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Abstract: In terms of the stability of two-fluid star models, we rigorously prove the equivalence between the emer-

gence of a zero-frequency radial oscillation mode and the static critical-curve criterion for mixed stars, after briefly
reviewing the hybrid star case. This establishes a sufficient-condition relation between two independently developed
stability criteria. Although this connection has often been implicitly assumed in previous studies on mixed stars, it
has rarely been demonstrated explicitly. Our derivation can be extended to general multi-fluid systems. As an ex-
ample, we consider dark matter-admixed neutron star models and show that their stability boundary differs from that

of single-fluid stars. In this case, stable configurations form a surface in the three-dimensional parameter space

spanned by the central pressure, mass, and radius, giving rise to a class of stable mixed stars. This class includes

"twin stars" with identical masses and radii but distinct internal compositions and structures. These results provide a

useful framework for interpreting compact star observations and constraining dark matter properties through astro-

physical measurements.
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I. INTRODUCTION

Evaluating the stability of compact stars is important
in astrophysics, particularly in the multi-messenger era
marked by the gravitational wave observation of neutron
stars (NSs) [1]. For single fluid models, the stability cri-
terion has two equivalent formulations: one is based on
the sign of fundamental radial oscillation frequencies [2]
and the other on the extrema in mass-radius (M-R) curves
(known as the BTM criterion [3] proposed by Bardeen,
Thorne, and Meltzer). The former is time consuming but
also yields non-zero oscillation modes and is applicable
to multi-fluid cases. The latter is intuitive and convenient;
however, it may not be extended to multi-fluid systems.

Two main scenarios are observed for multi-fluid stel-
lar structures: hybrid stars [4-7], where the interactions
among different fluids are strong, and mixed stars [8—17],
where only gravitational interactions are present. The hy-
brid star case is relatively simple, and its stability rule can
be found in [7]. As a byproduct in another study [17],
other collaborators and one of the current authors conjec-
tured necessary conditions from the BTM criterion for
mixed stars, which requires further modifications. In fact,
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for the mixed star case, two independent approaches for
determining stability are known. One is to compute the
radial oscillation frequencies [2, 18], as mentioned previ-
ously, and the other is to locate critical curves in a cer-
tain parameter space [8]. The equivalence of these two
criteria was suggested in [8] and applied with specific
equations of state (EoSs) in [19]. In this paper, we
provide a rigorous proof that the critical curve criterion is
equivalent to the existence of zero-frequency radial oscil-
lation modes, and further explore its application to dark
matter (DM) — nuclear matter (NM) mixed stars.

NSs, with their extremely high compactness, serve as
natural laboratories for testing theoretical physics. As re-
lativistic objects, they should be described within the
framework of general relativity. Their macroscopic prop-
erties (such as mass and radius) are determined by the
Tolman-Oppenheimer-Volkoff (TOV) equations [20, 21],
which describe gravitational equilibrium, and by the EoS,
which governs microscopic nuclear interactions [22]. In
our discussion, these objects are treated at zero temperat-
ure, as is standard in this context. Consequently, the pres-
sure is considered as depending solely on the energy
density.

Received 21 May 2026; Accepted 6 July 2026; Accepted manuscript online 7 July 2026

T E-mail: 18038288465@shu.edu.cn
 E-mail: deltachen302@gmail.com
$ E-mail: 2045152271@gqq.com

* E-mail: kilar@shu.edu.cn

©2026 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

115107-1


http://orcid.org/0000-0001-6776-9074

Xiao-Ding Zhou, Tian-Shun Chen, Si-Man Wu et al.

Chin. Phys. C 50, 115107 (2026)

Evidence for the existence of DM appears in multiple
sources, including galactic rotation curves, large-scale
structure formation, and gravitational lensing [15]. Pre-
cise cosmological observations and measurements fur-
ther indicate that DM constitutes approximately 25% of
the total energy budget of the universe [23].

At the particle physics level, one of the DM candid-
ates is the weakly interacting massive particle (WIMP),
such as the neutralino in supersymmetric theories, the
thermal production mechanism of which can naturally ex-
plain the observed DM abundance [24, 25]. DM may pos-
sess other properties beyond the traditional WIMP
paradigm. For example, asymmetric DM models, in
which the DM particle is not self-conjugate [26, 27],
provide another promising theoretical framework.

Additionally, DM could consist of bosonic particles
with self-interactions, which would affect its dynamical
evolution within NSs [25]. This so-called self-interacting
DM (SIDM) extends the standard cold DM model by in-
corporating self-interactions, which can effectively allevi-
ate small-scale structure issues [28, 29]. A key constraint
on this model requires the ratio of its self-scattering
cross-section to the mass to lie within a narrow range [28,
30, 31]. SIDM provides a viable theoretical pathway for
forming compact stellar structures [32].

DM detection strategies can be broadly classified in-
to direct and indirect detections. Direct detection experi-
ments (e.g., DAMA, CoGeNT, CDMS, and XENON
[33—-36]) aim to detect signals from DM-nucleus scatter-
ing within terrestrial detectors [15]. By contrast, indirect
detection is achieved by studying the effects of DM on
astrophysical objects. For instance, the extremely strong
gravitational field and high density of NS interiors may
make them possible DM trappers. Subsequent physical
changes, such as heating, accumulation, or collapse, in
NSs can then be used to constrain the DM properties [25].
Specifically, the mechanisms by which DM may be cap-
tured into NSs have been studied extensively [37—43]. If
the captured DM is self-annihilating, its subsequent anni-
hilation can significantly heat the stellar interior, leading
to observable increases in surface temperature or lumin-
osity [38—40]. By contrast, non-annihilating DM would
gradually accumulate within the star, potentially giving
rise to stable mixed configurations [44], or alternatively,
collapsing into a black hole once the accumulated DM
reaches its self-gravitating limit [25]. Beyond capture, an
alternative scenario is that the collapse leading to NS
formation could be triggered within a pre-existing DM
halo [45—47]; that is, the mixing of DM and NM may oc-
cur during the formation of the compact object itself.

Extensive research has been conducted on the influence
of DM on the properties of compact stars (see, e.g.,

[15, 48—50]). The conditions for the stable existence of
mixed stars composed of these components must be dis-
cussed; relevant studies include Refs. [17, 19, 46, 51-54].
Our study focuses primarily on mixed stars consisting of
NM and SIDM or fermionic DM, and we systematically
investigate their stability and macroscopic properties us-
ing different methods.

The remainder of this paper is organized as follows.
In Section II, we establish the theoretical framework for
multi-fluid stellar models, presenting the general-relativ-
istic equilibrium equations and outlining the microphysic-
al inputs, namely EoSs, used in our numerical examples.
Section III presents the central theoretical result of this
work: a rigorous proof, based on a variational principle,
of the formal equivalence between the existence of the
zero-frequency radial oscillation mode and static critical
curve condition. Section IV provides a numerical valida-
tion of our theorem, showing that the stability boundaries
computed via direct radial oscillation analysis precisely
match the theoretically derived critical curves for various
EoS combinations. Finally, Section V summarizes our
main results and discusses their astrophysical implica-
tions. For completeness, we provide a background re-
view of the static stability criteria and detailed frame-
work of the standard radial pulsation equations in Appen-
dices A and B, respectively.

II. STAR MODEL SETUP

To model the coexistence of DM and NM in compact
astrophysical objects and their corresponding structure,
we begin with a basic description of their possible intern-
al composition, followed by the TOV equations for the
spherical equilibrium structure within the framework of
general relativity. The formulation is completed by spe-
cifying the EoS that relates pressure to energy density.

A. Possible mixing models

From the perspective of geometric configuration, two-
fluid star models can be preliminarily classified into two
categories. Hybrid star: a NM (DM) core enveloped by a
DM (NM) crust; mixed star: a mixed core enveloped by a
single-component shell [17, 511", as shown in Fig. 1.

The formation mechanisms of the layered and mixed-
core configurations are fundamentally different from a
microscopic interaction perspective. The emergence of a
layered structure requires the existence of non-gravita-
tional interactions [47] between DM and NM, such that
the total energy of the two-component system in a phase-
separated state is lower than that in the mixed state,
whereas a mixed core arises when only gravitational in-
teractions are present, lacking the driving force for a

1) In these two references, "Hybrid" includes both hybrid and mixed cases in this paper.
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Fig. 1.
structures: hybrid stars (I) and mixed stars (II).

(color online) Schematic of two different possible

sharp interface.

This structural difference profoundly influences their
macroscopic manifestations. In M-R relations, layered
(hybrid) models depend on a single parameter variation,
with a clear evolutionary path of a one-dimensional
curve. By contrast, mixed-core models exhibit more com-
plex parameter dependence corresponding to the central
parameters of both DM and NM, which causes their M-R
relation to form a two-dimensional continuous surface to-
pologically.

In terms of stability, both types can have their stable
regions rigorously determined via radial perturbation ana-
lysis. However, as shown in Fig. 2, unlike that for pure
NS, the stability boundary characterization for layered
stars exhibits a slight offset from the traditional BTM cri-
terion [3] in the M-R relation, according to the radial
mode results calculated in [7]. The stability analysis is
more complex for mixed-core models, and their manifest-
ation in macroscopic quantities must satisfy a generaliza-
tion of the BTM criterion, as discussed in subsequent sec-
tions. In the following section, we focus on this mixed
star case, which is scenario II in Fig. 1.

