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Chaos bound for spinning particles: violation in Kerr black holes
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Abstract: In this work, we investigate the Lyapunov exponents that characterize the chaotic dynamics of neutral

spinning particles around a Kerr black hole and perform a stringent test of the chaos bound in this framework. We
carry out a systematic analysis of the dependence of these exponents on the black hole angular momentum, the

particle spin, and its total angular momentum. For a non-extremal Kerr black hole with rotational parameter
a = +0.90, no violation of the chaos bound is observed when the black hole rotation is aligned with the z-axis. In the

anti-aligned configuration, violations occur only when the particle spin magnitude or total angular momentum ex-

ceeds a critical threshold. In the extremal case, which corresponds to a zero-temperature thermal state, the surface

gravity vanishes. Within the parameter ranges for which unstable equilibrium orbits exist, the exponents are found to

be positive. These results provide clear evidence of violation of the bound by a spinning particle in Kerr spacetime.
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I. INTRODUCTION

Chaos is an important phenomenon in nonlinear dy-
namical systems and is characterized by extreme sensitiv-
ity to initial conditions. The Lyapunov exponent (LE),
which quantifies this sensitivity, serves as a key diagnost-
ic for characterizing chaos. In classical systems, the expo-
nent is explicitly defined by the exponential growth rate
of infinitesimal perturbations along particle trajectories.
In quantum systems, however, where well-defined tra-
jectories are absent, the exponent must be inferred from
quantum probes such as out-of-time-ordered correlators
(OTOCs), which capture the scrambling of quantum in-
formation [1—4]. In a seminal work, Maldacena, Shenker,
and Stanford conjectured that, in thermal quantum sys-
tems with a large number of degrees of freedom, the ex-
ponent is constrained by a universal upper bound (the
chaos bound) [5],

< 27TkBT

4 )
h

M

where T denotes the temperature of the system, and kg
and 7 are the Boltzmann constant and the reduced Planck
constant, respectively. This conjecture has profound im-
plications for black hole physics and holographic duality
and has garnered widespread support within the research
community [6—12]. Notably, the investigation of the but-
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terfly velocity by Shenker and Stanford [13] provides a
prominent example, in which an analysis of holographic
duality and chaotic dynamics reveals a direct relationship
between the exponent and the black hole temperature.
Further support is provided by studies of the Sachdev—
Ye—Kitaev (SYK) model [14—17], which exhibits maxim-
al chaotic behavior, with its Lyapunov exponent saturat-
ing the chaos bound and thereby supporting its validity.
In the classical black hole context, Hashimoto and Ta-
nahashi [18] demonstrated that the Lyapunov exponent is
independent of both the type of external force and the
particle mass, and that it is bounded above by the surface
gravity x of the horizon, as expressed by the inequality

A<k )

By exploiting the thermodynamic relation between sur-
face gravity and temperature, this result is consistent with
the conjectured MSS bound and suggests a universal be-
havior spanning both the classical and quantum regimes.
However, subsequent studies revealed that this bound
can be violated. When charged particles orbit charged
black holes, electromagnetic interactions make it pos-
sible to tune the charge-to-mass ratio of the particles so
that they approach the event horizon of the black hole. On
this basis, Zhao et al. investigated chaos bounds for
charged particles around various charged black holes and
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found that the exponents for particles in Reissner—
Nordstrom (RN) and Reissner—Nordstrom anti-de Sitter
(RN-AdS) spacetimes satisfy the bound, whereas viola-
tions occur for other black holes [19]. Notably, their
study did not account for the effect of particle angular
momentum on the exponents. By incorporating this ef-
fect, Lei and Ge reexamined the bounds for charged
particles around RN and RN-AdS black holes and found
that the bound is also violated [20]. Such violations have
also been observed in other spherically symmetric space-
times [21—24], as well as in axisymmetric spacetimes, in-
cluding Kerr-Newman [25], Kerr-Newman-AdS black
holes [26], and other axisymmetric black holes [27-29].
Additional examples of such violations are reported in
[30-36].

