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Abstract: We propose a covariant orbital-spin (LS) decomposed amplitude for the partial wave analysis using the
massive spinor-helicity formalism. First, we review the traditional-LS method in the little group space and the
Zemach tensor method in the double cover of the SO(3) space. To recover the SO(3,1) Lorentz covariance, several
Lorentz covariant LS tensors have been constructed through different methods: covariant tensor, covariant projec-
tion tensor in pure-spin and general-spin schemes. However, performing an intrinsic separation between LS coup-
ling while maintaining covariance is not straightforward. We utilize the massive canonical-spinor variables to de-
termine general three-point amplitudes, where the LS decomposition is realized in a single little group space by pro-
jecting little group indices of each particle into one, while ensuring Lorentz covariance by the spinor form naturally.
This covariant spinor method allows direct evaluation in any frame and offers a streamlined treatment of cascade de-
cays within a single frame without additional alignment rotations needed in non-covariant approaches. As a bench-
mark, we implement the method in TF-PWA and analyze A} — Ax*z°, finding consistent fit results across the heli-
city, traditional-LS, and canonical-spinor amplitudes. This validates the canonical-spinor amplitude as a practical
tool for modern partial wave analyses of complex decay chains.
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I. INTRODUCTION

In high-energy physics experiments, multi-body final
states are among the most common observables. The
same final state often does not originate from a single de-
cay chain but is produced through several intermediate
resonances together with non-resonant processes. Be-
cause different resonances can overlap within invariant
mass spectra and each exhibits unique angular structures
determined by its spin and orbital angular momentum, re-
lying solely on mass peak shapes is generally insufficient
to reliably distinguish between them. Partial Wave Ana-
lysis (PWA) provides a systematic framework to address
this problem; see Refs. [1-5] for reviews. Its central idea
is to construct the total amplitude built from a set of par-
tial wave amplitudes with definite quantum numbers. By
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exploiting information from invariant mass spectra and
angular distributions, PWA can distinguish contributions
from different resonances and partial waves, determine
their relative magnitudes and phases, and extract informa-
tion such as fit fraction, interference fractions, and decay
asymmetry parameters. Therefore, PWA is an essential
tool in multi-body hadronic decays for establishing the
presence of resonances and determining spin-parity
quantum numbers.

In the PWA of cascade decays, the total amplitude is
typically constructed by connecting a sequence of two-
body decay amplitudes via propagators of intermediate
resonances. Therefore, the method of building the two-
body decay amplitude serves as the foundation of the en-
tire analysis. Early schemes for constructing two-body
partial wave amplitudes largely relied on a specific refer-
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ence frame. Among the most classic is the helicity form-
alism introduced by Jacob and Wick [6—8], which defines
helicity amplitudes directly in the two-body center-of-
mass (COM) frame. It provides a clear physical picture
and has been widely developed and extensively applied in
studies of particle polarization [2, 3, 9—15].

The closely related method is the traditional orbital-
spin (LS) method in canonical formalism. In the two-
body COM frame, it expresses the amplitude as the coup-
ling between the orbital part and the spin part. The angu-
lar momentum coupling is carried out in the little group
representation fixed by the parent standard momentum
and is implemented explicitly by the Clebsch-Gordan
coefficients (CGCs). This separated structure facilitates
the phenomenological inclusion of L-dependent barrier
factors [16]. It should be emphasized that the helicity
basis and the traditional-LS basis are two choices of spin
bases for the same two-particle Hilbert space, related by a
unitary change of basis, so they yield identical observ-
ables when a complete set of partial waves is retained
[17]. However, differences can still arise in practice from
different conventions for kinematic and energy-depend-
ent factors, and these effects have been explicitly com-
pared [18, 19].

Besides coupling the orbital and spin parts via CGCs
in the little group representation, the Zemach tensor
method [20, 21] provides an alternative realization of the
orbital-spin coupling. It does not use CGCs explicitly in
the little group representation. Instead, one first con-
structs the angular momentum tensors associated with the
orbital and spin parts, and then performs the required
coupling at the tensor level using the invariant tensors of
SO(3) and SU(2). These invariant tensors are equivalent
in effect to the CGCs coupling in the little group repres-
entation. In this way, the Zemach tensor method gives an
equivalent tensor realization of the LS partial wave coup-
ling.

However, these non-covariant methods share a funda-
mental drawback: the definition and calculation of the
amplitudes are explicitly dependent on the COM frame.
When computing any event, the particle four-momenta
must be boosted to this specific reference frame. A more
subtle yet critical issue arises when the process involves
cascade decays with multiple distinct decay chains: the
spin states of the same final-state particle in different
chains are often defined by different sequences of
Lorentz transformations, corresponding to different spin
quantization axes and phase conventions. Simply adding
the amplitudes from different chains coherently may in-
troduce unphysical convention dependence in the inter-
ference terms [22]. To address this issue, the helicity and
canonical formalisms differ in their technical treatments
[23], but they share the same underlying goal: to bring the
spin states of the same physical particle appearing in dif-
ferent decay chains into a common choice of quantiza-

tion axis and phase convention [22—27]. Only after such
an alignment of spin states can the amplitudes from dif-
ferent decay chains be coherently summed in a correct
and physically meaningful way.

To achieve full covariance for computational simpli-
city and physical clarity, methods for constructing covari-
ant two-body partial wave amplitudes have been de-
veloped. Chung [1, 28-30] pioneered a systematic
scheme by constructing covariant orbital and spin tensors,
establishing a direct correspondence between helicity
coupling amplitudes and the corresponding covariant
tensor structures. Subsequently, Filippini ef al. [31] fur-
ther systematically constructed sets of covariant spin
tensor bases suitable for spectroscopic analysis, discuss-
ing their correspondence and equivalence with the covari-
ant helicity approach. For practical hadron spectroscopy
and charmonium decay analyses, Zou and Bugg [32, 33]
summarized a widely adopted cookbook style of con-
structing covariant tensors, referred to as the covariant
tensor method. These covariant tensors provide partial
wave amplitude expressions for specific decay channels,
serving as one of the main PWA schemes adopted by the
BESIII Collaboration [34—37]. Subsequent research has
continuously refined this framework, forming the now
mainstream methods of constructing LS amplitudes us-
ing covariant tensors [31-33, 38—49]. Besides these
methods, another covariant method starts from a covari-
ant effective Lagrangian and uses the Feynman rules to
systematically generate vertices and propagators, thereby
organizing the total amplitude for phenomenological ana-
lyses of related reactions and decays [50—55].

The methods of constructing LS amplitudes using co-
variant tensors can essentially be viewed as extending the
Zemach tensor method to the Lorentz SO(3, 1) representa-
tion. Its key idea is to construct a covariant LS coupling
structure and then fully contract it with the external spin
wave functions over Lorentz indices, thereby obtaining
the corresponding partial wave amplitudes. To obtain a
general construction of covariant coupling structures, a
systematic approach has been developed based on covari-
ant projection tensors [48, 49]. This approach, referred to
as the covariant projection tensor method, provides the
required covariant LS coupling structures in a fully gen-
eral form.

In the covariant projection tensor method, this covari-
ant LS coupling structure can be understood as follows.
Taking the standard momentum fixed by the parent mo-
mentum as the reference, each angular momentum object
is first related between the Lorentz representation and the
little group representation by means of the rest frame spin
wave functions, so that the angular momentum coupling
can be carried out within a common little group repres-
entation. After the coupling is completed, the result is
mapped back to the Lorentz representation using the rest
frame spin wave function associated with the total angu-
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lar momentum. In this way, one obtains the projection
tensor carrying only Lorentz indices, which implements
the covariant coupling between the orbital and spin parts.
Depending on the choice of external spin wave func-
tions, all the tensor methods of constructing LS amp-
litudes, including Zemach tensor, covariant tensor, and
covariant projection tensor methods, admit two concrete
implementations, referred to as the Pure-spin (PS)
scheme and the General-spin (GS) scheme, as follows:

1. Pure-spin scheme (PS scheme) [28-30, 46, 48,
491

A(k:%stp;;L,S) = r(k37pi3p;;L9S)X U(k3,k1,k2;S3,S1,S2).

pure-spin part

LS coupling structure

(M

In this definition, the COM frame amplitude is organ-
ized such that the pure-spin part is a purely intrinsic-spin
object. As a result, the pure-spin part carries no explicit
dependence on the orbital component, and the LS separa-
tion is explicit in the COM frame, with all angular de-
pendence encoded in the orbital structures. By applying a
Lorentz boost, this amplitude can be evaluated in any
frame, although the COM momenta are still necessarily
introduced. Specifically, the amplitude can be written as

A(ps,p1,p2;L.S)
=T(ps,p1,p2; L,S)XU(p3, p1,P2; 53,51, 52)
x D" (L(ps)L(p})L™ (p3)) D (L(ps)L(PSL™' (). (2)

where D <L(P3)L(P?)L_1(P3)) (i=1,2) are the Lorentz
transformation matrices induced by the boost that takes
the amplitude from the COM frame to any other frame.
Although it can be evaluated in any reference frame, the
associated Lorentz transformation depends on the particle
momenta p; (i=1,2) in the COM frame. Therefore, the
PS scheme is not fully manifestly covariant at the level of
its formal definition.

2. General-spin scheme (GS scheme)
38-45, 47, 48]:

[31-33,

C(ps3,p1,p3;L,S) = I(ps,p1,p2L,S)
N——e ———

covariant LS coupling structure

X U(p3, 1, P23 83,51, 52). 3)

general-spin part

The resulting expressions are manifestly covariant in the
sense that they can be evaluated directly in any frame us-
ing the corresponding four-momenta. In this definition,

the general-spin part is constructed directly from general-
spin structures evaluated with the momenta

U(ps, p1,D2; 53,81, 82) = u(p3; s3)u(pi; s)i(pa; $2)

COM
— u(ks; s3)u(py; s)i(ps; 52).  (4)

Note that in the COM frame, the general-spin part de-
pends on the relative momentum direction and thus con-
tains residual contributions from the orbital part. Con-
sequently, the separation between L and S does not fol-
low the traditional-LS method, since the general-spin part
here is not purely intrinsic-spin objects. Only in the non-
relativistic limit, the general-spin part is reduced to
u(ks; s3)aky; s1)ia(ks; s,), which is the pure spin part
U(ks,k1,kp; 83,51,52) in Eq. (2), and the covariant amp-
litude would have clear LS separation.

Therefore, it can be seen that neither scheme simul-
taneously provides a manifestly covariant construction
that avoids boosts to the two-body COM frame and an
LS separation that is identical to the traditional-LS defin-
ition. Moreover, when massless gauge bosons are in-
volved, formulations based on polarization vectors, or
analogous wave functions, typically require gauge invari-
ance to be enforced explicitly. In practice, one must se-
lect a complete set of gauge-invariant and linearly inde-
pendent vertex structures to eliminate gauge redundancy
and avoid redundant fit parameters, which further in-
creases the implementation complexity.

These limitations motivate the development of a
method that simultaneously satisfies:

e Manifest covariance in the definition, with no reli-
ance on the COM.

e A complete and clean separation between orbital
angular momentum and total spin.

e A general formula for partial wave amplitudes is
applicable to particles of any spin, including the case with
massless particles.

This is precisely the goal of the theoretical frame-
work developed in this work. Its starting point is an on-
shell formulation, where Lorentz covariance is manifest,
and spin is encoded through SU(2) little group covari-
ance. In the on-shell framework, amplitudes are construc-
ted directly in terms of spinor-helicity variables [56—62],
which removes substantial gauge redundancy and trivial-
izes the kinematical on-shell constraints, thereby making
explicit calculations much more efficient. For massless
particles, three-point amplitudes are entirely fixed by the
consistency conditions from little group scaling [63, 64],
while higher-point amplitudes can be determined from
factorization, imposed by locality and unitarity, using
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gluing techniques or recursive relations [65—68].

The spinor-helicity formalism has subsequently been
extended to processes involving massive particles
[69—79]. In particular, Arkani-Hamed, Huang, and Huang
[80] developed an on-shell, little group covariant repres-
entation of three-point amplitudes for particles of arbit-
rary mass and spin, formulated in terms of spinor-heli-
city variables. In this framework, the four-momentum of
a massive particle is written as poq = Ao, A5 with SU(2)
little group index /. With this decomposition, scattering
amplitudes can be expressed entirely in terms of spinor
variables. The resulting amplitudes are manifestly
Lorentz invariant, transform covariantly under the little
group, and can be calculated in any reference frame
without additional boosts.

The present construction is inspired by this on-shell
viewpoint and aims at building a covariant LS coupling,
referred to as the covariant spinor method in canonical
formalism (covariant canonical-spinor scheme). In this
scheme, the angular momentum coupling is performed in
the little group SU(2) indices carried by the canonical-
spinor variables. At the same time, the canonical-spinor
variables carry SL(2,C) Lorentz indices, ensuring covari-
ance under general Lorentz transformations. As a result,
the spin coupling does not require, as in the covariant
tensor method, lifting the structure to the SO(3,1) Lorentz
representation and realizing it through contractions of
Lorentz indices.

By contrast, in the traditional-LS method, both the
spin coupling and the orbital angular momentum L are
defined with respect to the little group associated with the
parent standard momentum in the two-body COM frame.
Therefore, in practical calculations, one needs to boost
events back to the two-body COM frame. Here, a little
group covariant map 7 is constructed to map the little
group representation of each daughter particle into the
little group representation of the parent particle. The an-
gular momenta are then coupled by the SU(2) CGCs,
which avoids an explicit boost back to the COM frame.
Accordingly, the amplitude can be written as

A(ps,p1.p2;L,S) = Y(ps, pr.pa; L)
| S ——

orbital part

T1(P3, P15 83, 51) - T2(P3, P23 83, 82), (5)

spin part

which can be evaluated directly from the four-momenta
in any frame while preserving the traditional-LS partial
wave term by term. Moreover, the scheme is formulated
in a general formula applicable to particles of arbitrary
spin, including the case with massless particles. Finally,
this scheme simplifies practical PWA implementations
for cascade decays with multiple decay chains. The amp-
litudes can be evaluated directly from the four-momenta

in any frame while keeping an explicit LS separation.

This paper is organized as follows. In Section II, we
review the definitions of canonical and helicity single-
particle states and the corresponding constructions of
two-particle states coupled to a total angular momentum
J. We then construct the helicity and traditional-LS amp-
litudes, and compare their structures and mutual relations.
In Section III, we systematically revisit the Zemach
tensor method, the covariant tensor method, and the cov-
ariant projection tensor method in both the PS scheme
and GS scheme, summarize their building blocks and im-
plementation steps, and discuss their respective advant-
ages and limitations in practical amplitude modeling. We
also explain how these methods connect to the LS partial
wave organization and how their results match the stand-
ard LS description in the two-body COM frame. In Sec-
tion IV, we introduce the covariant spinor scheme in ca-
nonical formalism. The corresponding amplitudes are de-
composed into LS partial waves and compared with the
traditional-LS amplitudes in any frame, demonstrating
their equivalence. We then reformulate the covariant pro-
jection tensor method in the PS scheme in terms of ca-
nonical-spinor variables and present several explicit ex-
amples of canonical-spinor amplitude calculations. In
Section V, we apply covariant and non-covariant meth-
ods to generic cascade decays. In Section VI, we apply
the traditional-LS amplitude, the helicity amplitude, and
the canonical-spinor amplitude to the specific cascade de-
cay A — Ar*n®, and demonstrate their numerical con-
sistency.

II. HELICITY AND CANONICAL STATES AND
AMPLITUDES

A. Description of single-particle and two-particle states

1. Single-particle state

Relativistic single-particle states can be classified by
unitary irreducible representations of the Poincaré group,
known as the Wigner particle classification [81]. To de-
scribe the internal degrees of freedom on a given orbit,
one first chooses a standard momentum k* and defines
the corresponding little group as follows,

G.={AeSO*(3,1) | Ak = k). (6)

For massive particles with m >0, one takes k* = (m,0,
0,0). In this case, transformations that leave k invariant
can only be spatial rotations, so the little group is
G; ~SO0(3). The spin is then labeled by an irreducible
representation of SO(3), namely spin-j with dimension
2j+1. For massless particles with m =0, one takes
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k" = (E,0,0,E). The little group that leaves this light-like
momentum invariant is SO(2). The internal degree of
freedom is then labeled by an irreducible representation
of §O(2), which is one-dimensional and can be character-
ized by the helicity A.

Next, we focus on the massive case, m > 0, for which
the little group is SO(3). The spin degrees of freedom are
therefore described by the usual spin-j irreducible repres-
entation of the rotation group. We choose a rest-frame
single-particle state |k, jo), where o denotes the spin pro-
jection along the z-axis. The rotation generators J; satisfy

[Jian] = iSiijk, (7)

where i, j, and k run over x,y,z, and & is the totally anti-
symmetric tensor. The state |k, jo) satisfies the following
relation with the angular momentum operator and can be
written as

Pk, joy = j(j+ DIk, jo),
LK, joy = ok, jo), (®)

where J? = Jf+J}2,+Jf. A finite rotation R(e,B,y) on a
physical system is associated with a transformation of the
state |k, jo). The corresponding unitary operator can be
written as

U[R(a,B,y)] = e e Phe )

where (a,8,y) are the standard Euler angles. The unitary
operator preserves the multiplication law,

U[RzR] = U[R:JU[R,]. (10)

When a unitary operator U[R] acts on the state [k, jo), it
transforms as

UIR@. Bk, joy =Y DG @Bk, jo'y, (1)

where D7 Y(a,,y) is given by

D7 (a,B,y) = (k, jo'lU[R(a,B,7)]K, jo)
— efi(r’(ld(g—'(j)(ﬂ)e—i(ry’ (1 2)

and

d(;@(ﬂ) = (k, jo'|le Pk, jo). (13)

Our conventions and useful identities for D7 and a7\
are given in Appendix A.

So far, we have specified the action of the rotation on
rest states, which is governed by the generators J;. To de-
scribe general Lorentz transformations, one needs the full
set of infinitesimal generators of the homogeneous
Lorentz group. In addition to spatial rotations, the
Lorentz group contains boosts, generated by operators K;.
The six generators (J;, K;) satisfy the following commuta-
tion relations

[JiJj] = iEiijk, [Ji,Kj] = iEiijk, [Ki,K_;] = —iSiijk-

(14)

A pure boost B(n) is defined as the Lorentz transforma-
tion with no accompanying spatial rotation. For a pure
boost of rapidity # along the direction p = p/|pl, the cor-
responding unitary operator takes the form

U[B(p)] = e P, (15)
where E+|p|=me", 1= arctanh(%), and n=pn. For a
general Lorentz transformation, A may contain both rota-
tions and boosts. The unitary operator of the general
Lorentz transformation preserves the multiplication law,

UlAA ] = U[A]U[A]. (16)

With the Lorentz generators (J;,K;) specified, we can
define relativistic single-particle states with momentum
p* = (E,p) from the rest single-particle states. We intro-
duce the standard boost L(p) satisfying p = L(p)k, and
define

Ip, jo) = UIL(P)]k, jo). (7

The choice of L(p) is not unique; different choices corres-
pond to different conventions for transporting the spin
quantization axis from the rest frame to momentum p. In
the following, we focus on two widely used conventions:
the canonical-standard boost and the helicity-standard
boost.

The canonical-standard boost is taken to be a pure
boost that sends k* to p* without introducing any rota-
tion. One may write

L.(p) = B(p) = R(¢,6,0)L.(NR ™' (¢,6,0), (18)

where (0,¢) are the spherical angles of p, L.(n) is the
boost along the z-axis, and the subscript ¢ denotes the ca-
nonical-standard boost.
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The helicity-standard boost is defined by first per-
forming a rotation R(¢,0,0) and then performing a pure
boost that sends &* to p+. Using the same rotation
R(¢,0,0) that takes 2 into p, one defines

Ly(p) = BaDR($,6,0) = R(¢,6,0)L- (1)), (19)

where the subscript / denotes the helicity-standard boost.
Although these two types of boosts yield the same stand-
ard momentum, the quantization axes of the resulting
single-particle states are different. For the canonical
standard boost, the quantization axis remains the fixed z-
axis direction, while for the helicity-standard boost, the
quantization axis aligns with the direction of the mo-
mentum. Their geometric representations are shown in
Figs. 1 and 2.

The relation between the canonical-standard boost
and the helicity-standard boost can be expressed as fol-
lows,

Lc(p) = Lh (p)R_l (¢’ 9’ 0) (20)

Based on the difference in the spin quantization axes,
we define two types of single-particle states: the canonic-
al particle state and the helicity particle state. For the ca-
nonical single-particle state, its quantization axis always
points along the z-axis; therefore, it is obtained by apply-

standard boost to the single-particle state at rest. The ex-
plicit expressions of these boosted states can be defined
through Egs. (18) and (19) as follows,

Ip, jo) = ULk, jo)
= UIR(¢,6,0U[L.(mIU'[R($,6,0)]IK, jor), (21)

and

Ip, jA) = UlLy(p)]k, jA)
= U[R(9,0,0]U[L.(m]Ik, jA). (22)

Due to the different definitions of the quantization ax-
is for the two types of particle states, their transformation
properties under rotations also differ. For the canonical
single-particle state, because its spin quantization axis is
always fixed along the z-direction, a rotation will mix its
spin projection quantum numbers ¢ via a Wigner D-mat-
rix. In contrast, for the helicity single-particle state, the
quantization axis is always aligned with the momentum
direction; after a rotation, the spin quantization axis
simply follows the rotated momentum, so the spin projec-
tion along that axis remains unchanged. Their transforma-
tion rules under rotations are given by

UIRIlp, jo) = UIRRoIUIL.()IU ™' [RRoJU[R][K, jor)

ing the canonical standard boost to the single-particle = ZD‘{T'(f)(R)lRp, jo'y, (23)
state at rest. For the helicity single-particle state, its o
quantization axis always aligns with the direction of the
momentum; hence, it is obtained by applying the helicity and
z z
z
T I/
!
R™1(¢,0,0 L. R(¢,6,0 L (0
)\ (¢,0,0) >L (n) (¢,0,0) o0
- —
-1
T Yy (¢, 0) y - Y
. T T .
k, jo) p.jo)
Fig. 1. (color online) Canonical-standard boost for a spin-j particle. The blue arrow indicates the direction of spin polarization, and

the red arrow indicates the direction of momentum.

T L.(n) p/zTT

k., jA)

Fig. 2.
red arrow indicates the direction of momentum.

z

R(¢,0,0) /

y X
P, jA)

(color online) Helicity-standard boost for a spin-j particle. The blue arrow indicates the direction of spin polarization, and the
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U[R]Ip, jA) = U[RRoJU[L.(n]lk, jA)
= UIR(¢".0 . OIUIL(]k, j2)
= UIR"(¢".0, 01U[L.(MIU[R(((R, p)]IK, j2)

= eERP|Rp, j2),
(24)

where R'(¢',0,£) = RR,, and the azimuthal angle of the
momentum Rp is (¢’,8"). For the rotation R'(¢’,6',&), the
initial rotation about the z axis is not necessarily zero.
Since this initial z-axis rotation does not change the final
momentum direction, one can use the commutation rela-
tion in Eq. (14) to treat it as a rotation about the z axis ap-
plied on the state |k, jd), which therefore produces the
corresponding phase. It can be observed that helicity re-
mains unchanged under rotations. The geometric differ-
ence between the canonical and helicity states is illus-
trated in Figs. 3 and 4.

The relation between the canonical state and the heli-
city state can be obtained from Egs. (11), (19), (21), and
(22) and is given by

Ip. jA) = ULR($,0,0)]U[L.()]U™"
x [R(¢.6,0)]U[R(.6.0)]IK, j)
= U[L()IU[R(.6.0)]k. j2)
= > DV ®p, jo. (25)

Having established the transformation properties of
the relativistic canonical and helicity states under rota-
tions, we now turn our attention to their behavior under
Lorentz transformations. Considering an arbitrary four-
momentum p* = (E,p),a proper homogeneous ortho-
chronous Lorentz transformation A* transforms the four-
momentum p* into p* as follows,

p*=ANp", (26)
T R(¢,0,0
(#,6,0) y
T
z )
Ip. jo) > D7Y(R)|Rp, jo')
Fig. 3. (color online) Rotation acting on a canonical single-

particle state. The brown line indicates the spin quantization
axis, the red line represents the momentum direction of the
particle, and the blue line denotes the spin polarization direc-
tion of the particle.

z z

/ R(6,6.0) \

x 4 x 4

[P, ) M ULP) Rp, jA)
Fig. 4.  (color online) Rotation acting on a helicity single-
particle state. The red line indicates the momentum direction
of the particle, which is also the spin quantization axis, and

the blue line denotes the direction of the particle's spin polar-
ization.

where the repeated indices are summed over. Under this
Lorentz transformation, the state U[A]|p, ja) is a linear
combination of the states [p’, jo’), namely

UAllp. joy = Y Colp’s jo')

= UIL(P)]Y _ Cudlk,jo'),  (27)

where o represents either the spin projection ¢ (canonical
basis) or the helicity 4 (helicity basis), with the boost L(p)
chosen accordingly. According to Eq. (11), the linear
combination over «' represents a rotation acting on the
single-particle state with standard momentum. This rota-
tion is given by

U[A]lp. jy = UIAJU[L(D)]IK, jr)
= ULV [L'(p)AL(P)] K, ja),  (28)

with

W(A,p) = L™ (p)AL(p), 29)

where W(A, p) is a rotation that leaves the standard mo-
mentum k* invariant; namely, WHk” = k*, and is referred
to as the little group rotation. The action of this rotation
on the state |k, ja) is

UIWA, Ik, jay = > D4OWA, k. o), (30)

where DY(W) is the little group representation matrix.