B. Equilibrium configuration

The commonly used model for describing the com-
pact star equilibrium configuration is provided by the
TOV formalism. This framework comprises a set of dif-
ferential equations for a static, non-rotating star modeled
as an ideal fluid in spherical symmetry.

We consider a spherically symmetric spacetime with
Schwarzschild-like coordinates (z,r,6,¢). The line ele-
ment is

ds® = —e¥Vc*dr +edr? + 7 dQ?, (1)

Schematic diagram of deviation from the vertex
Mass

Extreme point of mass

the last stable configuration

Radius

Fig. 2. (color online) Schematic of the stability turning point
of the hybrid star deviates from the mass vertex.

where dQ? = d#* +sin?#d¢?, and the metric functions sat-

2Gm(r)
- 20— (1=
isfy e < re?

tensor for an ideal fluid is

-1
> . The energy-momentum

T = (p (1 +§/c2) +p/cz) u'u” + pgh, 2)

where p is the fluid pressure, { is the specific energy
density, p is the rest mass density, and «* is the four-velo-
city vector. The TOV equations can be derived by substi-
tuting them into the Einstein equation

o= TG, (3)

C4
together with the energy-momentum conservation
VT =0. 4

The explicit TOV equations are expressed as follows:

d

L =G (o (1420 2) +p() )
m(r)+4nrip(r)/c?
r(r=2Gm(r)/c?) ’

dm ) 5

O =4nr-p(r) (1 +L(r)/c ) ,

dg _m(r)+4nr’p(r) /¢
dr ~ r(r=2Gm@) /)’

)

where m (r) is the gravitational mass within radius r.
By defining the total energy density as &= pc*+pl
and adopting the natural unit system, we simplify (5) to
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m(r)+ 47Tr3p (r)
r(r=2m(r)) ~’

d
d—” = —(e(r)+p()
;

(Tr: =4nr’e(r),

d¢ m(r)+4nrp(r) 6
dr — r(r=2m(r)) ©)
We adopt the equations in (6) in our subsequent single-
fluid numerical calculations.

The boundary conditions are prescribed as follows: at
the star center, the mass within an infinitesimal radius
must approach zero; at the surface (where r =R, with R
denoting the star radius), the metric potential ¢ assumes

its vacuum form, ¢ = 5 In (1-2GM/(Rc?)), which matches

the Schwarzschild exterior solution, where M = m(R) rep-
resents the total mass enclosed within the star radius. By
contrast, the central pressure p.= p(0) serves as a free
parameter that can be specified independently.

Although the aforementioned TOV equations typic-
ally model the interior of a compact star as an ideal fluid
composed of a single species of matter, the physical scen-
ario under consideration here is more complex: a
DM/NM mixed star. Generally, models with multiple
matter components can be constructed using either a
single-fluid approximation [55, 56] (where the system is
still treated as one effective fluid, but with an EoS incor-
porating contributions from multiple components) or a
multi-fluid formalism (where distinct matter components
are described by separate EoSs). In the case of a weakly
coupled multi-fluid model with only gravitational interac-
tions—which means that the energy-momentum tensors
of the individual components are decoupled—a multi-flu-
id generalization of the TOV equations can be derived
[11,57]:

dps _ my(r) + 4mr’ p,(r)
o= —(&(r)+ pi(r)) m
d
% = 47rr281(”)’
b _ v e Y
dr - 2 (1 _ M) ,
r

where the subscript / indicates the components of the sub-

stance. M; = ZIWI, D= le] ,and & = le, are the
sums of the respective quantities from the contributions
of each fluid component. When p; reaches zero, the cor-
responding radius and mass for that component are R,
and M;. When p, reaches zero, we obtain M,, the total

star radius R,, and total star mass M = Z , M;.

In addition to the nature units, we further apply astro-
physical units for later convenience. The units of mass,

pressure, energy density, and radius are My, po =é&p =
1/M?, and km, respectively, where M, denotes the solar
mass.

C. Equation of state

Many EoS models exist for NS and quark stars, such
as FPS [58], APR (ALF) [59], WFF [60], MPA1 [61],
MSL [62], H4, [63], and the BSK family of models [64].

To verify the stability, we can use various types of
numerical or analytical EoS. In our study, we use one nu-
merical EoS and three analytical EoSs as examples.

For the NS EoS, we first consider the famous SLy4
[65—67], which survives from the GW170817 [1] and
NICER [68] observation constraints. It is a Skyrme-type
effective nuclear interaction parametrization that is
tailored for describing asymmetric NM. Its parameters
are derived by fitting to microscopic NM calculations and
experimental data of doubly magic nuclei, thereby
achieving self-consistency between nuclear and NS phys-
ics. However, it has many adjustable parameters and does
not have an analytic form.

The second EoS is a double-polytropic model [69]
motivated by AdS/QCD and the Witten-Sakai-Sugimoto
framework [70, 71], in which an instanton-gas structure is
introduced in the D-brane background and the corres-
ponding free-energy variational equations are solved.
This analytic EoS should be regarded as a simplified ref-
erence model, rather than a fully calibrated microphysic-
al description. For the particular parameter choice used in
this work, it supports a maximum mass of approximately
1.85M,, and therefore is not intended to represent a com-
plete phenomenological fit to the most restrictive
massive-pulsar constraints. Nevertheless, the double-
polytropic form is flexible: with suitable choices of para-
meters, it can be made compatible with current observa-
tional constraints and the causality condition. In the
present study, we use this model mainly because its
closed analytic form makes the numerical comparison
transparent and easily reproducible. The focus of this
work is the proof and numerical verification of the equi-
valence between the dynamical and static stability criter-
ia. The EoS for the double-polytropic model is

e=0. 140‘?(0.5711)04429 + 3.896?(_0'335[71‘335, (8)

where A=1.8x107x¢77, and ¢ (brane asymptotic sep-
aration) is the only adjustable parameter. We refer to this
EoS as the Holographic EoS later.

For the DM component in mixed stars, the EoS is de-
termined by the selected DM model. Studies have em-
ployed free Fermi gas DM combined with the SLy4 NS
model to investigate mixed star stability [19]. In this
work, we include this EoS for comparison. The EoS for
such free Fermionic DM is expressed as [72, 73]
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1 kr 2
8=ﬁ A dk k \/k2+m]2p
1 2 2 2
= Q |:kF \/kp +m12¢ (2](1: +mf)
k]:+ \/sz"rm;-

4
_m ln - 9
f my

1 [ K
Y.
7= Jo k* +m
1 2 2 2
= Tﬂ'z |:kF 1/ k]: +m§- (ka —3mf)
kF+ \/kF2+m§

+3miln | —Y——L |, )

my

where m; is the fermion mass and kp is the Fermi mo-
mentum. Various interactions can be incorporated into
this free Fermi gas model to construct more sophisticated
EoSs.

For Bosonic DM, a stable mixed star model cannot be
formed with free bosons owing to the absence of degener-
acy pressure. Given the weak interaction between DM
and NM, it is natural to consider self-interacting Bosonic
DM to construct the DM EoS that balances the self-grav-
itational effect. In this study, we utilize the scalar field

. . _ mb2 2 Ay 4
theory with the potential V(¢) = > 1" + Zlfﬁl ,as pro-

posed in [74], where my,, is the boson mass and A, is the

coupling. In the isotropic limit, this theory yields the fol-
lowing EoS [32]:

e=3p+Bve, (10)

h he f .B_O.OS(m)Z
where the free parameter is B = 7\//1—4 Gev) -

III. STABILITY CRITERIA

An equilibrium configuration of a compact star de-
termined by solving the TOV equations can be either
stable or unstable against perturbations. The stability can
be assessed through two main approaches: a dynamical
method, which involves solving the equations for radial
oscillations [2], and a static method, which analyzes the
properties of sequences of equilibrium solutions.

Although the dynamical method provides a definitive
answer, it is often computationally intensive. For single-
fluid stars, an efficient static alternative exists in the form
of the well-known BTM criterion [3]. For multi-fluid
stars, where the BTM criterion fails, a generalization
known as the "critical curve criterion" has been de-
veloped by Henriques et al. [8] and utilized in sub-
sequent studies on DM admixed stars [19]. A detailed de-
scription of these static methods is provided in Appendix

A. For completeness and formula consistency, the stand-
ard radial pulsation equations (the dynamical method),
which was first derived by Kain in [18], is outlined in
Appendix B.

Although the "critical curve criterion”" has been nu-
merically verified in several contexts, such as those in
[16, 19], a formal proof founded upon first principles,
such as variational methods and covariant conservation
laws, has been lacking. In this section, we present the
core contribution of our work, namely a rigorous demon-
stration of the formal equivalence between the existence
of the zero-frequency oscillation mode and static critical
curve criterion, and explain the connection with the dy-
namical stability boundary.

A. Equivalence between Zero-Mode condition and
critical curve

Preliminary Remarks
Before proceeding to the equivalence proof, several
important considerations must be emphasized:

1. Stability vs. zero-mode condition: The funda-
mental mode vanishing (w} =0) represents a stronger
condition than the existence of any zero-mode
(AneNs.t. w? =0). The original critical curve method
strictly identifies configurations in which some mode has
zero frequency. Additional verification (which we dis-
cuss in the final part of the proof section) is required to
determine the curve that corresponds exactly to the fun-
damental zero mode.

