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Abstract: We analyze the causal structure of horizonless compact objects through the light-cone geometry and con-
formal compactification of the Joshi-Malafarina-Narayan (JMN-1) and Janis-Newman-Winicour (JNW) spacetimes.
Penrose  diagrams  reveal  that  JMN-1  undergoes  a  transition  from  timelike  to  null 
singularities, whereas  JNW  remains  timelike  throughout,  in  contrast  to  the  spacelike  singularity  of  the  Schwarz-
schild spacetime. We show that photon spheres exist in Schwarzschild and JNW spacetimes, but arise in JMN-1 only
when  the  singularity  is  null.  For  the  class  of  spacetimes  considered  here,  this  result  reveals  a  correspondence
between the causal character of the singularity and null-geodesic trapping. We further demonstrate that radial time-
like geodesics develop turning points in certain parameter regimes in both JMN-1 and JNW spacetimes, indicating
the emergence of such turning points in the strong-field region. These features lead to distinct shadow signatures that
may be testable by very-long-baseline interferometric observations such as those of the Event Horizon Telescope.
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I.  INTRODUCTION

The gravitational collapse of a spherically symmetric
homogeneous dust  cloud  was  first  analyzed  by  Oppen-
heimer,  Snyder,  and  Datt  (OSD),  in  which  the  interior
spacetime  is  described  by  a  closed  Friedmann  geometry
matched to an exterior Schwarzschild region [1, 2]. With-
in  their  framework,  the  collapse  proceeds  monotonically
toward  the  formation  of  a  curvature  singularity.  During
the  evolution,  trapped  two-surfaces form  before  the  sin-
gular epoch  is  reached.  The  appearance  of  trapped  sur-
faces directly implies that the future-directed null expan-
sions become negative in the neighborhood of the center.
As a result, the singularity lies entirely within the trapped
region and  is  therefore  hidden  from  causal  communica-
tion with the exterior spacetime region. More concretely,
an event horizon forms and acts as the causal boundary of
this region.

In particular,  a  spacetime singularity  is  not  an ordin-
ary locus in spacetime; rather, it represents the boundary
of  the  spacetime  manifold  [3].  All  non-spacelike
geodesics  terminate  there  at  a  finite  affine  parameter λ.

I+
I+

H+ = ∂J−(I+)

D(Σ)

The  associated  Jacobi  fields χ collapse, and  the  space-
time volume element along such congruences vanishes in
the  singular  limit.  The  global  causal  structure  of  an
asymptotically  flat  spacetime  is  conveniently  described
with respect to future null infinity . The event horizon
is  defined  as  the  boundary  of  the  causal  past  of ,
namely . It  separates  the  region  of  space-
time from which causal signals can reach distant observ-
ers  from the  region  that  remains  permanently  hidden.  In
collapse  scenarios  leading  to  black  hole  formation,  the
event  horizon  is  a  null  hypersurface  that  encloses  the
trapped  region  and  shields  the  high-curvature  domain
from  external  observation.  Another  important  causal
boundary in spacetime is the Cauchy horizon,  defined as
the boundary of the domain of dependence of a spacelike
hypersurface. For an initial spacelike hypersurface Σ, the
domain  of  dependence  consists  of  all  spacetime
points  whose  physical  evolution  is  uniquely  determined
by the initial data specified on Σ. The boundary of this re-
gion, known as the Cauchy horizon, marks the limit bey-
ond which  the  classical  evolution  of  the  spacetime  geo-
metry cannot be uniquely predicted from the initial data.
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The presence of such a horizon therefore signals a break-
down of global determinism in general relativity (GR) [4, 5].

In GR,  global  predictability  is  ensured  if  the  space-
time  is  globally  hyperbolic,  meaning  that  there  exists  a
Cauchy surface whose domain of dependence covers the
entire spacetime manifold. In particular, only a restricted
class of  highly  symmetric  solutions  possesses  this  prop-
erty  globally,  including  Minkowski  spacetime,  the
Schwarzschild  spacetime  in  its  exterior  region,  and  the
Friedmann–Lemaître–Robertson–Walker (FLRW)  cos-
mological models [4, 5]. However, several physically im-
portant exact solutions of the Einstein equations admit in-
ner  Cauchy  horizons.  Notable  examples  include  the
charged black hole solution of Reissner–Nordström (RN)
and  the  rotating  black  hole  solutions  of  Kerr  and
Kerr–Newman.  In  their  maximal  analytic  extensions,
these  spacetimes  contain  an  inner  horizon  that  acts  as  a
Cauchy horizon, separating regions in which determinist-
ic  evolution  from  initial  data  fails.  Beyond  this  surface,
the  classical  field  equations  no  longer  provide  a  unique
continuation  of  the  spacetime  geometry  from  the  initial
data specified  on  a  spacelike  hypersurface.  The  occur-
rence of Cauchy horizons in such solutions indicates that
global predictability  is  a  strong  condition  in  general  re-
lativity  [6] and  need  not  be  satisfied  by  all  mathematic-
ally  consistent  solutions  of  the  Einstein  field  equations
[4, 5, 7].  This  feature  is  closely  related  to  fundamental
questions concerning the  validity  of  the  Cosmic  Censor-
ship Conjecture  (CCC) and the  stability  of  Cauchy hori-
zons under realistic perturbations.

The  nature  of  a  singularity  may  be  characterized  by
the causal structure of the hypersurface on which incom-
plete  causal  geodesics  terminate.  A  spacelike  singularity
possesses a spacelike boundary and lies entirely to the fu-
ture of timelike observers, preventing any causal commu-
nication with the external spacetime. In contrast, timelike
or null singularities have boundaries with the correspond-
ing  causal  character,  allowing  non-spacelike  curves  to
originate from the singular region and propagate to other
spacetime points. In particular, null singularities are gen-
erated by  null  geodesics  and  may  permit  outgoing  radi-
ation that  reaches  distant  observers  with  arbitrarily  large
redshift [8, 9]. These distinctions play a central role in de-
termining the causal visibility of singularities and in clas-
sifying the possible end states of gravitational collapse.

The analysis of the OSD collapse motivated a broad-
er conjecture proposed by Penrose, known as the Cosmic
Censorship Conjecture (CCC) [6]. The conjecture asserts
that singularities arising in gravitational collapse are gen-
erically  hidden  within  event  horizons.  This  implies  that
the  end  state  of  collapse  is  expected  to  be  a  black  hole
rather than a horizonless singularity. Despite sustained ef-
forts,  no  precise  and  universally  accepted  mathematical
formulation has been established. A general proof or dis-
proof remains absent. The status of CCC remains a major

open problem in classical and quantum gravity, with sig-
nificant implications for black hole physics and relativist-
ic astrophysics. In this context, the physical nature of ul-
tra-compact objects remains unresolved.

I+

A  singularity  is  said  to  be naked if  future-directed
non-spacelike geodesics  originate  from  the  singular  re-
gion and reach future null  infinity  [5, 7, 10].  In such
cases, the singularity is not enclosed by an event horizon
and  may,  in  principle,  influence  the  external  spacetime.
Extensive  investigations  of  gravitational  collapse  have
shown that the emergence of such horizonless singularit-
ies is  not  excluded within classical  gravity and can arise
from regular initial data under physically reasonable con-
ditions [4, 5, 10–16]. Moreover, the violation of CCC has
also  been  discussed  extensively  in  quantum  gravity
frameworks (see [17–20] and references therein). The oc-
currence  of  horizonless  spacetime  singularities  raises  a
fundamental question concerning the causal visibility and
physical nature of these ultra-compact objects. In particu-
lar, the  mathematical  classification  of  singularities  ac-
cording to their  causal structure, i.e.,  spacelike,  timelike,
or null,  may be associated with distinct physical and po-
tentially observable signatures. Investigating this relation
between  causal  structure  and  observable  properties  is
therefore essential  for determining whether astrophysical
observations can  distinguish  black  holes  from  horizon-
less compact objects containing different types of central
singularities.

