The
Rényi entropy associated with a black hole can be ex-
pressed as

1
SR = iln(l +ASBH)7

eBSr —1
Spu = T 2

The parameter 1 in non-extensive entropy plays a
pivotal role in defining the entropy function. In this ex-
pression, the factor (1+ASpy) must be dimensionless.
Since the physical dimension of Sgy is [L?], the physical
dimension of 4 is [L72]. From the perspective of thermo-
dynamics and statistical mechanics, the parameter 4 in
this entropy should satisfy 0 <A <1 [57].

C. Sharma-mittal entropy

Sharma-Mittal entropy constitutes another important
class of nonextensive entropy that unifies and general-
izes both Rényi and Tsallis entropies. This entropy has
found prominent applications in cosmology; for instance,
it can account for cosmic accelerated expansion through
an effective description of vacuum energy. Although
various nonextensive entropies have been widely adop-
ted in black hole research, Sharma-Mittal entropy re-
mains underexplored in the context of black hole thermo-
dynamics. This motivates us to investigate the thermody-
namic characteristics of black holes from the perspective
of Sharma-Mittal entropy, treating black holes as strongly
coupled gravitational systems [82—84].

It can be expressed as follows:

Ss=1 (g5 1),

dSsm =(1 +ﬂSBH)EildSBHv
0Sgu

B
=(1+aSsw)' @, 3)
aSM

A
In this expression, S7 = 1 where A =4nr2 and r, is

the horizon radius, represents the Tsallis entropy. The
parameters o and S are free parameters that must be de-
termined by fitting the results to observational data. We
note that the factors (1+4S7) and (1 +aSsy) are dimen-
sionless; therefore, a and S both have dimensions of
[L72]. Notably, when « — 0 and « — B, the Sharma-Mit-
tal entropy reduces to the Rényi and Tsallis entropies, re-
spectively [85].
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III. MODIFIED SPACETIME GEOMETRY FROM
MODIFIED HORIZON ENTROPY

In classical general relativity, the standard procedure
is to specify an energy-momentum tensor, solve for the
metric components, and then compute the corresponding
horizon entropy. Conversely, concepts such as emergent
gravity and the holographic principle suggest that gravity
may arise from entropic or informational degrees of free-
dom, emphasizing the fundamental role of entropy.
Guided by this perspective, we propose a straightforward
approach in which the spacetime geometry is derived dir-
ectly from the horizon entropy.

The general static spherically symmetric line element
is given by

ds = —f(rd + £ ("dr* + A(d&* +sin’6d¢®),  (4)

The event horizon r, is defined by f(r,) =0, and the
Hawking temperature is obtained from Tgy = f'(r;)/4n.
The first law of black hole thermodynamics is written as
follows:

dM = TBHdSBH~ (5)

For a static, spherically symmetric spacetime, when
the Bekenstein-Hawking entropy Sy of the black hole is
corrected to S, the state parameters of the black hole must
satisfy the first law of thermodynamics, namely

po K _ L) M _ M 0Sw

oM _ A
2r 4x  8S  OSpy OS ’

_BHaS

(6)

Note that the parameters introduced through entropy
corrections are treated as constants. How corrected en-
tropy affects the spacetime geometry of black holes is a
question of broad interest. Recently, the authors of [75,
76] proposed an entropy-geometry correspondence
scheme to address modifications of the spacetime metric
induced by corrected entropy. A key aspect of this ap-
proach is to replace the coordinate function r in the
Schwarzschild metric with S, thereby determining the in-
fluence of entropy corrections on the metric and the res-
ulting photon sphere. The authors of [77] proposed im-
posing the condition that the temperature of the van der
Waals system equals the Hawking temperature of the
black hole, yielding the spacetime metric corresponding
to the van der Waals black hole. This idea has opened a
new avenue for investigating metric modifications in-
duced by corrected entropy. The correction of black hole
entropy arises from attempts to incorporate the effects of
quantum gravity theories into classical black hole thermo-
dynamics. Regardless of the method used to obtain the
entropy correction terms, the main constraints are to keep

the black hole's parameter M constant, leave the position
of the black hole's event horizon unchanged, and ensure
that the black hole's thermodynamic quantities satisfy the
first law of thermodynamics. We now discuss how to de-
rive the spacetime metric corresponding to entropy cor-
rections under these constraints.