Substituting this result into Eq. (28), the Lorentz trans-
formation of the single-particle state becomes

UAlp, joy =Y DSO(WA, p)Ip’s je’y.  (31)
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This result illustrates how the canonical or helicity
quantum numbers transform under Lorentz transforma-
tions. The little group rotation describes the additional
Wigner rotation induced by the composition of non-col-
linear Lorentz boosts. When the Lorentz transformation is
a pure boost B(') whose direction is parallel to p, the
transformed momentum remains collinear with p, which
gives

p=B1n)p, Pl p. (32)

Using Egs. (18) and (19), the canonical little group rota-
tion is

We(B(r'), p) = L' (B)B()Le(P)
= R(¢,0,0)L.(—' —=n)L.(7)L.(DR™'(¢,6.0)

=1,
(33)
and the helicity little group rotation is
Wi(B(1'), p) = L' (B)B( )Ly(P)
= L.(-n" —mL:(n")L-(n)
=L (34)

Therefore, when the Lorentz transformation is a pure
boost along the momentum direction P, the canonical and
helicity little group rotations are both the identity I. That
is, for the corresponding single-particle states under the
Lorentz transformation, the canonical spin projection ¢
and the helicity 4 remain unchanged, which can be writ-
ten as

ULB()]lp. jeo) = Ip, j). (35)

When the Lorentz transformation is a pure rotation R,
the canonical little group rotation is

W.(R,p) = L, (Rp)RL.(p)
=L.'(Rp)L.(Rp)R
=R, (36)

where for canonical states under a pure rotation, the cor-
responding little group rotation is R. Therefore, the spin
projection ¢ does not remain unchanged, with the action
of the rotation given in Eq. (23). In contrast, the helicity
little group rotation is

Wi(R, p) = L, (Rp)RL,(p) = L, (RP)RR, L.(17)
= L,'(RP)R'(¢',6,&)L.()
= L;' (Rp) (Lu(Rp) R.(€(R, p)))
= R.({(R,p)), (37)

where R, (£(R,p)) is a rotation about the helicity direction,
which produces a phase and does not change the helicity,
with the corresponding result given in Eq. (24). Finally,
for both the canonical and helicity single particle states,
the pure boost along the momentum direction leaves the
spin projection ¢ and helicity A unchanged. Under pure
rotation, the helicity 1 is preserved and the state trans-
forms only by a phase, whereas the canonical spin projec-
tion o generally mixes.

2. Construction of two-particle states

Having introduced the canonical and helicity single-
particle states, we now consider a two-body system of
two massive particles, particle-1 and particle-2, with
spins s; and s,, and construct total angular momentum
states with angular momentum J in either the traditional-
LS basis or the helicity basis.

In the traditional-LS construction, a common spin
quantization axis is fixed, conventionally the z-axis, and
the relative orbital angular momentum L is defined with
respect to the same axis. The total spin is obtained by
adding the individual spins, S=15;+55,5, =51+ 5.
There are (2s7+1)x(2s,+1) subspaces that are de-
scribed entirely by the angular. Here, the angular degrees
of freedom and the (2s;+1)x(2s,+1) spin degrees of
freedom are independent. Consequently, the states ob-
tained from the D-matrix, namely spherical harmonic, de-
composition exhibit a (2s;+1)x(2s,+ 1)-fold degener-
acy, which must be resolved by further decomposition us-
ing CGCs. Thus, the total angular momentum J is then
built through two successive CGC couplings: first coup-
ling s; and s, to form S, and then coupling L with §' to
obtain J. This construction is based on the complete set of
commuting observables {J?,J.,L? S P?, P}.In the sub-
sequent discussion, we focus only on the construction of
two-particle states in the COM frame; therefore, we omit
P%, P, and denote the common eigenstates as |[JMLS). By
inserting the completeness relation of the product basis
formed by the two canonical single-particle spin states,
|JMLS) can be written explicitly as

[JMLS) = Z Q00X Qo 5| JMLS )

o107
— CL»U'LlSsU'S CE1o 15202 dO vt (Q)|Q0 75)
- JIM S,os oL 1275
T1020 L0

(38)
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where C}y#*7* and C§.7*>7 are the CGCs.

By contrast, in the helicity construction, the spin
quantization axis of each particle is chosen to be along its
own momentum direction. When the particle state is ro-
tated, its quantization axis remains aligned with the ro-
tated momentum direction; therefore, helicity possesses
rotational invariance. In this construction, the complete
set of commuting observables is {J?,J.,4;, 4, P2, P}, and
the common eigenstates are denoted as |JMA;4,). When
the helicity is fixed, the rotational properties of the entire
particle system in the COM frame are completely determ-
ined by the momentum direction of particle-1 and its heli-
city projection along that direction, 1 =21;—1,. In the
subspace of fixed A;, only one rotational degree of free-
dom remains to characterize the state. Therefore, we use
the completeness of the D-matrices to directly decom-
pose the state into components of different angular mo-
menta as

M4 = Y 104 XG0 BT M A o)

n

=N, / dQD" " (4,6,0)|p04,4,).  (39)

In this way, the helicity construction does not require
an explicit LS coupling. Next, we will present the expli-
cit construction procedure.

Canonical construction The canonical construction
is formulated in terms of the canonical two-particle state
in the COM frame of particles 1 and 2. Consider two
massive particles, with particle-1 and particle-2 having
spins s; and s, respectively. The canonical two-particle
state is defined by

|pOc102) = NU[L, (P)]IK1, 510 1)ULy (—P)1IK2, $207),
(40)

where N is the normalization constant, U[L;.(p)] (i=1,2)
is the canonical-standard boost in Eq. (18), and the nu-
merical subscripts are used to distinguish the canonical-
standard boosts for different particles. The explicit calcu-
lation of the normalization constant N is given in Ap-
pendix B. The two-particle state |po0,) satisfies the
normalization condition, which can be written as

(@0 0,0 Id00102) = 5(¢ — )5 —O)oai602. (A1)

By coupling the spins s; and s, in Eq. (40), we can
define two-particle states with total spin S as

160S o5 ) = Z Cgly 272 |pbor 07y, (42)

0102

(o

where Cg'J'*7 isthe CGC. Using the angular mo-
mentum selection rules, one obtains

|S1—S2|SS < 81+ 5. (43)

Describing the total angular momentum J of the two-
particle system requires consideration of both the spins of
the particles and their relative orbital motion. In the COM
frame, the direction of relative momentum p=p;-p,
between the two particles determines the angular depend-
ence of the system, which can be expanded in spherical
harmonics to describe orbital angular momentum states.

Starting from the state |¢6Sos), where the direction
of the relative momentum is specified by the angles (6, ¢),
the orbital angular momentum eigenstates are defined by
projecting |¢0S os) onto the normalized spherical har-
monic Y% (6,¢). Explicitly, this is defined as

|LopSos) = /dQY(I;L(Q)KZS Os), (44)

where Q= (6,¢) and dQ =dg¢dcosd, and the spherical
harmonic Y%, (6,¢) is defined in Eq. (A13).

The state |Lo,.S o5 ) now carries both the orbital angu-
lar momentum L and the total spin S. Under spatial rota-
tions, it transforms according to the direct product repres-
entation of the rotation group: the orbital part transforms
under D'(R), and the spin part under DS (R). This can be
expressed as

o (L) o (S)

URIILo Sos) =Y DERDE(RILe;Sas).  (49)

’
(TLU'S

The orbital angular momentum L and the total spin S
cannow be coupled to obtain the total angular mo-
mentum J, which can be written as

UMLS) =Y Ciit*% |Lo,Sog)

oLOS

> ChtrCe / QY (©Q) |00 o).

01020L0s

(46)

Using the angular momentum selection rules, the follow-
ing constraints are obtained:

IL-S|<J<L+S, os=01+0, o,=M-05. (47)
From the normalization condition in Eq. (41), the states

|JMLS') satisfy
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(J'M'L'S'|IMLS ) = 6% 6% 6% 55, (48)
and the completeness relation is given by

> UMLSXJIMLS|=1. (49)

JMLS

The transformation properties of the state |[JMLS) under
rotations are identical to those of a single-particle state at
rest. Its transformation can be expressed as follows,

UIRIJMLSY =Y DY "(R)IM'LS), (50)
—

where DY’(R) is the Wigner D-matrix for angular mo-
mentum J. This transformation property shows that
|[JMLS) forms a complete set of eigenstates of the angu-
lar momentum operators J* and J,, with the transforma-
tion behavior completely determined by the total angular
momentum J.

Helicity construction The helicity construction is
formulated in terms of the helicity two-particle state in
the COM frame. For two massive particles with helicities
A1 and A,, the helicity two-particle state can be defined as

1604122y = NULLy 1u(P)]IK1, 51 1)UL (—P)IIKa, 52 42
= NUIRI(ULL:Gp)1Ky, 51 ADULL(=12)][Ka. 55 ) )
= NUIRI(Ip.. 14| - .. 52 12))
= NU[R]|002;4,),
(51)

where N is the normalization constant, U[L;.(p)] (i = 1,2)
is the helicity-standard boost in Eq. (19), and the numer-
ical subscripts are used to distinguish the helicity-stand-
ard boosts for different particles. Due to the rotational in-
variance of the helicities A, and A,, the action of a rota-
tion R’ on Eq. (51) gives

U[R'1|QA,4,) = NU[R'R]|002,1,)
= |R’Q/11/12>
= |R”/11/12>, (52)

where Q = (0,¢) and R” = R'Q.

When the helicities (1;,4,) are fixed, the nontrivial
rotational dependence of the two-particle state in the
COM frame is entirely encoded in the momentum direc-
tion of particle-1, parametrized by Q= (¢,6), together
with the helicity difference 1= 4, —4,. A rotation about
the momentum axis leaves the helicities invariant and

only produces a phase e™; hence the third Euler angle
can be chosen as 0. Therefore, using the completeness of
the Wigner D-functions for fixed right index 1, we project
the angle state |¢01;1,) onto definite total angular mo-
mentum J and its z-component M:

IJMA, ) =N, / dQ D" (4,6,0)[¢0,4,).  (53)

Using Egs. (52) and (53), the transformation of the state
|JM A, 2,) under rotations is given by

U[R'IIJMA, ) =N, / dQD" " (¢,0,0)U[R']|¢62, ;)

N, / QD! QIR A 42),
(54)

where the Wigner D-matrix D*}”(Q) can be written as

DA/;I(J)*(Q) — DIZI(J)*(R/—lRu)

= 3 DU RHDY R
-

= > Dy RDY R, (55)

M

Using this relation, one obtains

UIRIIMA ) =) Dy (ROUM 212).  (56)
—

Thus, the state |JMA,4,) with definite total angular mo-
mentum J is constructed by coupling the two particles
through their helicities A; and A,. The state |[JMA,4,) sat-
isfies the normalization condition,

UM ALTMA L) =67 6% 8167, (57)

which fixes the normalization constant to be

N, = /2]+1' (58)
4

Finally, the completeness relation takes the form:

> M LNIMAA| = L (59)

JMA A

Equivalence between two constructions Having intro-
duced both the helicity and canonical constructions, we
now demonstrate their equivalence. Despite their differ-
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ent starting points, both formulations yield states with
total angular momentum J. In the following, we derive
the explicit transformation between these two equivalent
constructions. Starting from the respective two-particle
states and using Eqs. (19), (25), and (40), we have

|$61, A7)
= NU[L x(P)IK;, 5141 ULy (—p)] K2, 52 —A2)
= NU[L, (pIU[RIK;, 5141 )U[ Ly .(—p)IU[R] K2, 52 —22)
=Y DL($,0,0D77(4,60,0U

o102

X[L1(PIK1, s101) ULy (=p)1IK2, $2072)
=Y DLCV(B,6,00DT (¢,6,0)/¢60 ).

o102

(60)

Substituting this into the definition of the total angular
momentum state in Eq. (53) yields

IJMA, ) = N, / dQDY" (¢,6,0)|¢0., 1)

=N, [ dOD"(4.0.0D7 " (4,6.0)

1072

x D752($,6,0)l¢b0r 7). (61)

Using Egs. (A14), (A16), and (A13), coupling the three
Wigner D-matrices via CGCs yields

0’1(51)D0'2(52) Z Cvl (rl $2,072 CS A

s1,41552,—A2

Dﬂis (5)’ (62)

and

% N 2L+1 LS, o1 (L)%
DA;I(J) D/IS(S) — Z<2]+1)CL L3S, YCZ/(I)S/ID (L)
L

4n (2L+1) Lop:S.os A L
= \/ — | Co T Crlos i Yo,
zL: 2L+1\2J+1 LS. oy

(63)

where
[s1— 82| <S <s1+5, |[J=-S|SLZJ+S, (64)
Og =01+03, A=A -1y, MZO'L+0'3, (65)

and Y% isthe normalized spherical harmonic. Combin-
ing Egs. (61), (62), and (63), we obtain the transforma-

tion between helicity and canonical constructions as

1

2L+1\?

IMA ) = (2]+1) ClosaC o, TMLS), (66)
LS

and the recoupling coefficient

2L+1\?
(J'M'LS|IMA, 2,) = <7) CLOSACS/l

J' oM’
2]+1 $1,415 vz—/lzéféM'

(67)

The inverse relation of Eq. (66) is

2L+1
|[JMLS) = Z (2J+ ] ) Cﬁ/(l)S/lel 15825 _/lzle/ll/b)- (68)

112

B. Basic amplitudes for two-body decay

In the following discussion, we consider the two-body
decay process 3 — 1+2, where all particles are massive,
and particle-1, particle-2, and particle-3 carry spins sy, s,,
and s3, respectively. We then compare the canonical and
helicity representations in the COM frame. Finally, we
present the two-body decay amplitude in any frame.

1. Canonical and helicity decay amplitudes and their

equivalence

The canonical decay amplitude in the COM frame,
denoted by A7!7?, can be expressed as

AZL‘”(ka,pl,pZ) =(p},5101; Py, 5202|M[K3, 5303), P} = —p>.

(69)

Within the LS coupling formalism, this amplitude can be
expanded in LS partial waves. Using Eq. (46), one has

Afi;‘”(k3,p1,p§)

=> N@moﬂsmm><s303LS|M|s303>
$3,03 S.os

1
— ZCLO'LSO'SCH O errzyL (Q)N<S30'3LS|M|S30'3>
S

= D _8sCL T G Y (@), (70)

where g;s is called the LS coupling amplitude and is de-
termined from experiments. It can be written as

1
g1s = N<S3O'3LS|M|S30'3>~ (71)
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From the angular momentum selection rules, the follow-
ing constraints hold:

ISl—S2|SS§S1+S2, |S3—S|SLSS3+S. (72)

The traditional-LS decay amplitude is defined as

AT (k3,p;.P5: L, S) = grs CLTES S Cl 772 Yy (Q). (73)
Turning to the helicity coupling, the helicity decay
amplitude in the COM frame is defined as

AR (K3, pi.p3) = (P, 514155, 20 M K3, s303). (74)

In this definition, the quantization axis for the initial state
(particle-3) is chosen along its spin direction. Con-
sequently, in its rest frame, the helicity A3 is identical to
the spin projection o3, which is why o3 is used in the
amplitude. Using Egs. (53) and (66), the amplitude can be
written as

AMZ = (Q/l Ao|s30341 A2 )( 8307341 2| M| s53073)

/2 1
= Asj]_; DZS(SS)*(¢,9,O)HA]/{2, (75)

where 6 and ¢ are the helicity angles of particle-1 in the
rest frame of particle-3, and HY*% is called the helicity
coupling amplitude. It can be expressed as

1
b = N<S3O—3/l|/lz|M|S30'3>- (76)

Both the canonical decay amplitude and the helicity
decay amplitude can be expressed in the LS coupling
formalism. The canonical decay amplitude discussed
above has already been written in terms of its LS com-
ponents. For the helicity decay amplitude, using Egs. (49)
and (66), the helicity coupling amplitude in the LS coup-
ling formalism [29] can be expressed as follows,

1
I—I/ll/12 = N<S3O'3ﬂl/12|M|s3o-3>

1
= 2(530'3/11/12|S30'3LS >N<SSO-3LS |M|s303)
Ls

2L+1 4 .
= ng ( o, +1) C e, (77)

From the normalization relation, it follows that

> IHMP = Zlgml (78)

Ay

Accordingly, the helicity coupling amplitude for a specif-
ic LS partial wave is defined as

2L+1

2s3 " l > Cg/(l)S /lCﬁ JA1382, —/12 (79)

HY2(L,S) = gus (

The difference between the helicity decay amplitude
and the canonical decay amplitude is that they are ex-
pressed in different bases; nevertheless, they are physic-
ally equivalent. By redefining the canonical state using
Egs. (25) and (60), the helicity amplitude can be written
as

AR = (P, 51415 D5, 20| M|Ks, 5303)
— ZD(rl(gl)*(q) 0, O)D(TZ(”)*(QS 0, 0)(

o107
* et
XP1, 810153, 5202 MKz, 53073)

— ZD(H(M)*(¢ 6, O)Do'z(éz)*(¢ 6, O)Aa-lo-z

o102

= Z(_l)SszZII(SI)*((p’ 0, O)D(/r{zz(xz)*

o102

X (7 + ¢, 7t — 6,0)A717". (80)

o3

2. Example of helicity amplitude calculation

In this subsubsection, we provide some calculation
examples of helicity amplitudes. For the example of tradi-
tional-LS amplitude, to facilitate a comparison with oth-
er LS methods, it is presented in subsection II1.C.

In a fixed three-point amplitude, the helicity-coup-
ling amplitude depends only on the masses. Therefore,
for a given two-body decay process with definite masses
and spins, it is merely a constant factor. Hence, we are
only concerned with the angular dependence. Finally, we
will also illustrate what the helicity-coupling amplitude
should be for specific interaction vertices.

The energy and the momentum of the daughter
particles are given as

m2 +m? —m3 m? +m? —m?
E1: 3 2 1 2, E2: 3 2 1’ (81)
ms 2m3
sy \/((m3 +my)? —m7)((ms +my)? — m3)
=pil=1Ip;l = s

2m3
(82)

where m;, m,, and m; are the masses of the particles.
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For the two-body decay process 3 — 1+2 with spins
s3=1, 51 =1, s, =0, the helicity amplitude is

Aj;/lz = H/11/12D/;3(1)*(¢, 0’ 0)’ (83)

where A=21;-1,. When the decay vertex is
CyvsguwV5 V(S , where Cyys is a constant, the above amp-
litude can be written as

A:O = [_CVVS]D-:(I)*(¢’ 9, 0)5

E *
AP = [—Cws m—l} D" (¢,6,0),
1

A’ = [-Cyys 1D (4,6,0),

[—Cyvs1D%""(¢,6,0),

+0
AO

E *
AP = [—cws m—l} DG (,6,0),
1

A’ = [~Cyvs 1DV (¢,6,0),
A = [~Cyys1D " (9,6,0),

Eil
AY = {—vas m—l} D" (¢,6,0),

1

A = [_CVVS]D:(I)*(Q&’ 6,0). (84)

By comparing Eqgs. (83) and (84), the helicity-coupling
amplitude can be determined.
Fi)r the two-body decay process 3 — 1+2 with spins

1
1= 5,8 = 0, the helicity amplitude is

S3 =

2

A = HDYY (9,6,0), (85)
where A=A, —1,. When the decay vertex is f; y*(C P, +
CrPg) f>S, where C; and Cy are constants. The left and

right-handed projection operators are P; . The above
amplitude can be written as

af' - [F oo,
S
af = [ 0600, 69
where
t = mgiEl_;r'z:“q P;=% iiif] (87)

By comparing Egs. (85) and (86), the helicity-coupling
amplitude can be determined.

3. Two-body decay amplitude in any frame

In the above discussion, we have presented the two-
body decay amplitudes in the two-body decay COM
frame. In practice, however, the momenta of the particles
in the decay process are generally not given in the COM
frame but in any frame, such as the lab frame. Therefore,
to evaluate the amplitude for a given event in the lab
frame, one must boost the event back to the COM frame.
Such a boost acts nontrivially on the final-state particles
and induces a nontrivial Wigner rotation. Consequently,
the amplitude in any frame can be written as the corres-
ponding COM frame amplitude multiplied by the appro-
priate Wigner D-matrices for the final-state particles.

In any frame, within the traditional-LS partial wave
expansion, the canonical amplitudes can be organized by
the LS coupling amplitudes, the CGCs, the spherical har-
monics in the COM frame, and the Wigner D-matrices in-
duced by the boost. It can be written as

’

Lo1:S.0s S1,07 582,07 <
Ag;(rz (p3,plsp2) = Z 8Ls CS}?(;% s CS,(J'SI ZYO_L(Q)
L.S‘(J'Ln'sa"lo"2
o (s1)* o) (52)*
XDg, " (Rs)D &, (Ra),
(88)

where R;; and Rz, are the Wigner rotations induced on
particle-1 and particle-2 by boosting the amplitude from
any frame to the rest frame of particle-3 through the ca-
nonical-standard boost of particle-3. This Wigner rota-
tion is exactly the canonical little group rotation in Eq.
(29), and it can be written as

Ry = W(L5L(p3), p1)- (89)

In contrast, the helicity amplitudes are organized by
the helicity-coupling amplitudes, the helicity Wigner D-
matrix in the COM frame, and the Wigner D-matrices in-
duced by the boost. It can be expressed as

Aj;/lz(pS,phPZ)

[2s3+ 1 S STV 1) NI ¢ M
=2 TDAAZ(—‘Z); (@0, 00H DT (R DD ™ (Ryy),
1A

(90)

where R}, and R}, are the Wigner rotations induced on
particle-1 and particle-2 by boosting the amplitude from
any frame to the rest frame of particle-3 through the heli-
city standard boost of particle-3. This Wigner rotation is
exactly the helicity little group rotation in Eq. (29), and it
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can be written as
Ry, = W(L3,(p3), p1).- 1)

In what follows, we evaluate this Wigner rotation ex-
plicitly for both the canonical and helicity amplitudes,
and provide the corresponding amplitude expressions in
any frame.

Canonical amplitude in any frame In any frame,
such as the lab frame, we define the canonical amplitude
as

AT (p3,P1,P2) = (P1071: P20 | Mp3073), 92)

where p;, p;, and p, are the momenta in the lab frame.
To calculate this amplitude, the system is boosted to the
COM frame. In the canonical basis, the corresponding
boost is L3!(ps), where the subscript 3 indicates that this
is the standard boost associated with particle-3.

Under the Lorentz transformation, the canonical amp-
litude becomes

Ly (p3) .
(P1071; P202|Mp3073) - (P10 pyoslMKks03),  (93)

where ki, pj, and p; are the momenta of particle-3,
particle-1, and particle-2 in the two-body decay COM
frame.

For particle-3, the boost that brings it from the LAB
frame to its rest frame is collinear with its momentum.
According to Eq. (33), such a collinear boost induces a
trivial little group element, so no additional rotation acts
on the spin indices. In contrast, for particle-1 and particle-
2, one obtains nontrivial little group rotations. The reas-
on is that the transformation from the LAB frame to the
rest frame of particle-i is not unique. One option is to
reach the particle-i rest frame by a single pure boost. Al-
ternatively, one may first boost to the rest frame of
particle-3 and then boost to the rest frame of particle-i.
Although both constructions end in the rest frame of
particle-i and map p; to the standard rest momentum k;,
they define different spatial axes in that rest frame. The
two definitions are related by a Wigner rotation. There-
fore, when the two-step construction is adopted, the res-
ulting rest-frame state must be supplemented by the cor-
responding little group rotation. A simple diagrammatic
description for the Wigner rotation is shown in Fig. 5.

From Eq. (31), the transformations of the individual
states can be written as

_ o’ (si) P .
UlLsLlIpios) = Y _ DG Rylpio))  (i=1,2,3), (94)

o
i

LAB

L +(ps) '

Y

3-rest frame 1-rest frame

Ll

Fig. 5. (color online) Two boost paths from the lab frame to
the rest frame of particle-i: a direct boost L;(p,) and the two-
step boost L;!(p;)L;.(ps)- The difference between these two
paths is the Wigner rotation, which acts on the little group in-

dices of particle-i.

where p; =k; and Rj; is the corresponding Wigner rota-
tion, defined by"

Ry =L (p)HL;P)Lic(p)  (i=1,2,3), (95)

where the subscript i indicates that this is the standard
boost associated with particle-i. In particular, the Wigner
rotation for particle-3 is trivial, Rs; =I. Therefore, only
two nontrivial Wigner rotation representation matrices act
on the amplitude. Explicitly, the transformed amplitude
can be written as

AL (P3,P1,P2)
oo, w0 (SD*
= E Agy (K3, p1,py)Do, l

T
7103

(Ry)DZ™" (Ry),  (96)

where Acl>(Ks,pi,p3) are the amplitudes in the COM
frame. With the above definitions in place, a detailed de-
rivation of the Wigner rotation Rj; is presented below.