Recent  advances  in  horizon-scale  imaging  through
very  long  baseline  interferometry  have  brought  these
questions  into  the  domain  of  observational  investigation
[21].  Observations  by  the  Event  Horizon  Telescope
(EHT)  of  supermassive  compact  objects,  most  notably
Sgr  A*  and  M87*,  have  revealed  bright  ring-like emis-
sion structures that are commonly interpreted as the shad-
ows of black holes [22–24]. In particular, the EHT obser-
vations of Sgr A* provide strong constraints on the geo-
metry of the surrounding spacetime and are broadly con-
sistent with the Kerr solution predicted by general relativ-
ity  [23]. Nevertheless,  current  observations  do  not  ex-
clude  all  possible  deviations  from  the  Kerr  black  hole
paradigm.  Certain  alternative  compact-object  geometries
can reproduce observational features similar to those ex-
pected  from  Kerr  or  Schwarzschild  spacetimes.  These
considerations motivate  continued  theoretical  investiga-
tions  of  compact-object solutions,  both  within  and  bey-
ond general relativity, especially in anticipation of future
high-precision  observations  that  may  provide  significant
tests of the underlying spacetime geometry [24].

Recent  studies  indicate  that  horizonless  geometries,
including certain classes of compact objects, can also pro-
duce  shadow  structures  in  high-resolution  images  [8,
24−33]. We use the term ``shadow" to denote the appar-
ent  dark  region  in  the  observer's  sky,  irrespective  of  the
presence of an event horizon. This observational degener-
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M0

acy highlights  the  need  for  deeper  theoretical  investiga-
tions  of  alternative  compact-object  models,  focusing  not
only on image morphology but also on their causal struc-
ture,  geodesic dynamics,  pulsar  timing delay,  energy-ex-
traction  processes,  and  tidal-force  effects  in  the  strong-
gravity  regime  [34−42].  Among  the  known  horizonless
compact-object  solutions,  the  JMN-1  [10]  and  the  JNW
spacetimes [43, 44] provide particularly important probes
of  strong-field  gravity.  Both  arise  as  exact  solutions  of
Einstein's  equations  with  physically  motivated  matter
sources  and  admit  parameter  ranges  in  which  no  event
horizon  forms  [25, 26].  Nevertheless,  their  geometrical
and  causal  structures  differ  significantly.  The  JMN-1
solution represents the end state of gravitational collapse
of anisotropic matter and can possess either null or time-
like singularities depending on the compactness paramet-
er  [45].  In  contrast,  the  JNW  geometry  describes  a
static configuration sourced by a scalar field and contains
a  timelike  singularity  throughout  its  physically  allowed
parameter  range.  These  spacetimes  therefore  provide  a
natural  framework  for  investigating  how  the  observable
properties of compact objects depend on the causal nature
of the underlying singularity.

Particle  dynamics  in  the  vicinity  of  compact  objects
provides  a  complementary  probe  of  strong  gravitational
fields  [46−49].  In  extreme  gravitational  environments,
particle collisions can achieve center-of-mass energies far
exceeding  those  attainable  in  terrestrial  accelerators  [50,
51].  Such  high-energy  processes  are  believed  to  play  a
significant  role  in  a  variety  of  astrophysical  phenomena,
including  relativistic  jets,  gamma-ray bursts,  microquas-
ars,  active  galactic  nuclei,  and  high-energy  cosmic  rays
[52, 53]. The  efficiency  of  these  acceleration  mechan-
isms,  as  well  as  their  potential  observational  signatures,
depends sensitively  on  the  underlying  spacetime  geo-
metry.  In  particular,  the  presence  of  turning  points,
photon spheres, and regions of stable or unstable geodes-
ic  motion can strongly influence particle  trajectories  and
collision outcomes [50, 54−56]. Investigating particle dy-
namics  in  horizonless  spacetimes  therefore  provides  an
additional  avenue  for  assessing  the  physical  viability  of
alternative compact-object models.

(i)
(ii) (iii)

In this work, we present a systematic investigation of
the JMN-1 and JNW spacetimes, focusing on three inter-
connected aspects:  the causal structure of light cones,

 the conditions for shadow formation, and  particle
acceleration in strong gravity. First, we analyze the glob-
al causal structure through the construction of light cones
and conformal  compactification,  allowing  us  to  determ-
ine the causal  nature  of  the singularities  present  in  these
geometries. Second, we examine null geodesics to identi-
fy the parameter regimes that give rise to shadow-like ob-
servational  features.  Third,  we  study  timelike  geodesics
and particle  collisions  to  evaluate  the  capability  of  these
spacetimes to act as natural particle accelerators. Through

this combined  analysis,  we  aim to  clarify  which  observ-
able  properties  of  compact  objects  are  governed  by  the
presence  of  horizons,  which  are  controlled  by  photon
spheres, and  which  arise  from  deeper  aspects  of  space-
time geometry.

The  analysis  presented  here  indicates  that  shadow
formation, the causal nature and strength of singularities,
and  particle  acceleration  or  turning  points  constitute
largely  independent  characteristics  of  compact-object
spacetimes and need not coincide within a single class of
solutions.  Therefore,  observational  signatures  commonly
associated with black holes may also arise in horizonless
geometries. This highlights the importance of employing
multiple  observational  probes  when  interpreting  strong-
gravity phenomena. Distinguishing among these possibil-
ities therefore  requires  a  synthesis  of  theoretical  model-
ing  and  high-precision  observations.  The  present  study
contributes to this objective by providing a unified frame-
work  for  analyzing  strong-gravity  signatures  in  both
black hole and horizonless compact-object geometries.

G = c = 1

This paper is organized as follows. In Sec. II, we ana-
lyze the causal structure of the JMN-1 spacetime through
the  construction  of  null  cones  and  Penrose  diagrams.  In
Sec. III, we perform a similar causal analysis for the JNW
spacetime  using  null  cones  and  conformal  diagrams.  In
Sec. IV, we investigate particle acceleration in the vicin-
ity of the JMN-1 singularity. In Sec. V, we study particle
acceleration along timelike geodesics  in  the JNW space-
time. In Sec. VI, we examine the strength of the singular-
ities  present  in  the  JMN-1 and JNW geometries.  In  Sec.
VII,  we  discuss  the  observational  implications  of  these
results  in  the  context  of  horizon-scale  imaging  with  the
EHT. Finally, in Sec. VIII, we summarize our results and
present our conclusions. Throughout this paper, we adopt
geometrized units in which . 

II.  CAUSAL STRUCTURE OF THE JMN-1
SPACETIME

In the JMN-1 spacetime, the stress–energy tensor rep-
resents an anisotropic fluid with zero radial pressure and
nonzero tangential pressure. Nevertheless, the matter dis-
tribution  satisfies  all  energy  conditions,  confirming  its
physical  viability.  The  corresponding  interior  JMN-1
metric is given by the following line element [10] 

ds2 = −(1−M0)
Å

r
Rb

ã M0
1−M0

dt2+
dr2

1−M0
+ r2dΩ2, (1)

dΩ2 = dθ2+ sin2 θdϕ2 Rbwhere , and  denotes the boundary
radius at which the interior JMN-1 spacetime is smoothly
matched to the exterior Schwarzschild geometry, thereby
specifying the radial extent of the matter distribution.

Figure  1 schematically  illustrates  the  behavior  of  the
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r = 2M
r = 0

light  cone  and  its  associated  causal  structure  within  a
gravitationally  collapsing  matter  cloud  leading  to  the
formation of  a  Schwarzschild  black  hole.  For  complete-
ness, the  corresponding  Penrose  diagram  of  Schwarz-
schild  spacetime  is  shown  in Fig.  2;  it  uses  conformal
compactification to map the entire spacetime into a finite
diagram  while  preserving  the  causal  structure.  Notably,
the event horizon is located at , and the spacetime
singularity at  is spacelike.

