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Abstract: Relativistic Hartree-Fock theory is combined with the Green's function method in coordinate space to

study both single-particle bound and resonant states within a unified framework. Within this approach, single-

particle resonance energies and widths are unambiguously extracted from the density of states, and the influence of

the Coulomb exchange effects on proton resonances in N = 82 isotones is systematically examined. It is found that
the exact treatment of Coulomb exchange terms reduces proton resonance energies by approximately 0.09—0.21
MeV, a significantly smaller effect than that obtained from the phenomenological treatment. Moreover, except for
rather narrow resonances, the proton resonance widths are visibly reduced by the Coulomb exchange terms, also be-

ing much less pronounced than in the phenomenological approach. Notably, clear shell effects are observed in the

isotonic evolutions of resonance energy reductions for specific resonances. All these highlight the necessity of a mi-

croscopic and exact treatment of the Coulomb exchange terms.
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I. INTRODUCTION

Resonance states are crucial for understanding exotic
properties in nuclear structure, nuclear reactions, and
scattering processes, as well as in nuclear astrophysics. In
particular, the continuum contributions dominated by res-
onant states play an essential role in forming the novel
nuclear halo structures [1—13]. Similarly, it has been
found that the continuum contributions to the collective
giant resonances are also dominated by the single-particle
resonances [14, 15]. Moreover, considering the degrees
of freedom associated with resonant states can improve
descriptions of the mirror symmetry breaking in O iso-
topes [16] and the low-lying excitation spectra of C iso-
topes [17]. In fact, the energy and width of resonant states
serve as essential inputs for studying stellar nucleosyn-
thesis [18, 19].

To date, the methodology based on scattering theory
has been well established for studying resonant states. As
an effective strategy, the energies and widths of resonant
states can be determined by analyzing the R-matrix and
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exploiting its connection to the collision matrix [20—22].
Combined with the Breit-Wigner formula or the full
width at half maximum of the scattering cross-section, the
S-matrix method [14, 23] and scattering phase shift meth-
od [9, 24—27] ascertain the energies and widths of reson-
ant states by analyzing scattering phase shifts, providing a
more explicit and intimate correspondence with experi-
mentally measured reaction cross-sections. As a precise
and well-established alternative, both bound states and
resonant states can be determined by locating the zeros of
the Jost function [28—30]. Nevertheless, the numerical
implementation of the Jost function approach remains
challenging.

For simplicity, the methods used for bound states can
also be extended to identify single-particle resonant
states. For instance, resonance energies and widths can be
extracted by examining the energy dependence on space
size adopted in solving the Schrodinger or Dirac equa-
tions, leading to the real stabilization method (RSM)
[31-36]. Alternatively, by transforming resonant states
into bound ones, e.g., with artificially enhanced attract-

Received 9 April 2026; Accepted 6 May 2026; Accepted manuscript online 7 May 2026
* This work was partly supported by the National Natural Science Foundation of China (12275111), the Fundamental Research Funds for the Central Universities

(1zujbky-2023-st1t01), and the Supercomputing Center of Lanzhou University

T E-mail: ttsunphy@zzu.edu.cn
 E-mail: longwh@lzu.edu.cn

©2026 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

084109-1


http://orcid.org/0000-0002-3245-765X

Wei Gao, Ting Ting Sun, Wen Hui Long

Chin. Phys. C 50, 084109 (2026)

ive potential, the energies, widths, and wave functions of
resonant states can be obtained via a Padé approximant,
namely the Analytic Continuation of the Coupling Con-
stant (ACCC) method [37—43]. Another alternative
strategy, the complex scaling method (CSM) [44—49],
which rotates the single-particle Hamiltonian in the com-
plex coordinate space, has also been developed to ex-
plore resonant states. Furthermore, by transforming into
the complex momentum space, the complex momentum
representation (CMR) method [50—52] has been derived
to precisely determine resonant states, thereby circum-
venting the need to handle non-square-integrable wave
functions in coordinate space.

