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Abstract: Regular Hayward black holes provide a useful setting for investigating scalarization in theories with non-

minimally coupled matter sectors. Within the framework of Einstein-nonlinear electromagnetic-scalar gravity, we
identify the tachyonic threshold that signals the bifurcation from the bald Hayward background and then obtain scal-

arized charged black holes for both quadratic (1 — a¢?) and exponential (¢=***) couplings. These configurations form

a discrete set of branches classified by the number of nodes in the scalar field. The branch with n =0 is the funda-

mental branch, whereas solutions with n > 1 are excited branches. By studying radial perturbations, we find that the

fundamental branch is stable for both coupling choices, which makes it the most relevant branch for future phe-

nomenological and observational studies.
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I. INTRODUCTION

Classical general relativity predicts that gravitational
collapse can culminate in spacetime singularities [1], a
result commonly interpreted as indicating the limits of
validity of the classical theory. This has motivated the
search for black hole geometries in which curvature in-
variants remain finite everywhere. Among these construc-
tions, regular black holes are particularly important be-
cause they preserve the basic external properties of black
holes while modifying the short-distance structure of
spacetime.

A well-known prototype is the Bardeen black hole
[2], which was later associated with nonlinear electro-
dynamics as the source of a magnetically charged regular
configuration. Hayward subsequently proposed another
regular solution [3], characterized by static spherical
symmetry and the absence of a central singularity. The
corresponding metric is [4—6]

ds? = —f(dP + f(r)"'dr? + r*(d6* + sin” 6d?),
2MP?
f=1-2"" e

rP+q®’

with the magnetic field configuration
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Fg, = qsinf, A, =—gcosé. 2)

Here M and g are the mass and magnetic charge paramet-
ers. More generally, nonlinear electrodynamics provides
a natural mechanism for supporting several classes of
regular black holes, as emphasized in the work of Ayon-
Beato et al. [7, 8]. Consequently, these solutions have at-
tracted sustained attention in studies of black hole interi-
ors, effective matter sources, and possible modifications
of strong-gravity physics [9—12].

Spontaneous scalarization provides a mechanism
through which compact objects can acquire scalar hair
only in sufficiently strong gravitational environments,
while remaining compatible with weak-field constraints
[13, 14]. The basic ingredient is a nonminimal coupling
that renders the effective scalar mass squared negative in
an appropriate background, thereby destabilizing an ini-
tially bald configuration. Once the instability is triggered,
nonlinear effects can eventually saturate the growth and
support new scalarized equilibrium states. This mechan-
ism has been established in several classes of gravitating
systems. In Einstein-scalar-Gauss-Bonnet theories, the
onset of scalarization is associated with the destabiliza-
tion of the Schwarzschild background through the Gauss-
Bonnet coupling [15—17]. Closely related phenomena
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also arise in Einstein—-Maxwell-Scalar models for Reiss-
ner—Nordstrom black holes, including rotating solutions
and spin-induced scalarization [18—29]. Analogous scal-
arization mechanisms have furthermore been reported for
boson stars, charged stars, and horizonless reflecting
compact objects in scalar-tensor settings [30—33].

Building on our earlier study of scalarization in regu-
lar magnetically charged black holes [34], we now turn to
the Hayward solution [4—6], which provides another im-
portant regular black hole background. Our goal is to de-
termine whether Hayward black holes can also undergo
spontaneous scalarization and to clarify the properties of
the resulting scalarized configurations for two represent-
ative coupling models.

This paper is organized as follows. In Section II, we
introduce the underlying Einstein-nonlinear electro-
dynamics-scalar theory and identify the instability
threshold of the bald Hayward background. Section III
presents the numerical construction of the fundamental
scalarized branch. In Section IV, we examine its radial
stability. We conclude in Section V with a summary and
discussion.

II. INSTABILITY FOR HAYWARD BLACK
HOLES

To analyze scalarization in the Hayward background,
we consider an Einstein—nonlinear electrodynamics sys-
tem supplemented by a nonminimally coupled scalar
field, described by the action

1= 6 d*x V=g [R-2(V¢)’ = 4&@LF)], ()

where R denotes the Ricci scalar, ¢ is a real scalar field,
and the interaction between the scalar and electromagnet-
ic sectors is encoded in the coupling function &(¢), which
multiplies the nonlinear electrodynamics (NLED) Lag-
rangian L(¥). Physically, this term represents an effect-
ive electromagnetic matter sector whose stress-energy
tensor regularizes the central region. For the Hayward
regular black hole, the corresponding NLED Lagrangian
is given by [35—37]

M QFEF)"

L(F) = ,
= [1+QgF )]

“4)

where ¥ = F*'F,,/4, and M and ¢ denote the mass and
magnetic charge parameters, respectively.