For a particle with four-momentum p, we introduce
the velocity and the Lorentz factor as

P, _
=p BB == ©7)

The canonical-standard boost of the particle is

L.(p)= 7 yﬂi (98)
A I+7ﬁ,§ g8 |

Its inverse is

1) The Wigner rotation is also known as the Wigner-Thomas rotation; see, e.g., sec. 6.7 in Ref. [82]
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L;'(p)=L(-p) = (99)

,BI+

The composition of the first two Lorentz transforma-
tions of Eq. (95) is defined as

A= L;j~(p3)Lz’,c(pi) = L3 (—P3)Li(P)- (100)
In the rest frame of particle-i, the momentum of particle-i
is the standard momentum k! = (m;,0)". The correspond-
ing momentum p; in the two-body decay COM frame is
obtained by performing the aforementioned Lorentz
transformation on k;, namely,

p; = Ak;. (101)

Using Egs. (97), (98), (99), (100), and (101), one can ob-
tain

—¥3B3+Bi+ ﬁz (ﬁ3 B3

x _ (1=B~-8; Y=
Yi =vsvil=Bs-Bi). B; y3(1=-Bs5-B))

(102)

Therefore, the Wigner rotation induced by the boost can
be expressed as

Ryi(w) = L (P)) L3 o (P3)Lic (P, (103)
where the w; direction is parallel to —p; X p;.

To obtain the explicit magnitude of the Wigner angle
w; = |w;], we first rotate the coordinate system such that
the z-axis is aligned with the unit vector

COSQ3; = —f)3 'f),', (104)

where R;, is a spatial rotation that maps Z to f;. In the
rotated frame, the two velocities lie in the x-y plane. We
may choose coordinates such that

B =(B5,0,00  Bi=(Bicosbs, Bisinby;, 0), (105)
where 6;; is the angle between B; and B; in the lab frame.
In the rotated frame, one finds that the boosted velocity
B’ also satisfies (B;’), =0. Therefore, in this rotated

frame, the Wigner rotation is a pure rotation about the z-
axis:

1 0 0 0

, 0 cosws -—sinw; 0
Ry =R(w3) = , (106)

) 0 sinws cosws O

0 0 0 1

A convenient form for ws; is obtained in terms of rapidit-
ies 7, = arctanhf, (a = 3,i):

ws3;

tan
2

This determines the magnitude of the Wigner angle.
Finally, we rotate back to the original orientation. The
Wigner rotation in the original frame can be expressed as

R3i(w;) = RaR (w3)Ry". (108)

With R;; and R;, determined in this way, the canonical
amplitude in any frame becomes

S auCHEn Ol @

$3,03 S,os

Ag;“z (p3,p1,P2) =
LSoposo’ u';
Rs1 (@)DE™ Rez(@2))-
(109)

o (s1)*

x D!

Helicity amplitude in any frame For the helicity amp-
litude, the definition in any frame is

AL (ps,p1,P2) = (Pidi; P2l MIpsds). (110)

Similarly, the helicity amplitude is boosted to the COM
frame. To preserve the helicity of the parent particle, the
boost is chosen to be L;!(ps). However, the helicity boost
is not a pure boost but a combination of a pure boost and
a rotation. This is because, in the rest frame of particle-3,
its spin quantization axis must point along the z-axis,
while originally in the lab frame, its spin quantization ax-
is points along the direction of its momentum. Hence, we
need to rotate the z-axis to align with the momentum dir-
ection of particle-3. This implies that boosting back from
the lab frame to the helicity COM frame does not yield
the same frame as the canonical COM frame. Con-
sequently, the momenta of particle-1 and particle-2 are
different in these two COM frames. We define the mo-
menta in the helicity COM frame as q;, q;, whose rela-
tion with the momenta pj, p; in the canonical COM
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frame is given by

q; =L, (py)pi =R (P3)L5L(p3)pi = R (p)p; (i =1,2).
(111)

The relations among the three coordinate systems are
illustrated in Fig. 6.

Under this Lorentz transformation, the helicity amp-
litude becomes

L3 (p3) - -
(P11; P2 ol MIPs ) —— (pt Ay p3 I MIKks As)

R71(p3)

—— A A M KsA3),  (112)

where p;,p,,p; are the momenta defined in the lab frame
with respect to the coordinate axes {x,y,z}, and the heli-
cities A;,4,,4; correspond to the spin projections along
their respective momentum directions. In the COM
frame, k;,qj,q; are the momenta defined in the helicity
COM frame with respect to the coordinate axes {x’,y’,z’},
and A},45,1; again correspond to the spin projections
along their respective momentum directions. In particu-
lar, since the direction of p; in the lab frame corresponds
to the z’-axis direction in the helicity COM frame, the
helicity A; is defined consistently in both frames.

Therefore, due to the helicity mismatch between the
two reference frames, the helicity Wigner rotations must
exist between the helicity particle states defined in these
frames to align their helicities. Applying the boost to the
spin states yields

ULL;;,(p)1IPidi) = Ly, (P3)Lin(Pr)K;id;)
= Lin(q)) L, (a) L5, (P3)Lis(p)IKiA;)
=Y DIV ®RIG ) (i=1.2),
—

(113)

where R, is the corresponding Wigner rotation defined as

L3 .(ps)
—_—
X X

Lab frame
Fig. 6.

Canonical 3-rest frame

Ry = Liy(@)Ls(0)Lu(p) (1=12).  (114)
The helicity amplitude in the lab frame can be expressed
as

) X, v e D, A (s
A,AL;A'(PS,PIaPz)zzAA; (k3. q1,q,)D ] (R3)D ;) ’

44

(R3,).

(115)

To factorize R;;, we start with the definition of the heli-
city boost,

L) =R (gL (), (116)
L3 },(p3) = R\ (p3)Ls (p3). (117)
Liy(p;) = L .(p)R(P))- (118)

/

Substituting these relations into the definition of R}, gives

Ry = R (@) (L @)R™ (p3)L3 L(ps)Lic(P) ) R(p). (119)

Using the property RL:'(p)R™' = L;'(Rp) and Eq. (111),
we have

L () =RP)L ()R (p3), P =R(ps)q; =p;.

(120)

Therefore, by inserting R~'(ps)R(ps) into Eq. (119), we
obtain

Ry, = R™' ()R (03) (R (@)R™ (3)Ls L(Ps)Lic(p) ) R(P)

= R (@)R™ (Bs) (L7 (P)L3A(P3)Lic(P)) ) R(PY)-
(121)

Helicity 3-rest frame

The figure illustrates the relations among the three coordinate systems. The lab frame and the canonical 3-rest frame are con-

nected by a pure boost, which does not change the orientation of the axes; therefore, they share the same set of spatial axes x,y,z. For
the helicity 3-rest frame, an additional rotation is applied, resulting in a change in the spatial axes. The corresponding new axes are de-

noted as x’,y’,7 .
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It can be observed that the expression inside the bracket
corresponds to the Wigner rotation in the canonical form
given by Eq. (108). Therefore, the final Wigner rotation
for the helicity state is given by

Ry = R (q))R™ (p3)Rsi(w)R(P)). (122)

Finally, the amplitude in any frame can be expressed as

A (ps,p1,p2)

283+ 1 ; s ’
_ Z \/T B0 (@, 0,0H LD R D (R,

(123)

III. COVARIANT ZEMACH AND PROJECTION
TENSOR AMPLITUDES

In this section, tensor constructions of LS amplitudes
are discussed. This approach can be traced back to the
Zemach tensor method [21]. In the Zemach tensor meth-
od, two-body decays are analyzed in the parent rest
frame. Unlike the traditional-LS coupling discussed in
Section II, where angular momenta are coupled in the
little group representation using CGCs, the Zemach
tensor method first builds angular momentum tensors as-
sociated with the orbital and spin parts and then performs
the required couplings and projections at the tensor level
using the invariant tensors of SO(3) and SU(2).

However, the Zemach tensor method is not covariant.
To construct covariant partial wave amplitudes, the cov-
ariant tensor method is introduced [32, 33]. Its key idea is
to construct covariant coupling structures and obtain the
corresponding partial wave amplitudes by fully contract-
ing them with the external spin wave functions over the
Lorentz indices. This idea has been developed into a
more systematic framework [48, 49]. Depending on the
choice of external spin wave functions, two schemes are
commonly used.

The first scheme, referred to as the PS scheme, re-
turns to the COM frame and defines the final-state spin
wave functions at the standard momenta. In this construc-
tion, the amplitude can be written as

A(k3’pT3p;;L9S): F(k37pT9p;;LsS)

covariant LS coupling structure

X U(ks, ki, ko3 83,51,52).

pure-spin part

(124)

In the COM frame, this scheme allows for a complete
separation between orbital and spin. Consequently, it is

equivalent to the traditional-LS method. By applying a
Lorentz boost, this definition can be extended to any
frame and evaluated therein. However, the boost induces
Wigner rotations, and these rotations depend on the COM
frame.

The second scheme is referred to as the GS scheme,
which can be written as

C(p?)?pl’pZ;LsS): F(PS,Plap2§LsS)
~————————

covariant LS coupling structure

X U(P3, P1, P25 53,51, 52). (125)

general-spin part

In this construction, the amplitude is covariant, and no
additional boost back to the COM frame is required. This
makes the treatment in any frame more natural. However,
from the structure of the amplitude, one can directly see
that, in this scheme, orbital angular momentum and spin
angular momentum cannot be completely separated. Part
of the orbital information is mixed into the spin part. As a
result, this method is not fully equivalent to the tradition-
al-LS method. Instead, it defines an alternative LS par-
tial wave basis.

In subsection III.A, we review the Zemach tensor
method and then introduce the covariant tensor method,
clarifying the correspondence between the two construc-
tions. In subsection I11.B, we discuss the covariant projec-
tion tensor method both in the PS scheme and the GS
scheme. In subsection III.C, we provide several explicit
calculation examples for different LS amplitudes.

A. Covariant tensor amplitudes

In this subsection, the tensor method for constructing
the LS amplitudes is introduced. Its key idea is to formu-
late angular momentum coupling in tensor representa-
tions so that the coupling is implemented by index con-
tractions rather than by explicit CGCs in the little group.

The discussion starts from the non-relativistic
Zemach tensor method [21]. In this method, each spin is
encoded in an appropriate tensor basis, and the angular
momentum coupling is implemented by direct contrac-
tions of tensor indices.

A covariant extension is then obtained by lifting the
construction to Lorentz tensors. In the covariant tensor
method [32, 33], the amplitude is built by contracting
Lorentz indices in SO(3, 1) representations. This construc-
tion is manifestly covariant, while the separation between
the orbital and spin parts is not explicit.

In subsubsection III.A.1, the construction of the
Zemach tensor method is discussed, while in subsubsec-
tion III.A.2, the construction of the covariant tensor meth-
od is discussed.
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1. Zemach tensor method

The non-relativistic Zemach tensor method [21] for-
mulates the angular momentum coupling in tensor repres-
entations. In this formulation, the coupling is implemen-
ted by contracting tensor indices with the invariant
tensors of SO(3) and SU(2).

For contractions between pure SO(3) tensors, the cor-
responding invariant contraction tensors are & and J;;.
For contractions involving both SU(2) and SO(3) tensors,
the corresponding invariant contraction tensors are &g,
5, and (o). Spatial indices i, j,k=1,2,3 label the
Cartesian basis of the SO(3) vector representation, while
spinor indices «,8 = 1,2 label the fundamental representa-
tion of SU(2). With these conventions fixed, contractions
with &, 6ij, &ap, Of, and (o)} are equivalent to the
CGCs used to couple angular momenta in the little group
formulation in Eq. (70).

Therefore, in the non-relativistic Zemach tensor meth-
od, the orbital-spin coupling in a two-body decay amp-
litude is realized by constructing the orbital tensor and the
spin tensors for each external particle, and then contract-
ing them with the SO(3) or SU(2) invariant tensors. The
following discussion addresses the constructions of the
spin tensors and the orbital tensors in turn.

Let us first consider the pure orbital part. In the two-
body decay COM frame, the final-state three-momenta
are denoted by pj and p}, and the relative momentum is
defined as

r=p;-p;. (126)
In Section II, the construction of the orbital angular mo-
mentum L in the LS coupling is given in Eq. (44). The
pure orbital part is described by the spherical harmonics
associated with the direction of the relative momentum,
and these spherical harmonics correspond to the pure-L
component in the SO(3) little group representation.

Therefore, when constructing the tensor structure for
the orbital part, the dependence is taken only on the relat-
ive momentum, and an appropriate projection is applied
to extract the pure-L rank-L tensor structure. This projec-
tion is equivalent to taking the symmetric traceless part of
the rank-L tensor formed directly from the tensor product
of the relative momentum. The resulting symmetric trace-
less rank-L tensor furnishes the irreducible SO(3) repres-
entation with orbital angular momentum L. Consequently,
the spherical harmonics admit an equivalent expression in
the tensor representation as

YéL(Q) ~ TileiL(r- -T) =Ty, ---T;, — trace part,

(127)

where i,...,i; are spatial indices. The relation above
holds up to an overall normalization factor, which is

omitted for simplicity. Here, TF , (r---r) denotes the
symmetric traceless rank-L tensor constructed from the
relative momentum. It satisfies the symmetry condition

Th . oo =TE. . .. Mab, (128)
and the tracelessness condition
> 6 TE iy, =0, Ya#b. (129)
iaip
For low values of L, the explicit expressions are
T°=1,
Til (r)=r;,
Tizj(rr) =rr;- %r26ij,
Tfjk(rrr) =1Tr — érz(éijrk + 04T + Ol ). (130)

Next, the spin part is discussed. For the spin part, it is
first necessary to describe particles in the tensor formula-
tion. According to the value of the particle spin, there are
two classes: integer spin and half-integer spin. Since
higher-spin tensors can be obtained by angular mo-
mentum coupling of lower-spin objects, only two basic
building blocks are required: the spin-1 and spin-1/2
tensors. In the non-relativistic formulation, they are equi-
valent to the spin wave functions defined in the particle
rest frame, where the spin-1 building block is the three-
dimensional polarization vector (e,);, and the spin—%
building block is the two-component Pauli spinor (y.)®.
By taking tensor products of these basic objects and pro-
jecting onto the irreducible representation with the de-
sired spin, one obtains the spin tensors required for the
coupling of the particles in the pure spin part.

1. For integer spin, the basic building block is the
three-dimensional polarization vector defined in the rest
frame. For initial-state particles, the polarization vector is
denoted by (e,); and can be written as

1
e =—-—=(1, 1, 0),
A )
1
e= —(1, -1, 0),
i )
€& = ©, 0, 1), (131)

where the subscripts +, —, and 0 indicate the allowed val-
ues of the polarization label ¢ in (¢,);, the symbol i ap-
pearing in the vector components denotes the imaginary

093110-18



Covariant canonical-spinor amplitudes for partial wave analysis

Chin. Phys. C 50, 093110 (2026)

unit, and the index i =1,2,3 labels Cartesian SO(3) com-
ponents. The complex conjugation of these polarization
vectors gives the conjugate vector (e*”);, which is used
for final-state particles:

(€); = (€7);. (132)
The polarization vectors in Eq. (131) are then used as the
building blocks for the integer spin-s tensor.

In the non-relativistic formulation, a spin-s particle is
represented by a rank-s symmetric traceless tensor
(T2);,.4,» where the label o denotes the spin projection of
spin-s and takes values o =-s,---,s. This label is dis-
tinct from the spin-1 polarization label used in (e, );.

The symmetry and tracelessness conditions ensure
that (T3);,.;, furnishes the irreducible SO(3) representa-
tion with spin-s. For an initial-state particle, the spin
tensor is taken as (T%),,..;,, while for a final-state particle,
the corresponding object is obtained by complex conjuga-
tion, which can be defined as

(75),,..0 (133)
To construct the spin-s tensor (77});,..;, explicitly, one may
start with the s-fold tensor product of polarization vec-

tors and project onto the symmetric traceless part. It can
be defined as

(7).

(T5,..oiviy = (€))iy +* (€,)i, —trace part, (134)
~—_—————

symmetrized in iy, ,ig

where each label o, = +1,0,-1 (r=1,---,5) specifies the
polarization choice of the rth spin-1 building block (e, );, -
For example, some low-spin tensors can be written expli-
citly as

T°=1,
(T;')l = (Ea')i’
1
(T30 = 5 (6 )i6r) + (e, (6 )
1
- g(ﬁr, 'Eu—z)éij:
1 ..
(T3 i = 37 (& )iEn) (e )i+ 1))
1
-5 (8Vie+8Vi+6V;),
. 1
with Vi = 2 (6, &), )i+ (6ry € )6

+ (- €r)(Er i ) (135)

where {ijk} denotes the set of all 3! permutations of the
indices i, j,k. After performing the symmetric traceless
projection on the vector indices in Eq. (134), and with the
chosen normalization convention, the multi-label o, can
be reorganized into a single spin-projection label
o =-s,---,s. For convenience, the normalized compon-
ents are chosen according to the following convention.
For 0 <o < s, define

Tt = v o= 0

s—0 o

2s)!
&) (Ty...01-.. i (136)

where the multi-label subscript on the tensor on the right-
hand side specifies the component such that, among the s
polarization labels, o of them are equal to +1, and the re-
maining s—o are equal to 0. Additionally, the symbol 1
in the subscript denotes the value +1 of the spin-1 polar-
ization label. For 0 <o < s, define the negative projec-
tion components by

(T2 )iyiy = (DT - (137)

2. For half-integer spin, the basic building block is the
two-component Pauli spinor defined in the rest frame. For
initial-state particles, the spinor is denoted by (y,)* and
can be written as

(e(2)

where the subscripts + and — correspond to the spin pro-

(138)

jections 0 = 373 of (v,)*. The complex conjugation

of these spinors gives the conjugate spinor (y*”),, which
is used for final-state particles:

X)) = a- (139)

In the non-relativistic formulation, a half-integer spin-

1
(s+ ) initial-state particle is described by a mixed tensor

S+ 5

(T *)ii...,, which carries s vector indices iy,...,i, and one

1
spinor index a. To extract the irreducible spin-(s+ 5)

component from the reducible product space of a rank-s
symmetric traceless tensor and a spinor, two essential
conditions must be imposed. First, the tensor must be
completely symmetric and traceless in all its vector in-
dices. Second, it must satisfy an additional constraint,
namely that its contraction with the Pauli matrices van-
ishes, which can be written as
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=0, l<a<s, (140)

Zm AT

where (07;,)% are the Pauli matrices. The role of this con-

1
dition is to eliminate the lower spin-(s— 5) components
contained in the direct product space T°®y, thereby en-

suring that the tensor describes only the pure spin-(s+ 5)

representation.

An explicit construction that realizes this projection
for an initial-state particle is provided by the following
expression, which can be defined as

(7, . iy = (T(f—s)ilwis(/\/o")d

S +1 Z Z sl“jk(o-])ﬂ( )l‘]"'l'“,]kll[H] weig (Xu")ﬁ’
a=1 jk
(141)

where ¢; ;. is the totally antisymmetric tensor, the labels

,s and o’ = —5,5
X0 denote spin projection quantum numbers, the symbol
(o)} denotes the Pauli matrices, and the symbol 7 in the
coefficient denotes the imaginary unit. The two labels o

and o’ fan be 1combined into a single total label

oy = =5, in the subscripts of 73 and

CTTiTy iy M |
ization convention, which can be written as

*3 by imposing an appropriate normal-

. (14

where the two tensors on the right-hand side are1 t}lle
2’ 2)
) correspond to (o, 0”), respectively. With

tensors deﬁned in Eq. (141), and the subscripts (0" —

+
and (o 27>

this construction, the resulting tensor satisfies both the
symmetry and tracelessness conditions in the vector in-
dices and the constraint in Eq. (140). The corresponding
final-state spin tensor can be obtained by taking the com-
plex conjugate of the spin tensor in Eq. (142), which is
defined by complex conjugation as

(T*S'Jr%,u')

TSy (143)
iyeei

iiga

After constructing the basic tensors above, the amp-
litude can be obtained by contracting the tensor indices.

The symbol ® is used to denote angular momentum coup-
ling in a unified way. More specifically, if two tensors
carry angular momenta j; and j,, their coupling is writ-
ten as T/' ® T2, meaning that the product representation
is decomposed into irreducible components with total an-
gular momentum J as
Jiti2
TerT”= @ 1.

J=lji-jl

(144)

In the Zemach tensor method, this coupling is implemen-
ted by the invariant tensors of SO(3) and SU(2). Equival-
ently, it corresponds to performing the angular mo-
mentum coupling and projection in the little group repres-
entation using the CGCs. In what follows, several expli-
cit examples of spin coupling are presented, which can be
generalized to more general angular momentum coup-
lings.

For the coupling of two integer spins s; and s,, the
coupling to a total spin-S tensor can be denoted by

T QT — TS, (145)
where the allowed values of S satisfy [s;—s,/<S <
s1+s5,. In particular, for § =s;+s,, the highest-spin
tensor is obtained by taking the direct tensor product of
the two spin tensors and then projecting onto the symmet-
ric traceless part. The resulting total spin-S tensor can be
written as

S= B — g B
(T ST+ 0-10—2),'14..,'“ Jtedsy = (T*S] i )il"‘ixl (T*S2 0-2)1'].4.1'}?2

symmetrized in all vector indices

— trace part. (146)

To obtain lower-spin components with § = s+ s, -2k
(k=1,2,--+), k pairs of indices between the two tensors
are contracted using 6;;. The remaining spin components
of the form S =s,+s,—2k—1 can be constructed from
the rank-(s; + s, —2k) tensor by using the antisymmetric
tensor &;; to contract one additional index. As an explicit
example, for the coupling of two spin-1 particles,
s1 =5, = 1, the possible total spins are S =0,1,2, and the
corresponding total spin tensors can be written as

TS:O,(Tlth — Z(T*l,m)i(T*l,az)j(sij’
ij
(T5=17172), = N (T (T2,

Jk

(TS:2,(r1(r2 )ij — E [(T*l,(rl )i(Tl,rrg)j + (T*l,rr] )j(T*l,rrg)i]

_ 16 .TSIO,(T]O'Z.

35 (147)
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It can be seen that the coupling between different angular
momenta does not require the explicit evaluation of
CGCs, as it is achieved by contracting tensor indices in
the corresponding tensor representations.

1
For the coupling of two half-integer spins 1+ 3 and

1
52+ =, the coupling to a total spin-S tensor can be de-

2 b
noted by

T3 @T**3 - 9, (148)
where the allowed values of § satisfy |[s;—s/<S <
s1+s2+ 1. The highest-spin tensor with S =s;+s,+1 is
obtained by using the tensor (o)} to contract the two
spinor indices into the vector index ., which results in a
rank-(s; + s, + 1) tensor. It can be written as

S=si+so+lop00y. |
(T )u---l.;,/u-"/.\-zk

1 1
= (o-k)‘;syﬁ(T””f"T' Jitig o (T™27272) g —trace part.

symmetrized in all vector indices

(149)

The remaining spin part is obtained by contracting with
invariant tensors such as &,4, d§, d;;, and &;;, followed by
taking the symmetric traceless part.1 As an example, for
the coupling of spin—i and spin—i, the possible total
spins are § =0 and S = 1. The corresponding tensors can
be written as

- %l w1
TS 0.0102 _ Saﬁ(T Z’UI)Q(T 2,U2)ﬁ,

(T9Z17172); = () (T2, (T 272 (150)

For the cou]pling of an integer spin-s; and a half-in-

teger spin-s2 + 3 the coupling to a total spin-S tensor can
be denoted by

T*sl ®T*sz+% N TS, (151)

1
where the allowed values of S satisfy |S1—S2—§| <

1
S<si+5,+ 5 For s, < s,, one can contract indices in the
same way as for two integer spin tensors. For s; > s, the

lowest total spin component S = s;— 52— 3 requires the
use of the tensor (o)} to contract the spinor index with
one of the vector indices. As an example, for the coup-

ling of spin-1 and spin—i, the possible total spins are
1
§= 3 and S = 5 The corresponding tensors can be writ-

ten as

(T3=27172), = S (@ (T (T2,

(TS=31% ) = (T 7T 27, = () (TP,
(152)

Having constructed the spin tensors and their coup-
ling relations above, they can be extended to general an-
gular momentum couplings and used to build the corres-
ponding LS partial wave amplitudes. Once the final-state
spins have been coupled into a total spin-S tensor, the
next step is to couple this tensor with the orbital angular
momentum L tensor to obtain a tensor structure with total
angular momentum s, namely

TSQT:— T%, (153)
where T* denotes the rank-s; tensor obtained from the
LS coupling. Finally, this tensor is contracted with the
external spin tensor of the parent particle with spin sj3.
Once all indices have been contracted, the LS amplitude
is obtained as

A7 7 (ks,p1, Py L, S)
= T;: . [(T*slo'l ®T*5202)S ®TL(pp)}
- DVl

orbital part

53
s

(154)

spin part

where the spin part is constructed entirely from spin wave
functions defined in the rest frame. It, therefore, carries
no orbital information, and the separation between the or-
bital part and the spin part is explicit. As a result, the LS
partial wave amplitudes of the Zemach tensor method are
fully consistent with the traditional-LS amplitudes. Like-
wise, both approaches are non-covariant. To recover
Lorentz covariance, covariant tensor methods have been
developed, which will be introduced in the next subsub-
section.

2. Covariant tensor method

In the covariant tensor method [32, 33], the coupling
of angular momenta is described by covariant tensors car-
rying the SO(3,1) Lorentz indices. The coupling between
different angular momentum tensors is implemented by
constructing Lorentz structures and contracting the
SO(3,1) indices of the participating tensors, thereby pro-
ducing a new tensor with the desired total angular mo-
mentum. To obtain a pure irreducible angular momentum
coupling, one typically introduces Lorentz structures
transverse to the parent momentum, ensuring that all pro-
jections and contractions are performed within the trans-
verse components, and the time component does not par-
ticipate, avoiding admixtures from other angular mo-
mentum components.
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Next, the explicit construction of the covariant tensor
amplitude is presented. Consider the two-body decay pro-
cess 3 — 1+2, where the spins of the particles are s3, sy,
and s,, respectively, and the four-momenta p5, p/|, and
ph are defined in any frame. The discussion begins with
the orbital part that enters the coupling, for which the rel-
evant definitions are introduced first.