Rb

Rb > 2.5M
r = Rb

r ⩾ Rb

r = Rb

The JMN-1 solution represents a spherically symmet-
ric  compact  object  of  radius , characterized  by  a  di-
mensionless  compactness  parameter  and  composed  of
gravitating matter with negligible non-gravitational inter-
actions.  Imposing  the  condition  that  the  speed  of  sound
remains subluminal leads to the constraint  [5].
The  interior  spacetime  is  smoothly  matched  at  to
the  exterior  vacuum  Schwarzschild  solution  for .
Any  static,  spherically  symmetric  interior  solution
smoothly matched to a Schwarzschild geometry across a
timelike hypersurface at  must satisfy the appropri-
ate  junction  conditions  [46].  In  particular,  continuity  of
the metric components and the extrinsic curvature across
the  boundary  implies  that  the  interior  configuration  is
governed  by  the  Tolman-Oppenheimer-Volkoff  (TOV)
equation  [10], which  characterizes  the  condition  of  hy-
drostatic equilibrium for a self-gravitating fluid in gener-
al relativity: 

−dPr

dr
= (Pr +ρ)

(4πPrr3+M)
r(r−2M)

+
2
r

(Pr −Pθ), (2)

Pr Pθ

Pr = 0
dPr

dr
= 0

Pθ = Pϕ

where  denotes  the  radial  pressure,  the  tangential
pressure, and ρ the energy density. In the JMN-1 interior
spacetime, the  matter  distribution  is  intrinsically  aniso-
tropic, indicating that  the  pressure  components  in  differ-
ent spatial directions are unequal. In this study, we adopt
the physically  relevant  assumption  that  the  radial  pres-
sure  vanishes, i.e., ,  which  further  implies  that

.  Substituting this  condition into  Eq.  (2)  yields  a
simplified equilibrium relation. The resulting TOV equa-
tion depends exclusively on the energy density ρ and the
tangential  pressure  components . Therefore,  hy-
drostatic  equilibrium within  the  JMN-1 interior  is  main-
tained by  the  balance  between  gravitational  forces  de-
termined  by  the  density  distribution  and  the  supporting
anisotropic tangential stresses: 

Pθ = Pϕ =
M0ρ

4(1−M0)
, ρ =

M0

R2
b
. (3)

ds2 = 0 dΩ2 = 0

(t,r)

The  causal  structure  of  the  JMN-1  spacetime  can  be
analyzed  by  investigating  the  behavior  of  radial  null
geodesics  near  the  singular  region.  In  principle,  this  can
be done by imposing the  conditions  and 
on the interior JMN-1 line element given in Eq. (1). Un-
der  these  conditions,  the  equation  governing  radial  null
trajectories  in  the  plane  reduces  to  the  following
form 

∫
dt = ± 1

1−M0

∫ Å
r

Rb

ã− M0
2(1−M0)

dr. (4)

In the context of the light-cone structure, the positive sign
denotes  outgoing  null  geodesics,  whereas  the  negative
sign  denotes  ingoing  null  geodesics.  Integrating  both
sides of Eq. (4) yields the following expression 

 

Fig. 1.    (color online) Schematic representation of the evolu-
tion  of  light-cone  structures,  illustrating  the  causal  structure
during the gravitational collapse of homogeneous dust.

 

Fig.  2.    (color  online) Penrose  diagram  of  a  Schwarzschild
black hole.
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t = ± 2Rb

2−3M0

Å
r

Rb

ãA
+C, (5)

A = 2−3M0

2(1−M0)

(t,r)

where , and C denotes the integration con-
stant. Here, both ingoing and outgoing null geodesics ex-
hibit a nontrivial functional relationship between t and r,
which  makes  the  light-cone structure  difficult  to  visual-
ize in the  coordinates. To address this difficulty, we
adopt  a  construction  analogous  to  the  Eddington-Finkel-
stein (EF) coordinates,  which provides a clearer descrip-
tion of the causal structure of the spacetime. Accordingly,
for  an  ingoing  radial  null  geodesic  corresponding  to  the
negative sign in Eq. (5), we define a new null coordinate
p as follows 

p = t+ r∗, (6)

where 

r∗ =
2Rb

2−3M0

Å
r

Rb

ãA
. (7)

Differentiating  with  respect  to  the  coordinate  time,  we
obtain 

dt = dp−dr∗, (8)

and 

dr∗ =
1

1−M0

Å
Rb

r

ã M0
2(1−M0)

dr. (9)

Substituting these expressions into the JMN-1 metric giv-
en  in  Eq.  (1)  and  simplifying,  we  obtain  the  following
line element: 

ds2 = − f (r)dp2+g(r)dpdr+ r2dΩ2, (10)

where 

f (r) = (1−M0)
Å

r
Rb

ã M0
1−M0
, g(r) = 2

Å
r

Rb

ã M0
2(1−M0)

. (11)

ds2 = 0 dΩ2 = 0By setting  and  in Eq. (10), we obtain the
radial null geodesics, which, upon integration, give 

p =C, (12)
 

p =
4Rb

2−3M0

Å
r

Rb

ãA
+C. (13)

t′We introduce a new timelike coordinate , defined as 

t′ = p− r, (14)

which gives 

t′ =C− r, (15)

 

t′ = −r+
4Rb

2−3M0

Å
r

Rb

ãA
+C. (16)

Eq. (15)  shows that  the  ingoing null  geodesics  are  regu-
lar, while  the  outgoing  null  geodesics  remain  well  be-
haved  in  the  retarded  EF  coordinate.  Since  there  is  no
event horizon in the JMN-1 spacetime, a Kruskal-type ex-
tension  is  not  needed.  The  advanced  coordinate  is  given
by Eq. (6), and the retarded coordinate is 

q = t− r∗. (17)

(p,q)
(t,r)

In  this  construction,  the  null  coordinates  are ob-
tained from the original  coordinates,  where p and q
represent the ingoing and outgoing radial null geodesics,
respectively, and both extend over an unbounded domain.
Following  the  standard  conformal  compactification  used
to construct Penrose diagrams [57, 58], bounded coordin-
ates are introduced through the transformations 

P = tan−1(p); Q = tan−1(q), (18)

which maps the infinite ranges of the null coordinates to
finite  values  while  preserving  the  causal  structure.  The
corresponding differentials are transformed as 

dP = cos2 Pdp, dQ = cos2 Qdq.

Therefore, 

dPdQ = cos2 P cos2 Qdpdq,

Ω(P,Q) = cos P cos Q
(P,Q)

(T,S )

such that the compactification is associated with the con-
formal factor . The compactified co-
ordinates  are  then  linearly  transformed  to  define
the new coordinates  as follows 

T =
1
2

(P+Q); S =
1
2

(P−Q), (19)

resulting in 

Causal structure of spacetime singularities and their observable signatures Chin. Phys. C 50, 115117 (2026)

115117-5



T =
1
2
(
tan−1(p)+ tan−1(q)

)
, (20)

 

S =
1
2
(
tan−1(p)− tan−1(q)

)
. (21)

M0

M0 < 2/3

In  specific  terms,  the  parameter  determines  the
compactness of the JMN-1 spacetime configurations and
regulates the magnitude of the overall effects induced by
anisotropic pressure. When , the spacetime does
not admit a photon sphere. In this parameter regime, out-

r→ 0

M0 < 2/3

going radial null geodesics emerging from the nearby re-
gion  of  the  central  singularity  at  can  reach  future
null infinity, implying that the singularity is globally na-
ked [59]. The corresponding causal structure for a repres-
entative value with  is shown in Fig. 3(a).

2/3 ⩽
M0 < 4/5

Rb

r≫ 0

The  Penrose  diagram  in Fig.  3(b) confirms  that  the
singularity  is  timelike.  In  the  parameter  range 

,  a  photon  sphere  forms  and  is  located  outside
the  matching  radius .  The  presence  of  the  photon
sphere substantially alters the behavior of null geodesics.
Far from the singularity, i.e., for , the light cone re-
mains undistorted.  However,  as  null  rays  propagate  to-

 

M0 < 2/3 M0 > 2/3 r = 0
M = 1

Fig. 3.    (color online) This figure illustrates the light-cone structures and corresponding Penrose diagrams of the JMN-1 spacetime,
where the singularity is timelike for  and null for . Here,  denotes the spacetime singularity, and the total mass is
taken to be .
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r→ 0+

M0 = 2/3
M0 , 2/3

2Rb

2−3M0
M0→ 2/3

r∗

ward  the  singularity,  the  increasing  spacetime  curvature
causes the light cone to tilt inward, indicating a change in
the local causal structure of the spacetime. Certain outgo-
ing  null  trajectories  become  trapped  near  the  photon
sphere and are prevented from reaching future null infin-
ity. Although  the  spacetime  still  contains  a  central  hori-
zonless singularity at , the formation of the photon
sphere restricts the causal propagation of null rays to dis-
tant timelike observers. The resulting causal structure for
this parameter range is illustrated in Fig. 3(c). The corres-
ponding Penrose diagram is shown in Fig. 3(d), where the
singularity  appears  as  a null (lightlike)  boundary.
However, at the critical value , the Penrose dia-
gram construction valid for  is no longer applic-
able  because  of  the  fundamental  change  in  the  behavior
of  the  tortoise  coordinate.  From  Eq.  (7),  the  prefactor

 diverges in the limit , so the power-law

factor of  becomes invalid at that point. Evaluating Eq.
(4) at this critical value instead produces 

r∗ = 3Rb ln
Å

r
Rb

ã
, (22)

r∗

M0 , 2/3

M0 = 2/3

revealing a  logarithmic  dependence  of  the  tortoise  co-
ordinate. As a result, the null coordinates derived from 
are  incompatible  with  the  conformal  compactification
procedure  valid  for ,  and  the  same  coordinate
transformations  therefore  cannot  be  applied.  The  value

 marks a critical transition in the causal charac-
ter  of  the  JMN-1  spacetime,  corresponding  precisely  to
the  threshold  for  photon-sphere  formation.  It  therefore
serves as the boundary between the timelike and null-sin-
gularity regimes of the JMN-1 spacetime. 