2. Mathematical foundations: The existence of fun-
damental modes, the fact that the eigenvalues are real,
and the completeness of mode expansions were rigor-
ously established in [75]. We adopt these conclusions
without further proof.

3. Model assumptions and mode continuity: Our
proof of the equivalence between the zero-frequency
mode and critical curve criterion relies on several physic-
al assumptions that should be made explicit. First, we
consider stars composed of ideal fluids, for which the en-
ergy-momentum tensor takes the perfect-fluid form and
no viscous or heat-conduction effects are present. Second,
we assume that the fluids are non-dissipative, so that the
dynamical equations are time-reversal invariant and no
mode damping or growth arises from entropy production.
Third, we consider smooth EoSs, ensuring that the relev-
ant thermodynamic derivatives are well-defined and that
the pulsation equations are regular throughout the star.
Fourth, we fix the chemical composition and specific en-
tropy of each fluid, so that the only dynamical variables
are the fluid displacements and metric perturbations; in
particular, no additional degrees of freedom (such as
composition gradients or thermal diffusion) enter the
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problem. Under these assumptions, the dynamical equa-
tions are time-reversal invariant. Consequently, the eigen-
values w? are real and vary continuously as functions of
the central pressures in the two-dimensional parameter
space [75, 76]. This continuity guarantees that the critical
curve, defined by the locus at which the fundamental
mode frequency vanishes, properly separates stable and
unstable regions, and that the stability boundary cannot
be crossed without passing through a zero-frequency
mode.

The equivalence proof proceeds by establishing that
the critical curve condition is equivalent to the existence
of zero-frequency modes. We begin by reformulating the
problem and then proceed through two main theorems.

In practical analysis, we identify the zero-mode locus
as the set of points in the two-dimensional parameter
space spanned by the central pressures of the two fluids,

o =(pX p™, (11)

where the gradient operator is defined as

0 0
VO.E (617DM’617NM) (12)

The quantities M, Nym, and Npy are scalar functions on
this parameter space. Then, the equivalence that we aim
to prove can be formulated as

(VoM XVyeNam =0) V (Vo M X VyNpy = 0)
V (VeNam X VeNpy = 0) & dnst w?=0, (13)

that is, the existence of a zero mode is equivalent to any
two of the gradients V,M, V,Nxm, and V,Npy becom-
ing parallel.

1.  Theorem I: variational extremum principle

The first theorem establishes a rigorous connection
between the hydrostatic equilibrium and variational prop-
erties of the system, forming the foundation for Theorem
I11.2 and for simplifying the condition to the actual critic-
al curve method. A similar proof of the variational prin-
ciple for two-fluid systems was previously outlined in
[77]. In the present work, we provide a self-contained and
explicit derivation, introducing a unified auxiliary func-
tion F(r) that consolidates the nonlocal integral contribu-
tions, and defining a common proportional function
['(r) = 4n;/(p; + €) to eliminate the Lagrange multipliers
efficiently. This construction leads directly to the stand-
ard two-fluid TOV equations. Moreover, we establish the
necessity and sufficiency of the relation between the vari-

ational extremum condition and the hydrostatic equilibri-
um, providing a complete and transparent foundation for
the subsequent stability analysis.

Theorem III.1. A two-fluid isentropic mixed star
configuration satisfies the coupled general-relativistic hy-
drostatic equilibrium equations (TOV equations) if and
only if the total mass M takes its extremal value with re-
spect to all time-independent variations that conserve the
particle numbers of both fluids.

Proof. We provide the rigorous proof for Theorem
III.1. The star configuration satisfies the equilibrium
equations if and only if the quantity M defined by

Ry
M= Z/o 4nr’e,(r)dr (14)

1=1.2

is extremal under all variations of &;(r) that maintain the
quantities

r

1
R; -
N, = / Arrng(r) {1—2’"’(”} " dr (15)
0

constant for 7 = 1,2. This is equivalent to the existence of
Lagrange multipliers A; and A, such that 6H =5M-
A16N; — A,6N, is zero for all variations.

For given variations d¢,(r), we obtain

0H [{0&; (N}l = oM [{6; ()}] — 116N [{6€; (r)}]
= 0N, [{og; (N}]- (16)
We expand each term as follows (because the integ-

rand vanishes above R;+JR;, we write the upper limit of
integration as positive infinity):

oM =47TZ/ r*6e;(r)dr,

=120

o0 2 -1/2
SN, =4r / r2<1— m;(r)> Sny(rydr
0

o0 -3/2
+ 47'(/ r <1 - M) ny(r)dm,(r)dr, (17)
0 r

where m,(r) = m;(r) + my(r). Thus,

O0H =4r Z / r2ée(r)dr —4n Z A
0

I=12 I=12

X {/Ooor2 (1_2rm,)_; on;(r)dr

+ /mr(l— 2mt>_;n,(r)6m,(r)dr] (18)
Z1270

r
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Using the isentropic conditions

_ ny(r)
on;(r) = 7171(1") T o0g;(r) (19)
and the mass variation
omy(r) = 47r/ r26e,(r)dr, (20)
0

we perform substitution by steps. First, we substitute on;:
oH = 47TZ/ r*6e,(r)dr — 4712
=12 =12

ny(r)

1
* 2m,\ "2
X |A r2(1— t) ———6g/(r)dr
[/0 r pr(r)+&i(r) 1)

_4,?24,2/

=12 J=12

_3
1-— n,(r)ém,(r)dr .

21)

2m,(r)\ "~

Next, we substitute m;(r) into the final term:

3

-2

—4712/112/ 1—%

=12 J=1,2 (22)
x ny(r) {47r / r2oe,(r )dr}
0

By defining

_3
D(r) = Z/l,(/ dr'r ( @) Ty (23)

K=12

and exchanging the order of integration in the double in-
tegral, the final term becomes

—167> ) / drr26e,;(r)D(r). (24)

J=12

Combining all terms in 6H yields

ny(r)

0H = 47TZ/ r*6e,(r)dr — 4772/11/ r2(
,
=12 =12

Se(r)dr— 167 / drr*6e,;(r)D(r)

pi(r)+&/(r) =12

1
2m(r)\"2  ny(r)
=4 o) 1-24(1- —4xD(M | d
ﬂ1212 / g1(r) _ 1( p ) o+ e Vg (r)} r
- 1 .
_ 2 _ 2m(n\T2 () /°° o 2m(HNT2
47r121:2/ rée(r) |1 /11(1 ; ) ETYE 4n;12/1, | (1 " ) n,()dr | dr. 25)

For 6H to be zero for all variations [{dg;(r)}], the integ-
rand must vanish for each fluid component I:

_om
pi(r)+e&i(r)
_MEZL/'%WW%MAWEQ (26)

J=1.2 r

1= LA™

(r)

2m
where A(r)=1- 7; This is the extremization condi-

tion for the two-fluid system.
We define

F(ry=4n>_ A / ) FAG Y Py (r)dr (27)

J=12 r

[
Then, the condition becomes

ny(r)

A -1/2
A e

+F(r)=1 forI=12. (28)

From these two equations, we obtain a key constraint
that reflects the effect of Lagrange multipliers in this two-
fluid system:

LAGY? ny(r) ~12 ny(r) ’ 29
A e - O Lera @
which implies that
/11}’[] _ ﬂ,z}’lz (30)
pi+er pr+e
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This reflects that the chemical potential between the two
fluids satisfies a proportional relationship, which is some-
what different from the case of a single fluid [76].

We define a common function:

ny(r)

I'ry=4,————
= v et

Jfor1=1,2. (31)

We differentiate the condition with respect to 7:

i -12 ny(r) reoN
dr {A,A(r) pi(r) +81(V)} +FN=0,
for7=1,2, (32)
where
F'(r)=—4r ) ArA(r) ™ n,. (33)
J=12

We take the derivative in (32) and substitute the isentrop-
nig;

ic condition n; = :
prtéer

A |:_n[A—l/2 P

(pr+e&)?
—ln,A-”2 A } —4m > " A;rAn, =0,
2 prt+ér
J=12
for I =1,2. (34)

We multiply by A%? and (p; +&;)?, and then rearrange to
solve for pj:

, 1A Z =1, /l]rf’lj
Py==5 4 (pr+en) —4ﬂ%(p, +e)’. (35)
From the constraint definition I'(r) = 4; o We obtain
1 1
Amy =T(r)(pr + &), (36)

D ny =TG)(pi +&1 +pr+82) = T(1)(p, +5)).

J=1,2
(37)
Thus,
S
- +
s _PrE (38)
/l]l’l] p[+S[

Substituting back into (35) yields

’
’

1A +&
Pr =_§K(P1+81)—47TVPZA I(P1+81)

’

1A +&
——(p+e) (§X+47rrptA ’). (39)

Now, we compute A’: using m, = 4nr’e,, we obtain
, m
A =2 (72’ —47Trs,) . (40)
We substitute into the expression for p;:

, e
P =—(ven (54 + 4o )

1 /rm
=—(P1+<91)X (721 +47T”Pt)

m, +4nr
== (pr+en L (1)
r(r—2m,)
This is exactly the two-fluid equilibrium equation:
dp; _ my(r) +47TV3P:(V)
- (&r(r) + pi(r)) (r—2m,(r)
for I=1,2. (42)

We have explicitly shown that the condition §H =0
leads directly to the TOV equations. Conversely, since
every step in the derivation above (substitution, differen-
tiation, algebraic rearrangement) is reversible, if one
starts from the TOV equations and chooses the constants
A1, A2 such that A/, = u;(r)/u2(r), one can integrate back
to show that 6H =0 (here u;(r) = (p;+&;)/n; is the local
chemical potential of zero temperature fluid /). This com-
pletes the proof of necessity and sufficiency.