For the orbital part, the Zemach tensor method ob-
tains the pure orbital L irreducible object by taking the
symmetric traceless part of the relative three-momentum.
To make the construction covariant, introduce the relat-
ive four-momentum as

=i ph. (155)
A natural starting point is the rank-L symmetric-traceless
tensor constructed from r#, given by

P o =

e r,, —trace part.

(156)

However, symmetric tracelessness only implies that
rfll_w furnishes an SO(3,1) irreducible representation
[£41 - - - 1], rather than the pure SO(3) orbital L component.
In the COM frame, the time component transforms as an
SO(3) scalar, tensor components with one or more time
indices behave as scalar factors multiplying lower-rank
spatial tensors, and hence contain contributions from or-
bital angular momenta smaller than L.

To ensure that the constructed tensor indeed lies in
the orbital angular momentum L irreducible component,
it is required in the COM frame that it has no time com-
ponents. Equivalently, in any frame, for the symmetric
traceless rank-L tensor r. , one must subtract a part
such that the resulting tensor is orthogonal to the total
momentum p; in each index, namely it satisfies

i=1,...,L
(157)

Py [rﬁl,,,#i,% —the p3-parallel part] =0,

where the expression in the square brackets is the orbital
angular momentum L component in terms of the Lorentz
indices p; -y .

The explicit form of the covariant orbital tensor can
be obtained by constructing a projection tensor and pro-
jecting the relative momentum onto the pure-L compon-
ent. For this purpose, one first introduces the rank-L in-
teger spin wave function associated with the total mo-
mentum ps, defined as

(i) = Y Cry e e (py L= Deft(pa).
O[-1,0

(158)

where C7,>7""" denotes the CGCs and € (p) are the
polarization four-vectors. The wave function constructed
in this way satisfies the Rarita-Schwinger conditions.
Namely, it is orthogonal to p; in each index and is sym-
metric and traceless in the Lorentz indices, which can be
written as

Py €y (p3; L) =0, (159)
EgL (,muh~~uL(p3;L) = ES'IL”AMMH“W“L([%;L), (160)
Gum €y M (pas L) = 0. (161)

Accordingly, a projection tensor can be constructed and is
defined as [28]

P (psl)= Y en M (psil)e, (puL).  (162)

oy,

This projection tensor also satisfies the Rarita-Schwinger
conditions. Acting with this projector tensor on the rank-
L tensor formed by the direct product of L relative mo-
menta yields the covariant orbital tensor satisfying the
condition in Eq. (157), which is defined as

i

H].NHL(p%r) = PZIILLL(P&L)"VI "'rvL' (163)

The tensor fflLl?_,#L(p.;,r) is a rank-L symmetric traceless
Lorentz tensor that represents the pure orbital angular
momentum L component in the Lorentz indices g ---py.
By construction, it is also orthogonal to the total mo-

mentum ps in each index,

12(L) —
3 Loy, = 0.

(164)

Next, several explicit examples are presented. For
L =1, the projection tensor can be evaluated as

Pi(psil)= > edpnel (ps)

P;P%y
= —gv —+
“on

= 2(p). (165)

The result differs from some expressions in the literature
due to the placement of upper and lower indices. This is
because, in the present convention, the projector tensor is
defined using two wave functions with distinct index pos-
itions, leading to a notational difference.
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Acting with the projector tensor on the relative mo-
mentum then yields the covariant orbital tensor for L =1,
given by

Fu(p3) =&, (p3)ry. (166)

In the rest frame of particle-3, k5 = (m3,0), the condition
K;7,(ks) =0 implies # =0, hence # = (0,r). The projec-
tion, therefore, removes the time component, and # re-
duces to the relative three-momentum used in the Zemach
tensor method. The transverse metric &', (k;) reduces to d;;
in this frame.

For some low orbital angular momenta, the projector

can be worked out explicitly; for example,

P(ps;0) =1,
Pi(psi) =8,
priv2 (P 2) - l(“"’l o2 4 gVl g"2 ) —_ 1 VI g
i P35 ) 818 T8 81 3 8 "8um>
VIV2V, 1 SV =V) =V
P#11#2zlf3(p3;3) = 6 Z g}lllgﬂzg}i%
Py po s}

. (882
30 2o 4
Py opo 3}

3 B @ 8 BuB),  (167)
where P{uj,u,u3} denotes the set of all 3! permutations
of the indices py,ua,u3, and g, is defined in Eq. (165).
The corresponding covariant orbital tensor can be com-
puted explicitly as

=1
A — =
tl‘l np
@ _n o Lo
Yoo = T Ty — g(}“}")gﬂm,
3 ~ o~ o~ o\ [ ~ ~ ~ ~ ~
ifll)lrlz;ls =T Ty Ty — g(r r) (gNIHZrIJS +gﬂ1ﬂ3 s +gﬂ3#2rﬂl)’
(168)
with
~ ~l’ P3uP3v
8uv = gﬂu'gﬂv =—8wt ;2 s (169)

3

where g, is the metric tensor, and g%, and 7, are defined
in Egs. (165) and (166). For brevity, the explicit depend-
ence on p; is suppressed.

For the spin part, the first step is to specify the extern-
al spin wave functions entering the coupling. In the cov-
ariant tensor method, the spin wave functions are based
on the Rarita-Schwinger construction [83], and canonical

1
spin projection labels are used. For spin—i, Dirac spinors

u%(p) are used. For spin-1, polarization four-vectors
€“(p) are used. Higher spin wave functions are obtained
from €“(p) and u%(p) through CGCs couplings as

el . _ —1o1:1, T . .
b (ps) = 3 O e (s — el (p),

Ts—1,0

(170)

!
M1 Hs@ (. 1y — § STSDT 2 ts (e 0\ @
u(rﬁl * (p,S+§)— C.v+%,(r_ 1 E(rl\. A(p’s)u(r(p)’
2 o0 .\+§

(171)

where Cji71#272 denotes the CGCs for coupling little
group indices. In the first line, the coupling (s—1)®1 — s
combines a rank-(s — 1) integer spin wave function with a
spin-1 wave function to produce a rank-s integer spin
wave function. Therefore, integer spin wave functions

can be generated recursively starting from the spin-1

wave function. In the second line, the coupling s®5 =

1
S5 combines an integer spin wave function with a Dir-

ac spinor, yielding a half-integer spin wave function.

The basic tensor building blocks for the spin part and
the orbital part entering the coupling have now been in-
troduced. In analogy with the Zemach tensor method, the
next step is to construct the corresponding coupling struc-
tures that implement the angular momentum couplings.
The key point is to covariantize the coupling tensors used
in the Zemach tensor method and extend them to the
SO(3,1) Lorentz indices. Equivalently, this amounts to
projecting the product of two angular momentum tensors
onto the tensor with the desired total angular momentum.

First, consider the coupling of the two final state spins
into a total spin-S, namely s; +s, — S. When both spins
are integers, the Zemach tensor method performs the
coupling by contracting the tensor indices of the two fi-
nal state spin tensors with the SO(3) invariant tensors §;;
and ¢, yielding a total spin-S spin tensor. The resulting
rank-S tensor is required to be symmetric and traceless so
that it represents a pure spin-S component.

In the SO(3,1) covariant extension, as in the discus-
sion of the orbital part, obtaining a total spin-S tensor is
not only a matter of enforcing symmetry and traceless-
ness. It is also necessary to ensure that, when evaluated in
the parent rest frame, the time components vanish so that
the tensor corresponds to a pure spin-S component. This
can be enforced covariantly by requiring the tensor to be
orthogonal to the parent momentum p;, which can be
written as

P T pons (S) =0, 172)
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where T,,,...s(S) denotes the rank-S total spin tensor ob-
tained by coupling the final-state spin wave functions. By
incorporating this transversality condition into the coup-
ling structures, the covariant coupling tensors required for
integer spin couplings can be specified. They are given
by the transverse metric g*"(p;) and the transverse anti-
symmetric tensor &°°(p;), which are written as

PiDs
Sy (173)
P3

g (p3)=-g"+

&% (p3) = " p3, (174)
where indices can be raised and lowered with the metric
tensor g,,. Since the present convention distinguishes up-
per and lower indices explicitly in contractions (with re-
peated indices summed), the resulting notation may dif-
fer from that used in some references. One can readily
verify that both tensors are transverse to ps, and that, in
the parent rest frame, their time components vanish so
that they are proportional to the invariant tensors 6;; and
Eijk-

As an explicit example, consider the coupling of two
spin-1 tensor wave functions, s; = s, = 1, for which

191=0@12. (175)

Choose the external spin wave functions in the Lorentz
four-vector representation to be €,”'(p)) and €;7(p,) for
particle-1 and particle-2. By contracting these two extern-
al spin wave functions with the projector tensors in the
1®1— S channels, one obtains three covariant spin
tensors corresponding to the total spins S =0,1,2. The
S =0 component is

T7'7(p3, p1,p2;0) = 8 (p3)€,” (1€, (p2)

My
= (—g’”+ %)ej”l (PE (p2).
3
(176)

The S = 1 component is

T (3, p1op2i 1) = g P ()€™ (p1)€, 7 (p2)
= (8™ p3) €7 (pET (p2). (177)

The S =2 component is
1 = =K = =K
T (p3, p1,p2;2) = (5 (gi,(ps)gv(ps)+g"y(p3)gu(p3))

1
-3 ~“”(ps)g',w(ps)) €, (p1E(p2).
(178)

The coupling structures constructed above are used to
couple spins s; and s, into the total spin-S. Conceptually,
they implement the coupling between two angular mo-
mentum tensors, and therefore they apply equally well to
the next step, namely coupling the total spin-S with the
orbital angular momentum L into the parent spin-s;.

As an example, consider the two-body decay process
3—1+2,with s3=1, sy =1, and s, = 1. Choose the par-
tial wave (L,S)=(1,1). First, couple the two final-state
spins via 1®1 — 1, which yields a total spin-S tensor that
can be obtained from Eq. (177). Next, couple the orbital
angular momentum L= 1 with the total spin S =1 via
1®1 — 53 = 1, obtaining a rank-s; tensor structure, which
can be written as

T (p3,p1.p2;1,1)
= Gy, B (pTT 7 (p3, pra pas DI (p3. 1)
= (8uu @5 Pse) (8 814 P3o ) €17 (V)€ (P2)F(p3)

— gh . ph €7 (pDET (P)F(P3),

(179)
with
g/uuzw = g’“ (guzvgk —gwg“z) _guz (g”‘VgK —gKVg“‘)
u3p “3 p p “3 P p
+85, (&g — g gh). (180)

Finally, contracting this tensor with the external wave
function of the initial particle with spin s; gives the par-
tial wave amplitude for the decay in the (L,S)=(1,1)
channel, which can be expressed as

Coi(ps, p1,p2:1,1)
=€ (p)T, 7 (ps, p1,p2s 1, 1)

= — g papher (pa)ey  (P1)Ey  (P)T(p3). (181)

It follows that the evaluation of a covariant tensor
amplitude can be organized into three parts: the external
spin wave functions, the orbital part, and the LS coup-
ling part. One can write

C(p3,pi,p2;L,S) = P(ps;s1,5,8)P(p3; L, S, s3)

LS coupling part

X9 (ps, r) u(ps; s3)i(pis; s)i(pa; 52) .
~——

orbital part

spin wave function part

(182)

After obtaining the covariant tensor amplitude, one en-
counters an immediate issue. In the COM frame, al-
though the LS coupling part, the orbital part, and the par-
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ent spin wave function reduce to the same objects as in
the Zemach tensor method, the two final-state spin wave
functions become u(p;;s;) (i=1,2) and carry the final-
state COM momenta, rather than being purely intrinsic-
spin objects. The spin wave function part can be written
as

COM ¥ - %
u(p3; $3)u(py; $1)i(pa; s2) — ulks; s3)i(py; s1)i(ps; 52).
(183)

As a result, in the covariant tensor method, the spin part
can carry orbital dependence, and even for fixed (L,S),
the resulting partial waves generally differ from the tradi-
tional-LS amplitudes defined in the two-body COM
frame. Only in the non-relativistic limit, where the final-
state spin wave functions reduce to the rest frame spin
wave functions, does the covariant tensor method coin-
cide with the Zemach tensor method.

In addition, when half-integer spins are involved, the
covariant tensor method typically provides explicit LS
coupling structures only for specific processes rather than
a general formula applicable to arbitrary spins. To obtain
a general computational expression, the covariant projec-
tion tensor method has been developed [48]. This meth-
od constructs covariant projection tensors for angular mo-
mentum, which enables a systematic evaluation of the re-
quired coupling structures for arbitrary spins. The next
subsection presents the general method for computing the
LS coupling part.

B. Covariant projection tensor method

In this subsection, the covariant projection tensor
method is introduced [48]. In this method, the SO(3,1)
coupling relations are used to construct the covariant pro-
jection tensor. This covariant projection tensor plays the
role of angular momentum coupling in the SO(@3,1)
Lorentz representation. In the covariant projection tensor
method, the coupling in the SO(3, 1) representation is im-
plemented through this projection tensor. In practice, two
schemes are used depending on the COM definition, re-
ferred to as the GS scheme and the PS scheme. The con-
struction of these two schemes is discussed next.

1. Covariant projection tensor method in the GS

scheme

Both the GS scheme and the PS scheme require the
covariant projection tensors and the covariant orbital
tensors. Therefore, the discussion begins with the defini-
tions of these two covariant tensors.

In the covariant projection tensor method, angular
momentum coupling is required to be implemented dir-
ectly in the Lorentz representation of SO(3,1). This re-
quires that the little group coupling be transferred to

Lorentz indices. The following discussion explains how
angular momentum coupling is realized in the Lorentz
representation and how it is related to the little group
coupling. A bridge between the little group representa-
tion and the Lorentz representation is established by
single-particle states, field operators, and spin wave func-
tions. The single-particle state can be defined using the
creation operator as

Ip, so) = a*(p, 50)0), (184)
where |0) is the vacuum state. By Eq. (31), the states
transform under a Lorentz transformation A as follows,

UIAllp.so) = Y DSOW(A p)Ip’. 507y, p' = Ap.
’ (185)

where W(A,p) is the little group rotation, and
D7 O(W(A, p)) is the rotation matrix in the spin-s repres-
entation. For a quantum field operator in the representa-
tion [£], it can be written as

' (p) = ul(p;a(p, so), (186)

where a(p, so) is the annihilation operator and u’ (p;s) is
the spin wave function in the corresponding representa-
tion [£]. Under a Lorentz transformation A, the field op-
erator ®(p) transforms as follows,

UIAI® (pU'[A] = D (A™HO" (Ap),  (187)
where DY, (A™!) is the Lorentz transformation matrix cor-
responding to the representation [£]. The spin wave func-
tion u’ (p;s) is defined as the matrix element of the field
operator between the vacuum and the single-particle state

UL (ps ) = 010 (P, s07), (188)

where the spin wave function must satisfy the normaliza-
tion condition

a7 (p; s)uf,z(p; 5) =6y, (189)
where i (p;s) is defined as
iy (p; s) = (p, s D(p)|0), (190)

with
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Di(p) = al(p;s)d (p, so). (191)

Using Eqgs. (185) and (187), one can show that under a
Lorentz transformation A,

ST DTOWA. pYul (Ap:s) = Dl (Ml (s s), (192)

> DT (WA, p)E; (Ap;s) = DYA I (pss).  (193)

This relation contains both the induced little group rota-
tion and the SO(3,1) representation matrix, and it
provides an explicit correspondence between little group
indices and Lorentz indices. With this correspondence,
the angular momentum coupling formulated in the little
group SO(3) representation can be rewritten as a tensor
coupling in the Lorentz SO(3,1) representation. This al-
lows the covariant angular momentum projection and
contraction to be implemented directly at the level of
Lorentz indices.

The two-body decay process 3 — 1+2 is considered,
where all particles are massive with spins s3, sy, and s,.
In an arbitrary frame, their momenta are ps, p;, and p,.
The COM frame is defined as the rest frame of particle-3.
The canonical-standard boost L; .(p;) is chosen such that

p3 = L3 (p3)ks, ks = (m3,0,0,0), (194)
where m; is the mass of particle-3, and the subscript 3 on
the canonical-standard boost indicates that it is the stand-
ard boost associated with particle-3. By applying the in-
verse boost, the momenta in the COM frame are obtained

as

Py = L§,i(p3)pz-
(195)

ky=L;'(p3)ps, P =Ls.(p3)p1,

Starting with the coupling of spin-s; and spin-s, to form
the total spin-S. In the COM frame, only intrinsic spin
coupling is considered, and thus the orbital part is omit-
ted. The spin labels are defined with respect to the little
group associated with the total momentum in this frame,
which is fixed by k;. Accordingly, Eq. (42) expresses the
spin coupling as

ISasy =Y Coil %5101 ]5202), (196)

o102

where the particle states implicitly refer to the standard

momentum states with k=0, denoted by [k,so). For
brevity, the corresponding standard momentum labels are
suppressed. This explicitly indicates that the two spins are
coupled within the little group representation through the
CGCs.

To implement the spin coupling at the level of
Lorentz representation, the coupling structure needs to be
defined in the COM frame with respect to the parent
standard momentum k;. This is because, at the level of
particle states, the spin coupling occurs in the little group
associated with the parent standard momentum k;. Con-
sequently, the translation from the corresponding little
group coupling to the Lorentz representation coupling
should be performed at the same standard momentum.
For this purpose, introduce the field operators at the
standard momentum k; corresponding to spin-s; and
spin-s,, transforming in the Lorentz representations [¢;]
and [6,], written as

O (ky) = > ull (ks s)a(k, s10). (197)

D (ks) = Y ul?, (ks; sp)a(k, 5,0). (198)

(o)

It should be emphasized that the spin wave functions in
these expressions are not the external spin wave func-
tions, but rather the spin wave functions at the standard
momentum k3 used to construct the coupling structures.
They can be defined as

Ul (ks; s1) = 01D (k3)ls10m1),

[on}

uffz(lq; 52) = (0|O" (k3)|520).
(199)

For the total spin-S obtained after coupling, the corres-
ponding Lorentz representation is denoted by [{s]. The
field operator at the standard momentum k; is taken as

O (k) = >l (ks:S)a' (k.S o). (200)

as

The corresponding spin wave functions are defined by:

ity (k33 ) = (S 05|y (k3)[0). (201)

On this basis, the Lorentz representations [¢;] and [¢]
carried by the spin wave functions are coupled into the
Lorentz representation [{s] associated with the total spin
S, which can be written as

[G®[6] — [s], Is)—s2| < S < 51+ 5, (202)
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Using Egs. (196), (199), and (201), the covariant projec-
tion tensor is then introduced as

PU%(ks;S, 51, 52)
= (01D (k3) D" (k3) D™ (k3)[0)
(Soslig? (ks: Syult (kss s)uz (ks; 52)|s101)]52072)

S1,071582,072 =0 . t . 14 .
D GRS (ks Syl ks 1), (ks 52).

010208

(203)

The meaning of this covariant projection tensor is that it
rewrites, at the standard momentum k; in the COM
frame, the spin coupling implemented by CGCs using
little group indices into an equivalent covariant object
that involves only Lorentz indices. That is, the spin coup-
ling is no longer written explicitly as a contraction over
little group indices. Instead, it is encoded into contrac-
tions over Lorentz indices, thereby translating the coup-
ling in the little group representation into the coupling in
the Lorentz representation.

Its construction can be understood in the following
three steps:

1. The rest frame spin wave functions at the standard
momentum k;, namely “91 (ks;s1) and uf}z(kg;sz), provide
the link between Lorentz representations and the corres-
ponding little group representations. In this way, the
Lorentz representations associated with spin-s; and spin-
s, are mapped into the same little group representation
fixed by ;.

2. Within this common little group representation, the
two spins are coupled by the CGCs, yielding the little
group coupling result with total spin S.

3. The rest frame spin wave function for total spin S,
namely i’ (k3;S), maps the coupled little group repres-
entation back to the Lorentz representation associated

with the total spin S.

Therefore, P{\"* can be viewed as a covariant projec-
tion tensor that projects the tensor product of two Lorentz
representations onto the Lorentz representation corres-
ponding to total spin-S. When it is completely contracted
with the external wave functions over Lorentz indices, it
is equivalent to the action of the CGCs in the little group
representation.

Under a Lorentz transformation A, the projector
tensor in Eq. (203) satisfies

P2 (AKs: S, s1,52)

(A (/A
DY (MDD (NP> (ks S, 51,52) D (A

D CEE g (ks S gl (Wkss s uls, (Akss s2),
10208

(204)

which demonstrates the covariance of the projection
tensor. Consequently, when transitioning back to any
frame, it retains the same form and can be expressed as

P (P38, s1.52)
= ) GRS (pasSHull (psi DU, (psi s2).

010205

(205)

Once a specific Lorentz realization is chosen for the rep-
resentation [£], the corresponding covariant projection
tensor can be explicitly evaluated. For example, by se-
lecting the Lorentz four-vector representation with in-
dices u,v,---, in the case where s; =1, s, =1,and § =1,
the covariant projection tensor can be expressed as

PZ;M(I%; 1’1»1)

ST CHIE TS (s Dult (p3: Dut (psi 1)

010208

D e (pa)ett (pa)el(ps)

01020s

i ,
L,
g

LI
V2m; " (206)

One can see that after factoring out the overall normaliza-
tion constant, this covariant projection tensor is precisely
the 1®1 — 1 coupling structure used in the covariant
tensor method in Eq. (177). Therefore, by constructing
such projection tensors, the coupling structures required
in the covariant tensor method can be obtained systemat-
ically for arbitrary spins.

Besides projecting spin-s; and spin-s, onto the total
spin-S, this covariant projection tensor has a more gener-
al meaning. It defines an SO(3,1) covariant tensor that
maps the direct product of two angular momentum rep-
resentations [£;,] and [{;] into the representation [{,].
Therefore, it not only serves as the covariant projection
tensor for coupling s, and s, to S, but it can also be used
to project the Lorentz representation [£;] of the orbital
part L together with the Lorentz representation [£s] of the
total spin part S onto the Lorentz representation [£3] asso-
ciated with the parent spin-s;. The corresponding covari-
ant projection tensor can be written as

PE" (p3is3, L,S)

= Y CLEST AT (py; syult (p3: LS, (psi ).

osoLo3

(207)

Since the representation [£5] of the total spin-S obtained
from the projection has been given above, the next step is
to discuss the orbital part in the Lorentz representation

[£L].
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In the two-body COM frame, the orbital part is com-
pletely determined by the relative momentum of the final-
state particles. Therefore, only the momentum depend-
ence of the particle-1 and particle-2 states is retained,
while the spin labels are suppressed. From Eq. (44), the
orbital angular momentum state, defined in the little
group representation associated with the total momentum
ks, can be introduced through spherical harmonics as

Loy = / 4OV (Q)ipipS). (208)

where |p;p;) denotes the two-particle state without spin
labels, specifically [p7,0) and [p5,0), and the spin labels
of particle-1 and particle-2 are omitted. The orbital angu-
lar momentum state is denoted as |k,Lo;), and for the
sake of brevity, the standard momentum label of this or-
bital state is also omitted. The spherical harmonic can be
viewed as the SO(3) representation component of the
rank-L symmetric traceless tensor built from the relative
three-momentum p; —p;. Schematically, this structure is
represented by

YL (Q) = (p; —py)i ., = (P} — Py, - (P} — P3)i, — trace part,

(209)

where ij,...,i; are spatial indices and (p; —p’g)iﬁ_% de-
notes the symmetric traceless rank-L tensor constructed
from the relative three-momentum. To obtain the covari-
ant formulation, the spherical harmonic in Eq. (44) is re-
placed by the rank-L tensor built from the relative four-
momentum (p; —p3),. For this purpose, in the COM
frame with total momentum k3, a Poincar¢ particle state is
introduced, whose components are characterized by
Lorentz indices y; ---u; . It is defined as

iy = / dQp; - Pyl BB, (210)

where (p}-p3)) ., denotes the symmetric traceless

rank-L tensor constructed from the relative four-mo-
mentum, and, for brevity, the standard momentum label
of the orbital state |k,u; ---u;) is suppressed.

By construction, (p; — p;)ﬁ1 -y 18 @ rank-L symmetric
traceless tensor, which is an SO(3,1) irreducible repres-
entation [u;---u;]. Since the time component transforms
as an SO(3) scalar in the COM frame, tensor components
with one or more time indices behave as scalar factors
multiplying lower-rank spatial tensors and hence contain
contributions from orbital angular momenta smaller than
L. Consequently, the restriction of the representation
[ - --pur] to the SO(3) little group of the total momentum
ks is reducible and decomposes into a direct sum of the

SO(3) irreducible components [¢;] as

(1) = EPLE,

i

@11)

where i labels all possible orbital components. The cor-
responding pure L covariant orbital angular momentum
state is denoted by |¢,), which represents the orbital angu-
lar momentum L irreducible component of the SO(3) little
group. It is SO(3)-equivalent to the orbital angular mo-
mentum state |Lo) in Eq. (208) by

[€r) = |Lop), (212)
where both objects describe the orbital angular mo-
mentum L irreducible component, but in different realiza-
tions. The state |£,) is written in the covariant Lorentz in-
dex realization, whereas |Lo;) is written in the little
group index realization.