III.  CAUSAL STRUCTURE OF THE JNW
SPACETIME

V(Φ) = 0

In this section, we examine the causal structure of the
JNW spacetime.  The  JNW geometry  is  a  static,  spheric-
ally  symmetric  solution  of  Einstein's  field  equations,
sourced  by  a  minimally  coupled  massless  scalar  field
with vanishing scalar potential, . This spacetime
represents  an  extension  of  the  Schwarzschild  solution  in
the presence of a scalar field [43]. The corresponding line
element for the JNW spacetime is given by [44] 

ds2 = −
Å

1− b
r

ãn

dt2+
dr2Å

1− b
r

ãn + r2
Å

1− b
r

ã1−n

dΩ2, (23)

where 

b = 2
√

M2+q2, n =
2M
b
. (24)

The corresponding scalar field Φ can be written as 

Φ =
q

b
√

4π
ln
Å

1− b
r

ã
. (25)

q→ 0 n = 1
Φ→ 0

n = 2M/b

r = b

In  the  limiting  case ,  which  corresponds  to ,
the  scalar  field  vanishes, i.e., .  In  this  limit,  the
JNW  spacetime  reduces  smoothly  to  the  Schwarzschild
geometry.  When  the  scalar  charge q is  nonzero,  the
spacetime deviates from the Schwarzschild solution. The
parameter  decreases monotonically as the scal-
ar charge increases. As a result,  the scalar field modifies
the spacetime geometry, and the central curvature singu-
larity at  therefore becomes horizonless. Larger val-
ues of  the scalar  charge lead to stronger deviations from
the Schwarzschild spacetime [46].

0 < n < 1
r = b

n = 1

0 < n < 1
ds2 = 0 dΩ2 = 0

The energy-momentum tensor of the scalar field satis-
fies  all  energy  conditions  everywhere  in  the  spacetime
[46, 48]. However, for , both the scalar field and
the  curvature  invariants  diverge  at ,  indicating  the
presence  of  a  genuine  curvature  singularity.  Since  no
event horizon forms to enclose this surface, the singular-
ity remains globally visible.  The limiting case  cor-
responds  to  the  Schwarzschild  black  hole,  whereas  the
range  describes a spacetime containing a spher-
ical central singularity. By setting  and  in
Eq. (23), the radial null geodesic satisfies 

dt = ±
Å

1− b
r

ã−n

dr, (26)

where  the  positive  and  negative  signs  correspond  to  the
outgoing and ingoing radial  null  geodesics,  respectively.
We can obtain the time coordinate from Eq. (26), 

t = ±
∫

drÅ
1− b

r

ãn . (27)

In this context, both ingoing and outgoing null geodesics
exhibit a complicated dependence on r, making the beha-
vior of the light cone difficult  to visualize.  We therefore
employ null  coordinates that remain constant along radi-
al  null  geodesics,  analogous  to  the  EF  coordinates.  For
the radial ingoing null geodesic, represented by the negat-
ive sign  in  Eq.  (27),  we  introduce  a  new  coordinate  de-
noted by p: 

p = t− r∗, (28)

where 

r∗ =
∫

drÅ
1− b

r

ãn . (29)
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Taking the differential 

dt = dp−dr∗, (30)

where 

dr∗ =
Å

1− b
r

ã−n

dr. (31)

By substituting Eq. (31) into the JNW metric given in Eq.
(23) and simplifying, the line element becomes 

ds2 = −
Å

1− b
r

ãn

dp2+2dpdr+ r2dΩ2. (32)

ds2 = 0 dΩ2 = 0

To understand the causal structure of this metric, we ex-
amine  the  radial  null  geodesics  in  this  new  coordinate
system. By substituting  and  into Eq. (32),
we obtain two solutions; integrating them yields 

p =C, (33)

 

p = 2
∫ Å

1− b
r

ã−n

dr+C. (34)

t′ t′ = p− r
Now, using the null  coordinate p as in Eq.(33) and (34),
we define a new timelike coordinate  by , from
which one obtains 

t′ =C− r, (35)

 

t′ = −r+2
∫ Å

1− b
r

ã−n

dr+C. (36)

Here, Eq.  (35)  shows  that  all  ingoing  radial  photons  re-
main continuous  throughout  the  spacetime.  In  the  re-
tarded EF  coordinates,  outgoing  null  geodesics  also  re-
main continuous.  As  the  JNW  spacetime  does  not  con-
tain an event horizon in this case, a Kruskal extension is
not required.  The  corresponding  advanced  EF  coordin-
ates are  given  in  Eq.  (28),  and  the  retarded  EF  coordin-
ates are given by 

q = t− r∗. (37)

(p,q)Since  the  null  coordinates  are unbounded,  a  com-
pactification is  performed  by  introducing  bounded  co-
ordinates  using  the  standard  conformal  compactification
for the Penrose diagram [57, 58] 

P = tan−1(p); Q = tan−1(q), (38)

which map spacetime to a finite domain. The correspond-
ing differentials transform as 

dP = cos2 Pdp, dQ = cos2 Qdq.

Consequently, 

dPdQ = cos2 P cos2 Qdpdq,

Ω(P,Q) = cos P cos Q
(P,Q)

(T,S )

so that  the  compactification  is  determined  by  the  con-
formal  factor . The  resulting  com-
pactified coordinates  are then transformed by a ro-
tation to define a new set of coordinates , given by 

T =
1
2

(P+Q); S =
1
2

(P−Q), (39)

resulting in 

T =
1
2
(
tan−1(p)+ tan−1(q)

)
. (40)

 

S =
1
2
(
tan−1(p)− tan−1(q)

)
. (41)

r = b
r = b

n = 0.4 0 < n < 0.5

The causal structure of the JNW spacetime can be un-
derstood  by  analyzing  the  behavior  of  radial  null
geodesics described by Eq. (35) and (36). As a result, the
singular  surface  located  at  remains  horizonless.
Near  the  singular  surface ,  the  light  cones  become
strongly distorted  but  do  not  close  to  form a  trapped re-
gion.  Therefore,  radial  null  geodesics  starting  arbitrarily
close to the singularity can propagate outward and reach
null infinity without obstruction. As illustrated in Fig. 4(a),
for ,  as one example in the range ,  null
geodesics emerge arbitrarily close to the singular surface
and extend smoothly toward null infinity. The absence of
any  trapped  region  or  horizon  in  this  case  confirms  that
no  event  horizon  is  formed;  therefore,  the  singularity  is
globally naked.

0.5 < n < 1In the regime ,  the dynamical  influence of
the  scalar  field  becomes  comparatively  weaker  than  in
cases  with  smaller  values  of n.  Despite  this  reduction  in
strength,  the  scalar  field  continues  to  play  a  significant
role in determining the local causal structure of the space-
time. In particular, near the central singularity, its contri-
bution  to  the  spacetime  curvature  remains  sufficiently
strong  to  substantially  distort  the  light-cone  structure.
Thus, the  trajectories  of  outgoing  null  geodesics  experi-
ence  pronounced  deflection  in  this  region,  reflecting  the
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n = 0.8
0.5 < n < 1

r = b

strong bending of light cones induced by the scalar field.
This behavior indicates that, even in this parameter range,
the scalar field continues to influence the propagation of
null rays and the accessibility of the singularity within the
spacetime.  As shown in Fig.  4(c) for , as  one  ex-
ample in the range , the null geodesics bend as
they pass close to the singular surface at  while still
propagating outward  toward  null  infinity.  The  corres-
ponding Penrose diagrams of the JNW spacetime for dif-
ferent values of n are shown in Fig. 4(b) and Fig. 4(d).

r = b
n ∈ (0,1)

The  conformal  compactification  shows  that  the
curvature singularity at  appears timelike in the Pen-
rose  diagram  for  the  parameter  range . This  in-
dicates that the singularity remains causally connected to
the  external  universe,  allowing  ingoing  causal  curves  to

n ∈ (0,1)

terminate  at  the  singular  surface  while  outgoing  null
geodesics can emerge from regions arbitrarily close to it.
In  the  JMN-1  collapse  model,  photon  trapping  regions
can change the causal nature of the singularity. However,
no such  transition  occurs  in  the  JNW  spacetime.  Al-
though the  causal  structure  shows some quantitative  dif-
ferences for different values of n, such as variations in the
tilting  of  light  cones  and  the  behavior  of  geodesics  near
the singularity, the qualitative nature of the singularity it-
self  remains  the  same.  In  particular,  the  absence  of  an
event  horizon  throughout  the  parameter  range 
ensures that  the  singularity  is  globally  naked.  This  per-
sistent  timelike  nature  indicates  that  the  non-zero  scalar
field  alters  the  spacetime  curvature  but  does  not  lead  to
the formation of a horizon; therefore, the spherical singu-

 

0 < n < 1 r = b M = 1
Fig. 4.    (color online) This figure illustrates the light-cone structures and corresponding Penrose diagrams of the JNW spacetime, in
which the singularity is timelike for  and  denotes the spherical singularity. The total mass is taken to be .
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lar  surface  remains  causally  connected  to  the  exterior
spacetime. 