2. Theorem 2: Zero modes and parallel gradients

This conjecture was initially proposed in the work of
Henriques [8]. We demonstrate it by using conservation
laws to extend a theorem that holds in a single-fluid
spherically symmetric static compact star (see [76]) to the
case of two fluids. A complete proof of the converse dir-
ection, together with a more comprehensive and mathem-
atically rigorous analysis, are presented in a separate
work [78].

Theorem I11.2. For a two-fluid equilibrium configur-
ation, the three gradients with respect to the central-pres-
sure parameters, VoM, VyNyv, and V,Npy, are mutu-
ally parallel in the central-pressure parameter space if
there exists at least a zero mode with respect to radial
perturbation.

Proof. If, for a certain static equilibrium configura-
tion, n € N exists such that w? =0 under radial perturba-
tion, the corresponding eigenmode is strictly time-inde-
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pendent:
gln(n t) = fln(r)e_iwnt = gln(r)- (43)

This static solution satisfies the linearized field equa-
tions and corresponds to an infinitesimal variation
between the equilibrium configuration o~ and a neighbor-
ing equilibrium configuration o +d80, where 6o =
(6p5,6p9) is the direction in the central-pressure paramet-
er space associated with the displacement field &,(r).

The connection between the existence of static solu-
tions and the critical curve relies on conserved quantities.
Recalling the derivation of the two-fluid equilibrium and
oscillation equations, the definitions of the physical
quantities and their perturbations in terms of Lagrangian
displacements originate from the Einstein field equations
and covariant conservation of the particle number dens-
ity for each fluid V,J}' =V, (nuuf) =0, together with their
linearizations. For a perturbation solution such as the
zero-frequency mode, the linearized particle number con-
servation directly implies that the first-order variation of
the total particle number vanishes:

SN, = 0. (44)

We now explicitly verify this natural conclusion of
particle number conservation:

eSymboldefinition: Conservedchargesandcurrents.
We define the conserved charges and currents as

Ty =n, Qy, = — [ Jya, Vhd'x, (45)
z

where X is a spacelike hypersurface of constant coordin-
ate time ¢, a, = (—¢?,0,0,0) is the future-directed unit nor-
mal vector, & is the determinant of the induced 3-metric,
and Vhd®x = e’r*sinfdrdode.

e Explicit form of conserved charges:

We define B=¢?*,A =¢"%. For i = N;, the conserved
charge is explicitly expressed as

Ov, =— [ Jia, Vhd®x = /Jz(\)/, VB Vhd*x
z z

VB

VA
« B & 1 B
=/ 47rr2n1u0\/_dr=/ 47rr2n1—£dr
0 VA 0 VB VA

1
. 2 otal "2
=/ 47rr2n1(1— m‘”) dr=N,. (46)
0

= /Jz(\)/, V—gd’x = /n,uor2 sinfdrd¢do
b >

e Covariant conservation law:
The covariant conservation law is expressed as

Y, =0,

e Proof of conservation:

Consider two adjacent spacelike hypersurfaces X, and
%,, which, together with a timelike boundary surface,
form a closed hypersurface. As no current flows through
the boundary, the flux of Jj through the boundary van-
ishes.

The change in the conserved charge from X; to %, is
equal to the total flux of J, through the closed hypersur-
face.

When applying the Stokes theorem, this flux equals
the volume integral of the covariant divergence of Jy,
over the enclosed 4-volume:

AQy, = /V#Jﬁl vV—gd*x.
From the covariant conservation law V,Jy =0, we obtain

AQN[ = Oa

which implies that AN, = 0, thereby proving that the cov-
ariant conservation law leads to the global conservation
of the total particle numbers N, and N,.

Because the zero-frequency mode is a static solution
of the radial perturbation equations and the equations in-
corporate the covariant conservation of the particle num-
ber density for each fluid, the linearized system directly
forces the first-order variations of the particle numbers to
vanish:

ON, =0, ON, =0. (47)

A similar conserved-current construction is not avail-
able for the mass variation: the Komar energy current
built from a timelike Killing vector field does not yield
the total gravitational mass M defined in our framework
(the two differ by a metric-function factor), and its con-
servation relies on a global timelike Killing symmetry
that is absent once radial perturbations are excited. Nev-
ertheless, we can determine the first-order behaviour of M
through the variational principle for the static zero-fre-
quency mode. Theorem III.1 established that, for an equi-
librium configuration, constants 2;,1, exist such that, for
any static variation, M —A,6N;— A, 6N, =0. For the
zero-frequency static mode, the conservation 6N, =
6N, =0 reduces the variational relation to 6M =0 (to the
first order).
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Based on this, we can conclude that if an equilibrium
configuration possesses a radial normal mode with a zero
eigenvalue, this mode enters the tangent space of this
configuration point in the equilibrium space, and the first
order variations of the mass and particle number func-
tionals vanish along this tangent vector, that is,
OM[o;60] = 6N[o;60] = 0. Consequently, the directional
derivatives of M and N; along the same vector éo in
parameter space are zero:

VoM -60 =0, V,N,-60=0, V,N,-60=0. (48)
This is equivalent to the parallelism of the gradients

of M and N;:

VM || VN, || VN,, (49)
where the symbol || denotes the parallel relation.

Analysis and conclusion: As the Lagrange multipli-
ers can be rescaled arbitrarily (e.g., by dividing
VM = 3;VNyy + 1,VNpy by A; or A,), the statement of
Theorem III.1 remains valid under any permutation of M,
Nyu, and Npy. This permutation symmetry implies that
if any two of the three gradients (VM, VNyy, and VNpy,)
are parallel (indicating simultaneous extrema), the third
must also be parallel to them. Hence, the critical curve
can be determined by the parallelism of any two gradi-
ents.

Thus far, we have established that the stability bound-
ary (the locus where the zero fundamental modes arise)
constitutes a sufficient condition for the one-dimensional
sequence derived via the critical curve method. Neverthe-
less, supplementary tests are necessary to verify whether
the resulting curve indeed corresponds to the stability
boundary. A straightforward approach involves conduct-
ing radial oscillation analyses on two sample configura-
tions situated on opposite sides of the curve. Alternat-
ively, by leveraging astrophysical insights (such as data
from white dwarfs and NSs), we can often directly estim-
ate the appropriate range of the central parameters,
thereby enabling the direct determination of the stability
boundary. Therefore, we can consider the static method
as reliable and efficient for rigorous stability analysis.

3. Physical interpretation via energy considerations

The stability of an equilibrium configuration, which is
an extremum of M, is determined by the second-order
variation 6*M. The connection to dynamical stability is
provided by the following thermodynamic relation [77,
79]:

sgn(6”> M[£]) = sgn(w)), (50)

where & isthe perturbation mode. The stability condi-
tions are

o M>0& w}>0: Stable configuration (energy
minimum).

® °’M =0 & wj = 0: Stability boundary (marginal sta-
bility).

® M <0 & w} <0: Unstable configuration (saddle
point).

This framework provides the physical intuition: a stable
star resides at the bottom of an energy well. The stability
boundary is reached when the well becomes flat in a cer-
tain direction, allowing for a transition to another state
without an energy cost, which is precisely the corres-
pondence of a zero-frequency fundamental mode.

IV. RESULTS

This section presents the numerical results of our in-
vestigation into the stability properties and macroscopic
characteristics of mixed compact stars. We start with a
detailed stability analysis comparing single- and multi-
fluid models, and then examine the resulting M-R rela-
tionships and their implications for astrophysical observa-
tions.

A. Stability analysis

1. Single fluid

As shown in Fig. 3, we provide the eigenvalue-cent-
ral pressure relations for single-fluid models with three
different EoSs: SLy4, Bosonic DM (with B, =0.1), and
Holographic NM (with ¢~ = 10300). The stability distri-
bution and M-R relations satisfy the BTM criterion. These
numerical results serve as comparisons for the situation
of mixed components.

2. Multi-fluid

The numerical results in Fig. 4(a) provide precise
squared frequencies of the fundamental radial oscillation
using Bosonic DM (B;=0.1) and Holographic NM
(¢77 =10300). Thus, in addition to identifying stable re-
gions, the results reveal the trend of fundamental fre-
quency variation, showing non-monotonic behavior.

To identify the stability boundary in the static ap-
proach numerically, we need to locate the points where
the relevant gradients become parallel. Throughout this
subsection, the gradients are defined in the two-dimen-
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(a) Single fluid eigenvalue curves as functions of central
configuration for different EoS.

Fig. 3.

M-R Relation in the Stable and Unstable Regions

Radius/km

(b) Corresponding M-R relation curves.

(color online) Single-fluid stability analysis. The left panel (Fig. 3(a)) shows the fundamental eigenvalue curves as functions

of the central configuration for different EoSs: Bosonic DM (B, = 0.1), SLy4, and Holographic NM (¢-7 = 10300). The right panel (Fig.