It is noteworthy that the aforementioned studies fo-
cus primarily on charged particles outside black holes,
whereas investigations of neutral spinning particles re-
main comparatively limited. Moreover, although the or-
bital motion of spinning particles around black holes has
been widely studied, the impact of particle spin on the
chaos bound has received little dedicated attention, with
the notable exception of Ref. [37]. As shown in that
work, violations of the chaos bound do not occur as long
as the charge of the RN black hole remains below a
threshold value, irrespective of the particle's spin mag-
nitude and total angular momentum. This finding high-
lights the pivotal role of the black hole charge in trigger-
ing violations of the bound. More recently, Ref. [38] ex-
tended the study of spinning particles to the Einstein-
Euler-Heisenberg-AdS spacetime and found violations of
the chaos bound in that background as well.

In this work, we investigate the LEs characterizing
the chaotic motion of neutral spinning particles in Kerr
black hole spacetime, with the aim of assessing the ap-
plicability of the chaos bound conjecture in this context.
The centrifugal force provides the support required for
the particle's orbital equilibrium. The black hole angular
momentum, the particle spin magnitude, and the particle's
total angular momentum are identified as the key para-
meters governing these exponents. By evaluating the ex-
ponents for specific combinations of these parameters, we
seek to determine whether the chaos bound holds. In our
analysis, we systematically consider configurations in
which the black hole rotation is either parallel or antipar-
allel to the z-axis, together with cases in which the
particle spin is aligned or anti-aligned with the z-axis.
Notably, for the extremal black hole case—which corres-
ponds to a zero-temperature thermal state —we further
test the validity of the bound under this limiting condi-
tion.

The remainder of this paper is organized as follows.
In Sec. II, we review the motion of a spinning particle or-
biting a Kerr black hole and derive the radial equation of
motion. In Sec. IIl, we analyze the influence of the

particle spin, its total angular momentum, and the black
hole angular momentum on the LEs, and subject the
chaos bound to a detailed examination. The final section
is devoted to our conclusions and discussions.

II. MOTIONS OF SPINNING PARTICLES
AROUND KERR BLACK HOLE

In this section, we review the motion of a spinning
particle in Kerr black hole spacetime, a vacuum solution
of Einstein's field equations that describes a rotating grav-
itational field. In Boyer—Lindquist coordinates, the Kerr
metric is given by

2Mr 4Marsin®@
ds* =— (1——)dt2—7

g = s

2Mra®sin’ 0

2 2
+|rr+a’+
( z

2
drde + Kdr2 +Xdo?

) sin” dg?,
3)

where A=7r2-2Mr+a*> and T =r*+da?cos’6. The para-
meters M and a denote the black hole mass and rotation
parameter, respectively. The total angular momentum of
the black hole is Jpy = Ma, with a > 0 (a < 0) correspond-
ing to rotation about the z-axis in the positive (negative)
direction. The equation A=0 has two roots, r. =M=
VM? —a?, corresponding to the event horizon at r, and
the inner horizon at r_. The surface gravity of the black
hole is given by

\/MZ_a2
= o @
Iy

In the extremal limit, the inner and outer horizons coin-
cide, yielding M =la| forthe mass and angular mo-
mentum parameters. Under this condition, the surface
gravity vanishes identically, and the black hole becomes a
zero-temperature thermodynamic system.