We assume that the backreaction induced by an arbit-
rary entropy function can be reflected in the spacetime
metric; that is, the Schwarzschild metric Eq. (4) is modi-
fied to

ds = —f(r,a,ﬂ---)dtz+f"l(r,a,ﬁ~~~)dr2
+72(d6” + sin*Adg?), (7

where «,8,--- denote the parameters introduced by differ-
ent entropy corrections. These parameters are required to
satisfy

iaf(r’a’ﬁ"")

=T
4n or ’ ®)

r=ry

where T is given by Eq. (6). Second, the position of the
black hole event horizon r, must satisfy f(r.,a,B,---)=
0, under the condition that r, =2M remains unchanged.
Under these constraints, we take

0S gu
aS

f(rsa"ﬂv'“): f(r)’ (9)

2M
where f(r)=1- —- Since the photon sphere is located

outside the horizon, typically at r ~3M in the Schwarz-
schild case, its position and the shadow radius are sensit-
ive to the extension of the metric away from the horizon.
One can add corrections satisfying

6f(ri)=0,  6f(r)=0. (10)

Hence, Eq. (9) indicates that the corrected black hole

BH
S =0 or f(r). From Egs.

(1), (2), and (3), we find that WBH

the same horizon position but changes the radius of the
photon sphere. Furthermore, Eq. (9) must reduce to the
Schwarzschild black hole case when all parameters
a,B,--- are set to zero. To investigate the influence of en-
tropy on the metric, we adopt the method proposed in
Refs. [75, 76] for extending the black hole horizon rela-
tion; that is, we extend the Bekenstein-Hawking entropy
Sgy = 7r2 to Spy — nr? and replace r, in the various cor-
rected entropies with r.

Thus, the components of the Einstein tensor G can
be calculated from the metric (9). As shown in Ref. [86]

event horizon depends on

#0, which preserves
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]d (10 2Y S PR sy Py 70 _1

Gi=Gr = YOb) Jrop)Zl gy

r dr r?

&frap,--) 1df(rap,)

6 _ 9 9 9 - 9 9, bl
G = 2dr? T dr ' (12)
From the field equations of general relativity

G" = 8xT", (13)

We conclude that a nonzero effective stress-energy
tensor arising from the Extended Generalized Uncer-
tainty Principle (EGUP) can be obtained. In particular,
we define T# = (—p, p,, ps, P1), Where

p=-G,, p=-p, p=Gj (14)

It should be noted that this relation reflects a radial
equation of state similar to that of vacuum or dark energy
[61, 75, 76]. However, because p, # p;, the effective mat-
ter sector arising from entropy is anisotropic. Con-
sequently, the deviation of the entropy function from the
standard area law acts as a geometric source, generating
an anisotropic stress-energy tensor without requiring the
introduction of explicit matter fields. In this sense, the
corrected entropy manifests as an effective, emergent
gravitational matter content associated with the micro-
scopic structure of the horizon. This conclusion is con-
sistent with the discussions in Refs. [75, 76] and with res-
ults obtained by considering the generalized uncertainty
principle [66].

The motion of massless photons along geodesics is
governed by the Lagrangian density [43, 44, 87, 88]

1 v
H= Eg# p;tpv = 0’ (15)

dx
where pu = di/; denotes the generalized momentum, and

A is the affine parameter. Owing to the spherical sym-
metry of this system, we focus on equatorial geodesics
with 6 = /2, for which the Lagrangian simplifies to

_f(r’“’ﬁ"")(ji)2+f'f<r,a,ﬂ,...)<g;>2
i) = (16)

where 7 denotes the proper time. Moreover, the static,
spherically symmetric spacetime admits two conserved
quantities, given by

OH .= OH
E=—-—=f(na,B,-)i, L=—-— =r%. (17)
of 0P

Using ds? =0, the radial component of the geodesic
equations can be expressed as

1 dr\? f(r,a,B,--+)
B (d/l) T (18)
We rescale the affine parameter A by A/|L|, where
b =|L|/E denotes the impact parameter, and L and E are
the conserved angular momentum and energy of the
photons, respectively. From Eq. (16), the effective poten-
tial governing the propagation of light rays is defined as

r

Ver(r) = (19)

The radius r,, of unstable circular null geodesics,
which form a photon sphere, is determined by the follow-
ing conditions

Veff(rph) = V,eff(rph) =0, V”eff(rph) <0, (20)

1
bon’
where by, is the corresponding impact parameter.

