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Abstract: Phenomenological vibrational prescriptions are widely used in microscopic combinatorial nuclear level-
density (NLD) calculations, but they introduce empirical phonon-energy systematics that are not generated by the
underlying nuclear-structure model. This empirical input limits the predictive consistency of the model, especially
for nuclei for which low-lying collective spectra are unavailable. To reduce this empirical component, we construct
self-consistent phonon inputs for vibrationally corrected combinatorial NLDs by calculating the first 2, 37, and 4*
phonon states with the relativistic quasiparticle random-phase approximation (RQRPA) built on the relativistic
Hartree—Bogoliubov ground state. The corresponding RQRPA excitation energies are used in place of the phe-
nomenological phonon energies, while the intrinsic combinatorial density and the established combinatorial vibra-
tional prescription are kept unchanged. The method is benchmarked in selected even-even Sn isotopes against the
phenomenological prescription and Oslo-normalized level densities. The RQRPA-based calculation approximately
preserves the average vibrational enhancement of the phenomenological prescription and achieves agreement with
the Oslo-normalized data comparable to that of the phenomenological calculation. These results demonstrate, for the
selected semi-magic Sn isotopes, that self-consistent microscopic phonon energies can serve as collective inputs for
vibrationally corrected combinatorial NLDs without using experimental low-lying spectra as model inputs.
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I. INTRODUCTION

Nuclear level densities (NLDs) describe the number
of available nuclear states at a given excitation energy,
spin, and parity. They are indispensable inputs to
Hauser-Feshbach reaction calculations and therefore
enter evaluated nuclear data, activation analyses, reactor
applications, and astrophysical reaction-rate calculations.
Since Bethe's Fermi-gas description [1, 2], NLD models
have evolved from global analytical prescriptions to mi-
croscopic approaches that incorporate shell structure,
pairing correlations, deformation, and spin—parity distri-
butions [3—17]. Among these, microscopic combinatorial
methods provide a predictive framework by constructing
many-quasiparticle configurations from single-particle
spectra [10, 17—22]. Recent developments in microscop-
ic NLD calculations have focused on improving the treat-
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ment of collective correlations, pairing effects, and pre-
dictive descriptions beyond experimentally known re-
gions. Covariant density functional approaches, includ-
ing relativistic Hartree—Bogoliubov frameworks, provide
self-consistent descriptions of shell evolution and quasi-
particle properties, while QRPA-based approaches en-
able microscopic descriptions of low-lying collective ex-
citations [21, 23—27]. These advances provide a natural
framework for reducing empirical ingredients in nuclear-
data-oriented NLD calculations. More specifically, mi-
croscopic studies have emphasized the importance of a
consistent treatment of collective correlations when ex-
tending NLD predictions to regions where experimental
spectroscopic information is incomplete. In the present
work, the intrinsic basis is generated with relativistic
Hartree—Bogoliubov (RHB) theory, which describes the
mean field, spin—orbit interaction, pairing correlations,
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and shell evolution within a common energy-density
functional [23—26]. A remaining issue in such microscop-
ic NLD calculations is how collective enhancement is in-
troduced.

Experimentally, NLDs are constrained by known dis-
crete-level schemes at low excitation energy, neutron-res-
onance information near the separation energy, and Oslo-
type measurements in the quasicontinuum region [28,
29]. These developments provide increasingly stringent
benchmarks for microscopic NLD models and motivate
predictive calculations for nuclei where complete spectro-
scopic information is unavailable.

The intrinsic combinatorial density constructed from
quasiparticle configurations does not, by itself, fully ac-
count for the additional states associated with low-lying
collective motion. In many nuclear-data-oriented NLD
models, vibrational effects are therefore included through
phenomenological enhancement factors or empirical
phonon energies. These prescriptions are practical and
successful in reproducing average systematics, but the
collective input is then partly disconnected from the mi-
croscopic model that generates the intrinsic density. This
hybrid character limits the predictive consistency of the
calculation, especially for nuclei where measured low-ly-
ing collective spectra are unavailable.