The motion of a spinning test particle is governed by
the Mathisson—Papapetrou—Dixon (MPD) equations [39]

D 1
Dipi: = _ERCQBMVSQIB’ (5)
DSH
=p'u’ —u'p’, (6)
Dt

D
where Dr denotes the covariant derivative along the

particle trajectory, and 7 is an affine parameter of the or-
bit. R}, is the Riemann tensor, and S denotes the spin
tensor. p* and u” are the particle's four-momentum and
four-velocity, respectively. However, the above two
equations are incomplete because they do not specify the
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representative point on the test particle used to define the
spin and the trajectory. To establish the relationship
between the particle's four-velocity and four-momentum
precisely, the Tulczyjew-Dixon spin supplementary con-
dition (TDSSC) is introduced [40, 41]

PuS* =0, )

The 4-momentum and spin tensor correspond to two con-
served quantities that characterize the test particle: its
mass and the magnitude of its spin. They are expressed as
follows

m* = —p'py, @®)

28% =2m*s* = S*'S . )

Here, 5= S/m denotes the particle's specific spin angular
momentum. We set s = +5 to enable a systematic study of
two distinct physical configurations: (1) the case s> 0,
corresponding to spin aligned with the z-axis, and (2) the
case s <0, corresponding to spin anti-aligned with the z-
axis [42].

In Kerr spacetime, there are two Killing vectors,

a\“ a\*
namely (&> and (%) . The first Killing vector is as-

sociated with a conserved energy E,

1
E:Em:—p,+§g,ﬂ,yS“". (10)

- 9
The Killing vector < 9

gular momentum J, which is oriented along the z-axis.

) is associated with the total an-

1 v
J:Jm:pw—EgW’VS”. (11)

Restricting our analysis to equatorial orbits of spin-
ning particles around a Kerr black hole, we solve the
equations of motion using the MPD equations in conjunc-
tion with the TDSSC. The dynamics of spinning test
particles in Kerr spacetime have been extensively invest-
igated in several foundational works [43—48]. In the sem-
inal paper by Saijo et al. [49], the equations of motion for
the spacetime coordinates 7, ¢, and ¢ were derived as fol-
lows:

dr (
Y A—=al|l+
dr a

2+a2

2
3Ms ) [J—(a+s)E]+rTPs, (12)

X

do ( 3Ms2> a
EsAvi = 1 J_ E 7PY’ 13
A — [J-(a+s) ]+A ‘ (13)
dr
S A,— =++/R,, (14)
dr
where
M 2
r=r(1-M5), (1)
r
3M52r[—(a+s)E+J]2
A=1- ’ (16)
z
22 2
RS=P§—A{—;+[—(a+s)E+J] } (17
r
M M
P, = {r2+a2+M}E—(a+J)J- (18)
r r

To facilitate the subsequent computation of the exponent,
we derive the time derivative of the radial coordinate. Us-
ing Egs. (12) and (14), we obtain

. dr + VR,
= —=
dr IMS v (19
a<1+ s)[]—(a+s)E]+uPs (19)
X A

Here, the + signs indicate the direction of the particle's
radial motion: the positive sign corresponds to outward
radial motion, whereas the negative sign corresponds to
inward radial motion. Since our primary focus is the
particle's dynamics in radial phase space, the expression
for the derivative of the radial coordinate with respect to
the azimuthal angle ¢ is omitted. The derivation of the
above equation is based on the following assumptions:
the characteristic radius of the spinning particle is much
smaller than the curvature scale of the background space-
time, and the mass of the spinning body is much smaller
than that of the black hole [49—51].

In the spinless limit (s =0), the spin-curvature coup-
ling vanishes, and the above equations reduce to the
geodesic motion of a spinless test particle in the equatori-
al plane of Kerr spacetime. In this limit, one obtains

dr r? +a?
5. L a—ab)+ L p, 20
17 a(J—aE)+ A ; (20)
5.3 _y_ap)+ &p 1)
‘dr AT
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zs:—: —+ VR, (22)
where

T, =r, (23)

A, =1, 24

P,=E(r’+ad’) —al, (25)

R =[E(P+d) —al]’ = A[P+(-aE)]. (26)

This is the standard radial potential for a massive spin-
less particle in Kerr spacetime. Therefore, the case s=0
provides a consistency check for the present formalism
and serves as the baseline for identifying the effects of
particle spin [52]. This analytical reduction confirms the
consistency of the equations of motion. A quantitative
comparison with the known extremal Kerr geodesic res-
ult is presented in Sec. I11.C.