For a fixed impact parameter, the radial motion of
photons can be treated analogously to that of a particle in
a classical potential field, such as a gravitational or cent-
rifugal potential. This analogy facilitates visualization of
the photon's dynamical evolution. Here, the radius of the
unstable photon sphere is denoted by r,h, which is de-
termined by the implicit expression

rphf/(rph’a’ﬂ’"')_Zf(rph’a"ﬂ"”):0' (21)

The critical impact parameter is given by

L r
by = — = |
P EL' Vf(raa’ﬁ"") Tph

(22)
IV. APPLICATION OF DIFFERENT ENTROPY
CORRECTIONS

A. Barrow entropy

Substituting Eq. (1) into Eq. (9), we obtain the space-
time metric corresponding to Barrow entropy.

fo(r,A) = f(). (23)

2+ A)rdi2ps
From Eq. (23), the position of the black hole's event
horizon is determined by f(r,) = 0, the black hole's radi-

S BH
) oL ,
ation temperature is 12\ 35 r=r+f (r+), and the
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black hole parameter is M. As shown in Eq. (23), when
0<A<1 and r>2M, the factor @+ Mrdiarh is smooth,

indicating that f3(r,A) has no horizons other than the
event horizon at r = 2M. The Kretschmann scalar

WUYPpo
R,uvp(rR

A8 fp(r,A)+4f3(r,A)+ 4 f2(r,A) + r* f2(r, A)
= o )

24)

Outside the event horizon, the curvature quantities re-
main finite and regular everywhere.
From Egs. (11) and (12), we obtain

. 2 2MA 1
G, =G, = (2 + A)yrdi2 a2 ( _A+1> T

r r
20 2M-r
e (5)
PN 2+ A)mh2pat2 r
(@)
g )
2 2MA 1
—f —
Gi_G@‘(zm)nA/er( r _A+1)_r7' 23)

2A <2M—r> <0
> (24 A)A/2pAe2 r :

72 - rA> <0

2+ A2 :
When A =0, the metric reduces to the Schwarzschild va-
cuum.

We now briefly examine the energy conditions of the
corrected spacetime. For M >0 and A >0, the effective
energy density is positive, p > 0. Since p+ p, =0 holds
along the radial null direction, the null energy condition
(NEC) is saturated. Along the tangential direction, we ob-
tain p+ p, =0, which also saturates the NEC. Further-
more, p>0 ensures that the weak energy condition
(WEQ) is satisfied. We find that p+ p, +2p, =2p <0, im-
plying that the strong energy condition (SEC) is violated.
The dominant energy condition (DEC) holds only when
p>0 and |p;] < p. As observed, the effective matter sec-
tor behaves as an isotropic fluid with positive energy
density and an isotropic pressure satisfying p = —p. Such
stress-energy configurations cannot be produced by con-
ventional classical matter and arise from the quantum-
gravitational or fractal corrections introduced by the Bar-
row entropy modification. Therefore, the SEC violation is
not a pathological feature of the spacetime; rather, it in-
dicates the existence of an effective non-classical matter
source that sustains the modified horizon geometry [75].
Substituting Eq. (23) into Eq. (19), we obtain

For 0 <A <1, because r>2M

Taking M =1 gives r >2; hence,

1
Ver(r) = ; f). (26)

2+ A)ymd/2pp

Setting r = Mn (2 < np < o), we obtain

1 2 2
1+A/4 — -
(M) Veff(n) - )71+A/4 (2 +A)7TA/2 (1 )7) . (27)

For different values of A, we obtain the corresponding
QM) **V.4(n) -1 curves based on Eq. (27), as shown in
Fig. 1.