Next, the corresponding projection tensor is intro-
duced, which projects the Lorentz representation
[t -+ -] onto the Lorentz representation [£;] that corres-
ponds to the pure orbital angular momentum L irredu-
cible component. From Egs. (210) and (211), the state
|1 ---ur) 1s known to contain the orbital angular mo-
mentum L component. It can be defined as

s - ) = @y (k3)10), (213)
where @,,..,, (k;) is the field operator that creates the state
in Eq. (210) from the vacuum, carrying Lorentz indices
-+ and total momentum k;. Similarly, the pure orbit-
al angular momentum L state |£;) can be defined as

|€L) = @y, (k3)]0), (214)
where @, (k3) is the field operator that creates the state in
the Lorentz representation [¢;] from the vacuum, carry-
ing Lorentz indices ¢; and total momentum k;. Therefore,
a projection operator exists that projects the Lorentz rep-
resentation [u;---u;] onto the pure orbital angular mo-
mentum L Lorentz representation [¢;]. The correspond-
ing orbital projection operator is defined as

Py (ks L) = (g - |2

= (0|®¢, (k3) D" ** (k3)|0). (215)

Using the covariant projection tensor in Eq. (203),
this projection can be implemented recursively in a fixed
coupling order. For L =0, there is no Lorentz index. In
the Lorentz representation associated with orbital angular
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momentum L = 0, the corresponding projection tensor is
a scalar.

For L = 1, the corresponding projection tensor is equi-
valent to coupling the spin-1 Lorentz representation [x]
with that of spin-0 to obtain the Lorentz representation
[£1]. From Eq. (203), the covariant projection tensor can
be written as

Pyi(ksi1,1,0) = Y CL7ag (kss Dt (ks 1)

oo

=) g (ks Dt (ks 1),

[en}

(216)

For an arbitrary L > 1, the last L—1 indices u,---u;
are first projected onto an intermediate orbital angular
momentum L-1 Lorentz representation [£; ], and the
remaining index y; is then treated as a spin-1 Lorentz
representation [y;]. It is coupled with [£; ;] through the
projection tensor that realizes 1 ® (L—1) — L. This yields

Py (ks L) = P (ks L1, L= 1P (ks; L= 1), (217)

where P{'“'(ks;L,1,L—1) is the covariant projection
tensor implementing 1®(L—1) — L. By Eq. (203), it can
be written as

Py (ks L1, L= 1)
= > CpIrN A (ky Lyt (ks Dult (ks L—1).

Loy
010L-10L

218)

Therefore, P; ™ (ks;L) is obtained through successive
couplings implemented by the projection tensor. This
projection tensor can then be used to project the rank-L
tensor, constructed from the relative four-momentum
with indices w;---u;, onto the desired orbital-L Lorentz
representation [€;]. Consequently, the covariant orbital
tensor is defined as

tr, (ks, Py = p3) = Py, " (ks LY(Py = Py (Py = P2 (219)

where 1t/ (ks;,p; —p3) is manifestly covariant. In any
frame, it keeps the same form and can be written as

(Pl - Pz)#L .
(220)

I[LL(P3,P1 —p2) = PI;LIMHL(P%L)(PI =Py

After fixing a specific Lorentz realization [¢;] of the pure
orbital angular momentum L, the corresponding covari-
ant orbital tensors can be evaluated explicitly. As a rep-

resentative example, take [£;] to be realized by Lorentz
four-vector indices, namely by Lorentz tensor indices
py -y that carry the pure L component. In this case,
after simplification, the associated projection tensor can
be written as

Pr(psl) =Y en " (psil)e, (puiL).  (221)
oL

where €)!"*(p3; L) is the spin wave function satisfying the
Rarita—Schwinger conditions, given in Eq. (158). One can
see that this projection tensor is exactly the orbital pro-
jector used for the orbital part in Eq. (162) of the covari-
ant tensor method. It projects the rank-L tensor built from
the relative momentum onto the subspace that is symmet-
ric, traceless, and transverse to the parent momentum in
each index, thereby extracting the irreducible component
corresponding to the pure orbital angular momentum L.

With this choice, the covariant orbital tensors for sev-
eral low-L cases can be written as

Vi

1 _ v, P3P

tﬂl - <_g#11 + 2
P3

2 = (—gv' +p;]p3ﬂl )(_

)(pl = P2

v2
vy P3 P3, )

iy T i p% 1 p%
X (1= p2)n (P1= P2y,
! L D3 DY
"3 {(_g ]2+ 3T33>(P1 — P2 (P1 = P2y,
P3u P3
X (_gﬂmz + %) (222)
3

It follows that the covariant orbital tensors obtained in
this realization coincide exactly with the orbital tensors in
Eq. (168) of the covariant tensor method. Equivalently,
this projection tensor projects the rank-L tensor construc-
ted from the relative momentum onto the Lorentz repres-
entation [¢;] associated with the corresponding pure L ir-
reducible component.

After defining the covariant tensors in Egs. (204),
(207), and (219), the construction of the corresponding
partial wave amplitudes can be formulated. First, recall
the partial wave amplitude in the covariant tensor meth-
od in Eq. (182). It can be written as a product of three
pieces: the LS coupling part, the orbital part, and the ex-
ternal spin wave function part. The LS coupling part and
the orbital part are precisely given by the total spin-S pro-
jection tensor, the orbital-spin coupling projection tensor,
and the covariant orbital tensor defined above. Therefore,
by combining these building blocks, the covariant LS
coupling structure is defined as
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I %(ks, p}.p5:L.S)

= P (ks; 53, LS PR % (k33 S, 51, s2)tF, (kss py — p3). (223)

By contracting this covariant LS coupling structure
with the external spin wave functions over the Lorentz in-
dices, the LS partial wave amplitude in the GS scheme is
obtained. It can be written as

Co1% (ks, p}, p3; L, S)
= 05 s, i, 3 L) Xl (ks 5300 3 0B (93 52)
= P (k33 S, 51, 52)i1f) (P s, (P 2)

X PHS (kss 53, LoS)th (kss p = p3)

X ul (k33 53).
(224)

The physical content of this construction can be or-
ganized into three steps:

1. P (ks S, 51,8007 (p: $1)iaf2(p3: 52) represents the
projection of the representation [£,]®[£,] carried by the
two final state external spin wave functions onto the total
spin-S representation [£s], thereby implementing the spin
coupling s;®s, — S.

2. P(ksis3,LS)th (ksipi—p5) represents further
projecting [£,]®[{s] onto the representation [£3] of the
parent spin s3, implementing the coupling L&S — s3.

3. Project the coupling result obtained above onto the
parent external spin component o3 to finally obtain a
scalar partial wave amplitude with external spin labels
(01,02,073).

Since the entire expression implements the coupling
and projection explicitly through Lorentz index contrac-
tions, it is covariant in form. In any frame, it retains the
same form and can be written as

C7(ps. p1.p2:L.S) = T%(ps. p1.pas L.S)

covariant LS coupling structure

2 — —
Xug (p3; $3)ity, (p1; )iy, (P23 82).

general-spin part

(225)

The GS scheme is, in essence, fully equivalent to the cov-
ariant tensor method. When the Lorentz representations
[£] are chosen to be the corresponding four-vector realiz-
ations, this equivalence becomes explicit.

For example, consider the two-body decay with

s3=1, s;=1, and s, =1, and select the partial wave
(L,S)=(1,1). In this case, the total spin-S covariant pro-
jection tensor can be written as

Pl (py;1,1,1) = Z CLI 67 (ps)elt (ps)e (ps)

010208

\/— . 7= 8usug sﬂsmmpp%
(226)

The orbital-spin covariant projection tensor can be
written as

P (ps1,1,1) = Z Cro 7 e (p3)et(p3)els (ps)
oLoso3
i ,
_  gHhpisp
Vams 8usr, P3p
227)

and the covariant orbital tensor can be expressed as

p3 p3}1L ) (228)

3

U ( gﬂL (p] pZ)vL~

After contracting the covariant LS coupling structure
with the external spin wave functions, the final partial
wave amplitude can be written as

CZ;UZ(P_%pl’PZQ 15 1)
=T (pas p1, p2s 1L, D) X €2 (pa)e, ()€, > (p2)

P3 p3p
M1 2K —o’L L
X 8liap Pl ( 8t

)(171 - P2y,

X € (p3)ey (Pe€s(pa), (229)

with

gk = ght (8" gl — g9 gl7) — 82 (88, — 8" gy )
+ gK (gﬂlﬂLgﬂz _gﬂzﬂLgﬂl)
3 p P
(230)

which coincides exactly with Eq. (181). Consequently,
the covariant projection tensor formulation in the covari-
ant projection tensor method provides a systematic com-
pletion of the Lorentz structures entering the orbital-spin
coupling in the covariant tensor method, and it allows the
corresponding coupling structures to be computed for ar-
bitrary spin.

However, the covariant projection tensor amplitude in
the GS scheme has the same issue as the covariant tensor
method, namely that the orbital and spin decomposition is
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not fully explicit. The reason is that, in the COM frame,
the covariant projection tensor amplitude in the GS
scheme in Eq. (224) evaluates the final-state external spin
wave functions at the COM momenta p} and pj;, rather
than at the rest frame. It can be written as

coM
u(p3; $3)i(py; $1)u(pa; 52) — ulks; s3)a(py; $)i(py; 1),
(231)

where the general-spin part in the COM frame depends
on the direction of the relative momentum and thus con-
tains residual contributions from the orbital part. Con-
sequently, the separation between L and S does not fol-
low the traditional-LS method, since the general-spin part
here is not purely intrinsic-spin objects. In this sense, the
covariant projection tensor amplitude in the GS scheme
differs from the traditional-LS amplitude in Eq. (70).
Only in the non-relativistic limit does the general-spin
part reduce to u(ks;ss)i(ky;s))i(ks;s,), which are the
purely intrinsic-spin objects, and the covariant projection
tensor amplitude in the GS scheme would have clear LS
separation.

Therefore, in order to construct a scheme with a com-
plete orbital-spin separation while using the covariant LS
coupling structures, the external spin wave functions
must be further processed. Before introducing this treat-
ment, the full amplitude in the GS scheme is defined by
summing the LS partial wave amplitudes over all al-
lowed (L,S) components in the COM definition as

C7 (ks pp3) = > NisCR 7 (ks pp3: L.S),  (232)

LS

where N;g denotes the partial wave coefficient associ-
ated with the (L,S) component. The full covariant projec-
tion tensor amplitude in the GS scheme can also be writ-
ten as a complete contraction between the covariant coup-
ling structure and the general-spin part,

CT7(ks, p},p3) = Ti®(ks,pi.p3)
—————

covariant coupling structure

X ul (ks; s3)it;, (pys 512 (ps 52), (233)

general-spin part

with

0% (ks, p}.p3) = Y NisT % (ks pi. p3: L.S).
LS

(234)

In the next subsubsection, the final-state spin wave func-
tions are rewritten such that their momentum dependence
is extracted and reassigned to the coupling structure. This

leads to the PS scheme partial wave amplitudes, where
the orbital and spin parts are explicitly separated.

2. Covariant projection tensor method in the PS scheme

In this subsubsection, the construction of the covari-
ant projection tensor amplitude in the PS scheme is dis-
cussed. In Eq. (233), the general-spin part depends on the
relative momentum and, therefore, carries orbital inform-
ation. To enforce a complete separation between the or-
bital part and the spin part, the orbital dependence in the
final-state wave functions is extracted and absorbed into
the covariant coupling structure. Using Eq. (192), the fi-
nal-state spin wave functions can be written as

-0 K -0 (), — *
”e,l (prss) = ”f;] (ki3 51)D (l, (Ll,lc(Pl)),

B (P s0) = 0 (s )DL p3),  (235)
where k; and k, are the standard momenta of particle-1
and particle-2. The boosts are then reassigned to the cov-
ariant coupling structure. Using Eqgs. (233) and (235), the
covariant projection tensor amplitude in the PS scheme
can be obtained as

o0 * * * * 4 — % £ — *
A7\ ks, p1,py) = Féfz(k.%Pl .p2)D, (Ll,i(pl))D jz(Lz’i(pz))
covariant coupling structure

4 . - . =072 .
Xug, (kss s3)itg, (ki )iy, (ka3 52),

pure-spin part

(236)

where the pure-spin part no longer contains any orbital
information, thereby achieving an explicit separation
between the orbital and spin parts.

For the covariant coupling structure in Eq. (236),
once all allowed (L,S) partial waves are included, it can
be expanded in the set of covariant LS coupling struc-
tures Ty (ks, p}, p3; L,S) defined in Eq. (223), which can
be written as

* * [? - * (& - *
T} %(ks, p}, p5)D'} (LA (P))ID (L3 (P5))

[/f’ ¥ K
=Y NisT, 2 (ks pi p3i L. S),
LS

(237)

where N is the partial wave coefficient of the LS amp-
litude basis. As a set of pure tensor structures, I'r.(ks,
pi,p5;L,S) does not necessarily (and in practice usually
does not) form a complete basis. However, after contract-
ing it with the external spin wave functions, one obtains
the scalar amplitudes.
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072 ks, p}, p3s LS ) Xl (ks 52)i) (Ko 50 (ko3 52), (238)

which reproduces the LS decomposition of the tradition-
al-LS amplitude. In this sense, the decomposition is com-
plete at the amplitude level. Therefore, the structures gen-
erated by I\ (ks, p}. p3; L,S) provide a complete basis for
the amplitudes. Any additional tensor structures can only
yield redundant contributions that become equivalent to
this basis after contraction with the external spin wave
functions, and they do not generate new independent
amplitudes. Based on this observation, it is sufficient to
consider only the tensor structures generated by these
Fﬁ;"z(kz,p’{,pE;L,S ) to span the full set of amplitudes.
Consequently, the covariant projection tensor amplitude
in the PS scheme is defined as

AT (ks, p}, p5:L.S) = T (ks p}, p3: L.S)

covariant LS coupling structure

Gl o\ eV .
Xug (ks s3)ity,! (kys 1)y, (ko 52),

(o

pure-spin part

(239)

where the LS coupling structure Iy (ks, pj, p3; L, S) is the
same as those in Eq. (223), while the external spin wave
functions are defined at the standard momenta of the cor-
responding particles.

In the following, the equivalence between the covari-
ant projection tensor amplitude in the PS scheme and the
traditional-LS amplitude is established. Using Eqgs. (223),
(203), (207), and (219), the amplitude in the COM frame
can be expanded as

A7\ (ks, p1, P53y L,S)

o3

= L0 ks, pi, i LS s, (ks s3)a (k' 517 (ks 52)

o

— LopiS.os =93 . 93 . s .
= E Cswg Uy, (ks; S3)MUL (ks; L)Mgs (k3;8)
ool oLos o,
172%s 3
$1.0°382,07%

X CS oG

X Py (k3 LYY = Py - (PY = Py

X uf (ks; s3)itg) (kis 51)iag? (ka3 52).

a3

iy (ks S ugh (ks 1)t (ks )

(240)

Using the orthonormality relation in Eq. (355) for the
spin wave functions with spins s;, s», s3, and S,

= . ¢ .

iy, (kl,sl)uu-l/l (k33 81) o< 5((:{,
_ ¢

iy (ky; Sz)lftgz/2 (k33 52) o 52,
_0% ¢ .

Mf; (ks; s3)u0§3 (k3;53) = (52,

i) (ks3 S us, (ks §) = 672,

as

(241)

where the spin-s; and spin-s, wave functions are defined
at different standard momenta, the difference is only an
overall mass-dependent constant. This constant can be
absorbed into the LS partial wave coefficients. Therefore,
the amplitude can be written as

A7\ (k3, p1,p3s L,S)
oc Z CL,a'L;S,a—S CX],(T];Sz,(TZ

53,03 S.os
oLOs

Xt (ks3 LYPY ™ (k3s LX(P} = P3)y =+ (Py = Py (242)

For the expression in the second line, after simplification,
it becomes the spherical harmonic with orbital angular
momentum L and can be written as

Mf;_LL(k3,lz)PIZLI”L(l(?),lf)(lfi< _p;),u] o (lfi< _p;),uL = NLYiL(Q),
(243)

where N; is the normalization constant. As an example,
for L=1,

ug (ks; P (K3 1)(p} = )y,
= uf;l] (k3; l)Pl[{ll (k3; 1» 150)(171{ _p;)yl

; 1,0”;0 _o’ % *
= D ul (s DC ! ity (ks Dudy (ks (P = Py

’
0'117'1

= u, (k33 (P} = Py - (244)
In the rest frame, the spin-1 wave function with the
Lorentz four-vector index u corresponds to the polariza-
tion vector. For the standard momentum &4, it can be
written as

N
v
ki) =eitk)=| 0 00 1|,
1 -1
0 — — 0
V2 V2 -
o 0o o0\
-1 0 L
kiD= )= | Y2 2 (245)
— 0 —
v
0 1 O .

By calculating each component of Eq. (244), one finds
that the expression is proportional to the spherical har-
monics and can be written as
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—sin@e'¢
uy! (ks 1)(py = pyy cos@ =Y! (Q). (246)

[on] [en}

sinfe ¢

a1

In this way, for orbital angular momentum L, the same
simplification can be performed as above, and the result
reduces to the spherical harmonic in Eq. (243). The nor-
malization constant N; can be absorbed into the LS par-
tial wave coefficient. Thus, the amplitude in Eq. (242)
can be written as

AT (ks P} p3i LS ) oc Y - CLOES TS CUT Y E (Q).

$3,0°3
OLOS

(247)

This shows that the covariant projection tensor amplitude
in the PS scheme is equivalent to the traditional-LS amp-
litude in the COM frame. Consequently, the LS expan-
sion of the coupling structure in Eq. (237) is complete
once all allowed (L,S) are included. In the PS scheme,
the LS partial wave amplitude therefore realizes an expli-
cit separation between the orbital part and the spin part in
the COM definition. The same construction is extended
below to any frame.

From Eq. (96), the canonical amplitude in any frame
can be written as the COM frame canonical amplitude
multiplied by the corresponding Wigner rotations of the
final-state particles, which can be expressed as

AZ;U—Z (p39pl sP2s L’ S)
=N AN (ks ppsi L.S)DT
2

oo

(Rs)D7™" (Ryy). (248)

Therefore, in any frame, the covariant projection tensor
amplitude in the PS scheme transforms with the same in-
duced little group rotations as the traditional-LS amp-
litude.

Since the little group is a subgroup of the Lorentz
group, its action on the wave functions at the standard
momentum can be expressed as a Lorentz transformation
implementing the little group rotation on the standard
momentum wave functions. Using Eq. (192), the spin
wave function under the little group rotation is written as

S DTORME (ks 5) = DY (Rl (ks s),

o’

> DR (k; s) = DR (k; s),

o’

(249)

where k is the standard momentum of the particle. Fi-
nally, in any frame, the covariant projection tensor amp-
litude in the PS scheme can be written as

Agilg(rz(p:%plapZ;L’S)
4 %k (4 _ 48 _
= T4 (ks, pi, p; L.S)D' (R5HD'L (R3))

Xl (ks s3)i (s )ity (ko ), (250)

where R;; (i=1,2) are the Wigner rotations obtained
from Eq. (95) and can be written as

Ry =L ;(P)Ls(P)Lic(P).  i=12, (251)
where L; .(p;) is the canonical standard boost for particle-
i. The matrix D%(R) denotes the Lorentz transformation
matrix in the Lorentz representation [£]. Although the co-
variant projection tensor amplitude in the PS scheme can
be evaluated in any frame, the associated Wigner rota-
tion depends on the particle momenta p; (i =1,2) in the
COM frame. Therefore, the PS scheme is not fully mani-
festly covariant at the level of its formal definition.

The covariant projection tensor amplitudes in both the
PS scheme and the GS scheme are related by the corres-
ponding Lorentz transformations, which can be written as

A7 (p3,p1.pasL,S)
=T (p3. 1. P2 LS)ug, (pss s3)itg, (pr: )iy, (p2s 52)
x D} (Lsc(p3)Rs! L3L(93)) D2 (Ls c(p3)R31 L3 (b))
= rgb(}?&l?l,Pz;L,S)Mf% (p3; 53)521@1;»‘1)5122(172; 52)
x D'{ (Lso(@s)Li))L3 A (p)

x D2 (L3 (p3) Lo c(D)L5 L (05)).
(252)

where, in the last equality, the first line coincides with the
covariant projection tensor amplitude in the GS scheme,
while the second line collects the Lorentz representation
matrices that relate the PS scheme and GS scheme defini-
tions. In general, these matrices are not the identity mat-
rix, so the two schemes define different (L,S) partial
waves and therefore need not coincide.

Although the PS scheme partial wave amplitude
achieves the same explicit separation between the orbital
part and the spin part as in the traditional-LS construc-
tion in the COM frame, it is not manifestly covariant in
the strict sense. From the viewpoint of Lorentz transform-
ations, the "covariance" in the PS scheme refers to the
fact that no explicit little group rotation appears on the
little group indices. The little group rotations induced by
a Lorentz transformation are instead mapped, through the
use of the rest frame wave functions, into rotations acting
on the Lorentz indices of the rest frame wave functions.
However, this procedure does not remove the need to
evaluate the Wigner rotations R;; generated by boosts. As
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a result, the PS scheme realizes an explicit orbital-spin
separation, but it does not provide a fully manifestly cov-
ariant construction.

C. Calculations and comparisons of different LS
amplitudes

In this subsubsection, we will calculate the amp-
litudes for the two-body decay process in the traditional-
LS amplitude, the covariant projection tensor amplitude
in the PS scheme, the Zemach tensor amplitude, and the
covariant tensor amplitude. In the following calculations,
we omit the overall constant factors g;s in front of the
corresponding LS partial waves, and focus instead on the
values of 03,071, and o, associated with each amplitude.

Different LS amplitude in COM frame In the fol-
lowing discussion of the covariant projection tensor amp-
litude in the PS scheme, the Lorentz representations are
illustrated using Lorentz four-vector indices denoted by
w,v,p-+-. In the covariant tensor method, the resulting
amplitude is equivalent to the covariant projection tensor
amplitude in the GS scheme. Its difference from the PS
scheme originates from the choice of external spin wave
functions in the COM frame. Therefore, in the explicit
examples of the covariant tensor method, the coupling
structure can be taken directly from the PS scheme con-
struction.

For the two-body decay process 3 — 1+2 with spins
s3=1,5;=1,5, =0, the momenta of the particles are
{ks, p},p3}, and we define r=pj—p;. In this process,
there are three possible LS partial waves, namely
(L,S)=(0,1), (1,1), and (2,1).