III. EXAMINATION OF CHAOS BOUND

In this section, we conduct numerical investigations
to assess the validity of the bound by analyzing the equat-
orial orbital dynamics of a spinning test particle around a
Kerr black hole. Two spin configurations are considered:
s> 0, corresponding to spin aligned with the z-axis, and
s <0, corresponding to spin anti-aligned with this axis.

A. LE

The particle's dynamics can be characterized by ana-
lyzing its radial effective potential, which governs orbital
stability and is closely related to the LE. Previous work
has established that the exponent is determined by the
second radial derivative of the effective potential [53].
Here, we derive the exponent that characterizes the chaot-
ic motion of a spinning test particle. We begin by consid-
ering the particle's motion,

1
Em# + Ve = 0. 27)

For motion near an equilibrium orbit, the radial coor-
dinate can be written as r(¢) = ry + €(r), where r, denotes
the radius of the unstable orbit. Substituting this expres-
sion into Eq. (27) and performing a Taylor expansion
yields

1 de\?
3 (m (d—f> + V;;}.(ro)é) +Vei(ro) +0(€) =0, (28)

In the above equation, € = €(f), and O(e) denotes the high-
er-order terms with respect to €. By neglecting the high-
er-order and constant terms, it is straightforward to see
that the coefficient of €? corresponds to the LE [32, 54]

Vi)
=8

2= (29)

where 1 denotes the exponent. By solving Eq. (27), the
effective potential can be expressed in terms of the radial

equation of motion as Ver(ro) = —Emfz. Substituting this

expression into the above equation, the exponent can be
rewritten as

1 di?
2— —_
A= 5 33 ) (30)

r=ry

It is evident that the value on the right-hand side of the
equation can be positive, negative, or zero. Specifically,
negative values indicate convergence of the radial mo-
tion, whereas positive values correspond to divergent be-
havior [19]. In the case of a positive value, even infinites-
imal perturbations undergo exponential amplification,
thereby indicating the presence of chaotic dynamics. The
present study aims to explore the relationship between the
exponent and the chaos bound.

B. Chaos bound in non-extremal Kerr spacetime

We now proceed to numerically calculate the expo-
nent characterizing the chaos of the spinning particle and
the surface gravity of the Kerr black hole. This is
achieved by adopting specific values for the parameters
associated with the black hole and the particle. In the nu-
merical calculations, we set the black hole mass to M = 1.
This choice fixes the length scale of the system, and all
parameters are given in units of M. Subsequently, through
a comparative analysis of the magnitudes of these two
calculated quantities, we aim to test the chaos bound.

It is essential to accurately identify the unstable equi-
librium orbits of the particle. These orbits are determined
by the conditions Veg(ry) = Vig(ro) =0 and V/i(ry) <0. In
Fig. 1, we present the effective potential as a function of
the radial coordinate. As shown, when the spin is parallel
to the z-axis, increasing the spin magnitude shifts the ra-
dial position of the maximum of the effective potential to
smaller radii, indicating that the unstable equilibrium or-
bit moves closer to the event horizon and thereby redu-
cing the separation between the orbit and the horizon.
Conversely, when the spin is antiparallel to the z-axis, in-
creasing the spin magnitude shifts the unstable equilibri-
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um orbit to larger radii, moving it farther from the hori-
zon. These results demonstrate that the particle spin plays
a crucial role in determining the location of the unstable
orbit. In particular, the curve with s =0 corresponds to
the spinless limit and serves as a reference case. For fixed
values of the black hole spin parameter and the particle's
conserved quantities, the deviations of the s# 0 curves
from this reference case show how spin-curvature coup-
ling modifies the effective potential and the correspond-
ing unstable equilibrium orbit.

We compute the surface gravity and the exponent us-
ing Egs. (4), (15), (17), (18), (19), and (30). The result-
ing dependence of the exponent on the particle spin, total
angular momentum, and black hole angular momentum is
illustrated in Figs. 2-5.