Substituting Eq. (23) into Egs. (21) and (22), we ob-
tain

2M@B+A)
T TN
V2ZM@B+ AP 1 2M3 + A)\ A
bpsa = — . (28)
(2+A) 2+A

Here, rpna and by, denote the photon sphere radius and
the corresponding critical impact parameter of the black
hole with Barrow entropy.

Figure 2 presents the ryua —A and by — A curves for
M=1 and 0<A<I. Figures 1 and 2 show that, as the
entropy correction parameter A increases, the maximum
value of the effective potential decreases, the photon-
sphere radius rya decreases, whereas the critical impact
parameter b, increases.

The latest Very Long Baseline Interferometry (VLBI)
observational results for Sagittarius A* from the Event
Horizon Telescope (EHT) [89—92] are given by

bpsa
4.55 < bpy 522, 1.516< pT <174, (lo),

bpsa
421 < by 5.56, 1.403 < "T <185 Qo). (29)

Constrained by Eq. (29), the Barrow entropy paramet-
er A is determined to lie in the range 0 < A < 0.004 at the

(M)1+A/4 Veff
0.207

0.18¢
0.16}

0.14}

2 3 4 5 6]/

Fig. 1.
ent values of A.

(color online) The M'***V () —n curves for differ-

115110-6



Photon spheres and shadows of black holes with modified entropy-inspired metrics

Chin. Phys. C 50, 115110 (2026)

Ghﬁ/ b psA
6,
B(0.0625.56)
51 A0.0045.22)
4,
- phA_A
I psA_A
3
2 1 1 1 J
0.02 0.04 0.06 O.OBA
Fig. 2.  (color online) The rya—A and by, —A curves for

M=1and0<A<I.

lo level (corresponding to point 4 in Fig. 2) and
0 <A <0.062 at the 20 level (corresponding to point B in
Fig. 2). The region between the two red lines represents
the 1o constraint interval, whereas the region between
the two orange lines represents the 20~ constraint interval.

B. Rényi entropy

Substituting Eq. (2) into Eq. (9) yields the spacetime
metric corresponding to the Rényi entropy.

fo(r, ) = (1 + 7)) f (7). (30)

As shown in Eq. (30), for 0 <A< 1 and r>2M, the
factor (1 +n4r?) is continuous and smooth, indicating that
fr(r, ) admits no horizons other than the event horizon at
r=2M. In this case, the Kretschmann scalar has the same
form as in Eq. (24), and the analysis indicates that it is
well behaved and nondivergent.

Using Egs. (11) and (12), we derive

M aM
G§=G:=3n/l—47r/l— =7l (3—7>,

Gﬁ-ml(B—%) 31)

r

When A =0, the metric reduces to the Schwarzschild
vacuum. Note that for M >0 and r>2M, the effective
energy density is p < 0. Because p+ p, = 0 along the radi-
al null direction, the NEC is saturated. In the tangential

direction, p+p: = 2TM >0; thus, the NEC is satisfied.
Since p<0, the WEC is violated. We find that
p+p,+2p;=2p >0; therefore, the SEC holds. Finally,
because the conditions p > 0 and |p;| < p are not satisfied,
the DEC is also violated.

Substituting Eq. (30) into Eq. (19), we obtain

Ver(r) = [T+ 200 (32)

2
Setting r = 3Mn with 3 <M<, we have

E 2
(1+3XUZ) (1—5)
Mveﬁ(n) = 377 s (33)

where y = 127AM?. For different values of y, we obtain
the corresponding MV.; —n curves based on Eq. (33), as
shown in Fig. 3.

Substituting Eq. (30) into Egs. (21) and (22) yields

@_21_ 1-x

3M X ’

byt _ 21-VT-x)

3M ¥ 3 2\
X (1‘3@_* \m) (“;((I‘MD)

(34

Here, rpa and by, denote the photon sphere radius and
the corresponding critical impact parameter of the black

Foh
hole with Rényi entropy. Figure 4 presents the 37M X

bpsa
and 37M —X curves for M = 1. It can be seen from Fig. 3

and Fig. 4 that, as the entropy correction parameter y in-
creases, the maximum value of the potential V4(n) and

" ph
the position of the photon sphere 3%; increase, whereas
bpsa

the critical impact parameter m decreases. Subject to

Eq. (29), the allowed range of the parameter y(1) in the
Rényi entropy is determined to be 0 < y(2) <0.37, (10)
(corresponding to point 4 in Fig. 4) and 0 < y(1) < 0.597,
(20) (corresponding to point B in Fig. 4).