A natural way to reduce this empirical component is
to generate the vibrational phonon energies from the
same microscopic framework that provides the intrinsic
quasiparticle basis. The relativistic quasiparticle random-
phase approximation (RQRPA) is well suited for this pur-
pose because it describes small-amplitude collective ex-
citations on top of the RHB ground state. RQRPA phon-
on energies can therefore serve as self-consistent micro-
scopic inputs for the vibrational correction of combinator-
ial NLDs. The key question is whether such microscopic
phonon inputs can approximately preserve the successful
average effect of the empirical vibrational prescription.

Here we address this question for selected even-even
Sn isotopes. The semi-magic Sn chain is close to spheric-
al and provides a clean benchmark for low-lying 2%, 3",
and effective 4" collective inputs. The intrinsic RHB-
based combinatorial density and the combinatorial vibra-
tional prescription are kept fixed, while the empirical
phonon energies are replaced by RQRPA-calculated val-
ues. This controlled setup isolates the effect of changing
the collective phonon input without modifying the intrins-
ic density or the established combinatorial vibrational
prescription.

The purpose of the present work is not to tune
RQRPA phonons to known Sn NLDs, but to test whether
empirical vibrational inputs can be replaced by self-con-
sistent microscopic phonon energies while approxim-
ately preserving the average phenomenological enhance-
ment. Section II summarizes the RHB, RQRPA, and
combinatorial framework. Section III presents the con-

trolled benchmark, including phonon-energy comparis-
ons, systematic NLD results, and channel diagnostics
near S ,. Section IV gives the conclusions and outlook.

II. THEORETICAL FRAMEWORK

The calculation is designed as a controlled replace-
ment test. The intrinsic RHB-based combinatorial dens-
ity and the combinatorial vibrational prescription are kept
fixed; only the phonon energies are changed from empir-
ical systematics to RQRPA values. The term self-consist-
ent phonon input refers here to the microscopic determin-
ation of the phonon excitation energies; the combinatori-
al vibrational prescription itself remains identical to that
used in the phenomenological reference calculation.
Thus, the RHB spectrum provides the intrinsic basis,
while the RQRPA phonons provide the microscopic col-
lective input used in the same NLD calculation.

A. Microscopic Inputs from RHB and RQRPA

The ground-state quasiparticle basis is generated by
self-consistent spherical RHB calculations with the non-
linear meson-exchange interaction NL3 [30—32] in the
particle-hole channel and the finite-range separable pair-
ing force of Refs. [33, 34] in the particle—particle chan-
nel. The pairing strength and range are taken as G = 728
MeV fm® and a =0.644 fm, respectively. The resulting
quasiparticle wave functions define the canonical basis
used in the RQRPA calculation.

The calculations are performed for the selected even-
even isotopes ''*Sn, '"°Sn, ''8Sn, '*Sn, '*Sn, and '**Sn.
The RHB calculations were performed in a spherical har-
monic-oscillator basis with Ny, =20 major shells. The
RQRPA configuration space was truncated using energy
cutoffs of 180 MeV and 1800 MeV for the positive-en-
ergy two-quasiparticle configurations and the configura-
tions involving negative-energy states, respectively. The
same cutoff scheme was used for all isotopes and for the
J™ =2%,37,4* multipolarities. The NLD energy bin width
was set to 0.1 MeV. This numerical resolution captures
the excitation-energy dependence of the combinatorial
NLD while suppressing excessive bin-to-bin fluctuations
associated with the discretized configuration spectrum.
The maximum excitation energy was set to 10 MeV, cov-
ering the neutron separation-energy region and the range
of the Oslo-normalized comparison used in this work.