IV.  TURNING POINTS OF TIMELIKE
GEODESICS NEAR THE JMN-1 SINGULARITY

r > 0
0 < M0 < 1

ds2 = 0

The  line  element  describing  the  JMN-1  spacetime  is
given  in  Eq.  (1).  The  metric  functions  are  positive  and
regular  for  all ,  provided  that  the  parameter  lies
within  the  range .  Radial  null  trajectories  are
determined by the condition . Restricting attention
to purely radial motion, this condition reduces to 

− f (r)dt2+gdr2 = 0, (42)

g = 1/(1−M0)where . Solving this  relation yields the co-
ordinate speed of outgoing radial null rays 

dr
dt
= (1−M0)

Å
r

Rb

ãα
, α ≡ M0

2(1−M0)
. (43)

(1−M0)
0 < M0 < 1 (r/Rb)α

r > 0
dr/dt

dr/dt = 0
(r/Rb)α

r→ 0

This explicit relation plays an important role in determin-
ing  the  causal  structure  of  the  spacetime.  The  prefactor

 is  strictly  positive  for  all  admissible  values
,  while  the  power-law  factor  remains

positive  for  every .  Thus,  the  coordinate  velocity
 is positive throughout the interior  region.  This im-

mediately  implies  that  the  JMN-1  spacetime  does  not
contain an event horizon within the interior, since there is
no  hypersurface  at  which  outgoing  radial  null  geodesics
satisfy .  However,  the  radial  dependence  of  the
factor  significantly  affects  the  orientation  of  the
local  light-cone  structure.  As ,  the  power-law term
decreases rapidly, causing the coordinate speed of outgo-
ing null  rays  to  become  progressively  smaller.  Geomet-
rically,  this  corresponds  to  a  strong inward  tilting  of  the
light cones near the central singularity, indicating that the
outward propagation  of  null  geodesics  becomes  increas-
ingly suppressed in this region.

(r/Rb)α

M0 ∈ (0,1)
(r/Rb)α

dr/dt
Rb

(r/Rb)α dr/dt

t− r

To  understand  this  behavior  in  more  detail,  consider
the  factor  as  the  radius  decreases.  For  any  fixed
compactness parameter , the exponent α is pos-
itive. Therefore,  decreases monotonically as r de-
creases.  As  a  result,  the  coordinate  speed  of  outgoing
light, ,  also decreases toward smaller  radii.  When r
becomes  much  smaller  than ,  the  power-law  factor

 becomes  very  small.  Consequently,  be-
comes correspondingly small. Physically, this means that
outgoing null directions near the central region are nearly
vertical in a  diagram. Future-directed light rays then
have only a very small outward radial velocity. The light
cones therefore tilt increasingly inward as r decreases to-
ward the singularity.  This behavior represents a continu-
ous  modification  of  the  causal  structure  rather  than  the

dr/dt > 0 r > 0
formation  of  a  horizon.  Outgoing  rays  still  satisfy

 for  all ,  but  the  rate  at  which  their  radius
increases  becomes  arbitrarily  small  sufficiently  close  to
the singularity.

M0

M0 (r/Rb)α

r = 0 M0

(r/Rb)α

M0 = 2/3 M0 > 2/3

dr/dt

The  strength  of  this  inward  tilting  depends  on  the
compactness  parameter  through  the  exponent α.
When  is small, α is also small, and the factor 
remains relatively large over most of the interior. Outgo-
ing rays therefore retain a significant outward speed until
they  approach  very  close  to .  As  increases,  the
exponent α becomes  larger,  and  the  factor  de-
creases  more  rapidly  with  decreasing r.  The  value

 plays  a  special  role.  For , the  expo-
nent α exceeds  unity.  In  this  regime,  the  suppression  of

 with  decreasing r becomes  very  strong  even  at
moderate  radii.  The light  cones  then begin  to  tilt  inward
at much  larger  radii  than  for  smaller  values  of  the  com-
pactness parameter. This extended inward tilting leads to
an effective trapping of photons and is closely related to
the shadow features associated with the spacetime.

r = 3M

To connect  the  interior  causal  behavior  with  observ-
able  shadows,  the  exterior  photon  sphere  must  also  be
considered.  In  the  exterior  Schwarzschild  region,  the
photon  sphere  is  located  at .  Photons  that  reach
this  radius  with  insufficient  outward  radial  momentum
cannot escape  to  infinity.  Instead,  they  are  either  cap-
tured or remain near the unstable circular orbit for a long
time before eventually escaping or falling inward.  When
the JMN-1 interior is sufficiently compact, outgoing null
rays emerging from the interior  may not  possess enough
outward  radial  momentum  to  cross  the  photon  sphere.
Such rays therefore do not contribute to the radiation ob-
served  at  large  distances  and  are  effectively  removed
from the observable flux.

M0 > 2/3 dr/dtFor ,  the  suppression  of  inside  the
JMN-1 region becomes very strong. Null  rays that  reach
even moderate interior radii emerge with extremely small
outward  velocity.  These  rays  cannot  overcome  the
Schwarzschild  photon  sphere  and  are  either  captured  or
redirected  inward.  As  a  result,  they  do  not  reach  distant
observers. In  this  way,  the  shadow arises  from the  com-
bined effect of the interior causal structure and the exteri-
or photon sphere. The interior geometry strongly reduces
the  outward  propagation  speed  of  photons,  while  the
photon sphere prevents these weakly outgoing rays from
escaping to infinity.

The motion of massive particles and the possibility of
turning points  are  determined  by  the  corresponding  ef-
fective potential. For equatorial motion, the conserved en-
ergy  per  unit  mass e and  angular  momentum  per  unit
mass L determine the radial equation in the form Å

dr
dτ

ã2

+Veff(r) = E, (44)
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E =
e2−1

2where .  The  effective  potential  in  the  JMN-1
interior is given by 

Veff(r) =
1
2

(1−M0)
Å

r
Rb

ã M0
1−M0
Å

1+
L2

r2

ã
−1

 . (45)

(dr/dτ)2 = 0

E = 0

Turning  points  occur  when .  Consider
particles  that  fall  in  from  rest  at  infinity.  For  such
particles,  the  energy  satisfies .  The  turning-point
condition then yields a relation between the radius r and
the angular momentum L: 

L(r) = ±r

 R
M0

1−M0
b

(1−M0)r
M0

1−M0

−1


1/2

. (46)

This  expression  is  real  only  if  the  quantity  inside  the
square brackets  is  positive.  Therefore,  turning points  ex-
ist only at radii for which 

R
M0

1−M0
b

(1−M0)r
M0

1−M0

> 1. (47)

Rb M0

M0

Because  and  are fixed parameters of the mod-
el,  this  condition  imposes  a  nontrivial  constraint  on  the
permissible values of r and on the compactness paramet-
er .

L(r)

L(r)

1/2 < M0 < 4/5
0 < r ⩽ Rb

1/2 ⩽ M0 ⩽ 2/3
M0 < 1/2

Rb

M0 > 2/3
r ⩽ Rb

L(r)

A detailed  analysis  of  Eq.  (46)  shows  that  the  func-
tion  can exhibit  a  minimum. This  minimum corres-
ponds  to  the  critical  angular  momentum  required  for  a
particle to reverse its radial motion at some radius within
the  matter  region.  The  angular  momentum  required
for  radial  turning  points  in  the  JMN-1  spacetime  for

 is  shown in Fig.  5. Such a  minimum ex-
ists within the interval  only when the compact-
ness  parameter  lies  in  the  range .  If

,  the  radius  at  which  the  minimum  occurs  lies
outside the boundary radius .  In this case,  any turning
point  would occur outside the interior  region.  Therefore,
such trajectories cannot produce turning points within the
JMN-1 matter region and cannot lead to collisions inside
the  interior.  If ,  the  quantity  inside  the  square
root  in  Eq.  (46)  is  never  positive  for .  As a  result,

 is not real in this region, and no turning point exists
inside the interior.  Particles  with  the angular  momentum
required to reverse their motion therefore do not exist. All
timelike  geodesics  that  enter  the  interior  region  plunge
monotonically  toward  the  central  singularity.  This  result
is consistent with the analysis presented in [50].