MV
0.24¢
0.22¢
0.201
0.18} }
0.161 -------------
0.4} T
0.12¢

0 1 2 3 4 57
Fig. 3.
ues of y.

(color online) The MV.s— curves for different val-
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pid Byt
3M 3M
201

A(0.37,1516)

B(0.597,1.403)

o
M

bpst.

M

ot
bpsA _

M

0.1 0.2 0.3 04 05 0.6
Tpha

(color online) The 3 X curve and the

Fig. 4.

curve for M =1.

Comparing Fig. 2 with Fig. 4 shows that the trends of
the photon sphere position r,, and the critical impact
parameter b, with the parameter A in the Barrow en-
tropy differ from those with the parameter 4 in the Rényi
entropy; indeed, the two trends are exactly opposite.
From Fig. 1 and Fig. 3, the trends of the effective poten-
tial Vg with A and A are also exactly opposite. This indic-
ates that the parameter A in the Barrow entropy and the
parameter 1 in the Rényi entropy play different roles in
black hole deformation. The spacetime in Eq. (30) is not
asymptotically flat. In such spacetimes, although the crit-
ical impact parameter by, given in Eq. (22) can be defined
globally, its direct correspondence to the black hole's
shadow size observed by an observer is no longer
straightforward. A more precise discussion would re-
quire the application of the ray-tracing method. However,
for simplicity, this work discusses only the critical im-
pact parameter b,, and a more quantitative ray-tracing
analysis is not considered.

C. Sharma-mittal entropy

Substituting Eq. (3) into Eq. (9) yields the spacetime
metric corresponding to the Sharma—Mittal entropy.

1
Jom(ra.f) = —————f(). (35)
(1 +nBr*)s

As shown in Eq. (35), for @ >0 and 8> 0, the factor

1
7— 18 continuous and smooth for r > 2M. This

(1+nrpr1)B”-

indicates that fsv(r,,B8) has no horizons other than the
event horizon at r=2M. In this case, the Kretschmann
scalar has the same form as in Eq. (24), and the analysis
indicates that it is well behaved and does not diverge. Us-
ing Egs. (11) and (12), we derive

2
e A — <2n(ﬂ—a)f(r)+ %) -1
(1+7Br2)8 d d
Gy = G = 771@—0{1 [—2mar’ f(r)

(1+78r2)6"!

+(1+7B8r) f(r) +2(1 + 7BrH)).
(36)

As @ —> B, G'=G. - 0 and G — 0, so the metric re-
duces to the Schwarzschild vacuum. For « — 0 with
B =0, we have

G§=G;=27rﬁf(r)+7r,3=7rﬁ<3—4TM> >0, p<0

G4 =Gy=nB[f(r)+2] 0. (37)

Note that for M >0, >0, 8> 0, and r > 2M, the ef-
fective energy density is negative, p <0. Since p+p, =0
along the radial null direction, the NEC is saturated in

aM
this direction. In the tangential direction, p+ p: = - >0;

therefore, the NEC holds. Since p <0, the WEC is viol-
ated. We obtain p + p, +2p, =B [f(r)+2] > 0, which im-
plies that the SEC is satisfied. Finally, the conditions
p>0 and |p]<p cannot be simultaneously satisfied;
therefore, the DEC is also violated. For 8> a > 0,

27(B— 147pr) s
Gi=G = TP piy L) P 1oy <,
(1+7nBr2)k 4
Gf =Gy > 0.
(38)

Accordingly, for B>, the set of satisfied energy
conditions is identical to that in the limit @ — 0 with
B =0. The SEC remains satisfied, whereas the DEC is vi-
olated because the constraints p >0 and |p;| <p are not
satisfied.