3(b)) displays the corresponding M-R relation curves.

Squared Fundamental Frequency

(a) Continuous distribution of the fundamental eigenvalues
of radial oscillation modes

Fig. 4.

Contour of Fundamental Eigenvalue w3
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(b) Distribution of stable and unstable configuration points
in the central pressure parameter space.

(color online) Radial oscillation analysis results for the mixed-star model with EoS combinations of Holographic NM

(77 =10300) and Bosonic DM (B, =0.1). The left panel (Fig. 4(a)) shows the continuous distribution of the eigenvalues. The right
panel (Fig. 4(b)) displays the distribution of stable and unstable configuration points in the central-pressure parameter space, where the
black curve represents configurations in which the fundamental radial-mode frequency vanishes and its interior indicates the stable re-

gion.

sional central-pressure parameter space in Eq. (12), rather
than with respect to the radial coordinate inside the star.
Thus, the gravitational mass M and particle numbers N;
are treated as scalar functions on this parameter space.
Previous work has usually relied on connecting the tan-
gent points of several contour lines of mass and particle

number [53, 80]. We adopt a more efficient numerical
method by computing the normalized signed cross
product between gradients. Specifically, for two scalar
quantities X(o-) and Y(o), selected from M, N, and N,
we define
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0y X0yY —8,X 0, Y
Vo X[V Y]

. (8D

Cxy =iy, x Xy, y =

where iy, x = V,X/|V,X| is the normalized gradient direc-
tion of X in the central-pressure parameter space. The
magnitude |Cxy| ranges from 0 to 1. Points with |Cxy|=0
correspond to parallel gradients and form the critical
curve, whereas points with |Cxy| = 1 correspond to ortho-
gonal gradients. Figure 5 shows the resulting critical
curves for different EoS combinations using the method
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(a) Critical curves for EoS combination 1:

Holographic NM (£~7 = 10300) and Bosonic DM (By = 0.1).
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(c) Critical curves for EoS combination 3:
Holographic NM (£~7 = 10300) and Fermionic DM
(my = 0.5).

Fig. 5.

introduced in Subsection A. In these plots, the black
curves mark the zero contours |Cyy| = 0, namely the loca-
tions of the critical curves, whereas the white curves
mark the contours [Cyy| = 1.

Figure 5(a) shows Holographic NM with ¢~7 = 10300
and Bosonic DM with B, =0.1. Figure 5(b) depics SLy4
and Bosonic DM with B, = 0.03. Figure 5(c) shows Holo-
graphic NM with ¢77 =10300 and Fermionic DM with
my = 0.5. Figure 5(d) presents SLy4 and Fermionic DM
with m; =0.5. Figures 4(b) and 5(a) clearly confirm that,
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(b) Critical curves for EoS combination 2:
SLy4 and Bosonic DM (B4 = 0.03).
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(d) Critical curves for EoS combination 4:
SLy4 and Fermionic DM (my = 0.5).

(color online) Critical curves for different EoS combinations. The black curves indicate multiple stability boundaries. The

units of both the horizontal and vertical axes are astrophysical units (p,), representing the magnitudes of the central pressure for the
two components. The black and white heatmap in the background displays the absolute value of the normalized cross product of the
gradient directions at each point of the total mass field and the particle number field of the second component; the darker the color, the
more parallel the gradient directions of the two fields at that point tend to be. N, = Np,, represents the DM particle number.
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(a) Heatmap of the signed value of cross product Cas,n,. Here
the red and blue points refer to stable and unstable
configurations. The green points construct the critical curve.
Fig. 6.
Holographic NM (¢77 = 10300) and Bosonic DM (B, = 0.1).

for these EoS models, the critical curve obtained from the
static parallel-gradient condition coincides with the
boundary where the fundamental radial mode frequency
vanishes. This numerically demonstrates that the zero
mode identified by the critical curve method is indeed the
fundamental mode, and thus, the curve constitutes the
true stability boundary for these cases.

Figure 6 further illustrates the stability analysis using
the signed cross product Cyy, . By replacing the absolute
value used in Fig. 5(a) with the signed value of the cross
product for the same EoS and parameters, we obtain the
heatmap shown in Fig. 6(a). The green points where
Cuy, =0 mark the static critical curve. In Fig. 6(b), this
static boundary is directly compared with the dynamical
boundary obtained from the vanishing of the fundament-
al radial-mode frequency. The agreement between the
two curves provides a numerical verification of the equi-
valence between the static criterion and dynamical stabil-
ity condition for this EoS combination.

Figure 7 extends the analysis of Fig. 5(a) to a larger
parameter space. In this enlarged domain, the static gradi-
ent-alignment diagnostic reveals additional nested curve-
like structures beside the innermost critical curve. These
outer curves are interpreted as possible higher-order crit-
ical curves, as suggested by the macroscopic gradient-
alignment structure of the equilibrium-configuration sur-
face.

Figure 8(a) shows the M-R curves for mixed stars
with a fixed Bosonic DM central pressure p{ and varying
Holographic NM (¢77 = 10300) central pressure p5. These
relations, obtained through single-parameter variations in
mixed star models, no longer satisfy the BTM criterion.
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(b) Direct comparison between the static critical curve
and the dynamical zero-frequency boundary in the same
central-pressure plane.

(color online) Signed-cross-product critical curve and its comparison with the dynamical stability boundary. EoS combination:
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Fig. 7.
an enlarged central-pressure parameter space. The units of

(color online) Static gradient-alignment structures in

both the horizontal and vertical axes are astrophysical pres-
sure units (p,). This figure extends Fig. 5(a) using the same
EoS combination. The dark regions indicate small values of
[Crnpyl> and the black curves denote the zero contours
|Crrnpy| = 0. The innermost black curve corresponds to the sta-
bility boundary associated with the fundamental radial mode.
The outer nested black curves are interpreted as possible high-
er-order critical curves, as suggested by the static gradient-
alignment structure.

Furthermore, the deviation from the BTM criterion can be
quantitatively analyzed, as demonstrated in Fig. 8(b).
This panel plots the relative separation between the cent-
ral pressure of the last stable point, pjassable, and that of
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(a) M-R curves for mixed stars with a fixed Bosonic
DM central pressure pf and varying Holographic NM
(£77 =10300) central pressure ps. The maximum mass
point (circle marker) and the last stable configuration
point (star marker), determined by the critical curve
method, do not coincide.
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(b) The deviation is described as the relative error
between the central pressure of the last stable point and
that of the maximum mass point, and it is a function of

the DM central pressure pf. This explicitly shows that
the turning point of stability deviates from the mass
peak, invalidating the simple BTM criteria for these
sequences.

Fig. 8.
mixed stars.

(color online) Deviation from the BTM criterion in

the maximum mass configuration, pmax.mass, s a function
of the DM properties, showing the trend of the systemat-
ic separation as it varies with the central pressure and
properties of DM.

Crucially, the magnitude of this deviation is highly
sensitive to the EoS properties of the admixed DM. As
shown, different DM models (e.g., Bosonic vs. Fermion-
ic DM) and variations in their microphysical parameters
(such as the interaction strength B, or fermion mass m;)
lead to distinctly different deviation curves. This sug-

gests that the degree to which the BTM criterion is viol-
ated is not universal, but rather, an indirect probe of the
DM EoS and its gravitational coupling with NM. Devi-
ations of the neutral stability point from the standard turn-
ing-point criterion under various additional physical ef-
fects have also been discussed in earlier literature
[80-82].

The deviation of the stability boundary in the multi-
fluid configuration space has direct implications for grav-
itational-wave observables. In particular, the stability
boundary directly determines the maximum achievable
compactness M/R and characteristic density scale M/R’
of stable configurations. As the fundamental f“mode fre-
quency scales as f; ~ VM/R® (see, e.g., Refs. [83—85]),
precise measurements of f~mode frequencies from gravit-
ational-wave observations provide a direct investigation
of this characteristic scale. Consequently, the deviation of
the mixed-star stability boundary from the single-fluid
maximum-mass point translates into a distinct upper-lim-
it shift in the predicted M/R* scale, which can be tested
against future gravitational-wave data. That is, the config-
uration that maximizes the f~mode frequency is no longer
necessarily aligned with the maximum-mass point of
single-fluid sequences, but instead, follows from the full
multi-dimensional stability condition in the central-pres-
sure parameter space of the mixed system.

Therefore, in principle, a precise future measurement
of the mass, radius, and stability threshold of a mixed star
could provide a tool for constraining the nature of DM
within the star.

3. Resolution Test of Static Critical Curve Method

To verify that the critical curve obtained from the
static gradient-alignment algorithm is independent of nu-
merical grid resolution, we recompute the curve using
four different grid sizes in the central-pressure parameter
space: 40x40, 60x60, 80x 80, and 100x 100. The EoS
combination and parameters are the same as those in Fig.
5(a), that is, Holographic NM (£~7 = 10300) and Bosonic
DM (B4 =0.1). As shown in Fig. 9, the resulting critical
curves are indistinguishable, confirming that the al-
gorithm is resolution-free.