The RQRPA is then constructed on the RHB vacuum
to describe small-amplitude collective excitations. Its
matrix equation is

AJ BJ Xv,J Xv,J
_B*J _A*J YV,J =Wy YV,J ’ (1)

where w, is the excitation energy of the phonon state v,
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and X*/ and Y/ are the forward- and backward-going
two-quasiparticle amplitudes. The RQRPA calculations
are performed for the multipolarities J* = 2*, 37, and 4*.
For each multipolarity, the RQRPA solutions are ordered
by their excitation energies. The lowest positive-energy
solution in each channel is identified as the first phonon
state, denoted by 2}, 37, and 47, respectively. Equival-
ently,

o =min{w, | w, >0}, JT=2%37,4". (2)

The corresponding excitation energies are used dir-
ectly as the microscopic phonon-energy inputs to the vi-
brational correction. The same energy-ordering criterion
is applied to all selected Sn isotopes. No transition-
strength criterion or adjustment of the experimental excit-
ation energies is involved in the selection. Experimental
excitation energies are used only for the external compar-
ison in Table 1. The 4] input is used as the microscopic
counterpart of the effective 4" channel in the adopted

Table 1.
citation energies (MeV) of the low-lying 2}, 37, and 47 states

Phenomenological, RQRPA, and experimental ex-

in selected even-even Sn isotopes. This comparison tests the
physical energy scale of the empirical and microscopic phon-
on inputs; the experimental energies serve only as external
references. The final two columns give the deviations from
experiment, Apieno = Epheno = Eexp 30 Argrea = Erorea = Eexp-

A State Phenom. RQRPA Exp. Apheno Arqrea
27 1.27 1.25 1.26 0.01 —-0.01
112 37 1.95 2.26 2.35 -0.40 -0.09
41 3.12 2.40 2.25 0.87 0.15
27 1.18 1.41 1.29 -0.11 0.12
116 37 1.82 1.70 2.27 -0.45 -0.57
47 2.92 2.67 2.39 0.53 0.28
27 1.18 1.43 1.27 -0.09 0.16
118 37 1.82 1.80 2.32 -0.50 -0.52
4 292 2.87 2.28 0.64 0.59
27 1.22 1.47 1.17 0.05 0.30
120 37 1.87 2.02 2.40 -0.53 -0.38
47 3.00 2.85 2.19 0.81 0.66
27 1.29 1.50 1.14 0.15 0.36
122 37 1.99 2.32 2.49 -0.50 -0.17
47 3.18 2.68 2.14 1.04 0.54
27 1.42 1.52 1.13 0.29 0.39
124 37 2.19 2.67 2.10 0.09 0.57
47 3.50 2.53 2.60 0.90 -0.07

phenomenological vibrational prescription, and it should
not be interpreted as evidence that this channel repres-
ents a purely hexadecapole one-phonon mode in every
isotope.

B. Combinatorial NLD and vibrational correction

The RHB quasiparticle spectrum provides the micro-
scopic input for the intrinsic combinatorial level density.
For each single-particle level, the excitation energy e,
spin projection m, and parity p are used to enumerate
particle-hole configurations under the Pauli principle.
The resulting intrinsic state density p;(U,M,P) is ob-
tained for a given excitation energy U, spin projection M,
and parity P [35—38]. In this way, shell effects and level
fluctuations enter the calculation directly through the mi-
croscopic single-particle spectrum.

The combinatorial formalism has been described in
detail in Refs. [7, 18, 19, 22, 39, 40]. In the present work,
we use the corresponding generating function

4 I

Z(x1, X0, X3, X4,Y,1) = HH (1 +xkpf-‘y‘9fktmlk) , (3)

k=1 i=1

where y and ¢ are associated with the excitation energy
and spin projection, respectively, and x; counts the pro-
ton and neutron particle and hole numbers. The quantit-
ies &, mf, and p¥ denote the excitation energy, spin pro-
jection, and parity of the corresponding single-particle
state.