Green's function (GF) method is another effective ap-
proach to explore single-particle resonant states. By ad-
opting the boundary condition derived from scattering
theory, this method enables an appropriate description of
the asymptotic behavior of continuum wave functions
[53—58]. In particular, given its poles in the complex-en-
ergy plane, both bound and resonant states can be determ-
ined precisely, and the single-particle density distribution
can be conveniently obtained via contour integration
around the poles. Owing to such features, the GF method
provides a unified framework for treating bound states
and the continuous spectrum. It allows for the accurate
determination of energies and widths of arbitrary-width
resonances in the continuum [59, 60], and it properly de-
scribes the asymptotic behavior of spatial density distri-
butions, which lays a foundation for describing nuclear
collective excitations, as combined with various theoret-
ical models.

Practically, the GF method has been widely applied in
nuclear structure research. By considering the pairing
correlations, it has been extended to explore the influ-
ence of the continuum on the ground-state properties of
spherical nuclei in the drip line region [61—-66], and fur-
ther for deformed nuclei [67, 68]. Moreover, the GF
method based on the random phase approximation has
been established to investigate the contribution of the
continuum to collective excitations of nuclei [14, 15,
69—74]. Within the relativistic scheme, the GF method
has also been developed to extract resonant states [75],
providing a unified description of the pseudo-spin sym-
metry in both bound and resonant states [76—78]. Particu-
larly, the evolution of spin and pseudo-spin symmetries in
deformed nuclei and hypernuclei has been profoundly re-
vealed [79-81].

In the past decades, the relativistic mean-field (RMF)
theory has achieved great success in nuclear structure re-
search and has become one of the most important micro-
scopic approaches for systematically describing the struc-
tural properties of atomic nuclei [82—85]. However, the
exchange Fock terms are typically omitted in the RMF
models for simplicity. After implementing the Fock
terms, the relativistic Hartree-Fock (RHF) theory

[86—91], with the proposed RHF Lagrangians PKOi
(i=1,2,3)[87,92] and PKA1 [93], has achieved compar-
able quantitative precision in describing nuclear structur-
al properties as popular RMF models. In particular, the
degrees of freedom associated with the z- and p-tensor
couplings, which contribute almost fully via the Fock
terms, have a strong impact on the binding of nuclear sys-
tems [94]. This has brought about significant improve-
ments in the self-consistent description of spin-isospin
excitations [95—98], new magicity [99, 100], and novel
nuclear phenomena [100—103]. Hence, it is worth elucid-
ating the effects of the Fock terms on single-particle res-
onant states based on the RHF theory.

Proton resonant states are of profound significance for
understanding proton halos [3, 5], and proton capture and
emission processes [104—106], in which the Coulomb in-
teractions are fundamentally significant. Particularly, it
has been found that the isospin symmetry-breaking cor-
rections to super-allowed S decays, which are crucial for
testing the unitarity of the Cabibbo-Kobayashi-Maskawa
matrix, are sensitive to the Coulomb exchange terms
[107, 108]. In fact, applying the CSM, the influence of
the Coulomb exchange terms on resonant states has been
analyzed in a phenomenological way [109-111]. It is
worth noting that the Coulomb exchange terms are
treated exactly within the RHF theory, and thus the relev-
ant impact on proton resonant states warrants detailed
analysis.

Given the advantages in addressing resonant states
[15, 66, 70—78, 81], the GF method based on the RHF
theory, namely the RHF-GF method, is proposed in this
work, with a special focus on the influence of the exact
Coulomb exchange terms in proton resonances. The gen-
eral formalism of the RHF-GF method is briefly intro-
duced in Section II. Section III presents the discussions of
the results, encompassing the validation of the RHF-GF
method by taking '*°Sn as a benchmark, and a systematic
investigation of proton resonant states in N = 82 isotones
and the underlying Coulomb exchange effects. Finally, a
concise summary is provided in Section IV.