Varying the action with respect to g,,, ¢, and A,, we
obtain the Einstein, scalar, and generalized Maxwell
equations,

1 6L F 1
Ry — =8uwR =4&(¢) |2 ( )FM,FP

> 2 gﬂvL(?)
+20,00,¢ — (V) gu»
)
0
V- Lr) - ©)
oL
v, 4665 <0 ™

To explore the onset of scalarization, we consider the
following two scalar coupling functions:

1 —a¢?, quadratic coupling,
&) = { oot (8)

exponential coupling.

The bald Hayward solution is recovered in the scalar-
free sector ¢ =0, where the remaining equations reduce
to those of the underlying nonlinear electrodynamics sys-
tem. Although these two couplings differ at the nonlinear
level, they lead to the same linearized scalar perturbation
equation around the bald background, and their differ-
ences appear only through higher-order terms.

Neglecting metric perturbations, the scalar perturba-
tion d¢ on the Hayward background satisfies

V266 —peg9 =0, pgg = —2aL(F), )
Here, V,, denotes the covariant derivative associated with
the fixed bald Hayward background, and barred quantit-
ies are evaluated on this background. The coupling then
generates an effective mass squared determined by the
nonlinear electromagnetic background. When u2; be-
comes sufficiently negative outside the horizon, tachyon-
ic growth may occur, indicating an instability of the bald
Hayward black hole.

To construct these solutions, the general static and
spherically symmetric line element can be written as

dr?
ds® = =N(r)e "dr + —
( NG

+7r7(d6? +sin*6de?),  (10)
with

2,
No=1-220 0 =i (11

Considering the scalar-free configuration ¢ =0, we
have £(0)=1 and £4(0)=0 for both choices in Eq. (8).
From Egs. (5), (6), and (7), the generalized Maxwell
equation is satisfied by the magnetic monopole A, =

095104-2



Spontaneous scalarization of regular Hayward black holes in...

Chin. Phys. C 50, 095104 (2026)

—gcos6. The remaining Einstein equation gives

, 3Mg*r?
= (12)
which integrates to m(r) = Mr*/(r* +4*). Hence, N(r)=
1 =2m(r)/r = f(r), as shown in Eq. (1).

As a representative nonextremal example, we take
M =0.5 and ¢ =0.25, for which the outer horizon, de-
termined by f(r,) =0, is located at r, =0.935. To ana-
lyze the linear scalar response of the Hayward back-
ground, we decompose the perturbation as

50t0.7.0,0) = "y, 6.0). (13)

Introducing the tortoise coordinate r, via

dr

=] 7o (14)

i

The scalar perturbation equation can be cast into a
Schrodinger-like form.
d’u

5=t (w* = V() u(r) =0, (15)

with the effective potential
I(I1+1) 6Mr? 4M 6¢°Ma

+ - - .
r2 (q3 + r3)2 q3 +73 (q3 + r3)2

(16)

V(r) = f(r)

To determine whether scalarized solutions can bifurc-
ate from the bald Hayward branch, we first examine the
linear instability of the background. Here, we focus on
the spherically symmetric mode ! =0, for which the cor-
responding potential is shown in Fig. 1. Although a posit-
ive-definite potential outside the horizon is sufficient to
ensure mode stability, the presence of a negative well
near the horizon only suggests the possibility of tachyon-
ic growth and does not, by itself, prove instability. The
decisive criterion is whether the perturbation spectrum
contains modes that grow in time. For this reason, we
solve Eq. (15) numerically after setting w =—-iQ, with
purely ingoing behavior at the horizon and purely outgo-
ing behavior at spatial infinity.