Low-lying vibrational configurations are included us-
ing the generalized boson-partition-function prescription
adopted in previous combinatorial NLD calculations [18,
19, 25, 39]. The corresponding boson partition function
can be written as [19, 41]

A )
Zhoson = H H Z (yq“ I#PA)N'{” . (4)

A p=—ANy,=0

Here y, ¢, and p denote the phonon excitation energy,
angular-momentum projection, and parity, respectively.
The quantity €, isthe energy of a phonon with multi-
polarity A and projection u, and p, is its parity. For the
spherical phonon inputs considered here, €,, = w,. Thus,
the phonon excitation energy enters explicitly into the bo-
son partition function and determines the excitation-en-
ergy values at which the corresponding vibrational con-
figurations become accessible.

Expanding the boson partition function generates vi-
brational configurations resolved in excitation energy, an-
gular-momentum projection, and parity. Their state dens-
ity is folded with the intrinsic particle-hole state density
to obtain the intrinsic-vibrational state density
i (U, M, P), following the established prescription of the
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cited works. In the present numerical implementation, the
phonon expansion is truncated at the four-phonon level.
This truncation is sufficient for the excitation-energy
range up to 10 MeV considered in the present work,
whereas calculations extending to higher excitation ener-
gies require the inclusion of higher-order phonon config-
urations. No additional microscopic phonon—quasi-
particle interaction is introduced in the present calcula-
tion.

For the spherical nuclei considered here, the final
spin-parity-resolved level density is obtained from the
projection-resolved state density as [25]

pWU,J,P) = pi,(UM = J,P)-pi, (UM =J+1,P).  (5)

The phonon excitation energies enter the boson partition
function and thereby determine the excitation-energy loc-
ations of the generated vibrational configurations. The
same partition function, intrinsic-vibrational folding, and
subsequent state counting are used in the phenomenolo-
gical and RQRPA-based calculations.

The phenomenological vibrational correction used as
a reference follows Refs. [18, 39]. This prescription rep-
resents precisely the empirical component that is re-
placed by the RQRPA phonon energies in the microscop-
ic calculation. In this prescription, the collective phonon
energies are not obtained from a microscopic response
calculation but are estimated from empirical mass-de-
pendent systematics. The leading mass dependence is
written as

wyoc ATNC, (6)

with coefficients chosen to reproduce the typical ener-
gies of low-lying collective states.

For the 2%, 37, and 4" vibrational modes, the corres-
ponding energies are

65A75/6

B V' 7

@2 = T 0.05E g eV @
100A-5/6

B V 8

W3 = 10,05 gy eV ®)
16045/

=20 Mev. 9

@ 1 +O~05Eshell MeV ( )

Here, the shell-correction energy is defined as

Egen = Eiot — Erp, (10)

where E,, and Eip denote the microscopic total energy

and the liquid-drop reference energy, respectively. These
expressions define the empirical phonon-energy scale of
the reference calculation.

The controlled replacement is therefore

pheno RQRPA
Wy W,

1=2,3,4. (11)
The intrinsic combinatorial spectrum, the boson-partition
prescription, the numerical truncations, and the sub-
sequent state counting are identical in the two calcula-
tions. Therefore, any difference between the phenomeno-
logical and RQRPA-based NLDs arises solely from the
replacement of the phonon-energy inputs.

III. RESULTS AND DISCUSSION

We present the results as a controlled test of the mi-
croscopic replacement. First, we compare the empirical
and RQRPA phonon-energy scales. We then show how
the adopted microscopic phonons modify the NLD in a
representative isotope. The full RQRPA-based NLDs are
subsequently benchmarked against the phenomenologic-
al prescription and Oslo-normalized data. Finally, a chan-
nel diagnostic near the neutron separation energy is used
to identify how the 2, 3, and effective 4" inputs contrib-
ute to the effective enhancement. In all comparisons, the
intrinsic combinatorial density and the combinatorial vi-
brational prescription are kept fixed.