1. For the (0, 1) partial wave, the amplitude can be ex-
pressed in the following four schemes:
(a) Traditional-LS amplitude:

A7 (k3,p;,p3;0,1) = CYIEMTs CLTH0 Y0 (Q) =671, (253)

o3 l,o3 lLos

(b) The covariant projection tensor amplitude in
the PS scheme:

Az (ks, p1, 330, 1)
=T (ks, p1, P33 0, Dl (ks; Dyiag ! (k5 1)

= P45 (k33 1,0, DP (ks 1, 1,00 (ks Dt (K13 1), (254)
where
P (k33 1,1,0) = > CTE0aT (ks i) (ks: 1)
loateny
=Y el ks)e (k)
K
=g =g k), (259)

3

and

P (ky:1,0,1) = > CYRT g (kas Duds (ks: 1),

Loy s
7503

=Y e (ke (k)
s
Kk,
= -+ = =R k). (256)
ms
The amplitude is
= P4 (ka3 1,0, P4 (ka3 1,1,00u57, (ks D)y, (kis 1),
=& (k)€ (ke (ki)
=67, (257)
(c) The Zemach tensor amplitude:
AT (k3,7 P30, 1) = > (€,)i(€7) = 671 (258)
(d) The covariant tensor amplitude:
Coy ks, p1. 230, 1) = g (k3 )€ (ks)e, T (py) # 6. (259)

2. For the (1,1) partial wave, the amplitude can be
written in the following four schemes:
(a) Traditional-LS amplitude:

_ Lop;los ~1,01:0,02 v/1
=C serrtryl (@)

1,03 lL,os
1 i a1
—cosé ———singe' 0
1 3 1 \/z 1
=-4/— | ——=sinfe™ 0 ———sinfe'
2V on V2 V2
———sinfe™ cos6
V2

(260)

(b) The covariant projection tensor amplitude in
the PS scheme:

= T (ks i, 33 1, Dt (ks DS (ks 1)
= P (ks 1,1, )P (ks 1, 1,002, (s, P (ks DS (s 1),
261)

where Pii(ks3;1,1,0) can be obtained from Eq. (255).
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PUts (k3 1,1,1)
= Y Crgth (ke Dut (ks D (ks 1)

TLOSO3

= CHIEMs €7 (ks )bt (ks )l (k)
OLOs03
i o
= \/§m3 8o, 8ﬂ3ﬂwspk3p
i ,
= o S ) (262)
3
and
1, (ks,r) = Pt (k3:1,1,00r, = g (ks)r, = P, (ks).  (263)

The amplitude is

A7 (ks, py,pys 1 1)
= P (ky; 1,1, PR (ks 1, 1,001, (s, ruds, (kss D! (kg 1),

i ,
= = 8uy, M (k3 )Ty, (k3D (ks e, (ki)

\/§m3
1 . o1
—cosf ———sin6e 0
V2
o ———sinfe 0 ——sinfe
V2 | V2
0 ——sinfe™¢ cosé
V2 .
(264)

A7\ (ks,p},p5:2, 1) = CrIEMs CHTI07 Y2 (Q)

l,os oL
1

2

1 T
= ———cosfsinfe ¢

V2

20, -2ig
—sin“fe
2

1
20_ -
(cos 3)

(b) The covariant projection tensor amplitude in
the PS scheme:

AJ (ks py,p3i2,1)
= PRt (ks; 1,2, 1) Pyl (k35 1,1,0)

X1, ks, s (ks it (kys 1), (268)

v

where P4l (ks;1,1,0) can be obtained from Eq. (255),

(c) The Zemach tensor amplitude:

A7 (K3, p1.py; 1. 1)
= Z(E<r3)k8fjk(fwl)il'j
i jk
1 ) a1
—cosf ———sinfe 0
1 \/i 1
o ———sin@e™¢ 0 ———sin#e
V2 V2
0 ———sinfe™? cosé
ﬁ o3
(265)
(d) The covariant tensor amplitude:
i ~ut, ~ *0 *
= \/—Tnhguwg S (k3 )y, (k3 )€ (ks )e, ™ (ph)
1 ) oy
—cos6 ———sinfe? 0
| V2
———sinfe ¢ 0 ———sin#e'
|\ v V2
0 ———sinfe™? cosé
‘/z o3
(266)

3. For the (2, 1) partial wave, the amplitude can be ex-
pressed in the following four schemes:
(a) Traditional-LS amplitude:

1 ) 1 ) oy
% cosfsinfe 3 sin?Ge??
1 1 .
—(cos?6— §) 5 cosfsinfe'® (267)
L cos@sinfe ¢ —(cos?8 1)
V2 2 3 -
PR (ks 1,2,1)
= ) CHoEt T a (e DUl (ks 20ud (ks 1)
TLOS03
= Y CHEMS en (ks)eht (ks)els (ks)
TLOs03
1, . v 1 |
=5 (8hE (k3)T"™s (ks) + B (k3) G (ks)) — 3 M (k3)E s (ks),
(269)
and
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. - |
tiLyL(k3’r) = PZY;Z(}(S)VM rﬂz = r/JL(k3)rVL(k3) - g(r r)gvaL(kS)-

The amplitude is

AT (s, P, pa;2,1) = PSS (kg 1,2, 1) P (kas 1,1,0)22

1
= e ke (k) (P (ko) hs) = 5 (- IR (k)

1 1
3 (cos?6— g)

1 . .
———cosfsinfe™?¢

V2

1.,
—sin’0e2¢
25111 c

(c) The Zemach tensor amplitude:

* * *O 1
AR, P1 P32, 1) = D ()€ )i(rir; = 31°6)

ij

1 1
E(cosze— §)

1 . i
o ———cosfsinfe

V2

<200 -2ip
—sin“fe
2

(d) The covariant tensor amplitude:

1
Co ks pi P32, 1) = €5 ()es (pi) (7 (ko) (k) = 5 - PO (k)

1 1
3 (cos?6— 5)

1 )
* ———cos@sinfe™¢

V2

1. .
—sin’Qe2¢

Fi)r the tlwo-body decay process 3 — 1+2 with spins

53= 5,81 = 5,5 =0, two possible LS partial waves exist,

2’ 2 1 1
namely (L,S) = (0, E) and (1, 5).

1
1. For the (0,5) partial wave, the amplitude can be

expressed using the following four schemes:
(a) Traditional-LS amplitude:

. 1 ol o lm' oz
A‘f'(k3,p7,p;;o,§)=ci* CERCTTIOTYS (Q) =65 (274)
2 20 3

a3 o3 oL

(b) The covariant projection tensor amplitude in
the PS scheme:

(270)
v (ks U, (ks D! (ki3 1)
R cos Osin fe'¢ 1 sin®@e?? "
V2 1 12
—(cos?6 - 5) ———cosfsinfe’ 71
———cos#sinfe ¢ —(cos’6— l)
V2 2 3 o
L cos@sin fe'’ lsin2962i¢ "
V2 1 12
—(cos*6 - §) 5 cosfsinfe? (272)
Y cosfsinfe 5(00529 - 5) )
€ cos@sin fe'? 1 sin’ge?? "
V2 1 12
—(cos*6— g) 5 cosfsinfe 273)
] cosfsinfe™ (cos?6 1)
o i 2 _Z
\2 2 3 o

* * 1
Ag;(k&Pl’pz;O’E)
| * *, 1 a3 . l =01 . 1
:Fa3(k3’pl’p2’0’ 5)”0-3(]{39 E)M’Jl (kl’i)

¥s 1 1 103 1 1 os . 1 =0 . 1
= Pfyi (k3; 5,0, E)Pa; (k3; 5, E,O)Mgi(k,% E)M”‘l(kl’i)’ (275)

where

11 S 1
P ks 5.0.5) = Y0 C g s s (ks )
030§

=%

a3z’

(276)

and
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, 11 Lo g, 1,1
Py (ks 55,00 = Y €y (ks i (ks )

os0o]

=0, (277)
The amplitude is

o * * 1
Agy (k. 1. 9230, 5)
1

) E)Pgl

1
= 033 0w (ks ) (ks

@3 Cas o3

U | RV R
= P33 (ki 5.0 (ki 55 55 0y (ks )it (ki )

1
(03] 5)
oc 67 (278)

(c) The Zemach tensor amplitude:

1
Az (k3. P1 P20, 5) = (o) (0 e

=0 (279)
(d) The covariant tensor amplitude:

* * 1 @, (o3 0% 1 =0 * 1
Coitha, i p3:0.5) = 033 %y (ks )0 (P 5)

#67. (280)

1
2. For the (1,5) partial wave, the amplitude can be

written in the following four schemes:
(a) Traditional-LS amplitude:

1 dog Lo0,0,
Ak pLp3i 1, 5) = O O @)

3 Los
_1\/T —cosf  —sinfe \
2V \ —sinfe ™  cosé '
a3
(281)

(b) The covariant projection tensor amplitude in
the PS scheme:

o * * 1
Ao-;(kbpppz;l,i)
ay * * 1 a3 1 =0 1
=F(,3(k3,191,172;I,E)M@(ka;i)um(kl;i)
1 1 11
= P (ks 1,50 (ks 5. 5.0)

w iy b )P ki 5
1 1
xt}, (s, P (ks )0 ), (282)

11
where Pyl (Ks; 7 5,0) and t}lL(kg,r) can be obtained from
Egs. (277) and (263),

1

2

_ lv"'LQ%v”S Tl 1 HL (fer s (foa 1

= D O ks Du i)
030L0s

= (58 (k)y"0)5,-

1
P kst 5. 1,5)
(283)

The amplitude is

1
5)

1 1
= Pﬁg“s(lg;i,l, E)Pgé(k&

Az (k3. pi.p33 1,
11
272’

1k (Ysk-l—a'lk.l
X1y, (s, Pt (ks 5)itg, (ki )

0)

—o 1 ~ AN T 1 ~
= iy, (ki3 5)(758}:2 (k3 )y ), g (ks E)r’“ (k3)
—cosf  —sinfe? \
oC . .
—sinfe™¢ cosf )

(c) The Zemach tensor amplitude:

(284)

1
AZ e, p1p3i 1, 3) = D0 @ 0xe Ty
—cosf  —sinfe? \
o A . (285)
—sinfe™  cos6
o3
(d) The covariant tensor amplitude:

1
)

—o * 1 ~U Ny, 1 ~
=ity (P15 5)(758712(k3)7#L) o3 U (k33 E)Vm(ks)
" —cosf  —sinfe? \

—sinfe*  cosé '
a3

Through the above comparison, we note that for the
traditional-LS amplitudes, the covariant projection tensor
amplitude in the PS scheme, and the Zemach tensor amp-
litudes, they are completely equivalent in the COM frame
and use the same LS component.

By contrast, the covariant tensor amplitudes are not
equivalent to these amplitudes in the COM frame. Only
in the non-relativistic limit are the covariant tensor amp-
litudes equivalent to the other three amplitudes.

Different LS amplitude in any frame Since the tra-
ditional-LS amplitudes, the covariant projection tensor
amplitudes in the PS scheme, and the Zemach tensor
amplitudes have been shown to be equivalent in the COM
frame, boosting them to any frame induces the same little
group rotations, which can be written as

Coy(ks, prs pa3 1,

(286)
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Rsi = Ly L(p)L5L(p3) L1 o(P), (287)

where only the rotation for particle-1 is written explicitly,
since in the examples below, particle-1 is the only final-
state particle that carries spin. In the following, the cov-
ariant projection tensor amplitudes in the PS scheme are
therefore used as the representative scheme for comparis-
ons with the covariant projection tensor amplitudes in the
GS scheme in any frame.

For the two-body decay process 3 — 1+2 with spins
s3=1, s1=1, s, =0, the momenta of the particles are
{ps,p1,p2}. In this process, there are three possible LS
partial waves, namely (L,S) = (0,1), (1,1), and (2, 1).

1. For the (0,1) partial wave, the amplitudes can be
written in the following two schemes:

(a) The covariant projection tensor amplitude in
the PS scheme:

AN (3. p1,p230,1)
= g (ke (ke (k) D (R )

a3

= 2 (e (pre (k) D (R;) L3 1(ps))

=g (p)er (pa)f*”‘ (pl)Dm (L3 «(P3)L1 () L5 (P3))-
(288)

(b) The covariant projection tensor amplitude in
the GS scheme:

Coi(p3, p2,p130,1) = 8L (p3)€ (p3)er (po).- (289)

2. For the (1,1) partial wave, the amplitudes can be
expressed in the following two schemes:

(a) The covariant projection tensor amplitude in
the PS scheme:

Ail(ps,pl,pzzl,l)
\/E Sgp% 54U (p3)F, (p3)els L(pa)e, ! (p1)

X D (L o(p3) Lo (P L3 (p3))- (290)

(b) The covariant projection tensor amplitude in
the GS scheme:

C(Tl(p'%pZ’pl’ 1’1)

i

= im 3gmu38”’“”‘(Pa)rm(pa)f”’(l’a) €, (py). (291

3. For the (2,1) partial wave, the amplitudes can be

written in the following two schemes:
(a) The covariant projection tensor amplitude in
the PS scheme:

AUI(PS,PI’PZZ l)
= & (p)e (p) (P (3T (p3) — ,(; PEs ()

X D} (Ls.o(p3) Lo o (P L3 (p3)).- (292)

(b) The covariant projection tensor amplitude in
the GS scheme:

Coi(p3, p2.p132,1)

1
= i (pe (o) (M (p2)Fi (p3) = 5 F- P (p3)). - (293)

In the two-body decay process 3 — 1+2 with spins
$2=0, there are two possible LS partial

1
=5
1 1
(0, 5) and (1,5).

waves: namely, (L,S) =

1. For the (0,3) partial wave, the amplitudes can be
written in the following two schemes:

(a) The covariant projection tensor amplitude in
the PS scheme:

1
A7N(p3, P15 D230, ) 0y O f,;(m;i)b_ia/:([?l;i)

X D (La o (p3) L1 (p}) L3 (p3)). (294)

(b) The covariant projection tensor amplitude in
the GS scheme:

)—5Z§5ZS iy, (p3i 5 )Mm(pl, ). (295)

Cg;(p:”?pbpl’ ’

1
2. For the (1,5) partial wave, the amplitudes can be

expressed in the following two schemes:
(a) The covariant projection tensor amplitude in
the PS scheme:

1
(7-3(p'§7p17p29 15 5)
= 12::: (PI;E)(VSEILLL(PQ)’# ) o U (P35 5 )T’ML(P3)

X D% (Ls «(p3) L1 (P} L3 (D3)). (296)

(b) The covariant projection tensor amplitude in
the GS scheme:
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1
)

1 = AN TR 1 ~
=g (p1: 5)(75g’jﬁL (p3)Y"e) 5, ues (p3s 3T (P3)- (297)

Cri(p3, P2, pis 1,

By comparing the two expressions, one can see that the
covariant projection tensor amplitude in the PS scheme
contains an additional Lorentz transformation factor relat-
ive to the covariant projection tensor amplitude in the GS
scheme, namely L3,C(p3)L1,C(pi{)Lg}(p3). This factor is gen-
erally not the identity matrix, so the (L,S) partial wave
bases in the two constructions do not match term by term,
and the extracted LS partial wave coefficients therefore
need not be the same.

IV. ON-SHELL CONSTRUCTION OF COVARI-
ANT ORBITAL-SPIN COUPLING
AMPLITUDE

In the previous section, methods for constructing LS
amplitudes using tensors were presented, and each of
them has certain limitations. For example, the covariant
projection tensor method in the PS scheme, although the
covariant projection tensor amplitudes in the PS scheme
can be evaluated in any frame, their expressions still in-
volve momenta defined in the COM frame. As a result,
the formulation is not fully covariant in form. For the co-
variant tensor method (GS scheme), although the covari-
ant tensor amplitudes retain a manifestly Lorentz covari-
ant form, the general-spin part carries orbital information
when one returns to the COM frame, and therefore the
traditional separation between the orbital part and the
spin part is not realized. Only in the non-relativistic limit
does it agree with the traditional-LS method.

Moreover, when the process involves massless gauge
bosons, the use of polarization vectors or similar spin
wave functions typically requires gauge invariance con-
straints to be imposed explicitly. One must then choose a
complete set of vertex structures that satisfy these con-
straints and are linearly independent, in order to avoid
gauge redundancy and redundant fit parameters, which
makes practical implementations more cumbersome.

To address the issues of the methods discussed above,
we introduce our covariant LS amplitudes constructed in
the covariant canonical-spinor scheme. They admit a
proper separation between orbital and spin parts, do not
require boosting to the COM frame, and can be applied
directly to processes involving massless particles.

In subsection IV.A, the covariant canonical-spinor
scheme is presented. In subsection I'V..B, we further com-
pare the covariant canonical-spinor scheme with the cov-
ariant projection tensor method in the PS scheme, and re-
formulate their expressions using our spinor construction
to obtain a genuinely covariant form. In subsection IV.C,

explicit examples of covariant canonical-spinor amp-
litude calculations are given.

A. Spinorial construction

In the spinorial construction, spinor variables are
taken as the basic building blocks. Before introducing
these spinor variables, it is useful to begin with the homo-
geneous Lorentz group. The six generators of homogen-
eous Lorentz transformations in Eq. (14) can be com-
bined as

Ai = Ji+iKi, Bi = J,—IKI (l= 1,2,3) (298)
They satisfy the following commutation relations:
[Ai,Aj] = isijkAb [Bi,Bj] = isijka [Ath] =0. (299

These commutation relations imply that SO(3,1) =
SUR2),®SU2)g. Correspondingly, the momentum in the
Lorentz four-vector representation p* = (E,p) can be de-
scribed as bispinors p,,. The corresponding conversion
matrix is 0.4, which can be written as

10 0 1
Uadz 9 O—Cld: b
o 0 1 ! 10
0 —i 1 0 300)
T2eq = ) O3qq = .
. i 0 ’ 0 -1

Using this matrix on p* gives the 2 x2 matrix p,,, which
can be written explicitly as

pl _ 1 p2

P —p?

Using the on-shell condition, one has det p,, = m?. There-
fore, there are two cases, corresponding to massless and
massive particles.

For a massless particle, satisfying det p,, = 0, the mat-
X p. has rank one. Thus, it can be decomposed as the
direct product of two spinors, 4 and 1, as

pl+p’

o (301)
p +1ip

Poa :pua-um‘r = (

Paa = /loz;l(x- (302)
For a massive particle, satisfying detp,, =m?, the

matrix p,, has rank two instead of one. Thus, it can be

decomposed as the sum of two rank-one bispinors as

Pai = Adardy, (303)
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where 1,; and 1. are spinors carrying the SU(2) little

group index 1= %—% and the SL(2,C) Lorentz group
index a/& =1,2. In this work, the discussion mainly fo-
cuses on spinors of massive particles.

Under a Lorentz transformation, the spinor variables
transform under the SL(2,C) Lorentz group and the
SU(2) little group. The explicit form of the transforma-
tion is

/l(yl (P) - /lurl(Ap) = W[JA'ﬁ/l,BJ(p)y

A(p) = A(Ap) = (W, AL A (),

A (304)

where W and W' are SU(2) matrices, and A and A are
SL(2,C) matrices. The antisymmetric tensor g, = —&% =

0 -1

1 0
spinor indices:

is used to raise and lower SL(2,C) and SU(2)

W= o= VPep  e%ep =6 (305)

To obtain the explicit form of the spinor variables at a
general momentum p, one can boost the spinors defined
at the standard momentum. The standard momentum can

be written in bispinor form as

~ m 0
ka(t = kﬂo-;wzd = /la/l(k)/l(y(k) = 0 . (306)
m

In general, there are many equivalent spinor solutions;
here, a particular one is chosen, given by

A(ﬂ(k)=< vm 0 ) ig(k>=< vm 0 )
0 \Vm 0 \Vm
(307)

which is consistent with the conventional choice. By ap-
plying a Lorentz transformation, the standard momentum
k is mapped to a general momentum p, which, in two-
component form, can be written as

Do = LY L(PYiksp, (308)
where L(p)? and E(p)ﬁ are SL(2,C) Lorentz boosts. The
corresponding transformation of the spinor variables is
then given by

Aar(p) = LY Az (k). 2(p) = Lk, (309)

Since subsubsection II.A.1 discusses both the helicity

and canonical types of boosts, it is natural to introduce
the corresponding spinor-helicity variables and canonical-
spinor variables generated by these two types of boosts,
respectively. From Egs. (18) and (19), it follows that both
types of boosts can be factorized into the product of a
pure boost along the z-axis and a rotation. In the left-
handed representation, the two-dimensional rotation and
the pure boost along the z-axis can be written as

. o .9
it 0 cos 3 —sins

B=0 o &t ®=\ .6 & |
SIHE COSE

(310)

p|
where E +|p|=me” and 7 = arctanh (% . For the rota-

tion part of the boost, we take

R(9,0,—¢) = R.($)R,(O)R.(—¢)
B c -5
- s cC ’

0 A .
where ¢ = cos 5 and s =sin Ee"ﬁ_ Here, it should be noted

that the choice of rotation R(¢,60,—¢) differs from the ro-
tation R(¢,60,0) in Eq. (18). Specifically, the first rotation
about the z-axis is taken to be —¢. For both the helicity
boost and the canonical boost, this initial rotation around
the z-axis does not affect the momentum after the boost.
To align with the convention of the helicity variables
commonly used in the literature, we therefore adopt the
rotation R(¢,6,—¢). Analogously to Egs. (18) and (19),
the two-dimensional helicity and canonical boosts in the
left-handed representation are

311)

1 _n
cez (—s%)e2
= ] _n )
se? ce 2

L.(p) = R($,0,—¢)B.(mR($,0,—¢)™"
el +|sPe"? cste? —cste?
= ) P NI
cse? —cse” "2

|s]e? +c%e2
Using the helicity boost and the canonical boost, the
spinor-helicity variables and the canonical-spinor vari-
ables for a general momentum p can be obtained from Eq.

(312)

and

SIS}

(NS}
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(309) and written as

/lal(p)h = Lh (p)/lal(k)

ce? (—s")e?
=W( , ) ) (314)

se?  ce’?
and
Aar(P)e = Le(P)Aai (k)
_ M( el +|sPe?

1 _1 2.1 o 1
cse2 —cse™2  |s|fe? +ce2

cs*e? —cste? >

. (315)
Unless otherwise stated, the canonical-spinor variables
will be used and denoted simply as A,; and 1,. Conven-
tionally, angle brackets (---) and square brackets [---] are
used to denote spinor contractions. The angle and square
brackets correspond to left- and right-handed spinors and

are defined by
n n
cs'e? —cs'e2
n n ’
|s]?e2 + ez
al
i _n
c’e? +|s%e

n n 1
2 cs'e? —cs'e?
I _ 5 _ o
[p|_/l(i/_ m n _n 2.1 2 1 ’
cse2 —cse” 2 |s|fez +ce 2 _
a

ce? +|sPe?

n _n
cs€2 —cse 2

|P1> :/l(ll = M(

cse? —cse? —(cPe? +|sPe ) ‘
<P1|=/l‘11=‘/ﬁ o1 5 1 5 1
|s|°’ez +c“e”2  —(cs*e2 —cs*e™2)
w1 % =1 2.1 2 1 al
|p1]=/~l‘”= N cs ezn—cse 2” s| ezq+ce zn
—(c*e2 +|s’e”2) —(cse? —cse?)
(316)
Some basic spinor contractions can be written as:
(P191) = [ (P)Aas(@) = Saﬁ/lﬁl(P)/laJ(CI),
[p'q"1 = (P2 (@) = 852" (DA™ (@), (317)
(@ilplk’] = A7 (@) pasA™ (k)
[4'|p1palk’] = 2@} Pap? (k). (318)

For the little group indices I, J, raising and lowering are
performed with &;;/&", which allows conversion between
upper and lower indices. More general contractions with
multiple momenta inserted between spinors can be ob-
tained following the above rules. In what follows, for
notational simplicity, spinors will be labeled by the
particle index, so that (p;| — (i| denotes the spinor vari-
ables associated with the i-th particle.

The above summarizes the basic kinematics of

particle scattering amplitudes. For an n-point scattering
process, the amplitude is a function of the external mo-
menta and the little group indices, (p,,0,), a=1,---,n.
Under a Lorentz transformation A, it transforms with the
momenta and the corresponding little group actions as

A =TI P5 g (Am.).  G19)

where D% (W) is the spin-s, representation matrix of

the little group rotation associated with particle-a. Motiv-
ated by this, momenta are decomposed into spinor vari-
ables carrying both Lorentz and little group indices. By
contracting the Lorentz indices of these spinor variables,
amplitudes can be constructed that are Lorentz invariant
and transform under the little group. The resulting amp-
litudes depend only on these spinor variables and, by con-
struction, satisfy Eq. (319).

For example, in the case n =3, consider the three-

point amplitude 3 — 1+2, where each particle is massive
1

2 Ty
structed from spinor variables is

and has spins $3 = 5,81 = 5,52 = 1. The amplitude con-

ﬂ{[{(]ll}s”]h) - Kl<111 2(11>[212)3K1] +K2[1]‘ 2(11]<212)3KI>

(1120023 ) + 1 [1120 12735, ),
(320)

where (I;1,) denotes the symmetrization of the indices,
and k534 are coefficients determined by experiment. It
can be seen that the amplitude constructed in this way is
Lorentz invariant and satisfies the required little group
transformation properties,

A K/ _ _ _
A5 (pas prsp2) = (Wa) (WD (W D (W3

AN
Xﬂ([{;) VP (Aps, Api,Apy).  (321)

Moreover, this three-point amplitude has four LS partial
1 1 3 3

waves: (L,S)=(075),(1,5),(1,5),(2,5). In total, there

are four independent structures for the amplitude. Con-

sequently, the four independent bases constructed from
spinor contractions form a complete set.

These four spinor contractions represent the basic

building blocks of the three-point amplitude with spins
1 1

2’ 2’
To make contact with the conventional description
based on Feynman rules, consider the most general ver-
tex between two fermions and one vector: L, =
Y1 “y3V,, whose coupling structure I'** can be written as

S3=—,51==,5 =1,
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[y =v,(8LPL+grPr) +i0 D) (fLPL +fRPR)s (322)

1 i
where Prr = 5(1 FYs), Opy = 5[7,“%], and p, denotes the

momentum carried by the vector field V¥. The gamma
matrices in our convention are given by

0 O i 5 -1
v( 5 )

where O pag = (Ot Taq) and 0—-20 — (600’_0_
tion operators P, can be written as

(10 L (00
“VNoo) "* Lo )

The decay amplitude for the process y; — ¢V, can be
written as

0
) ), (323)

@) The projec-

(324)

A= €"u(p1) (v,(gLPL + grPr) + 10 P5(fLPL+ fxPr)) u(p3),
(325)

where the four-component spinors are

u(p) = P> ap)=( 'l 1p'), (326)
Pk ]

and the polarization vectors in bispinor form are:

I?)l

. PP e iia  IPP"

— — — —
€, =€ Opaa = € =€"0, =
aq H ° M

m
(327)

where (I;1,) denotes the symmetrization of the indices.
The amplitude, written in spinor variable form, is

A = — e (1765, 3k, 1+ g2 [17' 1€ 3k, )

e g3 14 e 13

gr(171 223k 1 — g, [17121](2") 3, )
ny

fR b

[1112(11][212)3K1] <1112(11><212)3 )

(328)

8r 8L Ju fr .
o Kz——%,K3= EE and K4 = 5 in Eq.
(320), the correspondmg expression is obtained.

More generally, three-point amplitudes for massive

particles with arbitrary spins are discussed in Ref. [80].

Taking 1 =

Now consider the more general two-body decay amp-
litude 3 — 1+2, where the amplitude is a function of the
canonical-spinor variables. The particle spins are s;, s,,
and s3, respectively. The amplitude can be written as

Ot ) @2 )

[1:» If;;, & ((/hyl,/ié)l;(/lal,;ll[y)Z;(/lals/Nl(Iy)3)-
253

(329)

Under a Lorentz transformation, the amplitude trans-
forms as follows,

" W15
ﬂ 3)...,03) ( l)
L) )

A K
1
B (W]<3) .
1

K K 0
W,éﬁ) ((W 1),(1) (W™ ),;:,)
253
@ e KDk D KD kD )
x((W*‘ﬁgm (W 1)“) o T Ap). (330)
1

(2) 3) . (3
k2 ) Auox)

As discussed in Section II, amplitudes can be decom-
posed into LS partial waves. Accordingly, the amplitude
constructed from canonical-spinor variables can be de-
composed as

D0 D2 IOt D )12y

D) ZV—X:mﬂﬂux 2ls), (331
253

where Nis is the coefficient related to energy and mass,
which can be measured from experiments. Here, A(L,S)
denotes the canonical-spinor amplitude in the LS expan-
sion.