Substituting Eq. (35) into Egs. (21) and (22), we find
that the position of the photon sphere satisfies

3M + Mﬂrgh(Za +B) = Toh— a/ﬂrsh =0, (39)
By introducing the dimensionless parameters x = anM?

and y=pBrM?, and parameterizing rn. = rpn = 3Mn

(g <n <o), Eq. (39) can be transformed into

14377 2x+y)—n—9x° =0, (40)

When x(@) =0 and y(8) =0, Eq. (40) reduces to the
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photon sphere position of the Schwarzschild black hole.
In the following, we solve Eq. (40) by considering
two cases.

1) When x(a) =
Eq. (40) can be written as

1+3y* =5 =0. (41)
+1-12
Solving this equation, we obtain 77 = Ty It
1
follows that 0 <y < L and only the negative sign is ad-

missible. This is because, when the positive sign is
chosen and y — 0,  diverges, which does not satisfy the
requirement. Thus, we obtain

IR = v AR B o b
= 6y C3M 6y ’
byy L r B
3M  E. NIy,
|- \T=T
6y (1 +4iy(1 —\I=12y 12y)2) (1 - jly——lzy)
(42)

Note that, in this case, ryny, = rpn and by, = bys denote
the photon sphere radius and the corresponding critical
impact parameter, respectively, of the black hole with
Sharma—Mittal entroi)y when x(a) =0. Figure 5 shows

e
the 3[)1‘; ¥(B) and *—y(ﬂ) curves when M =1 and
x(@) =0. Figs. 6 and 5 show that, when x(a) =0, the
maximum value of the effective potential V¢ increases as
y(B) increases. For the black hole associated with the

Sharma-Mittal entropy, the position of the photon sphere

’_’M/b!ﬂ
3M 3M
201

A(0.030,1.516)

M \

B(0.049,1.403)

3y X(@)=0
10 L L L L L J
0.01 0.02 0.03 0.04 0.05 OAOGy(m

, .
Fig. 5. (color online) The ;p;"/‘l —y(B) and 3;/'} —y(B) curves
for M =1.

Tony iNcreases as y(B) increases, whereas the critical im-
pact parameter b,,, decreases. Under the constraint in Eq.
(29), when x(a) = 0, the admissible range of the paramet-
er y(B) in the Sharma-Mittal entropy is 0 < y(8) < 0.030 at
(1o) (corresponding to point 4 in Fig. 5) and 0<
y(B) <0.049 at (207) (corresponding to point B in Fig. 5).

MVyy
0.24f
022}
020}
0.8}
0.16]
0.14f
012}

¥(6)=0.01

x(a)=0

0 1 2 3 4 57
Fig. 6.
ues of y(B).

(color online) The MV.;—n curves for different val-

Substituting Eq. (35) into Eq. (19), we obtain

1 1 2
MVer(n) = Y A (1 - 37) ) (43)
TV (1 +9ym2)y g
when x(a) =0
1 2
MVer(n) = 3 (L+9y7%) (1 - 377) (44)

By assigning different values to y(8), we obtain the
corresponding MV, —n curves based on Eq. (44).

A comparison of Fig. 4 with Fig. 5 shows that the
photon sphere position r,,, of the black hole associated
with the Rényi entropy varies with the correction para-
meter y(8) in a manner similar to the photon sphere posi-
tion ry,, and critical impact parameter by, of the black
hole associated with the Sharma-Mittal entropy when
x(a) = 0. Similarly, a comparison of Fig. 6 with Fig. 3 in-
dicates that the variation patterns of the entropy-correc-
ted effective potential V.z with respect to r(n) are also
similar. Thus, the optical properties of the black hole as-
sociated with the Rényi entropy are similar to those of the
black hole associated with the Sharma-Mittal entropy
when x(a) =

2) When y(B) = constant # 0 or x(a) = constant # 0.