A. Empirical and microscopic phonon-energy scales

The first step is to verify that the microscopic phon-
ons provide a physically comparable energy scale to the
empirical inputs they replace. This comparison is a scale-
consistency check rather than a fit: the experimental
levels are used only to assess whether the empirical and
RQRPA inputs lie within the observed low-lying collect-
ive-energy window. Table 1 lists the phenomenological,
RQRPA, and experimental energies of the low-lying 2},
37, and 47 states. The experimental values are taken from
NuDat 3.0 [28] and are used only as references for known
nuclei; they are not included in the vibrational correction
or used to tune the RQRPA phonon energies.

The table indicates that both prescriptions place the
relevant phonon energies on the MeV scale of the ob-
served low-lying collective states. This agreement in
scale is the relevant condition for the replacement test,
because the NLD calculation uses these energies as col-
lective inputs rather than as fitted observables. However,
the isotope- and multipolarity-dependent deviations dif-
fer. The phenomenological prescription follows a smooth
mass-dependent trend, whereas the RQRPA energies re-
flect the nucleus-dependent microscopic response of the
RHB ground state. This is the essential difference
between the two inputs: the empirical scale is replaced by
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a self-consistent response calculation, without changing
the intrinsic combinatorial density.

Before turning to the systematic benchmark, we illus-
trate how the microscopic phonon input enters the NLD.
Figure 1 presents '"*Sn as a representative case. The ad-
opted RQRPA 27, 37, and 47 modes are included separ-
ately on top of the same intrinsic combinatorial density,
while the full RQRPA result includes all three modes.

The low-lying 27 and 37 modes provide comparable
single-mode enhancements in ''®Sn, whereas the 47 mode

108 - - - -
S 1 'Ssn .
v 4 I b =
S 10°
b 2 : Exp. i
z 10° . * p(S,)
@ . ' — =wlo vib. corr. |
; IOOE * ——RQRPA2," |
oreil ——RQRPA 3, |
»3 10 i ——RQRPA 4, ]
1 0—4 ) A . Full RORPA
0 2 4 6 8 10

E(MeV)

Fig. 1. (color online) Representative single-mode response
of the NLD to the RQRPA phonon input in ''®Sn. The grey
dashed line denotes the intrinsic combinatorial density without
vibrational enhancement. Solid curves show calculations in
which the adopted RQRPA modes are included separately,
while the full RQRPA result includes all three modes. Red
pentagrams denote the adopted p(S,) constraint.

yields a smaller contribution. This indicates that the relat-
ive importance of vibrational channels is not determined
solely by multipolarity. Rather, the enhancement de-
pends on the combined effects of the phonon excitation
energy, the spin-parity structure in the combinatorial state
counting, and the underlying intrinsic quasiparticle level-
density distribution. The 2" channel often provides a large
effective contribution in the isotopic systematics, but it
does not dominate in every individual isotope.

The phonon correction also produces a smoothing ef-
fect on the intrinsic combinatorial NLD. The intrinsic
density contains local fluctuations associated with the dis-
crete quasiparticle-configuration spectrum. Folding these
intrinsic configurations with low-lying vibrational states
introduces additional shifted configurations, and the su-
perposition of these contributions reduces local fluctu-
ations, thereby producing smoother NLD curves.

B. Preservation of the phenomenological enhancement

The decisive test is whether replacing the empirical
phonon energies with RQRPA phonons approximately
preserves the NLD systematics obtained using the phe-
nomenological vibrational correction. Figure 2 compares
the intrinsic combinatorial density, the phenomenologic-
ally corrected NLD, and the RQRPA-based NLD with the
Oslo-normalized data for the selected even-even Sn iso-
topes. The adopted p(S,) constraints follow the Oslo nor-
malization in Ref. [29]. The isotope ''*Sn is not included
because the corresponding Oslo-normalized level-density
data are not available.