To determine the instability threshold, it is essential to
identify ay(q), which marks the onset of scalarization.
This can be achieved by searching for static bound-state
scalar configurations (scalar clouds) of Eq. (15) on the
Hayward background, obtained by setting Q = 0 and writ-
ing u(r) = ry(r). For the spherically symmetric mode /=0
with M = 1/2, the requirement of asymptotic normalizab-
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Fig. 1.  (color online) Plots of the potential V(r,a,q) for

three different values of a = {25,y = 39.498,45} are shown
from top to bottom near the FV axis, with
an (g) =39.4976(0.250), 21.1872(0.300),12.0436(0.350).

ility selects a discrete set of critical values «a,(g), where
n=0,1,2,--- counts the number of nodes of the scalar-
cloud profile y(r).

Figure 2 displays the first few scalar clouds as func-
tions of z=r/(2M). The node-free mode n =0 gives rise
to the fundamental scalarized branch, whereas the modes
with n>1 correspond to excited branches. More gener-
ally, each scalar cloud seeds a corresponding branch of
scalarized charged black holes, so {ag,a;,@,,---} can be
interpreted as the bifurcation points of these branches. In
particular, for a given magnetic charge ¢, the instability
threshold is determined by

an(g) = @n=0(q), (17

which identifies the onset of the dominant fundamental
branch.

Unlike linear Maxwell electrodynamics, the present
NLED model depends explicitly on the Hayward para-
meter ¢ through L(F). Consequently, the scalar-cloud ei-
genvalue problem does not admit a simple analytic scal-
ing relation for the critical coupling @,-o. We therefore
determine «,-, numerically for each value of ¢. For
M = 1/2, the three representative values are

a,=0 =39.4976, 21.1872, 12.0436 for ¢=0.25, 0.30, 0.35

(18)

respectively. The corresponding threshold curve is shown
in Fig. 3. The critical coupling decreases monotonically
as the magnetic charge g increases. In the small-g regime,
ay, increases rapidly, indicating that the scalarized branch
is pushed to very large coupling as ¢ — 0. On the other
hand, as ¢ approaches the maximal Hayward value
gc ~0.5291, the threshold coupling is driven into the
small-coupling regime.
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Fig. 2. (color online) (a) Three curves of Q in e as functions of a are used to determine the instability thresholds [a/lh (q)} around a
Hayward black hole. We find ay, (¢) = 39.4976(0.25), 21.1872(0.30), and 12.0436(0.35) when the three curves cross the a axis. (b) Radi-
al profiles as functions of z = r/2M for M =1/2 and ¢ = 0.25, showing the first three static scalar perturbation solutions. The number n
of nodes labels the n = 0,1, 2 scalarized charged black hole (SCBH) solutions.
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Fig. 3. (color online) Threshold coupling ay,(g) for M =1/2.
The curve decreases monotonically with ¢, diverging rapidly

= q

as ¢— 0 and approaching the weak-coupling regime near
ge ~0.5291.

III. SCALARIZED CHARGED BLACK HOLES

Scalarized charged black holes (SCBHs) bifurcate
from the corresponding scalar clouds in the unstable re-
gime of the Hayward background, i.e., for a(g) > an(q).

For the ansatz (10), the generalized Maxwell equa-
tion is solved by the same magnetic potential as in the
bald Hayward case.

A, = —gcosé, (19)
which gives
Fy, = gsinb, F=—. (20)

Therefore, the magnetic potential field is not affected by
scalarization and does not introduce an additional func-
tion in the numerical construction. In fact, for a static and
spherically symmetric scalar field, £(¢) depends only on

r, and the generalized Maxwell equation (7)

AL(F)
oF

AROL= RV @)

is automatically satisfied by Fy, = gsinf. Therefore, the
scalar-field backreaction modifies only the metric func-
tions and the scalar profile; it does not introduce an addi-
tional magnetic function.

In what follows, we focus on the fundamental branch
n=0, which emerges once a(q) exceeds the threshold
value ay,(g). For the two coupling models,

EP=1-a¢’, ad EP=c’. (D)

We numerically construct the corresponding scalar-
ized charged black holes for M =1/2 and ¢ = 0.25. High-
er-node branches can be obtained in the same manner by
starting from the appropriate scalar clouds.