Combining the null and timelike analyses leads to the
following physical picture. For compactness in the range

1/2 ⩽ M0 ⩽ 2/3

M0

M0 > 2/3

,  the  interior  region  supports  geodesics
with turning points. A particle arriving from infinity with
a suitable angular momentum can decelerate and reverse
its  radial  motion inside  the  matter  region.  This  produces
an outgoing timelike trajectory that can intersect an ingo-
ing  particle.  Such  encounters  allow  collisions  with  high
center-of-mass energy to occur in the strong-field region.
As  increases within this interval, the turning-point ra-
dius shifts toward smaller values of r.  At the same time,
the spacetime curvature becomes stronger near the inter-
action region. Both effects tend to enhance the maximum
achievable  collision  energy.  For ,  the  situation
changes qualitatively.  The  interior  causal  structure  be-
comes strongly tilted inward. Outgoing null directions are
then strongly suppressed. In this regime, no timelike turn-
ing  points  exist  inside  the  matter  region.  Particles  that
enter  the  interior  therefore  continue to  move inward and
plunge toward  the  singularity.  Hence,  the  outgoing  tra-
jectories required for head-on, high-energy collisions can-
not form, as shown in [50, 54−56].

M0 > 2/3

M0 > 2/3

In particular, a visible shadow can form for .
In  this  regime,  the interior  geometry strongly suppresses
the  outward  propagation  of  photons.  At  the  same  time,
the exterior  photon  sphere  captures  rays  with  weak  out-
ward  momentum.  Therefore,  photons  originating  in  the
interior  fail  to  reach  distant  observers  and  contribute  to
the  appearance  of  a  shadow.  However,  the  same  causal
suppression also affects massive particles. The strong in-
ward  tilting  of  the  light  cones  prevents  the  formation  of
outgoing  timelike  trajectories.  Therefore,  turning-point
geodesics  do  not  exist  inside  the  matter  region  when

. Without  such  trajectories,  particles  cannot  re-
verse their radial motion within the interior. Thus, the in-
going  and  outgoing  particle  paths  required  for  high-en-

 

L(r)

M0

M0

Fig.  5.    (color online) Angular  momentum  required for
radial turning points as a function of the radial coordinate r for
different  values of  the parameter .  The color bar indicates
the corresponding values of .
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r ⩽ 3M

M0

L = Lmin(r)
M0Rb = 2M

1/2 ⩽ M0 ⩽ 2/3

ergy collisions cannot  occur.  This  implies  that  high cen-
ter-of-mass-energy  collisions  are  suppressed  within  the
shadow region,  and  hence  no  shock  waves  or  photo-
sphere-like structure  will  appear,  that  is,  within  the  re-
gion bounded by the photon sphere ( ). This result
is consistent with the analysis presented in [50, 60].  The
turning-point radii  for  representative  values  of  the  com-
pactness  parameter  are  listed  in Table  1. These  val-
ues  correspond  to  particles  with  the  minimum  angular
momentum required to reverse their  radial  motion inside
the JMN-1 interior. The radii are obtained from Eq. (46)
by  substituting  together  with  the  matching
condition . As the compactness parameter  in-
creases  within  the  allowed  interval,  the  turning  point
shifts  to  smaller  radii,  indicating  that  the  reversal  of
particle  trajectories  occurs  deeper  in  the  strong-field re-
gion. In  agreement  with  the  analytical  constraints  dis-
cussed above, such turning points exist only in the range

.
 

V.  TURNING POINTS OF TIMELIKE
GEODESICS NEAR THE JNW SINGULARITY

θ = π/2

The  line  element  of  the  JNW  spacetime  is  given  in
Eq. (23).  The  dynamics  of  timelike  geodesics  are  gov-
erned by  the  corresponding  effective  potential.  This  po-
tential  also  determines  the  conditions  under  which  a
particle can accelerate and reach a turning point. Because
the spacetime is stationary and spherically symmetric, the
motion of  a  test  particle  is  characterized  by  two  con-
served quantities: the energy per unit mass, e, and the an-
gular momentum per unit mass, L. Restricting the motion
to the equatorial plane ( ), the effective potential in
the JNW spacetime can be written as
 

Veff(r) =
1
2

Å1− b
r

ãn

Ü
L2

r2

Å
1− b

r

ã1−n +1

ê
−1

 . (48)

The  turning-point  condition  then  provides  a  relation
between the radius r and the angular momentum L:
 

L(r) = ±r

ñÅ
1− b

r

ã1−2n

−
Å

1− b
r

ã1−n
ô1/2

. (49)

L(r)
0 < n < 1

n ⩾ 0.5
L(r)

r > b
n = 0.5

L(r)
L(r)

The angular momentum  required for radial turn-
ing points in the JNW spacetime for  is shown in
Fig.  6.  Real  turning  points  exist  only  when .  For
smaller values of n, the expression for  becomes ima-
ginary  (and  thus  nonphysical)  in  the  region .  The
case  represents  a  critical  configuration  in  which
the  angular  momentum  remains  finite  at  the  singularity.
In  this  case,  attains  a  minimum  at  a  finite  radius.
Larger  values  of n shift  this  minimum  of  toward
smaller radii and increase its magnitude. This behavior al-
lows particles arriving from infinity to reverse their radi-
al motion closer to the singularity and participate in high-
energy  collisions.  This  method  and  result  are  consistent
with the analyses presented in [54, 55].

n = 0.5
r = b L(r)

Lmin = 3.674 r = 4.5M
L→−L

−Lmin < L < Lmin

r ∼ b

n > 0.5 L(r)

Lmin

In the case , the angular momentum remains fi-
nite at the singularity . The function  reaches its
minimum value, , at . The symmetry
of  the  equations  under  the  transformation  im-
plies identical extrema for positive and negative values of
L. Particles  arriving  from  infinity  with  angular  mo-
mentum  in  the  interval  can  therefore
penetrate  deep  into  the  strong-gravity  region  near 
before reversing their radial motion. Particles with larger
angular  momentum  are  instead  scattered  at  larger  radii.
For ,  the  location  of  the  minimum of  moves
progressively closer to the singularity as n increases. The
corresponding  magnitude  of  also grows.  This  beha-
vior  reflects  the  strengthening  of  the  gravitational  field
near  the  singularity.  Particles  arriving  from infinity  with
suitable angular momentum can decelerate, reach a finite

 

rturn Rb

Lmin

Table 1.    Turning-point radii  ( )  within  in the JMN-1
spacetime for particles with .

M0 rturn

0.50 4.00 M

0.55 3.23 M

0.60 2.43 M

0.65 1.31 M

 

L(r)Fig.  6.    (color online) Angular  momentum  required for
radial  turning  points  as  a  function  of  the  radial  coordinate r,
for  different  values  of  the  parameter n. The  color  bar  indic-
ates the corresponding values of n.
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turning-point radius, and collide head-on with other radi-
ally infalling particles. Such interactions can generate ex-
tremely  large  center-of-mass  energies  in  the  strong-field
region,  analogous  to  the  Bañados–Silk–West  (BSW)
mechanism  [54−56].  These  high-energy  collisions  may
give  rise  to  shock  waves  or  an  effective  photosphere,
leading to enhanced electromagnetic emission [60]. As a
result, they  may,  in  principle,  produce  observable  signa-
tures in EHT shadow imaging, such as excess luminosity
or bright substructures near the photon sphere,  while the
overall shadow remains largely determined by the under-
lying photon-orbit geometry.

L = Lmin(r)
4M

n ⩾ 0.5

Turning-point  radii  for  representative  values  of  the
parameter n are listed in Table 2. These radii correspond
to  particles  possessing  the  minimum angular  momentum
required to reverse their radial motion in the JNW space-
time. The values are obtained from Eq. (49) by substitut-
ing .  As n increases,  the  turning-point  radius
shifts  gradually  inward  toward , indicating  that  tra-
jectory  reversal  occurs  closer  to  the  central  region.  This
result  is  consistent  with  the  analytical  condition  derived
above, according to which such turning points exist only
for . 