II. THE RHF-GF METHOD

Within the RHF framework, the exchange correla-
tions are incorporated by introducing the explicit Fock
terms. In contrast to the local Hartree terms, the Fock
terms inherently couple the wave function at different po-
sitions x and x’, which leads to the non-local potential
[86—93]. This results in an integro-differential Dirac
equation for the single-particle motion inside the nucleus,
which is hard to solve directly in coordinate space. Prac-
tically, such an equation is solved by introducing equival-
ent localization of the non-local potential [86, 87], or util-
izing the basis expansion method [88—91]. However,
these methods are generally limited to bound states or
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discrete continuum states. In this work, the GF method is
applied to solve the spherical RHF equation in coordin-
ate space, namely the radial Dirac equation, by which the
bound and resonant states in the continuum are determ-
ined on the same footing.

A. Green's function of the integro-differential Dirac
equations

Under the relativistic scheme, the spherical single-
particle wave function, namely the Dirac spinor, can be
expressed as

1 [ G (NQsn(D, )
a = Too 1
Yalx) =~ (iGa(r)Q_Km(ﬂ,(p)>X . M

where x = re,(,¢), G represents the radial wave func-
tions for the upper (+) and lower (-) components, Q,,
(also referred to as €, is the spherical spinor, and x-,
denotes the isospin wave function with isospin projection
7,. Here, the Greek subindex a = (am) denotes the single-
particle states, with a=(nk) and «k==+(j+1/2) for
j=1¥1/2, and n, j (m), and [ for the principal quantum
number, the total angular momentum (projection), and the
orbital one, respectively.

From the variation of the RHF energy functional [86,
88], the integro-differential radial Dirac equation can be
formally derived as follows:

+

/ h(r,r)¥,(F)dr =, Yo (r), V¥, = <g ) , )

a

where ¢, represents the single-particle energy excluding
the rest mass M, and ¥, denotes the combination of radi-
al wave functions. The single-particle Dirac Hamiltonian
h(r,r") includes the kinetic energy term #<"(r,7’), the loc-
al term hP(r,r’), and the non-local potential hE(r,r).

W = [ p+(B-BE)MIS(r—r'), (3a)

hP = [Zr(r)ys +Zo(r) +BEs ()] 6(r— 1), (3b)

hE = (ZH(’Q"/) ZJr(’”,”/)) , (30)
2t r) X (rr)

where E represents the identity matrix.

In the single-particle Hamiltonian (3), the local self-
energies Xy, Xy, and X; are contributed by the direct
(Hartree) terms, with X, containing the rearrangement
terms originating from the density dependencies of the
meson-nucleon coupling strengths [87—89, 93]. The non-

local potentials ¥* are contributed by the exchange (Fo-
ck) terms, with u,u’ = + denoting the upper and lower
components of ¥,, respectively. Taking the o-scalar
(0=S) coupling as an example, the non-local potentials
can be uniformly expressed as:

S ) = 8 (1) > 8, vi(2is + 1)
b

X go (P YR (ry R (r, 1), (4)

o,ab

where g, denotes the o-S coupling strength, v? is the oc-
cupation probability of orbit b, and the symbol Rﬂ'fab rep-
resents the combination of the CG coefficients and the
propagator term [88]. To abbreviate expressions, the non-
local density R (r,7’) is introduced as,

R (r,1) = GH(r)G"*(r"). (5)

For further details, please refer to Refs. [86, 88, 89]. It
is evident that if one considers only the Hartree terms, the
radial Dirac equation (2) reduces to a differential equa-
tion as in the RMF theory.

Consistent with the radial Dirac equation (2), the
equation of the GF can be deduced as follows:

/ [sé(r -r)=h(r, r’)] g, r";e)dr =Es(r—r"),  (6)

where G(r',r";¢) is the GF with complex probing energy
. Analytically, the operator of the GF can be expressed
as the inverse of & —h, namely G = (¢—h)™'. Applying the
condition satisfied by the solutions of the radial Dirac
equation (2), namely Y, la)(al = 1, the operator G, for a
given k value is further deduced as,

G&) =Y - @ =Y g

e—g,

Consistently, the GF is derived as,

(DY)

R ¥
Gur.r &) =Gy => (8)

e—¢&,

where W, (r) = (rla). Obviously, both the bound and res-
onant states can be characterized by the poles of the GF
in the complex energy plane. Notice that the sum over n
in the above expression includes both the discrete and
continuous spectra. Thus, the GF contains the informa-
tion on bound states and the continuum, as well as reson-
ant states.