Figures 2 and 3 illustrate the influence of particle spin
on the exponents, with curves of different colors corres-
ponding to the particle's total angular momentum,
J=7,9,11,13. We consider two configurations: the black
hole rotating in the same direction as the z-axis (a > 0)
and in the opposite direction (a < 0), as shown in Figs. 2
and 3, respectively. The surface gravity is x = 0.1517839.

As shown in Fig. 2, for a fixed total angular mo-
mentum, the exponents exhibit an approximately sym-
metric distribution with respect to particle spin, attaining
their minimum near a slightly negative spin value. Re-
gardless of whether the spin is parallel or antiparallel to
the z-axis, the exponents increase monotonically with
spin magnitude, indicating that a larger spin amplitude
enhances the chaotic motion of the particle. Nevertheless,
for all spin values considered, the exponents remain be-
low the surface gravity, and the bound is not violated. For
a fixed spin, the exponents increase with total angular
momentum.

Figure 3 presents the case in which the black hole ro-
tates opposite to the z-axis (a < 0). Here, the trend of the

Vorr
0.000

-0.005F

-0.0101

-0.015-

s=-0.12
— $=-0.06
— s=0.00
— s=0.06

-0.020+ $=0.12

(a) a < 0.00

Fig. 1.
a = +0.90 is used.

curves changes significantly: the exponent varies mono-
tonically with the particle spin. It increases with the spin
when the spin is parallel to the z-axis and decreases when
the spin is antiparallel. Moreover, as the total angular mo-
mentum increases, the curves shift upward as a whole.
Once the total angular momentum exceeds a certain
threshold, the exponent surpasses the surface gravity, and
the chaos bound is violated. A comparison of the a >0
and a <0 cases thus reveals that the particle spin, the
total angular momentum, and the rotation direction of the
black hole all affect the exponent, with retrograde black
hole rotation playing a more pronounced role in trigger-
ing violations of the bound. In this comparison, the case
s =0 serves as the spinless reference, corresponding to
the geodesic limit discussed in Sec. 2. For a > 0, the res-
ults with nonzero spin remain close to this reference
value and stay below the surface gravity, indicating that
the spin correction is not strong enough to violate the
bound within the parameter range considered. For a <0,
the deviation from the s=0 case becomes more pro-
nounced as the total angular momentum increases, show-
ing that the spin-curvature coupling can further modify
the exponent beyond the effects of black hole rotation and
particle angular momentum.

Figure 4 depicts the dependence of the exponents on
the particle's total angular momentum. For a >0, the
bound remains unviolated regardless of whether the spin
is aligned with the z-axis, whereas for a <0, violations
can occur. Specifically, the exponent increases monoton-
ically with the angular momentum, implying that larger
angular momentum leads to stronger chaos. The expo-
nents vary more rapidly with angular momentum in the
low-angular-momentum regime, and this rate of change
gradually diminishes as the angular momentum increases.
For a <0, when the spin is parallel to the z-axis, the ex-
ponents increase with the spin magnitude; when the spin

Verr

0.00000 ~ r
145 1.50 A 1.65 1.70 1.75

-0.00005

-0.00010

s=-0.12
— s=-0.06
— s=0.00
— $=0.06

-0.00015

s$=0.12

-0.00020

(b) a > 0.00

(color online) The graph shows the variation of the effective potential of the neutral particle with radial coordinate, where
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Fig. 2.
LE of the particle's chaotic motion with respect to its spin,

(color online) The graph shows the variation in the

where a = 0.90 was used.

is antiparallel, the exponents decrease as the spin mag-
nitude grows. Once the angular momentum exceeds a

T e T E T AT e T TR e —e - ®- - —e K e
0.15

® J=7.00
® J=9.00

J=11.00
*® J=13.00

e o o o & 013 e o o o e o

-0.12 -0.10 -0.08 -0.06 -0.04 -0.02 0.00 0.02 0.04 0.06 0.08 0.10 0.12 °
(a) a < 0.00

A
0.16310
0.16305
0.16300
0.16295
0.16290
0.16285
0.16280

0.16275

-0.10 -0.05 0.00 0.05 0.10

(c) a < 0.00,.J = 11.00

Fig. 3.
a=-0.90 was used.

critical threshold, the bound is violated. For a > 0, the ex-
ponent increases with the spin magnitude irrespective of
spin orientation. These results indicate that when the
particle spin is parallel to the z-axis, a larger spin leads to
more pronounced chaotic behavior.