The RQRPA-based correction provides a description
comparable to that of the phenomenological prescription

108
108}
104
102} e
100
f

IIZSn

116Sn

IISSn

10°}
104}
10%}

Level density (MeV-1)

10°p
1072}

.:-’,‘-_-\‘/_-\‘_/ E
- “Exp.

p(S,)

w/o vib. corr{
—— Pheno.
——RQRPA

107

Fig. 2.

6 8 10 2 4 6 8 10

E (MeV)

(color online) Benchmark of the microscopic replacement in selected even-even Sn isotopes. The Oslo-normalized level dens-

ities are compared with the intrinsic combinatorial density without vibrational correction, the phenomenological vibrational prescrip-
tion, and the RQRPA-based replacement of the empirical phonon inputs. Red stars denote the adopted p(S,,) constraints.
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for most of the selected isotopes. This agreement is the
central benchmark of the present work. It shows that the
average vibrational enhancement encoded in the empiric-
al phonon-energy systematics can be approximately re-
covered when the empirical phonon energies are re-
placed by microscopic RQRPA values. The calculation
tests whether the phonon-energy input can be made mi-
croscopic without changing the successful average beha-
vior of the phenomenological prescription.

The isotope-dependent differences between the phe-
nomenological and RQRPA-based calculations originate
from the different phonon excitation energies listed in Ta-
ble 1. A lower RQRPA phonon energy enhances the ac-
cessibility of the corresponding phonon-folded configura-
tions, whereas a higher phonon energy reduces this con-
tribution. Although the individual phonon-channel contri-
butions can differ significantly, the total NLD includes
contributions from several collective modes. Therefore,
partial compensation among different channels leads to
relatively small differences between the final phenomen-
ological and RQRPA-based NLD curves, while larger
differences remain visible in the channel-resolved analys-
is. Thus, Fig. 2 tests the stability of the total vibrational
enhancement, whereas Fig. 3 shows how that enhance-
ment is redistributed among the adopted collective chan-
nels.

For the heavier isotopes, especially '**'**Sn, both cor-

COllltl’iblltiOlll order ' ’ ' T
‘ ‘64* l l 63- l l 82+
Model type
—_ [ IRQRPA 777 Pheno.
§ 100 B % ] B %_ ]
= 80l i
<
R~ 60} %— % % o % g
40t sl ~al
20} |
112 116 118 120 122 124
A
Fig. 3. (color online) Sequential channel diagnostics of the

logarithmic enhancement of p(S,). The stacked components
8>, 63, and &, denote the 2, 37, and effective 4" channels, re-
spectively. For the phenomenological calculation, the channel
energies are taken from empirical 2%, 37, and 4" systematics,
whereas in the microscopic replacement they are taken from
the RQRPA 2!, 37, and 4] phonon energies. The percentages
are obtained with the fixed inclusion order 2 —» 3 — 4 and
should be interpreted as effective, order-dependent dia-
gnostics rather than order-independent phonon strengths.

rected calculations tend to overestimate the Oslo-normal-
ized level densities. Since this behavior appears in both
the phenomenological and RQRPA-based results, it is un-
likely to originate solely from the microscopic replace-
ment of the phonon energies. It may instead reflect limit-
ations of the intrinsic single-particle spectrum, pairing
correlations, spin-parity distribution, or the absence of ex-
citation-energy-dependent damping of the vibrational en-
hancement. This point does not alter the replacement test,
but it indicates where further improvements of the under-
lying NLD model are needed.

The similarity of the total NLDs motivates a channel-
level diagnostic of how the empirical and microscopic
phonon inputs construct the final enhancement.

C. Channel diagnostics near the neutron separation

energy

The similarity of the total NLDs does not imply
identical channel compositions. Because the phenomeno-
logical and RQRPA-based calculations employ different
phonon energies, the effective contribution of each vibra-
tional channel may differ even when the final NLDs are
similar. We therefore use a sequential logarithmic decom-
position of p(S,) as a diagnostic of the adopted vibration-
al prescription.