Substituting the static, spherically symmetric ansatz
into Egs. (5) and (6), we obtain a coupled system of three
ordinary differential equations for the functions 6&(r),
m(r), and ¢(r):

§'(r)+r¢”(r) =0, 23)
64’ Mr’&(¢) ” L
FAry +r(r=2m)¢"*(r)—2m’(r) = 0, 24)

r(r=2m)¢" (r) —{m[2 —2ré'(r)]

3¢°Mr*E (9) _

+r2m'(r)+r6' (r) =214’ (r) - @y

(25)

where a prime denotes differentiation with respect to r.
To construct black hole solutions with an event hori-
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zon at r=r,, we impose a regular near-horizon expan-
sion of the form

m(r) = %+m1(r—r+)+--- s
6(r)=60+51(r—r+)+-~~ ,
¢(r)=go+d(r—r)+---, (26)

from which the leading expansion coefficients are ob-
tained as

3¢’ Mrié&(¢o)
= MR
3 /
& 3¢°Mr.& (¢o) 27)

T (@ + 1) =364 MPE(p )

The local horizon expansion is characterized by two free
parameters, ¢, and §,. The metric functions in the ansatz
have a large-r expansion of the form

2
m(r):M—g+~~-, ¢(r):%+~~~, 5(r):QS
r 2r2

+...’
(28)

2
S
2r

where M is the Arnowitt-Deser-Misner mass and Q, is
the scalar charge. Note that the scalarized solutions con-
structed here are exterior black hole solutions. Their regu-
larity is imposed at the event horizon through Eq. (26)
and verified for (r > r,). Whether these solutions admit a
globally regular extension to the center requires a separ-
ate analysis of the interior geometry and remains an inter-
esting issue for further investigation [38].

For the quadratic coupling, a representative solution
on the fundamental branch is shown in Fig. 4(a) for
a=40.8134 and ¢ =0.25. Compared with the bald Hay-
ward background, the scalarized solution has a slightly
shifted horizon location, from Inr = -0.0163 in the Hay-
ward case to Inr =-0.0403 in the scalarized case. Away

101
08}
06}
04f

0.2}

0 1 2 3 4 SInr

()¢ (¢) =1 - ag?
Fig. 4.

from the near-horizon region, however, the metric func-
tion N(r) approaches the Hayward profile f(r). At the
same time, the redshift function 6(r) decreases with in-
creasing Inr, whereas it vanishes identically for the Hay-
ward solution. The scalar field ¢(r) also decays outward,
indicating that the scalar hair is localized mainly in the
near-horizon region. An analogous fundamental-branch
solution for the exponential coupling is shown in Fig.
4(b).

IV. STABILITY OF SCALARIZED BLACK
HOLES

We now investigate the radial stability of the funda-
mental (n=0) branch of scalarized charged black holes.
To this end, we consider three representative magnetic
charges, ¢ =0.25, 0.30, and 0.35, whose corresponding
bifurcation points are a,-o = {39.4976,21.1872, 12.0436}.
We introduce spherically symmetric perturbations around
the scalarized background according to

dspp = — N(r)e [ 1 + eHy(t,r)]d

dr?
TN+ e, (t.9)]

+r2(d6? + sin” dy?),

P(t,r) = ¢(r) + il r), (29)

r

where N(r), 6(r), and @(r) describe the background solu-
tion, whereas Hy(t,r), H(t,r), and 6¢(¢,r) are linear per-
turbations. The magnetic gauge field is left unperturbed,
and e <1 is the perturbative bookkeeping parameter.
Since we focus only on radial perturbations, we restrict
attention to the / = 0 sector. In this case, the physical de-
gree of freedom is fully captured by the scalar perturba-
tion, for which we use the separation

6p(t,r) = pi(r)e. (30)

‘Inr
5

2
(b)§ (¢) = e=?

(color online) Plots of an SCBH solution with ¢ = 0.25 and M = 1/2 for a = 40.8134 (quadratic coupling) and & = 40.1819 (ex-
ponential coupling) in the n = 0 branch of « > 39.4976.
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The radial perturbation equation can then be cast in a
Schrodinger-like form,

()

2
dr?

(Q% + Vscu(r) ¢1(r) =0, (31)

where the tortoise coordinate is defined by

dr., e

ar TN G2

and the corresponding effective potential is given by
e 2N (r)
r2(q3 + 13 )2
+124°MPE (@) ¢ (N — (2¢°F +4q°r +2r°) ¢/ (r)?