B. Analysis and application of macroscopic quantities

1. M-R relation

The stable region of equilibrium configurations maps
to a continuous topological correspondence region in the
M-R,-p$ space: a two-dimensional surface in three-di-
mensional space, as shown in Fig. 10. The EoS combina-
tion in Fig. 10 is Holographic NM (£~7 = 10300) and Bo-
sonic DM (B, =0.1), with vertical axis p{ in Fig. 10(a)
and p5 in Fig. 10(b). R, is the total radius: R, =
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Fig. 9. (color online) Critical curves computed with four dif-

ferent grid resolutions (40 x40, 60 x 60, 80 x 80, 100 x 100) for
the same EoS combination and parameters as those in Fig.
5(a) (Holographic NM ¢~7 = 10300, Bosonic DM B, =0.1).
The curves coincide, demonstrating that the static method is
resolution-free.

max(Ry,Rp). Here, Ry and R represent the radii of NM
and DM, respectively. The red and blue dots indicate the
configurations where Ry > Rp and Ry < Rp, respectively.
Any slice along the p§ axis corresponds to an M-R curve
governed by a single parameter variation.

Figure 11 shows the projections of stable configura-
tions onto both the mass-visible radius plane M-Ry and
mass-total radius plane M-R, with the EoS combination
of Holographic NM (¢77=10300) and Bosonic DM

® Ru<Rp
® Ru>Rp

Ry 14

(a) Topological correspondence in M-R-p§ space.

Fig. 10.

(B4 =0.1). Points within the stability boundary form a
"stable group" in the projection plane, serving as a com-
parison tool for observational data. Overlapping regions
of two colors imply the possible existence of "twin con-
figurations" with identical masses and radii but distinct
halo compositions. The dynamical stability of such twin
configurations under non-linear perturbations has re-
cently been investigated in Ref. [87].

This degeneracy between twin configurations can be
resolved by combining gravitational-wave and electro-
magnetic observations. Gravitational-wave measure-
ments constrain the stellar radius through tidal deformab-
ility [88], whereas electromagnetic observations such as
pulse-profile modeling provide independent constraints
on the surface emission geometry [89]. A systematic dis-
crepancy between the inferred radii, particularly
Row > Rgy, may indicate the presence of an extended
low-density component or a multi-fluid internal structure,
offering a potential observational signature of twin stars
[90].

The left boundary line of the "stable group" in Fig. 11(b)
coincides with the curve where the radius size relation-
ship between the two fluid components reverses, which
means that, for mixed star models with the same mass,
the stable configuration that minimizes the total star radi-
us is always the one in which the two fluid components
have equal radii.

2. Prediction prospects

We employ the strongly self-repulsive Bosonic DM

® Ru<Rp
® Ru>Rp

4
““

R 14

(b) Topological correspondence in M-R-p5 space.

(color online) The two-dimensional stable region from the central pressure parameter space is mapped onto a three-dimen-

sional space, with the axes representing the total mass (in M, units), total radius R, = max (Ry,Rp) (in km units), and one of the central

pressures (e.g., p§ and p§ in p, units). This reveals the degeneracies of the two-dimensional M-R projection. The red and blue dots dis-
tinguish configurations in which the NM radius is larger than the DM radius (Ry > R, blue) from those in which it is smaller (Ry < Rp,
red). (a) and (b) show the two-dimensional surfaces of the DM and NM pressures for the EoS combination in Fig. 5(a), namely Holo-

graphic NM (¢77 = 10300) and Bosonic DM (B, = 0.1).
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(a) The stable group projected onto the mass versus visible
radius plane using Holographic NM and Bosonic DM
(B4 =0.1).

(b) The same stable group projected onto the mass versus
maximum radius plane (M-R;), where R, = max(Rn, Rp).

Fig. 11.
The colored regions represent dynamically stable configurations, whereas the gray shaded areas are unstable. The color coding within

(color online) In both panels, Ry and R, are the radii (in km units) where the NM and DM pressures vanish, respectively.

the stable group distinguishes dark core configurations (Ry > Rp, red) from dark halo configurations (Ry < Rp, blue). The overlapping
area between the red and blue regions, highlighted in green, indicates the parameter space in which twin stars [86] can exist: configura-
tions with identical masses and radii but different internal structures (one being a dark core and the other a dark halo). The dashed line

represents the boundary of the stable region (the critical curve).

EoS introduced in Sec. II.C to discuss the observational
implications of mixed stars. As shown by Colpi, Shapiro,
and Wasserman [74], a complex scalaf field with a quart-
ic self-interaction potential V() = Z‘/llﬁlﬂ4 can support

compact equilibrium configurations with a maximum
mass scaling My, ~0.10 GeV> M, A2 /m?>. For A>1
(strong self-repulsion), this maximum mass becomes
comparable to the Chandrasekhar mass of fermionic stars,
making it possible to reach the extreme mass ranges dis-
cussed below. Therefore, strong self-repulsion (encoded
in a small value of B in Eq. (10)) is essential for the
mixed-star model to access the large masses shown in
Fig. 12. Based on this justification, we now examine the
predicted M-R relations.

Collecting the latest M-R credible window from ob-
servational data of compact stars on the M-R stable
groups can impose constraints on the DM EoS. Our
mixed star model demonstrates the ability to cover a wide
range of the M-R area by adjusting the EoS parameters.
For instance, Fig. 11(a) covers the mass and radius val-
ues of the PSR J0437-4715 data from the latest NICER
observations (M =1.418+0.037M,, R=11.3670% km)
[68].

Figure 12 and Table 1 show the predicted range of the
M-R relations and compactness analysis of mixed stars
under different EoS parameter selections and DM mixing
ratios (ratio = pfy/pum» the central pressure ratio of DM
and NM), indicating that by appropriately adjusting the

hardness of the EoS and ratios of the admixed DM, the
mixed star models have the potential to become predict-
ive for NSs and certain gap events, containing ranges of
both 3—5 M, and 50—-100 M, [32, 91]. Although such
high-mass objects have conventionally been interpreted
as black holes formed via hierarchical mergers or primor-
dial mechanisms [92, 93], our model suggests an alternat-
ive: they could be DM-dominated exotic compact stars
[94, 95]. The key question is whether these objects might
exhibit non-black-hole signatures in gravitational-wave
observations. Future third-generation detectors (e.g., Ein-
stein Telescope and Cosmic Explorer) might be able to
test these predictions by measuring the tidal Love num-
bers and quasi-normal mode frequencies of candidate
events in the upper mass gap [96, 97]. Figure 12(b) shows
the situations of massive stars with the observable radius
of conventional compact stars and accompanied by a
large dark halo. Additionally, the similar values of com-
pactness M/R for the same EoS combinations but with
different parameters and mixing ratios exhibit a slight vi-
olationofthescalingsymmetry foracertaintypeofsingle EoS
[32,98].

V. CONCLUSION

In this study, we have comprehensively investigated
the stability properties and macroscopic characteristics of
DM-NM mixed stars within the framework of general re-
lativity.
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(a) The M-R relationship with different parameter settings
and different mixing ratios (ratio = pH;/pPivar) of DM
central pressure, where the mass data is within the
Oppenheimer limit and near the mass gap, respectively.

Fig. 12.
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(b) Similar settings to the left panel, but with a larger range
of total mass.

(color online) Prediction prospects for admixed star models displayed through the M-R relationship, with the EoS combina-

Last stable configurations and corresponding macroscopic quantities for different bosonic DM EoS parameters and DM

Parameter combinations Mis/M, Ry/km Rp/km R,/km Mys/Ry Mys/Rp Psis (po)

B, =0.0012, ratio = 0.1 100.616 31.122 905.64 905.64 3.23 0.111 7.6634% 1077
B, = 00022, ratio = 0.1 48.649 31.206 594.03 594.03 1.56 0.082 69859 10”7
B. = 0.0022, ratio = 0.9 49.076 46.133 591.15 591.15 1.06 0.083 73168 1075

We have established a rigorous equivalence between
the critical curve method and the emergence of a zero-fre-
quency radial oscillation mode. This foundational link
provides a formal justification for using the static critical
curve method as a powerful proxy for dynamical stability
analysis.

Our numerical calculations, employing four typical
EoS combinations—SLy4, Holographic NM, Fermionic
DM, and Bosonic DM —determined the stability regions
of mixed stars and validated the equivalence between the
two methods numerically while revealing complex stabil-
ity distributions that differ fundamentally from those of
single-fluid and hybrid stars. Unlike pure NSs that obey
the classical BTM criterion, stable configurations of
mixed stars form continuous two-dimensional surfaces in
the three-dimensional parameter space spanned by (one
of) the central pressure, mass, and radius. The projection
of these stable configurations onto the M-R plane reveals
a "stable group" that delineates natural regions in which
mixed stars should be observationally found. These
groups exhibit several noteworthy features, including the
existence of twin configurations with identical M-R meas-
urements but different internal compositions, and the
characteristic property that the most compact stable con-

figurations are those in which the two fluid components
have equal radii. Moreover, by adjusting the EoS hard-
ness and DM mixing ratio, our mixed star model can ac-
commodate regular NS events and account for certain
mass-gap events. It also has the potential to predict
massive configurations featuring a compact star radius
core accompanied by a large DM halo.