From Fig. 5, we observe that for a > 0, no violation is
detected within the explored parameter range, regardless
of the spin value. In contrast, for a <0, the gap between
the exponents and the surface gravity narrows as the mag-
nitude of the black hole angular momentum increases;
once it exceeds a threshold, the gap becomes positive,
signaling a violation of the bound. Notably, the insets of
Fig. 5 show that when the spin is parallel to the z-axis,
larger spin values shift the curves slightly upward, indic-
ating that the spin magnitude has a mild enhancing effect
on the exponent and can, to some extent, influence the
critical condition for bound violation. These findings sug-
gest that the black hole angular momentum plays the
dominant role in governing the particle's chaotic behavi-
or, while the particle spin only modulates the strength of
chaos locally, without altering the overall trend.

___________________________ P
.
0.1517 .
.
.
0.1516; M
.
.
0.1515
.
.
.
. 0.1514
.
s
-0.10 -0.05 0.00 0.05 0.10

(b) a < 000,.J =9 00

0.16965
0.16960.
0.16955
.
0.16950
© 0.16945

0.16940

-0.10 -0.05 0.00 0.05 0.10

(d) a < 0.00,.J = 13.00

(color online) The graph shows the variation in the LEs for the chaotic motion of the particle with respect to its spin, where
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Fig. 4.
gular momentum, where a = +0.90 was used.
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\ ® $=0.06 /’
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/ g
_0.06- / ]
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Fig. 5.
LE with respect to the specific angular momentum of the Kerr
black hole, for which J = 10.00 was used.

(color online) The graph shows the variation in the

C. Chaos bound in extremal Kerr spacetime

In the preceding subsection, we analyzed the relation-
ship between the exponents of spinning particles and the
chaos bound in the background of a non-extremal Kerr
black hole. For an extremal black hole, the inner and out-
er horizons coincide, and both the surface gravity and the
Hawking temperature vanish; the corresponding system is
therefore at zero temperature. The chaos bound reduces to

A-k=21<0. 31)
Our purpose is to determine whether physically admiss-
ible unstable equilibrium orbits exist in the extremal Kerr
background and to characterize their local radial instabil-
ity. In this subsection, we investigate this bound by study-
ing particle dynamics in such a zero-temperature system.
In this case, the black hole rotational parameter can take

_________________________ K
0.15
0.14
e ° b

0.13 . N

0.1356 s=-0.12

0.1355 R — s=-0.06
0.12 01354 — s=0.00

L omssl — s=0.06
0.11 1310 13.30 14,60 13.70 13.90 14.10 14.30 14.50° $=0412 J
" 3.00 5.00 7.00 9.00 11.00 13.00 15.00 17.00 19.00
(b)a>0

(color online) The graph shows the variation in the LEs characterizing the particle's chaotic motion with respect to the total an-

only the values +1 or —1. As a quantitative validation of
the spinless limit, we compare our extremal Kerr results
with the known Kerr geodesic results reported in [25]. As
shown in Fig. 6, our numerical calculations for s =0 re-
produce the same critical condition for the existence of
unstable equilibrium orbits and yield behavior of the Lya-
punov exponent consistent with respect to the particle an-
gular momentum. This agreement confirms that the
present formalism correctly recovers the known Kerr
geodesic limit.