The solution to Eq. (40) is

115110-9
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2 2
3@y, @xty)

- 27x 9x (43)
where
_ 4 AN AN BN CASN A
Y= -3+ (2>+(3)+ 2 (2) +(3)’
_ 1 (2x+y)2_1
p= Ox 3x ’
3
q:_i 1+2(2x+)2)) 2x+y) .
9x (9x) 9x

(46)

Substitution of Egs. (45) and (46) into Egs. (19), (21) and
(22) yields

_X 2
MV(r,x,y) = —  (1+9y2) > (1 - 377) 47)
Ty _ by L1
3M ~ " 3M T E. NJal,,,
- n (48)

x 2\

(1+9ym)’ y(l——f)
3n

Here, 7pny =7 and by, = b, denote the photon sphere

radius and the corresponding impact parameter, respect-

ively. In the following, 7oy =7 ="rpne and by, =

bps = bys, for a fixed y(8), whereas rpny = rpn = rpny and

bpsxy = bps = by, for a fixed x(a). Fbrom Egs. (45) and (48),
hx

for a given y(B), we can plot the 5, —x(a) and —x(@)

P
M M
urves. Slmllarly, for a given x(a), we can plot the

3];:; —y(B) and 3 M—y(ﬂ) curves. Given the constraint con-

ditions satisfied by x(a) and y(8), we have also plotted
the MVq(r,x,y) —n curves for fixed x(a) or y(8) based on
Eq. (47).

Figures 7 and 8 show that, for a fixed value of x(«a),
the photon sphere radius r,,, of the black hole associated
with Sharma-Mittal entropy increases as the correction
parameter y(B) rises, whereas the critical impact paramet-
er by, decreases accordingly. Meanwhile, the maximum
value of the effective potential V.4 increases with increas-
ing y(8). In Fig. 7, we have marked the allowable ranges
of y(B) constrained by Eq. (29) for different values of
x(a). It is evident that the bounded interval of y(B) ex-
pands toward larger values as x(a) increases. Con-
strained by Eq. (29), when x(a)=0.3, the permissible
range of the parameter y(8) in the Sharma-Mittal entropy
is 0 <y(B) <0.365 (10) (corresponding to point 4 in Fig.
7(a)) and 0 < y(B) <0.406 (20) (corresponding to point B
in Fig. 7(a)). When x(a) = 0.4, the corresponding range of
y(B) is 0.397 < y(B) < 0.474 (10) (corresponding to points
A and A’ in Fig. 7(b)) and 0.366 < y(8) < 0.522 (207) (cor-
responding to points B and B’ in Fig. 7(b)). When
x(a) = 0.5, the allowed values of y(8) are 0.497 < y(B) <
0.583 (10) (corresponding to points 4 and A’ in Fig. 7(c))
and 0.462 < y(8) <0.636 (20) (corresponding to points B
and B’ in Fig. 7(c)).

oy Opy Tl Oy by oy gy
IM3IM 3 M IM IM3IM

20

B(0.366,1.85) 2%
18 18—\‘\_ : w.ss)
165 A03651506) 16} A0 A(0474,1516) A0497,174) K(05831516)
15 =
14 14F
B(0.406,1.403) B/(0522,1:403) B/(0.636,1.403)
12 12p
__/ 1.0//
10 1‘0—,_ —
ol ' 08l — ) — =5
" g 05F b
w e X(@)=03 W _ ;»_ﬂ(ﬂ) X(@)=0.4 w7 P X(a)=05
0.1'36 0,1’38 0“40 04‘42 O.li4 0,4‘l6 0“48 OEOy(ﬁ) 0‘40 0.45 0. l50 0.‘55 OéOy(ﬁ) 0.40 0.115 0.‘50 0‘55 0.‘60 O.éﬁ 0.‘70 0‘75y(ﬁ)
(a) (b) (c)
Fig. 7. (color online) The ‘;}C/} —y(B) and W —y(B) curves for different values of x(a).

Figures 9 and 10 show that, for a fixed value of y(B),
the photon sphere radius 7, of the black hole associated
with Sharma-Mittal entropy decreases as the correction

parameter x(«) increases, whereas the critical impact
parameter by, grows accordingly. In addition, the max-
imum value of the effective potential V.; decreases with
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MV

0.20

0.10

0.05

1 2 3 27
Fig. 8. (color online) The MV.; —n curves for different val-
ues of y(8) with x(a) = 0.4.