As deduced from the form of ¥, it is readily appar-
ent that the GF assumes the form of a density matrix.
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With the poles denoted by ¢,, the GF in Eq. (8) is mero-
morphic on the complex energy plane. Notably, owing to
its inherent non-locality, the GF provides a natural frame-
work for treating the non-local exchange terms. In terms
of the non-local density (5), the components of the GF
can be uniformly formulated as

W ()

G ey =3 8 ©)

£—¢&,

Applying Cauchy's theorem, the non-local density
R (r,r") can be obtained from the contour integration of
the GF in the complex energy plane.

, 1 ,
R (r,r') = ZTH% de G (r,1';€), (10)
Ca

where a contour C, is chosen to enclose only the state a.
As displayed in Fig. 1, one can select the contour C, se-
quentially for each state a to deduce the non-local dens-
ity R4 (r,1").

In principle, the local density can be obtained from
the non-local density R“(r,7) by setting r=7r". Thus,
from the contour integration of the GF, which provides
both the non-local and local densities, one can calculate
the local potential h° and the non-local potential AF in
Eq. (2). These potentials are further utilized to construct a
new GF that characterizes bound and resonant states. Iter-
atively, a self-consistent procedure is achieved within the
RHF-GF framework.

B. Construction of Green's function

However, it is not practically feasible to construct the
GF from Eq. (8), which only manifests its link to the
bound and resonant states. To construct the GF, a piece-
wise method is universally adopted. Specifically, given
the probing energy &, one may obtain two linearly inde-
pendent column vectors from Eq. (2), namely the incom-
ing wave function ®"(r;e) and the outgoing one

N Im ¢
0.20 MeV
[ Jo1sme

I N2 I I A Va2 I I AWV.4 )
I 7N I I N I I 7N 6 |
' Ree
1
6
Fig. 1.  (color online) Contours for the Green's function on

the complex energy plane, with a rectangle measuring 0.15
MeV in width and 0.20 MeV in length, and the integration
step size reading 0.01 MeV. The red crosses, blue hollow
circles and thick green line represent bound states, resonant
states E —iI'/2, and the continuum states, respectively.

D(r;€), via the Runge-Kutta method initiated from the
asymptotic behaviors as » — oo and r — 0, respectively. It
is expected that, as r — oo, wave functions oscillate for
Ree >0 and decay exponentially for Ree < 0. Thus, the
boundary condition as r — oo, namely the asymptotic be-
havior derived from scattering theory, is adopted to gain
the incoming wave function ®(r;&). For the outgoing
one ®(r) starting from r — 0, it is regular at the origin.
For details, please refer to Refs. [53, 68, 71, 75].

Given the probing energy ¢ and quantum number «,
the GF G,(r,r;¢) can be obtained as [15, 54, 75].

Gur,r';e) =

Wkl(g) (00— IO D ()

00 =IO NN (s8], (1)

where 6(r—r') is the step function, and ®°"(r;&) and
®"(r; &) correspond to the following combinations,

+,0ut .. +,ing ..
(D;)ut — gK (r7 ‘9) , (D:(n — gK . (F,S) ) (12)
g re) g nre)
In Eq. (11), the Wronskian function W,(¢) is defined as

g (o) gi(rie)

WK(s)E —,out —,in
g M (re) g "(r;e)

. (13)

It is worth noting that the function W,(¢) is r-independ-
ent, given the Hermite single-particle Hamiltonian /.
Moreover, W,(¢) replicates the denominator in Eq. (8),
namely W,(¢) — 0 when the probing energy ¢ approaches
the pole &,.

Due to the Fock terms, the radial Dirac equation (2) is
an integro-differential equation. To obtain the incoming
and outgoing wave functions, the non-local terms in Eq.
(2) should be localized equivalently. In terms of the non-
local density (10), the equivalent local potential V4 for
orbit a can be obtained as [86, 112],

+ ’
, 2 (r, )R (r, 1)
Vp/,l - d q a a
o () / "R+ R () (1

where u,u’,v = £ represent the upper (+) and lower (-)
components of ¥,. It is worth commenting that an inner
iteration is considered essential to ensure the conver-
gence of the energies and widths of resonant states, as the
localization depends on the non-local density derived
from the GF.