In the future, our theoretical framework can be exten-
ded to incorporate more sophisticated DM models, such
as self-interacting fermionic DM and axion-like particles.
The methodology also provides a foundation for investig-
ating rotating mixed stars, magnetic field effects, and dy-
namical formation scenarios. As observational capabilit-
ies continue to advance, the stable groups and character-
istic M-R relations identified through our analysis may
serve as references for identifying potential mixed star
candidates and constraining the properties of DM through
astrophysical observations.
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APPENDIX A: REVIEW OF STATIC STABILITY
CRITERIA

The static stability criteria determine the stability of a
star by examining the properties of the entire equilibrium
sequence, rather than analyzing perturbations of a single
configuration. This approach is computationally efficient
as it reuses the data for calculating the equilibrium mod-
els.

1. BTM criterion for single-fluid

The BTM criterion provides a method for assessing
the radial stability of general-relativistic star models. The
key principle of this criterion (we apply the generalized
version in [51]) is that when passing through each ex-
tremum of the M-R curve, the direction can either in-
crease or decrease the core pressure:

e Stability changes occur exclusively at the extrema
of the M-R curve.

e A counterclockwise bend at an extremum corres-
ponds to gaining one unstable mode.

e A clockwise bend at an extremum corresponds to
losing one unstable mode.

e The sequence is typically parameterized by the
central pressure.

The original BTM criterion was formulated specific-
ally for sequences of zero-temperature stars, represent-
ing a "family" of different stars composed of the same
cold matter. This framework is directly applicable to the
cold NS models considered in this study. By contrast, for
sequences of hot isentropic stars with a fixed total bary-
on number, the stability change at an extremum follows
the opposite rule [3]: a counterclockwise bend leads to
the loss of an unstable mode, whereas a clockwise bend
leads to the gain of one.

Owing to its intuitive nature, the BTM criterion has
been widely used for decades as a primary tool for stabil-
ity assessment in relativistic astrophysics. The equival-
ence between the oscillation method and BTM criterion
has been proven in [99, 100].

Notably, the BTM criterion is specifically applicable
to single-fluid models and becomes invalid for multi-
fluid models containing interface or mixed phases. We
provide a more detailed discussion of this fact and its
manifestation in subsequent sections.

2. Critical curve criterion for multi-fluid

The stability analysis of multi-fluid compact stars can
be significantly simplified through the application of the
critical curve method. This approach, which was origin-
ally developed in [8] for determining the stability of bo-
son-fermion stars, is in fact applicable to any spherically
symmetric ideal multi-fluid star model in general relativ-
ity, including the DM-NM mixed stars considered in this
study. The method provides an efficient criterion for de-
termining star stability by relying solely on equilibrium
solutions of the multi-fluid TOV equations, thereby cir-
cumventing the computationally intensive task of solving
the coupled pulsation equations to identify the radial nor-
mal modes.

The fundamental premise of this method lies in char-
acterizing a stability boundary in the parameter space of
the central pressures for the constituent fluids. For a two-
fluid system, the critical curve demarcating stable and un-
stable configurations is formed by a group of points char-
acterizing the central conditions. At each point
o = (ps.pj), there exists a direction o that fits the con-
dition [8]:

VeM(0)-60=0 and V Ng-60=0
(or alternatively V,N B) , (A1)

where M(co) denotes the total gravitational mass of the
star (equivalent to the mass within radius R, hereafter de-
noted simply as M), and Ny and Ny are the total particle
numbers for fermions and bosons, respectively. For the
specific case of DM-NM mixed stars considered in our
study, this criterion takes the following form:

VoeM-50=0 and V,Nyv-00=0

(or alternatively V,Npy) , (A2)

where Nyv and Npy represent the particle numbers of
DM and NM, respectively.

APPENDIX B: REVIEW OF RADIAL OSCILLA-
TION

1. Single fluid

In his 1964 paper, Chandrasekhar rigorously estab-
lished the pulsation equation for radial oscillations in
single-fluid stars based on radial perturbations and vari-
ational principles [2], and it has been widely applied in
many works, such as [101]. For the necessity of unifying
notation, we briefly review the main steps and key equa-
tions in the derivation of this equation:

115107-18



Stability boundary of neutron-dark matter mixed stars

Chin. Phys. C 50, 115107 (2026)

Linearization of Field Equations

An unperturbed, static, spherically symmetric equilib-
rium configuration satisfying the TOV equations is as-
sumed. Its behavior after being subjected to infinitesimal
radial perturbations can be used to determine its stability.

) — 2Gm(r)
We define e = (1 2
fluid variables are expressed as

) . Then, the metric and

v=y+0v, d=¢o+dp, p=po+op, &£=¢gp+0e.

The Einstein field equations and Einstein-Euler equa-
tions are perturbed separately. Neglecting higher-order

terms, we obtain the corresponding system of linearized
radial perturbation equations:

0 v 4G ,
E(re ov) = e oe, (B1)

e 2% ( g 50— 2d¢0

0 4G
) =S v+ sp, (B2
r r? ct

e 9 4nG dr
. &5V: —7(170"'80)5, (B3)

odr 0
e (py, +80)aa 5P
+(p0+80)—6¢+(5p+68)ﬂ 0. (B4)

Lagrangian Displacement and Reformulating Per-
turbations

The Lagrangian displacement & is defined such that

_ 0
dr ~ o dr
. Then, using the first three equations of the linear-

dr dr
theradial velocitysatisfiesv = — thatis,u” = —enl =

43
=0 2
¢ o
ized perturbation equations (B1), (B2), and (B3), all per-

turbations of the metric and fluid variables except for ép
are expressed in terms of £ and equilibrium quantities:

4G r
0v=——-&(po+&)) > (B5)
c e~
PRI B6
8——55[" (Po+€0)~f], (B6)

0 47rG

o=

(fo r) 4 e‘};"ﬁ'

(B7)

{517 (po+€0) <

Notably, the perturbation quantities and Lagrangian
displacement are all functions of r and ¢ (e.g., &(r,1),
6p(r,1)). We now assume that all perturbation quantities
F possess a time-harmonic dependence of the form
F(r,t) = F(r)e''. Based on this separation of variables and
by combining (B4) with (BS5), (B6), and (B7), we obtain

d
a)262V0_2¢0(p0 + go)g = —%(l)o + 80)%
) {% <d(80 +po) (po+80)>
dr dr r
2d¢0 dvo  déy
+(p()+<90)< dr ) (dr E)}g
+ g<5p+6pg (vo+2¢0), (B8)
dr dr

where the perturbation equations are thus reduced from
complex partial differential equations to a relatively sim-
pler eigenvalue problem governed by an ordinary differ-
ential equation, with the perturbation terms now consist-
ing of only the pressure variation.

Baryon Number Conservation

An additional relation is required to connect the pres-
sure perturbation Jp to the other variables. This is
provided by imposing adiabaticity and baryon number
conservation, which requires V,(nu*)=0. Defining the
perturbation of n as n =ny(r)+6n(r,f) and combining it
with & defined previously leads to the form of én consti-
tuted by the Lagrangian displacement and unperturbed
terms:

) 2 ga—9o
5n = S Onor-ge™) (B9)

r? or
Moreover, the first law of thermodynamics yields
g+p
de =
n
lated to p or ¢. This finally allows the pressure perturba-

tion to be written solely in terms of the Lagrangian dis-
placement:

dn; thus, the baryon number density is now re-

dp eh o _
p=—b vy (FehE). (BIO)
r
. ny dpo
Here, y is defined as ¥ = oy dny’ which is the adiabatic
Po dng

index. This step is crucial as it incorporates the micro-
physics (EoS) into the dynamical description.
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Pulsation Equation and Boundary Conditions

By substituting the expression for the pressure per-
turbation §p from (B10) into the perturbed equation of
motion (B8) and after involving the use of the back-
ground TOV equations (6) to eliminate derivatives of the
metric potentials, one arrives at the final pulsation equa-
tion:

4d
W00 (po 4+ 50)é = = P
r dr

_ d { vpo d _ }
_a—00+2¢0) | avot+3¢o) LU T (.2 —¢o
¢ dr © r2 dr (r ¢ f)

87G 1 dpo\*
+ =¥ po(po + £0)é — (—”0) £ (B
c Po+& \ dr

Two key simplifications are required to cast it into the
standard Sturm-Liouville form: multiplying the entire
equation (B11) by e0*2% to simplify the differential oper-
ator and introducing the new variable y(r) = r?e ®"&(r)
to simplify the expression for the Lagrangian perturba-
tion. Following manipulation, the equation takes the ca-
nonical Sturm-Liouville form:

d

-5 +Q(r)y = W W(r)y,
,

(B12)

dy
P i
{ (") dr
where the coefficient functions are defined as

P(r) = ypO(r)evo(r)+3¢o(r)
r? ’

4d 8nG
0(r) = (; 2 = p () (polr) + £0(1)

1 < dpo )2 e"o(N+30(r)
B po(r) +eo(r) \ dr 2

3vo+¢o

W(r) = (po(r) + &0(r)) —5—

This formulation demonstrates the self-adjoint nature
of the eigenvalue problem, which guarantees real eigen-
values w? as well as orthogonal and complete eigenfunc-
tions.

Solutions to the pulsation equation must satisfy the
boundary conditions imposed by physical regularity and
spherical symmetry:

o At the center of the star (r = 0), all physical quantit-
ies must be finite. The radial displacement ¢ must vanish
at the origin to avoid a directional singularity, that is,
£(0) =0. A power series analysis shows that the leading-
order of the displacement is linear: & « r. Thus, owing to
the factor of 72, the scaling variable y(r) = r’e *"&(r) ex-

hibits an asymptotic behavior y o r® near the origin.