y(B) = 0.55, the range of the parameter x(a) for Sharma-
Mittal entropy is confined to 0.452 < x(a) <0.469 (10)
(corresponding to points 4 and A’ in Fig. 9(a)) and
0.424 < x(a) £0.519 (20) (corresponding to points B and
B’ in Fig. 9(a)). When y(B) = 0.60, the admissible para-
meter range is 0.515 < x(@) <0.602 (1o) (corresponding
to points 4 and A’ in Fig. 9(b)) and 0.468 < x(@) < 0.642
(20) (corresponding to points B and B’ in Fig. 9(b)).
When y(B8) =0.65, the range of the parameter x(a) for
Sharma-Mittal entropy is confined to 0.561 < x(a) < 0.653
(10) (corresponding to points 4 and A’ in Fig. 9(c)) and
0.511 < x(@) £0.694 (207) (corresponding to points B and

increasing x(a). Constrained by Eq. (29), when B’ in Fig. 9(¢)).
e B e By s By
3]\2/[073M 312/[073M 3]\2/[o M
' B(0591,1.85) ' B(0645,1.85) W
181 181 18
160 oy 516)/;(0.552‘1 T4) 16 A0S1515%6 A(0.602,1.74) 161 A0861.1516) A(0.653,1.74)
14F 14k fa—
B(0.424,1403) B(0.468,1.403) B(0.511,1.403)
12 12 12
1.0\ mK o o
0af T @ 0} — @ 0ff @
osf T @ 1B055 wsf T @ Y6050 w6l e Ya-0%
0 050 05 060 2554(Q) 050 05 0 065 (@) 050 05 00 06 070 asi(@)
(a) (b) (c)
Fig. 9. (color online) The ;’2’/‘1 —x(e) and % —x(a) curves for different values of y(8).
MV constrain the admissible ranges of the characteristic para-
meters introduced in various entropy correction models.
0.20¢ Accordingly, our findings provide a useful reference for
further investigations of parameter constraints in modi-
0.15} fied entropy models.
In this work, we demonstrate that distinct modified
040! entropies lead to markedly different physical results. For
the Barrow entropy, an increase in the correction para-
meter A reduces the photon sphere radius r,n,, increases
0.05 the critical impact parameter by, and lowers the effect-
ive potential V.g(1). For the Rényi entropy, a larger en-
: : : =7 tropy correction parameter A increases the photon sphere
1 2 3 4 radius ., decreases the critical impact parameter by,
Fig. 10. (color online) The MV.; —n curves for different val- and strengthens the effective potential V,z(r, ).

ues of x(a) at y(B) = 0.6.

V. CONCLUSION

By investigating the photon sphere radius, critical im-
pact parameter, and effective potential in spacetimes
modified by different entropy corrections, and by com-
paring the numerical results with the latest Event Hori-
zon Telescope (EHT) observations of Sagittarius A*, we

As illustrated in Fig. 7 and Fig. 8, for a fixed value of
x(), the photon sphere radius r,,, of the black hole asso-
ciated with Sharma-Mittal entropy increases as the cor-
rection parameter y(8) rises, whereas the critical impact
parameter by, decreases accordingly. This behavior is ac-
companied by an increase in the maximum value of the
effective potential V.q4(r,x). By contrast, as shown in Fig.
9 and Fig. 10, for a fixed value of the other Sharma-Mit-
tal entropy parameter y(8), an increasing correction para-
meter x(a) leads to a smaller photon sphere radius ry,, a
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larger critical impact parameter by, and a lower effect-
ive potential V.4(r,y). These results indicate that the evol-
utionary behaviors of the effective potential, photon
sphere radius, and critical impact parameter with respect
to the entropy correction parameters differ significantly
among different modified entropy scenarios.

This conclusion offers valuable insights into the un-
derlying physical nature of entropy corrections. Further-
more, the present study opens several promising avenues
for future research. First, the analysis can be extended to
multi-parameter and rotating black hole spacetimes to ex-

plore the optical properties of entropy-corrected black
holes and broaden the scope of black hole physics re-
search. Second, with the continuous improvement in the
resolution and sensitivity of future Very Long Baseline
Interferometry (VLBI) facilities, more precise constraints
on the parameters of various entropy corrections can be
achieved, which will further refine the relevant theoretic-
al models. Meanwhile, our theoretical results provide
timely data for comparison with increasingly accurate as-
trophysical observations.
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