C. Density of states for resonance energy and width
Bound and resonant states can be directly determined
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by locating the poles of the GF in the complex energy
plane, and the density of states (DoS) enables us to rap-
idly and precisely identify these poles. As rigorously es-
tablished in Refs. [53, 59, 75], the DoS n(e) can be de-
rived from the integral of the imaginary part of the GF
G(r,r;e) over the real-space coordinate » as follows:

2

n(e) = i—J; /drIm [Q**(r,r;e) +g”(r,r;£)} , (15)
where j? =2j+ 1. Numerically, the above integration was
performed with a radial cutoff R, =20 fm and a step
size of 0.1 fm. For bound states with I'/2 =0, a smooth-
ing parameter € = 10 MeV is introduced as the imagin-
ary part of the probe energy ¢ to display the DoS as the
Cauchy-Lorentz distribution, instead of a sharp J-func-
tion. For resonant states, the radial integration in Eq. (15)
undergoes a sign transition from positive to negative
when the imaginary part of the probing energy ¢ changes
from Ime >T/2 to Ime <T'/2, with the + sign ensuring
positive-definite DoS. Practically, such a sign transition is
applied to identify the half-widths of resonant states.

In contrast to bound states, one has to sample the
probing energy ¢ over the complex energy plane to identi-
fy resonant states. Specifically, by scanning the real axis,
the maximum of the DoS gives an approximate energy of
a resonant state. Further scanning of the Ree in the vicin-
ity of the approximate energy allows the half-widths T'/2
to be obtained from the sign transitions. Eventually, the
energy and width of the resonant state are determined by
the maximum of the DoS. For additional details, please
refer to Refs. [59, 68, 113].

III. RESULTS AND DISCUSSIONS

A. Numerical verification

For the verification of the RHF-GF method, a test cal-
culation is performed for '*’Sn, compared to the methods
in Ref. [36]. Figure 2 displays the DoS n,(¢) for the neut-
ron orbits in '?’Sn. The results are provided by the RHF-
GF method with the RHF Lagrangian PKO1, considering
a smoothing parameter € =10"° MeV as the imaginary
part of the probing energy e.

In Fig. 2, the blue solid line and the red dotted line
represent the DoS distributions for neutrons in the *’Sn
nucleus and free particles, respectively, with the purple
dashed vertical lines denoting the threshold of the con-
tinuum. The peaks below this threshold correspond to
single-particle bound states, whose energies can be dir-
ectly determined from the peak positions. It is verified
that the bound states provided by the RHF-GF method are
identical to the solutions of the radial Dirac equation (2)
with the box boundary condition. Above the threshold
lies the continuum region, which includes both resonant

8
Neutron| T ' @l T oll T ©
120 ar r s 1
Sn I S112 P32 P12
PKO1 o i B
8 T B | TP B | T T |
T T ' T T T | T T T T T T T
dsg |1 Oftdag| |1 @1 M1t oz ©
4 ’ 1F ! 1F 1F B
% 0 ] = ,L-_ ] L:
= e A mR R T S RaT
= |9 (h){t972 )} N1z ()1} hop (k)
w4t H 4k L H 4k 4
I ]\\\

i 1 ] 1 1
i13/lz I ' I(I) i11/I2 I IIB j1sl/2 I I (In) J13I/2 I I (Io)
4r ! 1r H 1r ' 1r H 1
0 ) /] i I

-60-40-20 0 20 -60-40-20 0 20 -60-40-20 0 20 -60-40-20 0 20
¢ (MeV)

Fig. 2.  (color online) Density of states n.(s) (MeV~!) as
functions of the energy & (MeV) for the neutron orbits of
120Sn. The results are calculated by the RHF-GF method with
PKO1 and Rpy.x=20 fm (blue solid lines), in comparison with
the result for the free-particle background obtained (red dot-
ted lines).

states and non-resonant scattering states. For the resonant
states, single-particle resonance peaks can be identified
by comparing the DoS of nucleons inside the nucleus
(blue solid line) with that of free particles (red dotted
line). Specifically, the resonant states are observed in the
neutron orbits f5, hop, hiija, 87125 89725 T2 113725 J13/2
and j;s,. For the s and p orbits in Figs. 2(a-c), due to the
vanishing or low centrifugal barriers, it is difficult to
form a resonant state.