Therefore, the inner boundary condition is

x—0 as r—0, with )%—wonst. (B13)
r

In practice, numerical integration is started at a small
but finite radius r=r, with the asymptotic form
x(ro) = xory, where y, is a constant to be determined.

e At the surface of the star, the appropriate physical
boundary condition is that the Lagrangian perturbation of
the pressure must vanish:

Ap=0 at r=R. (B14)
Its relation to the Eulerian perturbation is
dp() e"") 6 2 o
- ot U B15
Ap=dp+é-y==—ypo- 5o (re™s). (B15)

Therefore, in numerical calculations, we require the right
side of B to be zero on the outer boundary.

The pulsation equation in Sturm-Liouville form, to-
gether with the boundary conditions (B13) and (B14),
defines a characteristic value problem for the squared os-
cillation frequency w?.

Stability Condition and Variational Principle

The stability of an equilibrium configuration is de-
termined by the temporal evolution of the radial perturba-
tions. From the ansatz &(r,t) = &(r)e'’, real values of
(i.e., w* > 0) correspond to stable oscillations, whereas an
imaginary @ (w? <0) leads to exponentially growing or
damping modes, indicating dynamical instability.

The self-adjoint nature of the pulsation equation
(B11) permits the formulation of a variational principle
for the characteristic frequencies w?. Multiplication of
(B11) by r*¢e% and integration over the star volume,
followed by integration by parts and application of the
boundary conditions, yield the integral expression

R
W’ / e®079)(p + £,)r*&>dr = Numerator, (B16)
0

where the right-hand side "Numerator" is determined by
the integral:

R
d
Numerator =4 / e(V°+¢°)r—p0§2dr
0 dr

R d 2
+/O e(l’o”%)% {a (I,Ze—dmé:)} dr
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_/Re(v0+¢o) (%)2 r2§2 dr

0 dr Pot+&o
8nG

+

R

3 262

7/ e VOWO)PO(P()‘F&))’” &dr.
0

(B17)

Equation (B16) expresses «w? as the ratio of two integrals,
which is known as the Rayleigh quotient:

Numerator
W’[¢] =

Denominator’

where

R
Denominator = / e (py + g)r?Exdr. (B18)
0

Here, «?[£] is a functional, the value of which depends on
the choice of the trial function &

The orthogonality of the eigenfunctions, as guaran-
teed by the self-adjoint Sturm-Liouville form, plays a cru-
cial role in the variational principle. Any admissible trial
function & can be expanded as a series in the complete set
of orthogonal eigenfunctions £™:

é= i €™,

n=0

(B19)

where ¢, denotes the weight coefficients. The functional
W’ [f] corresponding to the trial function is a weighted
average of the true eigenvalues w?:

=)

PINATAGRN

~ n=0
w2 =

e — (B20)
Z (&M £y
n=0

where (-,-) denotes the inner product with the correspond-
ing weight functions. The Rayleigh quotient is stationary
when ¢ is an eigenfunction (see [75] for further details),
and it attains its minimum value w? when ¢ is proportion-
al to the fundamental mode £©.

Therefore, for any trial function & satisfying the
boundary conditions, the computed value @? is an upper
bound of the true fundamental mode eigenvalue:

W <€) (B21)

This formulation provides a powerful method for de-
termining dynamical stability. A sufficient condition for
dynamical instability is that any trial function & exists for
which the "Numerator" <0. As the "Denominator” is al-
ways positive, this implies that w* <0, and consequently,
w§ <0.

2. Multi-fluid

For a compact star composed of multiple ideal fluids
in the absence of any non-gravitational coupling, the
pulsation equations for a single fluid can be generalized
to the multi-fluid case. The oscillation equations for such
a system have previously been derived in the literature
and applied to other mixed models (see, e.g., [18, 19,
841]). This section briefly outlines the main steps in deriv-
ing the equations using the same process as that in the
references.

Linearized Field Equations and Energy-Momentum
Tensor

Consider a spherically symmetric system composed
of N ideal fluids. The total energy-momentum tensor is
the sum of the decoupled contributions from each fluid:

v § : v Hy H
Ttotal T ’ TI - (S[ +P1)M1 u}/ + plgw/-
1

For a spherically symmetric background, assuming that
the EoS for each fluid depends only on its own energy
density (i.e., the fluids only interact through gravity):
pr = pi(er), the radial perturbation variables are set as

¢ = o +69,

gr=gp+oe, pr=

Vv =Vy+0V,

Pio+0py,

and the Lagrangian displacement &; of the 7-th fluid satis-
fies v; = &. Similar to the case of a single fluid, lineariz-
ing the Einstein field equations and energy-momentum
conservation equations would yield a set of coupled per-
turbation equations.

Lagrangian Displacement and Expression of Perturb-
ations

We introduce the harmonic time dependence assump-
tion &(t,r) = &(r)e'’, and similarly for other perturbation
variables. Similar to the case in the previous section, the
metric perturbations §v, §¢ can be expressed in terms of
the time-independent &;:

—8nGr

ov = o 2(810"'1910)51, (B22)
(5.2
dog __\dr_ dr/
dr - (Saotal + pbotal)
total d¢0
X |6p™ — Z(SIO +p)ér| - (B23)
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The energy density perturbation of each fluid can be ex-
pressed as

10 [VZ(PIO +810)§1]
og=—5——
r or

G (B24)
+ %(810 + plO)rZ (€0 + pro)&r—ED).
7

Particle Number Conservation and Pressure Perturb-
ation

Similar to the case of a single fluid, particle number
perturbations are constructed through covariant conserva-
tion, as follows:

P G 5))

r2 or
4nGr
+ T”IOZ(EJO +po)&r =& (B25)
e~ y
For each fluid, the adiabatic index
ny d +ep)d
Y= _InSP _ (on IO) Pn is introduced. The pres-
pio dnyg Pio deg

sure perturbation can then be expressed as

0
( 26_¢0§1)

efo
op; _—517—711710{ e

_4nG
o Z(sm +pi)ér - &)}

(B26)

These perturbation expressions couple the fluid vari-
ables and displacements & of all fluids, reflecting the
gravitational interaction between the multiple fluids.

Multi-fluid Pulsation Equations and Boundary Condi-
tions

Substituting the aforementioned expressions into the
linearized equations and introducing the variable
xi(r) =r’e®&(r) (where ¢, = ¢y(r=0)) yield a set of
coupled second-order ordinary differential equations:

0, (Pryp)+(Qr + a)ZW,))(, + coupling terms = 0, (B27)

where the coefficients are

1
Pr= ) Plo)’ICMO

1
Wi =ﬁ(510 + pro)e™,

%dpl()
2 Lr dr

+8m ezm Ioml (&10+ pro)

0=

total
m, en+tpo  dppo
+ eng (47l_r£t0tdl Lz) ( P _ (117 )
r r r

The coupling terms are explicitly expressed as

coupling terms =

+ d
R (810 P PIo)

r

Z (€50 +proxst

r*(€10+ Pro) e dyy
T zj: PioYs—5 2 dr
+5 Z (&50+Ppso)xs—x1)

7

2

-
L

+ R (&0 + pio)

Z ZPJO)’J(SKO +Pro)(xx —XJ)
7K

+Ry1pio Z [(810’ + P —xD+
J
d
(&0 + pJO)(i - ﬁ)}

where

R =4me®* 0 [,

d d
S;=R {(?’1—1)ﬂ %Pm

1
+ 1P (87_[’,621/0 (8tota1 p:)mal) _ ):| .
,
The boundary conditions are as follows:

e At the star center (r = 0), y; o r* for each fluid.

e At the boundary of each fluid r = R;, the Lagrangi-
an pressure perturbation must vanish, that is,

Apr=

dplo f1 dPlo

e’ 6
T2

ar ( rie )

=— §1
—YiPio {
—4nGre®® Z (&0 +pio)és - fl)}

J

=0. (B28)

Here, pj tends to 0 at the corresponding outer boundary
of the fluid. Therefore, as the other quantities (£, and un-
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perturbed quantities) in the final term must be finite, the
contribution of this term to the boundary constraint is ig-
nored, and thus, the boundary condition reduces to

e o

o (rze_"(’f,)} =0. (B29)

Apr=-YipPn {

This outer boundary condition is also consistent with
those in [53, 75]. In [18], the corresponding term of e® is
e’ after unifying the convention, which appears to be a
typo. However, this slight discrepancy merely introduces
a negligible scaling factor in the numerical results and
does not affect the stability boundary.

Stability Condition and Variational Principle

The stability criterion from the single-fluid analysis

carries over to the two-fluid case: for perturbations of the
form &(r,1) = £&(r)el’, the configuration is stable for real
o and dynamically unstable for imaginary .

Although the multi-fluid pulsation equations cannot
be written in a standard Sturm-Liouville form, the
coupled Rayleigh quotient can still be provided:

) _ Numerator[{¢/}]
w{&}] = Denominator[{&;}]’

which could be constructed by the integration of the
pulsation equation, including various complex coupling
terms. The extreme value of its trial functions are the ei-
genvalues, and the minimum value is the square of the
fundamental frequency. If a set of trial functions {&} ex-
ists such that w? <0, the system is unstable against that
perturbation mode.
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