Using Egs. (20)—(26) and Eq. (30), we compute the
exponent and plot Figs. 7 and 8 to elucidate the influence
of particle spin and total angular momentum on the expo-
nent. For M =1 and a =1, no physically admissible un-
stable equilibrium orbit is found for the prograde config-
uration within the parameter range considered in this
work.

Figure 7 shows the exponents as a function of particle
spin. For all values of the spin and total angular mo-
mentum considered, the exponents are positive. When the

A-K
0.16¢

-

: ‘ : : : ——y
4 5 6 7 8 9 10

Fig. 6. Variation of the LE with the particle's total angular
momentum J in the spinless limit, s = 0, for an extremal Kerr

black hole.
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Fig. 7.
an extremal Kerr black hole.
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(color online) The graph shows the variation of the LEs characterizing the particle's chaotic motion with respect to its spin in
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Fig. 8.
angular momentum in the extremal Kerr black hole.

spin is aligned with the z-axis, the exponents increase
monotonically with spin magnitude. When it is anti-
aligned, they decrease monotonically with increasing spin
magnitude for all angular momenta.

Figure 8 shows the exponents as functions of the total
angular momentum. For a fixed spin, the exponents in-

M0 112 114 ) oy
12.00

14.00 16.00 18.00

(color online) The graph shows the variation in the LE associated with the particle's chaotic motion with respect to the total

crease monotonically with the total angular momentum, a
trend also observed in the non-extremal case. For fixed
total angular momentum, the exponents increase with in-
creasing spin when the spin is aligned with the z-axis and
decrease when it is anti-aligned. The curves correspond-
ing to different spin magnitudes exhibit similar qualitat-
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ive behavior and differ only quantitatively. These results
indicate that, in the extremal case, positive exponents are
obtained within the parameter ranges in which unstable
equilibrium orbits exist.

IV. CONCLUSIONS AND DISCUSSIONS

In this work, we investigated the LEs characterizing
the chaotic motion of neutral spinning particles around a
Kerr black hole and tested the applicability of the chaos
bound in this spacetime. In the non-extremal Kerr case,
no violation of the bound is observed when the black hole
rotation is aligned with the z-axis. When it is anti-aligned,
violations occur only for specific ranges of the particle's
total angular momentum, spin magnitude, and the black
hole angular momentum. In the extremal case, where the
surface gravity vanishes, the chaos bound reduces to
A<0. For the parameter ranges in which physically al-
lowed unstable equilibrium orbits exist, all exponents are
positive. It should be noted, however, that when
M =a =1, the effective potential has no local maximum,
and consequently no unstable orbit exists. Therefore,
within the physically allowed orbital regimes considered
here, positive exponents are obtained whenever unstable
equilibrium orbits exist. We also examined the spinless
limit s =0, in which the radial equation reduces to the
standard geodesic motion of a spinless massive particle in

Kerr spacetime. This limiting case provides a reference
for identifying the influence of spin-curvature coupling
on the exponent.

The location of the particle's unstable equilibrium or-
bit depends on the black hole angular momentum, the
particle's spin magnitude, and its total angular mo-
mentum. Varying these parameters shifts the equilibrium
orbit, which in turn modifies the exponents. It is import-
ant to note that the particle's total angular momentum and
spin are not freely adjustable; rather, they are uniquely
determined by the detailed orbital dynamics around the
black hole. In our analysis, when the total angular mo-
mentum is varied, the equilibrium orbit changes accord-
ingly, so the orbit is a function of the angular momentum.
By contrast, in [55], the authors vary the equilibrium or-
bit, and the angular momentum changes in response;
hence, in that work, the angular momentum is treated as a
function of the orbit. For computational simplicity, we set
the black hole mass M =1 and express all particle quant-
ities in normalized form. This choice fixes the length
scale of the system and does not affect the test-particle
condition m/M <« 1. The backreaction of the spinning
particle on the Kerr geometry has been neglected. There-
fore, a definitive confirmation of a violation of the chaos
bound will require incorporating these effects in future
analyses.
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