As displayed in Fig. 2, the resonance energies and
widths of these resonant states can be roughly estimated
from the peak positions and full widths at half maximum
of the corresponding resonance peaks. The sharp peaks in
Figs. 2(g), 2(k), and 2(i) identify rather narrow resonant
states in the orbits f5),, ho/, and ij3)2, respectively, which
lie a bit far below the centrifugal barriers. For these nar-
row resonances, the barrier penetrations are suppressed,
leading to long lifetimes, and their wave functions exhib-
it rather similar asymptotic behaviors as bound states.
Further, the orbits i, and jis,, in Figs. 2(m) and 2(n)
exhibit a typical resonance profile, which lies just below
the centrifugal barrier. For these resonances, the penetra-
tion probabilities are relatively high, resulting in short
lifetimes. Additionally, there are some irregularly low
peaks in Figs. 2(h-j) and 2(0), which correspond to wide
resonant states in the g, hy,2, and ji3,, orbits. These res-
onance energies typically exceed the centrifugal barrier,
leading to extremely short lifetimes, and the asymptotic
behaviors of the wave functions differ significantly from
those of bound states.

For rather wide resonances, the resonance energy and
width estimated from Fig. 2 are subject to relatively large
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uncertainties. The high-precision energy and half-width
of the resonant states can be further determined by using
the maximum and the positive-to-negative sign transition
of the radial integration in Eq. (15), following a similar
approach as that illustrated in Figs. 2 and 3 of Ref. [59],
with the corresponding results presented in Fig. 3. The
results given by the RHF-RSM method [36] are shown
for comparison, and the inset is an enlarged view of the
bottom-left shadowed region for the low-lying resonant
states. Given the oscillations at r — oo, the principal
quantum numbers deduced from the nodes of wave func-
tions no longer hold for resonant states. Here, an energy-
ordered number, inherited from bound states, is used to
denote resonant states.

As illustrated in Fig. 3, the resonant states with ex-
tremely short lifetimes, such as 2g7/2, 2892, 2h11/2, and
1j13/2, are not captured by the RHF-RSM method, which
works well for the resonant states with I'/2 <1 MeV, be-
ing identical to those obtained by the RHF-GF method.
For the spin partners, the splittings of the 1i and 1; reson-
ant states remain significant, but much less so for the 2g
ones. Moreover, the resonant states with j.=1-1/2 lie
higher than those with j. =/+1/2. This suggests that,
similar to bound states, the spin-orbit coupling also plays
a significant role in resonant states, while the spin-orbit
splitting could be essential to their broadening. For in-
stance, the 2g resonant states with I'/2 > 1 exhibit fairly
small splitting, in contrast to the 1i and 1; ones.

B. Exact Coulomb exchange effects on proton
resonances

In order to understand the Coulomb exchange effects,
the even isotones of N =82 from Z =44 to 54 are taken
as examples. Starting from the converged RHF calcula-
tion, the RHF-GF calculations were conducted with and
without the Coulomb exchange terms, providing the pro-
ton resonance energies and widths as (E,T') and (E°,T?),
respectively. The differences AE = E°—E and AT =T°-T
quantify the Coulomb exchange reductions in the reson-
ance energies and widths, respectively.