The contribution hierarchy is not determined solely
by phonon excitation energy or multipolarity. A lower
phonon excitation energy reduces the energetic cost of
generating phonon-folded configurations and generally
increases their accessibility. The phonon angular mo-
mentum and parity determine how these configurations
populate the spin-parity-resolved intrinsic level-density
space, whereas the underlying quasiparticle distribution
determines the available phase space. For the selected Sn
isotopes, the relatively low 2* excitation energies, togeth-
er with the corresponding spin-parity coupling and in-
trinsic phase space, often lead to a relatively large effect-
ive 2" increment in the adopted sequential diagnostic.

This decomposition is not intended to define unique,
order-independent phonon strengths. Rather, it measures
the logarithmic enhancement accumulated when the 27, 3°
, and effective 4" channels are added in the fixed order
2—-3—4., The superscripts (0), (2), (2+3), and
(2+3+4) denote calculations without vibrational correc-
tion, with only the 2" channel, with the 2 and 3" chan-
nels, and with all three collective channels included, re-
spectively:

(2)

L pSw)

) 12
(2+3)

L PpS)

s o
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(2+3+4)
P (S»)

The corresponding sequential effective percentage is
defined as

seq __ 611

=% 100%,
L 5 165404 ?

1=23,4.  (15)

Here 1 =2,3,4 labels the 2, 3", and effective 4" channels.
In the phenomenological calculation, the channel ener-
gies are taken from the empirical 2%, 37, and 4" systemat-
ics. In the microscopic calculation, they are replaced by
the RQRPA 2}, 37, and 4] phonon energies. Figure 3
presents the resulting sequential diagnostic.

Within the adopted sequential diagnostic, the 2* chan-
nel provides the leading effective increment in most
cases, while the 3" and effective 4" channels provide addi-
tional corrections. The relative percentages differ
between the phenomenological and RQRPA-based calcu-
lations because the phonon-energy scales are not identic-
al. These differences provide a channel-level view of the
microscopic replacement, but they should be interpreted
only as diagnostics of the present prescription, rather than
as unique phonon strengths.

IV. CONCLUSIONS AND OUTLOOK

We performed a controlled microscopic replacement
of the empirical phonon-energy inputs used in combinat-
orial nuclear level-density calculations. The intrinsic
RHB-based combinatorial density and the combinatorial
vibrational prescription were kept fixed, while the phe-
nomenological 2%, 3, and 4" phonon energies were re-
placed with RQRPA-calculated 2}, 37, and 4] phonon
energies in selected even-even Sn isotopes.

The main result is that this replacement approxim-
ately preserves the average vibrational enhancement of
the phenomenological prescription in the selected semi-

magic Sn isotopes. The RQRPA-based NLDs remain
close to the phenomenologically corrected NLDs and
provide a comparable description of the Oslo-normalized
constraints. This finding indicates that the average en-
hancement encoded in the phenomenological prescrip-
tion is broadly compatible with the low-lying collective
response obtained microscopically within the same RHB-
based framework.

Within the adopted sequential diagnostic, the 2* chan-
nel often provides the leading effective increment, while
the 3™ and effective 4" channels provide additional correc-
tions. The extracted channel percentages depend on the
fixed inclusion order and should therefore be viewed as
diagnostics of the adopted vibrational prescription, rather
than as order-independent phonon strengths.

The present work provides a practical route for con-
structing microscopic phonon-energy inputs for vibration-
ally corrected combinatorial NLD calculations. The
present benchmark indicates that experimental low-lying
phonon energies need not be used as direct collective in-
puts for the vibrational correction in the selected Sn iso-
topes. This feature is important for applying combinatori-
al NLD models to nuclei for which spectroscopic inform-
ation is incomplete. Future work should address excita-
tion-energy-dependent damping of collective enhance-
ment, extensions to deformed nuclei with a separate treat-
ment of rotational collectivity, and the propagation of the
resulting microscopic NLDs into reaction observables.
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