VI.  TIPLER'S STRENGTH OF JMN-1 AND JNW
SINGULARITIES

A spacetime singularity is characterized by the exist-
ence  of  at  least  one  incomplete  causal  geodesic.
However,  in  the  context  of  collapsing  matter,  a  stronger
physical requirement is often imposed: any extended ob-
ject falling into the singularity is crushed to zero volume.
A singularity satisfying this condition is said to be gravit-
ationally strong, in the sense introduced by Tipler [61].

(N ,g)
Γ(λ) [λ0,0)

λ = 0
χi

Let  be  a  smooth  spacetime  manifold,  and  let
 be  a  causal  geodesic  defined on the  interval ,

where λ is an affine parameter and the endpoint  cor-
responds to the singularity. Let  denote a set of linearly
independent  Jacobi  vector  fields  along  Γ,  orthogonal  to
the tangent vector of the geodesic. The wedge product of
these Jacobi fields defines a volume element 

V = χ1∧χ2∧χ3. (50)

λ→ 0

λ→ 0

The singularity is said to be strong in the sense of Tipler
if this volume element vanishes in the limit . Clarke
and Królak provided a sufficient condition for the occur-
rence of a Tipler strong curvature singularity in terms of
the  growth of  the  curvature  along causal  geodesics  [62].
In particular, along at least one null geodesic with affine
parameter λ (such  that  as the  singularity  is  ap-
proached), the following condition must hold 

lim
λ→0
λ2RµνKµKν > 0. (51)

Rµν Kµ = dxµ/dλ
xµ

gµνKµKν = 0
K0 K1

Here,  is  the  Ricci  curvature  tensor,  are
the tangent vectors to the null  geodesics,  and  denotes
the  spacetime  coordinates.  This  condition  imposes  a
lower bound on the growth of the Ricci curvature tensor
along the null  geodesic.  In our analysis,  we consider the
interior  spacetime  of  the  singularity  to  be  described  by
the  JMN-1  spacetime  geometry,  with  the  line  element
given  by  Eq.  (1).  Using  the  null  geodesic  condition,

, we obtain the following relation between the
 and  components of the null tangent vector 

K0 = ± 1
(1−M0)

Å
Rb

r

ã M0
2(1−M0)

K1. (52)

R00 R11

To examine  the  strength  of  the  singularity,  we  re-
quire  the  Ricci  tensor  components  and  for  the
JMN-1 metric, which are given by: 

R00 = −
M0(M0−2)

4r2

Å
r

Rb

ã M0

1−M0 , (53)

 

R11 =
(2−3M0)M0

4r2(M0−1)2
. (54)

The  Tipler  strong  singularity  criterion  requires  the  left-
hand  side  of  the  inequality  to  approach  a  positive  finite
value, as given in Eq. (51). Substituting the relevant com-
ponents, we obtain 

lim
λ→0
λ2
ï

M0

r2(1−M0)

òÅ
dr
dλ

ã2

. (55)

λ→ 0
To determine whether  this  quantity remains positive and
finite near the singular limit , we examine its beha-
vior 

lim
λ→0

Å
dr
dλ

ã
. (56)

 

rturn

Lmin

Table 2.    Turning-point radii ( ) in the JNW spacetime for
particles with .

n rturn

0.5 4.50 M

0.6 4.43 M

0.7 4.30 M

0.8 4.18 M

0.9 4.08 M

1.0 4.00 M
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This is derived by writing the Langian for the radial null
geodesics as 

Lnull
JMN-1 ≡

1
2

ï
− (1−M0)

Å
r

Rb

ã M0
1−M0
Å

dt
dλ

ã2

+
1

(1−M0)

Å
dr
dλ

ã2 ò
= 0. (57)

Lnull
JMN-1

The  equation  of  motion  for r is  obtained  from  the
Euler–Lagrange  equation  corresponding  to .  This
yields 

d2r
dλ2
+

M0

2r(1−M0)

Å
dr
dλ

ã2

= 0. (58)

v(r) = dr/dλ
r(λ) (r′(λ))2

This ordinary differential equation (58) can be solved ex-
plicitly using the reduction-of-order technique by introdu-
cing .  Further  solution  yields  the  following
expressions for  and : 

r(λ) = (α̃λ+β)
2(1−M0)

2−M0 , (59)

and Å
dr
dλ

ã2

=
4(1−M0)2

(2−M0)2
α̃2 (α̃λ+β)−

2M0
2−M0 . (60)

α̃Here,  and β are integration constants. Substituting these
expressions into inequality (55) yields 

lim
λ→0
λ2
ï

4M0(1−M0)
(2−M0)2

ò
α̃2

(α̃λ+β)2
> 0. (61)

β = 0For  simplicity,  we  set  the  constant .  This  further
simplifies the inequality, yielding 

lim
λ→0
λ2RµνKµKν =

4M0(1−M0)
(2−M0)2

> 0. (62)

M0 , 2 M0 , 1

0 < M0 < 1

0 < M0 < 1

A simple  observation  shows  that  and  are
required for this inequality to be well defined and strictly
positive,  respectively.  Since,  over  the  range ,
the above limit is finite and positive, the central singular-
ity  satisfies  the  Tipler  strong  curvature  condition.  This
result  indicates  that  the  JMN-1  spacetime  exhibits  a
strong singularity for all values of the compactness para-
meter in the allowed range .

K0 K1

We now consider the JNW spacetime, whose line ele-
ment is given by Eq. (23). The relation between the com-
ponents  and  of the null tangent vector for the JNW
metric is given by 

K0 = ±
Å

1− b
r

ã−n

K1. (63)

R00 R11The  Ricci  tensor  components  and  of  the  JNW
metric are given by: 

R00 = 0; R11 =
b2(1−n2)
2r2(b− r)2

. (64)

dr
dλ

To  determine  whether  Tipler's  condition,  given  in  Eq.
(51), is satisfied near the singularity, we examine the be-
havior  of  along  radial  null  geodesics.  Following  the
same  procedure  as  in  the  JMN-1  case,  we  construct  the
Lagrangian  that  describes  radial  null  geodesics  in  the
JNW spacetime: 

Lnull
JNW ≡

1
2

ï
−
Å

1− b
r

ãnÅ dt
dλ

ã2

+

Å
1− b

r

ã−nÅ dr
dλ

ã2 ò
= 0.

(65)

The resulting equation of motion for radial null geodesics
becomes 

d
dλ

Å
dr
dλ

ã
= 0⇒ r(λ) = r0+C1λ, (66)

r0 C1

r(λ)
where  and  are constants.  Using  the  above  expres-
sion  for ,  we  can  evaluate  the  limit  defined  in  Eq.
(51), yielding 

lim
λ→0
λ2RµνKµKν = (1−n2) > 0. (67)

0 < n < 1

M0 ∈ (0,1)

This  indicates  that  the  singularity  in  the  JNW spacetime
satisfies the Tipler strong curvature condition. In particu-
lar, the singularity remains strong throughout the allowed
range , implying that any infalling extended ob-
ject is crushed to zero volume. Moreover, the singularity
in  the  JMN-1 spacetime exhibits  similar  behavior  for  all
values  of  the  compactness  parameter  in  the  range

.  This  shows  that  the  singularities  in  both  the
JNW and JMN-1 spacetimes are gravitationally strong ac-
cording to the Tipler criterion. In the next section, we in-
vestigate the observational implications of spacelike, null,
and  timelike  singularities  in  the  context  of  EHT-VLBI
imaging. 

VII.  CONNECTION TO EHT IMAGING

The  remarkable  progress  in  horizon-scale  imaging,
particularly  through  EHT  observations  of  Sgr  A*  and
M87*,  has  provided  unprecedented  probes  of  spacetime
geometry in the strong-gravity regime [22, 23]. Although
the current data are broadly consistent with the Kerr black
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hole solution predicted by general relativity [23], they do
not yet uniquely exclude all possible alternatives. In par-
ticular,  certain  classes  of  compact  objects  can  produce
observational signatures  that  closely  resemble  those  ex-
pected  from  Kerr  or  Schwarzschild  spacetimes.  These
considerations highlight the importance of continued the-
oretical  exploration  of  compact-object  solutions  both
within  and  beyond  general  relativity,  especially  in  view
of  future  high-precision  observations  that  may  provide
more stringent  tests  of  the  underlying  spacetime  geo-
metry [21, 24].