Figure 4 displays the isotonic evolution of the proton
resonance energies and widths of the N =82 isotones,
given by the complete RHF-GF calculations with PKO1.
Due to gradually enhanced Coulomb repulsions, the res-
onance energies in Fig. 4(a) illustrate a monotonic and
nearly parallel increase with respect to the proton num-
ber. As an exception, the increase in the resonance ener-
gies of 1i3, is slightly reduced when Z > 50, which is
also observed in the RMF-GF calculations and the RHF-
GF ones excluding the Coulomb exchange terms.
Moreover, as shown in Fig. 4(b), the widths of the nar-
row resonances 2fyn, 2fs;, lhop, and lijz, remain al-
most unchanged due to their relatively high centrifugal
barriers. In contrast, due to fairly high energies and low

6 | —————— o Neutron| =
2f5/2*
| 001} 1 2hyp 120gp,
3Py 1hgp
4 0.00 |8+ B - PKO1
0 R
s |/ & 297 1j1329 1
L 7 9299 g g | @ CF
i Migg ¥ RSM
O - A -
I@ L -*; 1 1 1 1 1 1 L 1

Fig. 3. (color online) Energies £ (MeV) and half-widths I'/2
(MeV) of the neutron resonant states and weakly bound one
3p12 in '2°Sn. The results are obtained by the RHF theory
with the Green's function (GF) method, as compared to those
with the real stabilization method (RSM) [36].

Fig. 4.

(color online) Plots (a) and (b) display the energies £
(MeV) and widths T' (MeV) of the proton resonant states for
the N = 82 isotones, respectively. The results are calculated by
the RHF theory with the GF method, in which the Coulomb
exchange terms are treated exactly.

centrifugal barriers, the resonance widths of the 3p states
visibly increase with respect to the proton number. In
fact, similar systematics are also obtained by the RMF-
CSM [109, 111] and RMF-GF [114] calculations. This
seems to indicate that the Coulomb exchange terms do
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not exert substantial effects on the isotonic behaviors of
proton resonance energies and widths.

To provide further insight, Fig. 5(a) displays the Cou-
lomb exchange reductions of the proton resonance ener-
gies AE (MeV), which range from 0.09 to 0.21 MeV. It is
worth noting that, using phenomenological Coulomb ex-
change terms, the resonance energy reductions can be as
large as about 0.5 MeV [110, 111]. Different from the 2f
and 3p resonances, the values of AE for the high-/ reson-
ances lhy, and lijs, increase progressively with proton
number, exhibiting pronounced but opposite kinks at
Z =50, suggesting distinct shell effects. For better under-
standing, by applying the non-local densities (10), the in-
teraction matrix elements contributed by the Coulomb ex-
change terms, namely V& (keV), are extracted from the
RHF-GF calculations. Taking '*?Sn as a candidate, Fig.
5(b) shows the V& values for the couplings between the
bound states 1g and resonances 3p, 2f, lhgs, and 1ij3),.
As deduced from the inset in Fig. 5(b), the proton shell
closure at Z = 50 is indicated by the spin-orbit splitting of
the 1g orbits.

As illustrated in Fig. 5(b), through the Coulomb ex-
change terms, the resonant state lho, shows much
stronger coupling with the 1g;,, state than with the 1go,,
one. This explains well the kink at Z =150 in Fig. 5(a),
combined with the fact that the protons populate orderly
the 1go,, and 1g;), states. Similarly, it is also understand-
able for the opposite kink in the AE values for the 1ij3,
state. In fact, for the resonant states discussed here, there
exists a certain correspondence between the order num-
bers of the states and the nodes of the wave functions.
Given the nodal differences, it is easy to understand why
rather small VG values are obtained for the couplings
between the bound states 1g and the resonances 3p and
2f, as illustrated in Fig. 5(b). The differences given by
the couplings of the spin partners 1go,, and 1g;,, with the
resonance 1hy,,, as well as with 1i;3,,, can be attributed to
the spin-orbit effects carried by the Coulomb exchange
terms. Meanwhile, it should be stressed that the micro-
scopic shell effects observed in Fig. 5(a) were not found
in the RMF-CSM calculations using the phenomenologic-
al formula [111], which underscores the necessity of ex-
act treatment of Coulomb exchange terms.