The decay amplitude in any frame can be expressed
as the amplitude in the COM frame, transformed by a
little group rotation. The COM frame amplitude itself can
be decomposed into orbital (L) and spin (S) parts. Con-
sequently, the amplitude in any frame can be separated
into covariant L and S components via a spinor decom-
position. The corresponding LS amplitude is defined as

Oy @
by W70 )

3)... 43
U1

2 [(1) Iél M112 ;2)] SAK};L{1
‘Z(LS) S 51 \2yLC{)H

sl )

(332)
Here

Y|, (defined in Eq. (337)) encodes the orbital angu-
lar momentum L structure. For L (orbital angular mo-
mentum quantum number), the function Y{; carries 2L
symmetric little group SU(2) indices {I} = (I;---Ip;).

(L W10 , :

o S (defined in Eq. (340)), which
couples the spins s; and s, into a total spin-S, not only
carries 2s; and 2s, symmetric little group indices
(V- LAY 12} associated with the  individual
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spins, but also includes 25 symmetric little group indices
{K} = (K;---Kys) corresponding to the total spin-S repres-
entation resulting from the coupling.

By coupling the 1ndlce{s ){ml}(l c)z(igle(cj) by Y|, with the
indices {K} carried by S, e via the SU(Q2)
CGCs, the final amplitude A(L,S) is obtained in Eq.
(332).

For the canonical-spinor amplitude, we can choose to
normalize the amplitude A ,Ezi (LS ), which allows for
the separate extraction of normalization factors for the or-
bital part Y} and the spin part S”( MY The normalized
amplitudes satisfy

251

/ d@(ﬂ[ﬁli W, S)) AL, S =63 6E . (333)

Before constructing the orbital and spin parts of the amp-
litude, the SU(2) CGCs are first defined as

(a+b)!(b+c)l(a+c+1)!

Csl,{[};sz,{K) =
st bla+b+c+Dlalc!
X (522?:,1;(181"“ Iasp) (K1 "‘Kb(slib:ll.:';jl:;)’ (334)
with
a=s+5—5, b=s+ts—5, c=85+5—15
61111“-1“ — 61111 .. (55” , 811 wlp Ky Ky _ 8111(1 . 'EIth, (335)

where (J; -+ Juio), (- 1yp), and (K -+ - K, ) denote sym-
metrization over the corresponding indices. In subsection
C.2, there are some examples of calculating the SU(2)
CGC.

For the orbital part Y{;,, it is convenient to begin in
the COM frame. In this frame, the orbital structure de-
pends explicitly on the momenta of the final particles.
Momentum conservation ensures that the momenta of the
two final particles satisfy p; = —p5. Therefore, the relat-
ive motion is fully characterized by the momentum of a
single particle; here, particle-1 is chosen. The most ele-
mentary building block of the orbital part can be con-
structed from the momentum of particle-1, which can be
written as

Gnlpil3s1. (336)
Owing to the Lorentz covariance of the canonical-spinor
amplitude, such a building block, once properly construc-
ted, can be promoted to any frame while still encoding
the correct orbital angular momentum information. As a
result, the orbital structure Y, in any frame can be

defined as

Yin = ﬂzpfjflifl ) @B, (3)
with

(Glpi31m = Galp1BLl- Gr, . pil3ny). (338)

where L is the orbital angular momentum, [picom| is the
magnitude of the relative momentum in the COM frame,
my is the mass of the parent particle (particle-3), and
(I;---I;) denotes symmetrization over the indices. The
normalization factor in front of ((3|p,|3]%);, arises from
the normalization condltllon in Eq. (333).

For the spin part S”( HIE) , it is convenient to begin in
the COM frame. In thls frame, appropriate spinor con-
tractions are constructed whose structure matches the re-
quired number of little group indices. Additionally, these
contractions must reduce to a form proportional to the
identity matrix in the COM frame, since no further little
group transformation is needed there. To this end, a set of
spinor structures, denoted by 7, is identified that satisfies
these criteria. The explicit form of 7 is

Th(p3, p1) =(1'3,) = [1'3)]

COM V2m3(E1c0m+ml)< (]) 0 > (339)

1

In the COM frame, this tensor is proportional to the iden-
tity matrix. In any frame, its form remains covariant, and
it behaves as an effective little group transformation act-
ing on the spin indices.

With this building block, the spin part 5{ an be
defined by coupling the 7 tensors for partlcle-l and
particle-2 through CGCs. The spin part of the amplitude
is defined as

[(l)] {1(2)}

{I(l) 121‘)I L {1(2) 1(2) }

(K}
— 1 (r 2s1)(1<1> ( (1)
(13 com + M) (e + m))y 10072 )
DRI ORI
X Cliy ,
(340)
with
O
asy iy A O I
(151)[1(1) (](1)7']<1>"' 1>)(P3’P1)
@
25\@y (P 1P L)
(t 22)U<2> (Jmsz)"'TJEZ))(P%Pz), (341)
52
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where (/" Jy), (V). (- Jy),  and
(I?---I5)) denote symmetrization over the correspond-
ing indices. The normalization factor in front of 7 arises
from the normalization condition in Eq. (333).

After constructing the orbital part Y}, and the spin
part S o >” " , these can be combined to obtain the canon-
ical- splnor amplitude in the LS expansion, given in Eq.
(332).

The canonical-spinor amplitude and the canonical
amplitude are represented in two different bases. The ca-
nonical-spinor amplitude is defined in the canonical-
spinor basis |s,{I}), while the canonical amplitude is
defined in the canonical basis |s,o). Between the two
bases, there exists a corresponding transformation, which
can be written as

soy= @O
SIE G- "

A1, (342)

where the indices {I} denote the symmetric combination
(I, L), with I, = i% for k=1,---,2s, and represent any
choice of {I} such that

(343)

2s
g = E Ik.
k=1

Therefore, the relation between the canonical amplitude
in Eq. (73) and the canonical-spinor amplitude in Eq.
(332) can be expressed as

(2s3)!
7L, 8)=N
Ao, ( ) (s3+03)!(s3 —03)!
2s)! (2s)!
(s1+oDlsi—o)! (2 +02)!(s2—07)!

X A (ps, pr.pa, L,S),
(344)

where N is the coefficient related to energy and mass. A

o (s1)*

o o’ (s2)%
A7 (p3,p1,P L, S)=Do, " (R31) Do, " (Rz) Cso

little group

(@

ML) 25\ 253D} 1 I Disa (IP)
ﬂ](%) (P3:p1, P2 L,S) = (177°) oy (157 )1(2) C;I{K ” X

()

51,07382,0%

~————
The CGC of 51508

detailed discussion on how to determine N in the differ-
ent bases is glvenmm Appendix D. The factors in front of
the spin part 3 ™) and the orbital part Y, in Eq.
(332) can be chosen such that N = 1. For this new choice,

the spin and orbital parts will be denoted by S' M and
Y5, respectively. .
(1 )
The spin part S 1 HIP) s defined as
SE{]g(}l)) [1(2)’ = ( 1251 )(5((11))]( /292) j(é))] CS] [j(l)] 5 [](2)] (345)
where 7’ is defined as
1
D 0 1
s = 1" 3,0)—[1"3 ,
Tm (p3,p1) T U +m1)(< gy =1 Jn])
el 1 1@ 1@
, 2" 350)—[273 .
Tio (p3.p2) = TR +m2)(< s2) =1 so])
(3406)
The orbital part Y{}; is defined as
(-t QL+1)
Y= (3| 1315 347
0 nslpreanAmag (347
with
L
2k
aL—gﬁ, ap =1 (348)

Using Eq. (342) to convert the indices of the orbital part
Y/};, the spherical harmonic is obtained and can be writ-
ten as

QL)!
L _ .
Yo (L+o)(L—op)!” 1" (349)

Under this choice, the factor N reduces to 1.
This allows a direct comparison with the traditional-
LS amplitude in Eq. (73), which can be written as

little group

The CGC of 515>

Lop;S,os L
Cron Y, Q) (350)
The CGC of LS —s3  spherical harmonic
SAKLLT} 7L
CA RV (I} (351)
~~
The CGC of LS —s3  spherical harmonic
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By comparing the two LS partial wave amplitudes in any
frame, one finds that the traditional-LS amplitude is not
manifestly Lorentz covariant. It requires boosting all mo-
menta to the two-body COM frame, evaluating the amp-
litude once in the COM frame, and then using little group
rotations to transform the amplitude to any frame. By
contrast, the canonical-spinor amplitude is defined in an
arbitrary reference frame. It does not require boosting the
event back to the COM frame, and the amplitude can be
evaluated directly from the momenta in the chosen frame.
Moreover, when returning to the COM frame, 7 in the
canonical-spinor construction becomes the identity 1, and
the spin part no longer contains momentum information,
so it is fully equivalent to the traditional-LS partial
waves. Meanwhile, in any frame, the covariant structure
7’/ ensures that the spin coupling is carried out within the
same little group representation, and therefore the final
result is consistent with the traditional-LS amplitude.

B. Comparison with the covariant projection tensor
method

In subsection III.B, the covariant projection tensor
method is presented in both the GS scheme and the PS
scheme. Although both schemes lead to expressions that
can be evaluated in any frame, neither scheme simultan-
eously achieves an explicit LS separation and a mani-
festly covariant definition. Therefore, we rewrite the cov-
ariant projection tensor method in spinor form to make
the covariance and the LS separation explicit.

In Ref. [48], angular momentum coupling in the
Lorentz representation is organized using irreducible rep-
resentations (sz,sz) of SO(3,1), where s; and s are in-
tegers or half-integers. For an IRREP (s, s¢), the com-
plex conjugate representation is (sg,sz). Therefore, for a
representation [£] the following convention is adopted,

(s, Sr) for s, = sg,
[€] = (352)

(SL,SR)@(SR,SL) for Si F Sg.

For the spin wave function at the standard momentum
k* = (m,0), consider a massive particle with spin-s. Its as-
sociated IRREP [£] = (5., sz) = [[]®[r] is defined as

ul (kys) = ul (ks [€1, s) = ull (ks (sp, ), 5),

iy (k;s) = ity (k; [£], 5) = it (ks (s, SR, 5)s (353)
where [=-s;,—s;+1,---,5;, and r=—sg,—sg+1,---, 5k
correspond to the IRREP indices of SU(2);, and SU(2),
respectively. Note that, in our convention, the placement

1) A more detailed derivation can be found in Section VII of Chapter V in Ref. [84].

of the indices on the wave functions u and # differs from
Ref. [48].

The spin wave functions u(k;(s.,sz),s) and
s (k;(s.,sz),s) are essentially the CGCs", which can be
written as

ull (ks (s, Sg), 8) = CILTR7 g7 (ks (51, 5g), 8) = C,

SLO13SR.0r "

(354)

The spin wave functions satisfy the orthonormality rela-
tion:

g (ks s)uly (k; s) = 67 (355)

From Eq. (192), the spin wave function in any frame can
be written as

Uy (p3 (i, 58), 8) = Dy (L(P)D', (L) (ks (51, 58), 5)s

iw(ps (sp, sg), 8) = DY(L™ (p) D (L ()it (k: (5., 58), 5)-
(356)

From Egs. (309) and (316), it follows that the spin wave
functions in the left- and right-handed representations can
be constructed from spinors. For spin-1/2, the spin wave
functions can be written as

1.1 oy

Or/ . i @

uo—(pv(os 2)7 2)_>ﬁ )
(357)

1 1 o
ug(p3(5,00,5) = Uy,

1 1 ~ 1.1
5, (p3 (5500 3) = iy i (p3(0,5),3) = =(U™)id,,
(358)

where U’, is a constant matrix that implements the
change of notation between the indices (/,r) and the
spinor indices (a, ). In the (I,r) notation, the four-dimen-
sional Pauli matrices are (o,)',, whereas in the spinor
notation they are denoted by (0,)... With this conven-

tion, one chooses
! (359)
0 )

Ul _ 0 _1 (U—l)a/_ 0
““\1 oo )0 |

More generally, the spin wave functions with arbitrary
spin-s can be constructed from basic spinors and can be
written as
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- ! v [
u([”(P; s) = (|p]2m<p|2u){l}

(360)

{1}
(I [P, uly(pis) =

where [s;,sg] denotes the irreducible representation of
the Lorentz group. For simplicity, the constant matrices U
that relate the (I, r) indices to the spinor indices (a,), as
well as the normalization factors of the spin wave func-
tions, are omitted here.

Starting from the definition of the spin wave func-
tions, all the spin wave functions are written as functions
of the parent momentum and the spin quantum numbers
of the individual particles, as shown in Eq. (360). The re-
written amplitude is:

AN (ps, pr,paiL,S)

=T7%(p3. 1. 2 L)@ @)

X1}, (p3: 83y (ps; s)ilgy (p3: $2), (361)

where the factor T}y, can be obtained from Eq. (341). The
role of 7 ij’] is analogous to the little group rotation part in

Eq. (250). For the coupling structure Iy o, its definition is
the same as in Eq. (223), and the covariant projection
tensor can be written as

2
P, 2(173253,S1,Sz)

LIRVRHIRICH

= aig (ps, sul (ps, sDu, (p3, s)CI i
= (37 3Py,

X (|3]231R<3|231L)“])(|3]252R<3|252L){f[22 CS] I szq{lz), (362)

where the pair [s;.,s:z] (i = 1,2,3) represents the Lorentz
group irreducible representation of the [£;].
For the orbital part ¢/ , one has

t7,(p3:p) = Vi (. pOX (BB, (363)
where Y[, has already been defined in Eq. (337).

Having established the explicit structures, the covari-
ant projection tensor amplitude in Eq. (250) and the ca-
nonical-spinor amplitude in Eq. (361) can now be com-
pared. In any frame, the two amplitudes can be written as

AT (ps, p1,pas L,S) = T4 2 ks, pi, pis LSl (ks 53) X D'} (Rn)u‘;l(kl,sl)D LRy )ity (k2 52),

AN (D3, pi, pai L.S) =T (ps, pr, pas LS (p3i s3) X T (D3 51) Toiy S (p3; 52) -

By comparison, the canonical-spinor-based covariant pro-
jection tensor amplitude preserves explicit covariance and
does not require boosting the event back to the two-body
COM frame. Moreover, the covariant projection tensor
amplitude, rewritten in terms of the canonical-spinor vari-
ables, is equivalent to the canonical-spinor amplitude.
This equivalence originates from the full contraction of
all Lorentz indices in the covariant projection tensor amp-
litude, rewritten with canonical-spinor variables, and the
result of this contraction is exactly the canonical-spinor
amplitude. This also ensures that, when returned to the
COM frame, the orbital and spin parts are completely
separated, maintaining consistency with the traditional-
LS amplitude.

C. Examples of canonical-spinor amplitude calculation

In this subsection, several explicit examples of canon-
ical-spinor amplitude calculations are presented. Using
Egs. (316) and (317), the following basic spinor struc-
tures are obtained:

LG + wave function LG + wave function

(364)
LG + wave function LG + wave function
paa = |pal>[p¢1i|’ pu'mz = |P(”]<P(1Y|, (365)
g’y =~ pr),  [psg'1=~1q"pil, (366)
(P'psy=md, [p;p'l=ms,,
P!l =m,  1p"1Ipil = md, (367)
plp'1=-mlp"),  plp;) = —mip;]. (368)

For on-shell three-point amplitudes, the following condi-
tions must be satisfied:

p3=pi+ps  (Pac(P)N® +(P)aa(p)® = 2(pi- p))Ss,
pi=m (i,j=12,3).
(369)

Here, we choose an arbitrary reference frame and define
the canonical-spinor variables for particle-1, particle-2,
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and particle-3 as follows:

e +|sPe
[17) = v/m, m
Clsl(e2 —e7)
~ <A1 B )
" B
B C o
2 2 ,’Ll
ciez +|si°e
(1| = vmy n
clsl(ez - 2)
I
[ A B
B, C )~
(03
m

2 _n
|21> = M( 772

; Ze? +|sle T
[2 | = ymy m

(325'2(62 —-e 2)

A,
B,

cls’[(e%] —e‘qT')

).
).

n n
si]?e ™ +c2e 7

n n
cm*(e*l —6’7])

s Pe? + cze’7

n n
orsyet —e T)

n _m
Is2]*e? +c3e 3 )
al

noom
cys5(e? —e™ 2

Is2le +c2e T

3 3
c3s§(e% —e?)

Is;Pe +cze‘7'

3
c%e?z +|s3)%e”

131) = \/m_z< n

c3s3(e? —e” 2)
( >al
[3I| = \/m_3 ( n

73 73
2e? + |S3|26_%
c3s3(e? —e” 3 )

).

!
nooom
c3s5(e2 —e™ 2
n m
Is3]’e? +cle 2 _
(03

A;
B;

B;
Cs

1
_ [ As B
By G )~
(370)
with
Aj=cetalsPe®, B=cisie? e ),
Cj=lIsPe? +c2e 7, (371)

where cj=cos%,s,~=ei¢fsin%,nj=arctanh% (=1,
2,3). Using the antisymmetric tensors &,; and Ja, ; (and
their inverses) to raise and lower Lorentz and little group
indices, the remaining spinors follow straightforwardly
from the above definitions.

As an illustration, the amplitude in Eq. (376) can be
written in explicit form as

1“ I o)
{,m (. *)“(1 §3>>—[1 1 31(13)]—

In what follows, canonical-spinor variables are de-
noted in BOLD for brevity, and the SU(2) little group in-
dices are suppressed, as they are totally symmetric and =
would make the notation lengthy.

o1
12’ 1_21
i . 0,7 157.
tions: ( 2) and ( 2)

1. 83=

1
(a)LZO,SZEZ

iy L iy g Ko
ﬂ{,(I.Z)}(Oa 5)—S[K];xy C%’”?)] ’

where

|
/N
0

_BT

g

A\B;

_B, Ay B, A B ~-Cy B

A B C; B C B:  -A;
/o

C|A3+A1C3—ZBlB§ C]B3_B]C’i AB'%"'BA? (372)
—BjA3;+BiC;—-C,B; AC3+C1A;-2BB; 1<3>.
1
iy 1 (1“)} L0
1

,82 =0, There are two (L,S) combina-

(373)

——((13) - [13]), 374
mB(Elcom +ml) ( )
and
Y= B 375
ﬂlplcom' ( )
The amplitude is
A ) ms
5. (0, 13) - [13)).
1())( ) ﬂ'plcnml m3(E]com+ml)(< > [ ])

(376)
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(b)L=1,8 = % :
(,@)](1 L=sty, WCH e
where Séﬁi),} can be obtained from Eq. (374), and
Vo= Gl (378)

2ﬂlplcom|3m3

The amplitude is

ﬂ{1=l>}(1 1) _ 3 (my +my +mz)(msz +my —my)
“53)) ' 2 27r|plcom|3m3 2 Vm3(E1c0m +ml)

2
X \/;x((IS) +[13]).

(379)
1 .
2.53=0,5 = 5527 5. There are two (L,S) combina-
tions: (0,0) and (1,1).
(a)L=0,8=0:
A (0,0 = S M YO 0o (380)
where Y° can be obtained from Eq. (375), and
S‘I(ll)]’”?)} — l
\/mS(Elcom + ml)mS(EZCom + m2)
{ (1) (2)
(7! o (Tz)ljv, Co U1):3.4N1)
_ \/I my +np +my
2 \/m3(Elcom +m )m3(E2com + mZ)
x ((12) — [12]). (381)
The amplitude is
I(I) 1(2) (0 O) _ / \/>
7r|p1com
my +my +mj
\/m3(Elcom +my )m3(E2com + mZ)
x ((12) - [12]). (382)
b L=1,S=1:
) (1@ ”} 1%
AN, 1) = Sy Yy Co bR (383)

where Y, , ., can be obtained from Eq. (378) and

Oy 1
{K1 K2} - E E
\/m3( lcom + ml)m%( 2com t m2)

(PSRRI
X(Tl)m ( 2) (N1} C2 K1K;)

1
- \/mS(Elcom + ml)m3(E2com + m2)

X ((13) - [13D((23) — [23]). (384)
The amplitude is
3
Ay 2
27r|plcom|3m3
—(my +my +mz)(m3 — (my —m;y)?)
\/m3(E1c0m + ml)m3(E2com + m2)
x ((12) +[12]).
(385)
3. s53=1,5;=0,s5, =0. There is one (L,S) combina-
tion: (1,0).
(aL=1,8=0:
Ay o(1,0) = Yy, 1, CF 1{}5;{;3}' (386)
where Y|, ., can be obtained from Eq. (378).
The amplitude is
3 1,00 = ——Q3|p113]. 387
ﬂ(lﬁ )1;3>)( ) 27T|p]c0m|3m3< |p113] ( )
4. s3=0,5,=1,5,=0. There is one (L,S) combina-
tion: (1,1).
(@L=1,8=1:
(1) (1) } S !
AN, 1) = S;]éz) yLle}Cl AKiKJiLLiLa) (388)
where Y|, , , can be obtained from Eq. (378), and
(1(“1“); 1 Oy W1 Jo):0
ik T e l)(Tz)ul]Jzz) Crixen
1
=————((13)-[13])%. 389
m3(E1com+m1)(< > ) ( )
The amplitude is
3
A=
( 2ﬂ|plcom|3m3
—(my +my +mz)(mz +m; —my)
m3(Elcom +ml)
1
x \@mmm. (390)
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5.s3=1,s, = 1,5, = 0. There are three (L,S) combina-
tions: (0,1), (1,1), and (2,1).

(389) and (378), respectively.
The amplitude is

(a)L=0,8S=1:
A 1) A _ 3 (my +my + m3)(mz +my —my)
1(%)1(2) (O 1) S[KIKZ’ yo ;f%)ll%})}o (391) {1(3)1(")}(1 1) 27T|plcom|3m3 2’/”3(Elcom +ml)
{1(1)1(1)] X (<13>2 - [13]2)
where Sk,x,, and Y° can be obtained from Egs. (389) (394)
and (375), respectively.
The amplitude is (b)L=2,5=1:
{1‘”1(”] ms 1 )
0,1)= 13)-[13])". (1O hy 1(”1 ) .
Ao O = e v ) 13 ~ 13D Aoy 2 1) = Sy Vi, Oy ), (395)
(392)
(1) (1)
b)yL=1,5=1: where S \KiKa) ' can be obtained from Eq. (389), and
[111)1(1) ” 1 R 15
W)M(l D) =Sk,g) ‘y{Lle)Cll {ﬁ*]f[((z%)),l Akl (393) Yt = W(<3|P1I3])2~ (396)
(1) 7(1)
where S ;l 11{2} and y L, can be obtained from Egs. The amplitude is
1(1)1(]))(2 1) _ 15 (m1 +my +m3)(m3 +my —m2) §
IG)I ?), 87r|p1com|5m% \/m3(Elcom + ml)m3(E200m + mZ)
my+nmyo+my)(imy+m—m
(e O EIZI) (43) 4 (1307~ Al 1131 B ). (397)
6. s3=0,s, = 1,5, = 1. There are three (L,S) combinations: (0,0), (1,1), and (2,2).
(a) L=0,5=0:
ﬂ”“)l(l) [(2)1(2) (O O) SIH)I(U 1(7)[(2)}y0C00 (398)
where Y° can be obtained from Eq. (375).
1 P8y 5 (1P1P)
S BRIy _ 2 CLEL NN
o v B gy it iy
1 (my +my +ms)* 2
/= ((12) - [12])%. 399
\/;(m3(Elcom + ml))(mS(E2c0m + mZ)) ( )
The amplitude is
AR 0.0) = |/ [ (s +ma + ms)* (12) - [12])% 400
) ﬂlplcom 3 (m3(Elcom +ml))(m3(E200m + mZ))( ( )
b)L=1,S=1:
2 (D) (1) (7(2) 42
ﬂ(lmlm 1<2>1< >)(1 1) S:qu; WML L }y‘lLlLz)Cé,{Kle};l,(L,Lz}’ (401)

where Y, , ., can be obtained from Eq. (378) and
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[151)1;1)}’“52)152)] _ 1 (Tz)”(l 1(1),( )[1(2 12 }Cl LDl LINI M)
e s E e = M) Ey + )+ 0) (PI Culi
(my +my +m3)
= (B - 5 (Zm ( T 5 % (12)=[12D(A3) - [13)(23) - [23)). (402)
3 lcom 1 3 2com 2
The amplitude is
2 3 —(my +my +m3)*(m3 — (m; —m,)*)
ANEMIE () = 3 >< (122 = [12]). 403
27r|plcom| ns (m3(Elcom +m ))(mﬁ(EZCom + mZ)) ( )
(c)L=2,§=2:
),y ;@2 (VI 1P)
ﬂ”l LWL ](2 2) SK1K2K3K4) [2L1L2L3L4 C2(K1K2K1K4)2(L|L2L'4L4} (404)
where Y{, ., can be obtained from Eq. (396), and
(1(1”19)),{1(12)1?)) B 1 « ){[ 1;1<1) ( )(1<2)1 } cl L LN Na)
HHRKSED 7 (3 (E tcom + m1))(M3(Ecom +M2)) sy 2w k)
1
BT a—— X ((13) - [13])*((23) - [23])". (405)
The amplitude is
ﬂ{lgl)én]’”gz)éﬂ](z 2)= 15 (my +my + m3)2(m§ —(m —my)?)
’ Sﬂlplcompmg (mS(Elcom +my ))(mS(EZCom + mZ))
X (((ml —my)” —m3)((12) + [12])° + <1|P3|1](2IP3|2]) .
(406)
1 3 1
7.8=7,8= 3 9= 0. There are two (L,S) combin- X 3 X ((13) — [13])(1|p;/1]. (409)
3
ations: (1,5) and (2,5). 3
3 _ _ 2.
@L=15=3: by L=25=7"
Oy 3 (DD KKK 2L LaLaLa)
{13;11;”1?)] ,é) = :QIZ;II)(I%)} (L L ]C? {Ig)KZKS};HL]LZ). (407) {1(13)}2 3 ’E) (K1 K2 K3) (L1L2L3L4 Cz ) - 2%
{11, 2 1A24/3 1L2 {1 ) (410)
1 1 . (1 (1) (1) (l))
where Y|, , , can be obtained from Eq. (378), and where S(K, S8 and 2, can be obtained from Egs.
VDA, 1 V) 3 o (408) and (39'6), re§pectlvely.
KKKy = —(m3(E1 T (r l)lJlsz 4K Kok The amplitude is
_ 3 Oy 3
(mS(ElLom +m1)) (13- (409) y{”%})’l TG 5)
) ) _ 15 —(ml + my +m3)2(m3 +my —m2)2 \/2
The amplitude is 871D 1coml 113 2m3(Ereom + 1)) 5
o | 3 X ((13) +[13])(1|ps[1].
ay - 13) @11)
3 —(my +my +m3)(m3 + my —my)

277'|plc0m|3’/”3 (m3(Elcom +m1))%

, o =1. There are four (L,S) com-
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L 1 3 3
binations: (0, 5)’ (175), (1,5), and (2,5).