+64° MrPE($) (—1+2°¢'(r)) +3¢°Mr*é” (¢)] .
(33)

Vscan(r) = (47 +r) =N

For the quadratic coupling, the effective potentials
along the n = 0 branch are shown in Fig. 5(a). Although a
shallow negative region appears near the horizon for
some parameter values, this feature alone is insufficient

to establish an instability. The relevant criterion is the
sign of the eigenvalue Q: modes with Q>0 grow expo-
nentially in time, whereas modes with Q <0 correspond
to decaying perturbations. We therefore solve Eq. (31)
numerically, imposing the appropriate boundary condi-
tions at the horizon and at spatial infinity. The results dis-
played in Fig. 6(a) show that the fundamental branch re-
mains stable against radial (/ = 0) scalar perturbations for
the values of g considered here.

The same analysis can be repeated for the exponen-
tial coupling. As illustrated in Fig. 5(b), its effective po-
tential has a profile very similar to that of the quadratic
model, with the dominant support again located outside
the horizon. Solving the corresponding perturbation equa-
tion with the same radial boundary conditions, we obtain
the spectrum shown in Fig. 6(b). The resulting eigenval-
ues satisfy Q <0 on the n =0 branch, indicating that the
fundamental scalarized Hayward black holes are also ra-
dially stable in the exponential model.

V. CONCLUSION AND DISCUSSIONS

In this paper, we showed that Hayward black holes in
Einstein-nonlinear electromagnetic-scalar gravity can un-
dergo spontaneous scalarization once the scalar-free

Vscen VscaH
0.061 0.06[
T a=39.4976 L @=39.4993
S TR a=43.7689 0.041 /," S a=43.3562
:’ \“‘ r h
0.02f 7/ RS — — a=47.3292 002} 1 . — — a=47.2266
0 e -
L e i R ———
0.00 s . . : . i 1 0.00 = . . : r
¥ 2 3 4 5 6 : 2 3 4 5 6
-0.02} | -0.02}
-0.04f/ -0.04}/
-0.06t -0.06t
_ 2 _ —ag?
(a)¢(¢) =1—ao (b)€ (¢) = e
Fig. 5. (color online) Three scalar potentials Vgcpy for the I =0 scalar mode on the n = 0 branch.
Q Q
0.10f 0.10f
————— 9=0.25 ----- g=025
—————————— 9=0.30 sreesseeees 20,30
0.05} 0.05}
— — =035 — — =035
0.00 - ; : : a 0.00 - . . a
I 29 40 60 80 t 29 40 60 80
| : : | : '
-0.05f ! 2 -0.05} !
|- I
(I e
-0.10t -0.10t

(2)€ (¢) =1 — ag?
Fig. 6.

(b)é (¢) = e=¢"

(color online) The eigenvalue Q is shown as a function of « for the / = 0 scalar mode along the n = 0 branch, indicating stabil-

ity. The three dotted curves start from a,-, = 39.4976, 21.1872, and 12.0436. The three solid lines denote the unstable Hayward black

holes [see Fig. 2].
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background becomes tachyonically unstable. By analyz-
ing the corresponding scalar clouds, we identified the bi-
furcation points from which scalarized charged black
holes emerge in both the quadratic and exponential coup-
ling models. These solutions are organized into discrete
branches classified by the node number of the scalar pro-
file. Focusing on the fundamental branch, we found that it
is radially stable under / = 0 perturbations in the cases ex-
amined here.

Under linear test scalar perturbations, the scalar-free
Hayward black hole is unstable for « > a,-0(¢) and stable
for @ < a,-0(¢g). The critical value «,-¢(q) therefore plays
a dual role: it marks both the onset of tachyonic instabil-

ity and the bifurcation point of the fundamental scalar-
ized branch. For the two coupling choices considered in
this work, namely the quadratic and exponential models,
scalarized charged black holes on the n =0 branch exist
for a > @,-¢(g). Moreover, the increase in a,-o(q) as the
magnetic charge decreases shows that the onset of scalar-
ization is progressively suppressed for smaller g. Our ra-
dial perturbation analysis further indicates that the funda-
mental branch is stable, whereas the excited branches
with n # 0 are likely unstable. Thus, the stable n =0 scal-
arized solutions are natural candidates for the endpoint of
the instability and may be relevant to future astrophysical
tests [39].
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