Furthermore, Fig. 6 shows the Coulomb exchange re-
ductions of resonance widths AI' (MeV) for the proton
resonant states of the N =82 isotones. Compared to the
narrow resonances 2f, lhy,, and 1ij;), it is evident that
the Coulomb exchange terms exert much stronger reduc-
tions in the widths for the resonance 3p, which increase
progressively with the proton number. This indicates that
the impact on the widths primarily depends on the intrins-
ic width of the resonance itself. This is different from the
reductions of the energies, which are primarily determ-
ined by the interactions, as illustrated in Fig. 5 (b).
However, when considering the resonance lifetime,

_ i 1 |Proton (b) 1

> -9 [} 19gp2 ]

2 I ]

;./ -6 - m V197/2v"|j N

88 1 mmy ]
> B 1ggp.0lj .

-3 | ]

0 gR/ B S
3p12 3Pz 2Msp 2f, Thep liggp
Proton orbit nlj
Fig. 5. (color online) (a) Coulomb exchange reductions AE

(MeV) in resonance energies for proton resonant states of the
N =82 isotones; (b) Interaction matrix elements VS (keV)
contributed by the Coulomb exchange terms between proton
bound 1g states and resonant states. The results are given by
the RHF-GF method with PKO1.

T T T T T T
[ —®—3py, —©—3p;,

003 --w-2f;,, --=-2f,

A" (MeV)
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Fig. 6.
(MeV) in resonance widths for the proton resonant states of
the N =82 isotones. The results are given by the RHF-GF
method with PKO1.

(color online) Coulomb exchange reductions Al

which is inversely proportional to the width, namely
7=~ h/T [37], the effects of the Coulomb exchange terms
can be noticeable for narrow resonances, despite the tiny
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reductions in the widths. Taking *Xe as an example,
neglecting the Coulomb exchange terms reduces the life-
time of the resonance i3, by approximately 37.8%,
namely from 3.7x 107> fs to 2.3x 1072 fs, in contrast to
the approximately 11.5% reduction in the lifetime of
3p12, which decreases from 5.2x 1075 fs to 4.6 x 107 fs.

Intuitively, the Coulomb exchange terms reduce the
Coulomb repulsion experienced by protons. With the in-
clusion of the Coulomb exchange terms, the proton reson-
ance energies become smaller, and the resonance widths
are expected to reduce consistently. Meanwhile, the Cou-
lomb potential barrier becomes lower and thinner, facilit-
ating barrier penetration, an effect that enlarges the reson-
ance widths. Thus, proton resonance energies are re-
duced by the Coulomb exchange terms, whereas the im-
pact on the resonance widths stems from the competition
between these two effects. Our results illustrate that, with
the presence of the Coulomb exchange terms, both the
proton resonance energies and widths are reduced, des-
pite the lower and thinner Coulomb barrier.

IV. SUMMARY

In this work, the GF method has been applied to the
RHF theory to provide a unified description of both
bound and resonant states, where resonance energies and
widths are accurately extracted from the DoS. As a
benchmark, neutron resonant states of '*°Snare calcu-

lated using the RHF-GF method, yielding consistent res-
ults with the RHF-RSM calculations.

Furthermore, the Coulomb exchange effects on pro-
ton resonances are investigated by taking the even N = 82
isotones as test cases. It is illustrated that the exact Cou-
lomb exchange terms incorporated in the RHF-GF meth-
od reduce the proton resonance energies by approxim-
ately 0.09 ~ 0.21 MeV, significantly less than those given
by the phenomenological Coulomb exchange terms.
Moreover, except for rather narrow resonances, visible
width reductions are also observed, being substantially
smaller than those resulting from the phenomenological
approach. Particularly, the energy reductions exhibit dis-
tinct shell effects, highlighting the significance of a mi-
croscopic and exact treatment of the Coulomb exchange
terms. This also indicates that the RHF-GF method, by
incorporating the Fock terms, lays the foundation for ex-
ploring single-particle resonances and further for the reli-
able modeling of nucleon emission, capture, and scatter-
ing processes.

Future work will incorporate pairing effects via the
RHF-based resonant BCS model [8, 9], which accounts
for the coupling between bound states and resonant states
in the continuum near the threshold. This extension will
reveal the combined effects of pairing and exchange on
single-particle resonances, thereby providing a more
comprehensive theoretical framework for nuclear reson-
ance studies, particularly for exotic nuclei.
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