2/3 < M0 < 4/5

0.5 < n < 1

It  has  been shown that  both JMN-1 and JNW space-
times can produce shadow structures within specific para-
meter  ranges  [24−26, 29, 59].  In  particular,  we  have
shown  here  that  the  JMN-1 geometry  exhibits  such  fea-
tures  for  compactness-parameter  values ,
corresponding to the regime in which the singularity is of
null type.  Similarly,  the  JNW  spacetime  admits  shadow
formation  for ,  where  the  singularity  remains
timelike in nature but a photon sphere exists. The JMN-1
and  JNW spacetimes  can  cast  shadow images  similar  to
those of a Schwarzschild black hole,  which has a space-
like singularity  at  the  center.  This  suggests  that  shadow
formation is  not  uniquely determined by the  presence of
an event horizon or by the causal  nature of the singular-
ity, but is instead closely related to the global behavior of
null geodesics and the existence of an upper bound in the
effective potential [30].

0.5 ⩽ n < 1

We also note that recent work by Broderick et al. [60]
argues  that  many  naked-singularity models  can  be  ex-
cluded observationally  because  they  possess  inner  turn-
ing  points  for  timelike  and  null  geodesics.  Such  turning
points may,  in  principle,  lead  to  the  formation  of  accre-
tion-powered  photospheres  or  shocks  within  the  shadow
region, which would contradict EHT observations of Sgr
A* and M87*, where the accretion flow appears coherent
up to the photon-sphere scale. They conclude that only a
restricted  class  of  naked  singularities,  classified  as  type
P0j,1) including JMN-1 and JNW spacetimes, remains vi-
able because  these  spacetimes  allegedly  lack  such  turn-
ing points. However, our analysis shows that this conclu-
sion must be refined. While JMN-1 solutions indeed lack
such turning points within the shadow-producing regime,
the  JNW  spacetime  does  admit  turning  points  when

,  precisely  in  the  parameter  range  in  which
shadows  exist.  The  interpretation  in  [60],  based  on  Ref.
[5, 55],  appears  to  exclude  this  possibility;  however,  a
closer examination of Ref. [55] instead supports our res-
ult. Therefore, JNW spacetimes in the shadow-producing
regime may still  allow inner  photosphere  structures,  and
their  observational  viability  requires  further  dedicated
modeling rather than immediate exclusion. 

VIII.  DISCUSSION AND CONCLUSIONS

2/3 < M0 < 4/5
0 < M0 < 2/3

0 < n < 1

In this work, we carried out a detailed causal and dy-
namical investigation of the JMN-1 and JNW spacetimes
by  analyzing  their  light-cone  structure,  particle  turning
points, and the corresponding Penrose diagrams. Our ana-
lysis shows that the causal nature of the singularities de-
pends  sensitively  on  the  underlying  parameters  of  the
solutions. In the JMN-1 spacetime, the singularity is null
in the range , whereas it becomes timelike
for .  In  contrast,  the  singularity  in  the  JNW
spacetime  remains  timelike  throughout  the  interval

.
Despite these distinct causal characters, both geomet-

ries are capable of producing shadow images that closely
resemble those associated with Schwarzschild black holes
within  appropriate  parameter  regimes  [24, 26, 27].  This
result  has  an  important  conceptual  implication.  In  the
Schwarzschild solution,  the  central  singularity  is  space-
like  and hidden behind an event  horizon,  whereas  in  the
JMN-1 and JNW spacetimes the singularities are horizon-
less and may be null or timelike. The existence of a shad-
ow  therefore  does  not  depend  on  the  causal  type  of  the
singularity  or  on  the  presence  of  an  event  horizon.  This
conclusion is  consistent  with  recent  studies  demonstrat-
ing  that  shadow  formation  is  not  necessarily  tied  to  the
existence of a photon sphere, an event horizon, or even a
spacetime singularity [25, 30].

0 < n < 1

M0 ∈ (0,0.8)

The strength  of  the  singularities  was  further  ex-
amined using  Tipler's  criterion.  Earlier  qualitative  argu-
ments  in  the  literature  have  suggested  that  singularities
surrounded  by  photon  spheres  may  be  weak  [5, 63, 64].
The  present  analysis  demonstrates  that  this  expectation
does  not  hold  for  the  spacetimes  considered  here.  Both
the JNW and JMN-1 geometries possess strong curvature
singularities in the sense of Tipler's criterion. In the JNW
spacetime,  the  singularity  remains  strong  throughout  the
entire  parameter  range .  A  similar  result  holds
for the JMN-1 solution, where the singularity is strong for
all .  These  findings  show  that  strong
curvature behavior is fully compatible with the formation
of  shadow images  and  other  observable  strong-field sig-
natures.  As  a  result,  such  geometries  remain  physically
relevant  as  theoretical  models  of  ultra-compact gravitat-
ing objects.

0.5 ⩽ n < 1
1/2 ⩽ M0 ⩽ 2/3

The  existence  of  radial  turning  points  for  timelike
geodesics plays a crucial role in determining the possibil-
ity  of  high-energy particle  interactions  in  these  space-
times.  We find that,  in the JNW spacetime, such turning
points for radially infalling particles exist in the paramet-
er  range ,  while  in  the  JMN-1  spacetime  they
occur for . In these regimes,  particles ori-
ginating  from  infinity  with  suitable  angular  momentum
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can decelerate and reach finite radial turning points with-
in the strong-field region, where they may collide with in-
going particles.  These interactions  can lead to  extremely
large  center-of-mass  energies,  analogous  to  the  BSW
mechanism [54−56]. Note that such trajectories require a
suitable range  of  angular  momentum  and  therefore  rep-
resent a kinematically allowed, but not necessarily gener-
ic,  class  of  particle  motion.  Such  high-energy  collisions
may in turn generate shock structures or an effective pho-
tosphere, potentially enhancing electromagnetic emission
[60]. As a result, observable signatures may arise in EHT
shadow  imaging,  such  as  excess  luminosity  or  localized
bright  features  near  the  photon  sphere,  while  the  overall
shadow  structure  is  largely  determined  by  the  photon
sphere.

M0 > 2/3

r ⩽ 3M

In contrast, for  in the JMN-1 spacetime, the
causal  structure  undergoes  a  qualitative  change.  The
strong inward tilting of the light cones suppresses the out-
ward propagation of both photons and massive particles.
As a result, photons emitted from the interior fail to reach
distant  observers,  thereby  contributing  to  a  shadow-like
appearance, while  the  absence  of  outgoing  timelike  tra-
jectories eliminates  radial  turning  points  within  the  mat-
ter  region.  Without  such  turning  points,  particles  cannot
reverse their  motion,  and the coexistence of  ingoing and
outgoing  trajectories  required  for  high-energy  collisions
is  no  longer  possible.  Therefore,  particle  acceleration  to
large  center-of-mass  energies  is  suppressed  within  the
shadow region,  and  no  shock  formation  or  photosphere-
like  emission  is  expected  for ,  as  determined  by
the exterior photon sphere.

The present work is formulated within the framework
of  the  test-particle  approximation,  neglecting  back-reac-

tion and self-force effects,  which may become important
at extremely high energies.  In  realistic  astrophysical  set-
tings, various  dissipative  processes  such as  Coulomb in-
teractions,  bremsstrahlung  emission,  plasma  effects,  and
gravitational redshift  can  significantly  alter  the  electro-
magnetic  signatures  associated  with  high-energy  particle
interactions.  These  mechanisms may modify  or  suppress
features  such  as  excess  luminosity  or  localized  bright
structures  near  the  photon  sphere  before  the  radiation
reaches distant  observers.  A  detailed  quantitative  treat-
ment  of  these  effects  is  beyond  the  scope  of  the  present
work and is left for future investigation.

Overall, our analysis demonstrates that shadow form-
ation  is  primarily  dictated  by  the  underlying  geodesic
structure rather than by the presence of an event horizon
or  the  causal  nature  of  the  singularity.  Both  JMN-1  and
JNW spacetimes, characterized by Tipler-strong singular-
ities,  provide  physically  viable  strong-gravity configura-
tions. Horizonless ultra-compact objects can therefore ex-
hibit observational signatures typically attributed to black
holes while simultaneously allowing for extreme particle
dynamics in certain parameter regimes. Incorporating ra-
diative transfer, plasma physics, and realistic observation-
al  modeling  will  be  essential  in  future  studies  to  assess
whether such geometries can be distinguished from black
holes  using  next-generation  high-resolution  imaging  and
timing observations. 
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