L=0,8 ==

(a) 5
P12 ORI LK)
ﬂ(lm (0 ) S[K] yocl “(3])) (412)
where Y° can be obtained from Eq. (375), and
0L P12 1 N
(K1) = 5 (T D
\/mS(Elcom +m )(mB(E2com + mZ))
2 P 1) J]}l (N1 N}

X(Tz) (NiN2) C2

(ml +my +mj3)

2
- \/; \/m3(Elcom + ml)(m3(E2t:om + m2))2
X ((23) - [23D)(12) - [12]).

(413)
The amplitude is
( (UH @ /2,
() )
/ (my +my +ms)
ﬂlplcom 3 \/m3(E1com +m1)(m3(E2com+m2))2
X ((23) - [23])((12) — [12]). (414)
byL=1.5 =1
( ) - e 2
Dy (72 ,(2) 1 (Dy (72 ,(2) 1
(1,12 19y (LOWETL7) S 1 C%{Kl} [L1L2], (415)

{LiL2}™ 1 {1“)}

A0 =8l

IOV 1)
1
where Sz, and Y|, .,

(413) and Eq. (378), respectively.
The amplitude is

can be obtained from Eq.

{I(I)H (2)1(2)
1y

a1, *)

3 —(ml +m2+m3)2(m3 +m2—m|) 2

27r|plcom|3m3 \/mS(Elcom +m, )(mS(E2com + mZ))2 3

X ((23) +[23])((12) - [12]).

A

(416)
3
A)L=1,§ ==:
(©) 5
{12”1,[152)1;2)1(1 §)_Su§"},(1§2)1;2>}y1 C%,<K1K2K3};1.(L1Lz}
(153)) >/ T TUKIK K} {Li Ly} %,(1(1»”] >
417)

where Y, , ., can be obtained from Eq. (378), and

iy = 1 @il
e Vi3(Ejcom + ml)(m3(E2com +my))? !
2 HPIPY L BLIN N,
x(r 2)IN1N2’ C2 [K]KZK;)
1

- \/m3(Elcom + ml)(m3(E200m + m2))2

X ((13)y - [13])((23) - [23])".
(418)

The amplitude is

PPy 3
1. =
ﬂ{I(IB)} ( s 2 )
3 (m1 +my +m3)(m3 +m2—m1)

1
B 2”|p1c0m|3m3 VmS(Elcom + ml)(mS(E2com + m2)) \/;

X <(mz —mz —my)([12] +(12))((23) - [23])

+Q2|p112])((13) - [13])) :
(419)

3
(d)L=25=7:

C2 (K1 K2 K3}:2{L1 Ly L3 Ly}
[L] LyL3L4} l {1(3) ’

(420)

IO 12)

(2 7) SK[KzK;

10212

A 1)

P 1Y) .
where Sk, ,x,)°  and Y7, ., can be obtained from Eq.

(418) and Eq. (396), respectively. The amplitude is

ULUP 1)

3
A, "2 23)

_ 15 (my +my + m3)*(m3 = (my —my)*)
87T|plc0m |5m% \ (m3 (Elcom +my ))m3 (EZCom + mZ)

x (<m3 +my —my)([12]+ (12))([23] + (23))

+(2|1|2]([13]+(13))>.
421)
1
9. s3=1, s1= 5 %273, There are four (L,S) com-
binations: (1,0), (0,1), (1,1), and (2,1).
(aL=1,8=0:

[1‘I 0L 0:1,(Ly L)
AL 1,002 STy L @)

(1) (2) .
where S"H07 and Y|, can be obtained from Eqs.

(381) and (378), respectively. The amplitude is
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(1(1)} [1(2))

Aytay, (1.0)

3 3 \/T m; +my +nmy
27r|plcom|3m3 2 \/m3(EIcom +m )m3(E2c0m +m2)

x ((12) = [12])(3|p13].
(423)
(b) L=0,5 =1:
{1(1) (1(2)

) 0.1 =Sl yoc! s (424)

1O

where S(K] k) and Y° can be obtained from Egs. (384)

and (375), respectively.
The amplitude is

1Ly

Aoy (©.1)

_ /[ N3 1
7r|plcom| \/mS(Elcom + ml)mS(EZCom + m2)

x ((13) - [13])(<23) — [23]). (425)
(c)L=1,8=1:

() <l< \Ls
ﬂ(l“’l‘”) (1, 1) = Kle y(Lle Cl(f;)fé]))l Wkl 426)

(1) (2)
1) .
where Sixx,)' and Y|, ,, can be obtained from Egs.

(384) and (378), respectively.
The amplitude is

(1(” 1(2)}

oy (1D

3 (my +my +m3)
27T|plcom|3m3 2 \/mS(Elcom + ml)m3(E2com + mZ)

X ((ms +my —mp)((13) + [13])((23) - [23])

= (m3 +my —m)((13) - [13])((23) + [23]))- (427)
(dL=2S=1:
) (1 Rt

1 AK1K2152,(L1 Ly L3 Ly}

ﬂ”(s),(s) 2,nH=8 (K,Kz} y{LleL;L./;] ”m,gs),

(428)
1(1) 1(2)} .
where S &k and Y, can be obtained from Egs.

(384) and (396), respectively.
The amplitude is

H01LP) my  —(my +my+ms)(m3 — (m; —m3))
A &0 (2 1) =
0 7P 1com| VI3(Ercom + m1)M3(Encom + 112)
X (((12>+ [12])(3|p1(3]

(my +my +m3)
+7

) ((13) + [13])((23) + [23]).

(429)

10. s3=1,5,=1,s, = 1. There are seven (L,S) com-

binations: (1,0), (0,1), (1,1), (2,1), (1,2), (2,2), and
(3,2).
(@)L=1,8=0:
IR LY D) (1 0)
Aoy (1,0) = SWEHIRAY ,\CIEEL  (430)

(1) (1) (2) 7(2) .
where SY "2 ML and Y, | can be obtained from Egs.

(399) and (378), respectively.
The amplitude is

(O 1Dy 1@ (2,

Ao (1,0)

(ml +my +m3)2

B T
- 27r|p1c0m|3m3 3 (mS(Elcom + ml))(mS(EZCom + mZ))
X ((12) - [12])*3|p113].

431)
(b)L=0,5 =1:

OO (1“’1‘”) 112

— 0 HKIK2J0
ﬂ{,?),;s)] 2 0.1) =Sk, «y ,(l%),zm} (432)

(O 1Dy (D)
| ) .
where S« and Y° can be obtained from Egs.

(402) and (375), respectively.
The amplitude is

D10 (1@ )
a1 0,1)
1 72

ms (my +my +m3)
7P 1com| (M3(E1com +111))(113(Epcom + M2))

X ((12) - [12])((13) - [13])((23) — [23]).

(433)

)L=1,S=1:

OOy LK Kol L{L1 Lo}
(1 1) S[K1K22$ b ‘y{Lle]C ¥ ] 2’

LU 1)
(434)

OO )
(o 1“’}

A

B0
where Sk, i) and Y|, ,, can be obtained from Egs.

(402) and (378), respectively.
The amplitude is
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IO

A (1 1)

3 (my +my +m3)*((12) - [12])
2n|p1c0m|3m3 2(m3(Elcom +m ))(mS(EZCom + m2))

X ((ms +my —my)((13) + [13])((23) - [23])

{1(3)[(3)}

+(my —ms —my)((13) — [13])((23) + [23]). (435)
d)L=25=1:
{1(1)1(1)} {1<7)1(2)
‘7({’(3)](3)] (2 1)
D0 (@@ )
{Iéleg) ) (ZLIL2L3L4]Cly(Klkz},Z»[L1L2L3L4} (436)

1 (1(3)1(3)} s
Y T2
D10 (1@ @)
[ IR 2 .
where Sz, x5 and Y, , .., can be obtained from

Eqgs. (402) and (396), respectively.
The amplitude is

IO
UL

(eR)

15 —(my +my +mz)*(m3 — (my —my)?)
87T|plcom|5mg (m3(Elcom + ml))(mS(E2c0m + I’I’lz))

(ml + ny +m3)
X (f«u) -

[121%)(3]p1 13D

[(12])((13) + [13])(23) + [23])

+ {12y -
(437)

(e) L=1,5 =2:

IO

{I(”I(”) 2Py 20K K Ks Kl L{L L]
{I(’;)I(%) 172 (1 2) - C 1828384 1L2

(K] K>y K3Ky} {L1L2} ™~ {1(3)1(")}
(438)
O 1)
. | .
where Sk, x,x,x,) - and Y; ;. can be obtained from Egs.

(405) and (378), respectively.
The amplitude is

{1“)1“)] {1(7)1(2)]
gy (L)

_ 3 (ml +my + m3) \/?

T 27picomPms (M3(Ercom +m1)(m3(Escom +m2)) V5
X (((ml —my)* —m3)((13) - [13])((23) - [23])((12) + [12])
+(my —ms —my (1 ps11((23) - [23])

+(m3 +my —m; )(2|p312]((13) — [13])2) :
(439)

HL=2,S=2:

D D) (2@

[153)153)} : (2? 2)

(1) (1) 7(2) 42
UL WML 0

C2,{K1 KoK3Ka};2{L1 Lo L3 Ls}
{K1 K2 K3K4)

{aLaLsLa)™ 1 1910 >

(440)

(O 1Dy (12 @y
12 PUr 2 :
where Sig x5k, 0 and Y}, ;.. can be obtained from

Egs. (405) and (396), respectively.
The amplitude is

OO

A 12(22)

{I(?)1£3)]

15 (my + my +m3)*(m3 — (my —my)*)
87T|plcom|5mg 2(m3(Elcom + ml))(mS(E2com + mZ))

X <(mz —mz —my)((13) + [13])((23) - [23])((12) + [12])

+(m3 +my —my )((13) - [13]))((23) + [23])((12) + [12])
+(1lps11((23)* - [23]%)

F2Up21((13) = [13]2>).

(441)
() L=3,5=2:
[[(I)I(U}{I(Z)I(Z) I(])I(])},{I(Z)I(z)}
ﬂ{,m,m (3 2)= S K]KzngKL} ’ {LiLoL3L4LsLe}
% C2 (5(21)[,{(23{{)31{4, ;3 (L1L2L3L4L5Le)’ (442)

V)2 1)

where Sig, kox.x,) . can be obtained from Eq. (405), and

35
— (@3

3 _
Y olaLalste) = T671preoml 5 (443)
The amplitude is
{IEI)IEI)L{[?)I'()D]
2 (3,2
35 (my +my +m3)*(m3 — (my — my)*)

167T|plcom|7mg (mB(Elcom + ml))(m3(E200m + m2))
X ((((m§ = (my —my)")((12) + [12])’

—(1|ps111¢21p3131) (3Ip113]
(my +my +m3)
4

+(m3 + my

(G = m3 —my)((23) + [23)*(Alps 1]
—my)((13)+ [13])*(2|ps 2]
o+ (m3—(m —my))((12) + [121)((13) + [13])((23) + [23]))).

(444)
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V. GENERAL ANALYSIS OF CASCADE DECAY

In the previous sections, both non-covariant and cov-
ariant methods have been introduced. In the non-covari-
ant methods, two-body decay amplitudes are defined in
the corresponding COM frames of the decays. Therefore,
when the particle momenta are given in an arbitrary
frame, such as the laboratory frame, it is necessary to
boost the event to the relevant COM frames in order to
evaluate the amplitudes. However, since such boosts are
generally not along the momentum directions of the final-
state particles, they often induce nontrivial Wigner rota-
tions on the spin states of the particles.

If one were to directly sum or contract amplitudes
defined in different COM frames, incorrect results would
be obtained because the spin quantization axes in those
frames are not aligned. It is therefore necessary to per-
form Wigner rotations to align the particle states, ensur-
ing that the same particle is described with a consistent
choice of quantization axis. Only after this alignment can
different two-body decay amplitudes be summed or con-
tracted consistently.

Because the definitions of the spin quantization axes
differ in the canonical and helicity amplitudes, the treat-
ment in cascade decays is also different. In the canonical
amplitude, the spin quantization axis is chosen along the
z-axis of a selected frame, whereas in the helicity amp-
litude, it is defined along the particle’s momentum direc-
tion in the chosen frame. Consequently, the canonical and
helicity formalisms require different procedures when ap-
plied to cascade decays.

In contrast, the covariant canonical-spinor two-body
decay amplitudes are defined in an arbitrary frame and
are constructed directly from the four-momenta in that
frame. The spin quantization axes are all chosen to point
along the z-axis of the selected frame, so the spin indices
can be contracted and summed directly. Moreover, the
momenta entering each amplitude are taken directly from
the chosen frame, and no boost back to the COM frame is
required. This makes the formalism particularly conveni-
ent when treating cascade decays with multiple decay
chains.

In the following, we discuss separately the treatment
of cascade decays in the non-covariant approach and in
the covariant approach.

A. Non-covariant cascade decay

In this subsection, we primarily discuss the applica-
tion of non-covariant approaches to cascade decays. Here,
“non-covariant” means that the amplitude is not written
in covariant form; specifically, it includes elements that
must be evaluated by boosting back to the COM frame. In
this context, the previously introduced non-covariant
amplitudes include the helicity amplitude, the canonical
amplitude, the covariant projection tensor amplitude in

the PS scheme, and the Zemach tensor amplitude. These
constructions are all defined starting from the COM
frame at the level of their amplitude expressions. Accord-
ing to the definition of the spin quantization axes, these
amplitudes can be further classified into amplitudes car-
rying canonical indices and amplitudes carrying helicity
indices.

Therefore, in the canonical cascade decay, we dis-
cuss amplitudes with canonical indices, including the ca-
nonical amplitude, the covariant projection tensor amp-
litude in the PS scheme, and the Zemach amplitude. In
the helicity cascade decay, we discuss the helicity amp-
litude.

1. Canonical cascade decay

In the previous sections, we presented several amp-
litude constructions that require boosting to the COM
frame and ultimately carry canonical indices, including
the traditional-LS amplitude, the covariant projection
tensor amplitude in the PS scheme, and the Zemach
tensor amplitude. In section 3, we showed that these
three amplitudes are completely equivalent in the COM
frame. Under a boost, all three amplitude constructions
induce the same Wigner rotation acting on the final-state
o indices, and the rotation is identical for the three amp-
litudes. Therefore, in cascade decay analyses that require
boosting back to the COM frame, they can be treated in
the same way. In this subsubsection, we unify them un-
der a single framework, which we refer to as the canonic-
al cascade decay.

For a cascade decay, we first choose a global refer-
ence frame, such as the lab frame, and fix a set of axes
(x,y,z) in that frame. In the lab frame, all external mo-
menta p; are expressed with respect to the same fixed co-
ordinate system.

A key feature of the canonical basis is that the spin
projection label o; is always defined as the projection
onto this fixed lab frame z-axis. In other words, the spin
polarization direction associated with every particle is
tied to the same quantization axis. When each two-body
decay amplitude is computed by boosting to the corres-
ponding parent rest frame, the accompanying Wigner D-
matrices precisely transport the daughter spin quantiza-
tion axis back to this common quantization axis. As a res-
ult, all spin polarization directions appearing in different
decay steps refer to the same spin quantization axis, and
the intermediate-state spin sum is a well-defined contrac-
tion in a common quantization axis.

This has an immediate consequence for cascade de-
cays and for processes with multiple decay chains lead-
ing to the same final state. Since every decay chain amp-
litude is ultimately expressed with external spin polariza-
tion directions defined with respect to the same lab frame
z-axis, different chains can be added coherently without
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introducing any additional alignment rotations between
different decay chains.

Next, we will give explicit examples for a single de-
cay chain and for multiple decay chains, and provide a
concrete method for calculating the cascade decay amp-
litude.

Canonical cascade decay amplitude for single de-
cay chain As an explicit example, we consider the two-
step cascade decay X — 3+7Y, followed by 3 — 1+2. We
define the lab frame to be the global frame associated
with the fixed coordinate system above. In this lab frame,
the momenta p;, p,, and py of the final-state particles 1,
2, and Y are taken as the measured inputs. The four-mo-
mentum of the intermediate particle-3 is then reconstruc-
ted from momentum conservation as

P3=pPi+P2,  Px=Ps+pr. (445)

According to the general expression for the canonical
two-body decay amplitude in any frame, given in Eq.
(96), the two two-body amplitudes entering the cascade
X —>3+Y and 3 — 1+2 can be written explicitly as fol-

lows:

1. Two-body decay X — 3 +Y in the lab frame.

For the first step X —» 3+7Y, boosting from the lab
frame to the X rest frame by Li'(px) gives the daughter
momenta p} and pj. The corresponding amplitude in the
lab frame is the two-body decay COM frame times Wign-
er D-matrices, which can be written as

AO’SU’Y(pX’p%pY)
(r o' o’ (s3)% o’ (sy)*
= > AR (kx5 pyi L1 S DD (Re)D D (Ryy),

LS, U';("y

(446)

where (L,,S,) denote the allowed LS combinations for
the two-body decay. The Wigner rotations Ry; and Ryy
are induced by the boost to the particle-X rest frame. Fol-
lowing Eq. (108), they can be written as

RX3 llx3 g(wX3)RnX3’

RXY = RanR (wXY)Rnxy’ (447)
where the rotation axes are chosen as
fiys || —px Xp;3, fyy || —px Xpy. (448)

The corresponding rotation angles about the z axis can be
obtained from Eq. (107). Explicitly, for i = 3,Y, one may
write

Wy
tan

sin fy; sinh ( 5 ) sinh 2 )
~ cosh ( 5 ) cosh (d) +cos fx; sinh ( 5 ) sinh ( 5 )

i=3Y,

)

(449)

where 77y is the rapidity of the canonical boost Ly!.(px), n;
is the rapidity associated with the standard canonical
boost L, .(p;) of particle-i, and 6y, is the angle between px
and p; in the lab frame.

After the Wigner rotation, the amplitude in the lab
frame has its quantization axis aligned with the lab z-axis.

2. Two-body decay 3 — 1+2 in the lab frame.

For the second step 3 — 1+2, boosting from the lab
frame to the 3 rest frame by L;.(ps) gives the daughter
momenta p; and p;. The corresponding amplitude in the
lab frame is the two-body decay COM frame times Wign-
er D-matrices, which can be written as

A::l‘rz(pa,Pl,Pz)
o‘(: ) o, (52)*
= >N AT s Lo S DD (Ry)DE™ (R,

LzSz(T 0'

(450)

where (L,,S,) denotes the allowed LS combinations for
the two-body decay. The Wigner rotations R;; and R,
are induced by the boost to the particle-3 rest frame. Fol-
lowing Eq. (108), they can be written as

Rsi = Ry, R(w3)R;! Ry = Ry, R(wn)R;!,  (451)
where the rotation axes are chosen as
ns || —ps Xpi, N3 || —p; Xp2. (452)

The corresponding rotation angles about the z-axis can be
obtained from Eq. (107). Explicitly, for i = 1,2, one may
write

ws;
tan —

sin @;; sinh ( ) sinh (%

cosh( > ) cosh ( > ) + cos 65; sinh (1) sinh (—’) ’

i=1,2,

(453)

where 7; is the rapidity of the canonical boost L (ps), n;
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is the rapidity associated with the standard canonical
boost L; .(p;) of particle-i, and 6;; is the angle between p;
and p; in the lab frame.

After the Wigner rotation, the amplitude in the lab
frame has its quantization axis aligned with the lab z-axis.

In each of the two-body decays mentioned above, we
have aligned the spin quantization axes of the particles to
the lab frame's z-axis via Wigner rotations. Therefore, in
both two-body decay amplitudes, the spin quantum num-
ber o3 of particle-3 is always defined relative to the same
direction, the lab frame's z-axis. With a sum over the ca-
nonical spin projection of the intermediate particle-3, the
total cascade decay amplitude can be written as

AZ;{’Z‘”(px,m ,P2,Py)

= AT (px. Ps.Pr)PAL 7 (P31, P2), (454)
o3

where P; is the resonant propagator of the intermediate
particle-3, the amplitude for the cascade decay also has
its quantization axis aligned with the same direction,
namely the lab frame z-axis.

The geometry of the cascade decay process is shown
in Fig. 7.

Canonical cascade decay amplitude for multiple
decay chains For a cascade process with multiple decay
chains, each chain is defined in the same lab frame. Since
the canonical spin projections of all final-state particles

X

lab frame particle-X rest frame

{Px;P1,P2,P3,Pv} {kx,P3, Py}

w)‘)z)

particle-3 rest frame

{ks,pi,pP3}
Fig. 7. (color online) Ly! (py) is the canonical-standard boost
of particle-X from the lab frame to the rest frame of particle-X,
where the momenta are {ky, p5.py}. L;L(ps) is the canonical-
standard boost of particle-3 from the lab frame to the rest
frame of particle-3, where the momenta are {ks,p;,p;}. The
angles shown correspond to those used in the amplitudes
defined above.

are defined with respect to the same fixed lab-frame z-ax-
is, the spin polarization directions are consistent among
different chains. Therefore, one can first compute the cas-
cade amplitude of each decay chain in the lab frame, and
then obtain the total amplitude by directly summing the
chain amplitudes.

As an explicit example, we consider two decay
chains,

® Decay chain 1: X —» 3+7, followed by 3 — 1 +2.
® Decay chain 2: X —» 4+2, followedby 4 —» 1+7.

In the lab frame, following the single chain construc-
tion discussed above and using Eq. (454), the correspond-
ing cascade decay amplitudes are given by the following
expressions:

A((:)I(O—ZU—Y (pX’ P1,P2,Py; 3)
= > AT (px. 3. Py)PAT. (3. D1, P2),

a3
Agfzw (Px,P1,P2,Pr:4)
=) AT (. ps. P2 PSAT (P D1 PY)-

o4

(455)

The total cascade amplitude for this process is obtained
by directly summing the two chain amplitudes as

A7 (Px,P1, P2, Py)
= AT (Px, P1, P2, Py 3) + AT (P, P1, P2, Pr; 4). (456)

Finally, an advantage of the canonical cascade con-
struction is that the spin quantization axis of the particles
is consistent for each decay chain. This allows the total
cascade amplitude to be obtained by directly summing
the cascade amplitudes of all decay chains in the lab
frame.

However, in practical calculations, evaluating each
two-body decay amplitude in any frame still requires
computing the two-body amplitude in the corresponding
COM frame, along with the Wigner rotations. Once mul-
tiple decay chains are involved, the computational cost
becomes substantial, which is not very convenient in
practice.

2. Helicity cascade decay

In this subsubsection, we discuss the treatment of
helicity amplitudes in cascade decays. Since helicity is
defined with respect to the momentum direction in a giv-
en reference frame, different reference frames generally
lead to different helicity definitions. In the following, we
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focus on the definitions of cascade decay amplitudes un-
der two different helicity conventions.

e Two-body decay COM frame helicity (local heli-
city). For each two-body decay a — b+ ¢, one defines the
helicities 2 and A in the rest frame of particle-a. This
choice yields the standard Jacob-Wick factorization of
each two-body amplitude into the Wigner D-function of
the decay angles and the helicity-coupling amplitude.

In most of the literature, this definition is used to con-
struct cascade decay amplitudes. When the cascade de-
cay involves only a single decay chain, it is equivalent to
the lab frame description and yields the correct results for
physical observables. However, once multiple decay
chains are present, one cannot directly add the amp-
litudes from different chains. This is because different de-
cay chains correspond to different topologies, and in gen-
eral, the final-state helicities associated with different
chains are not defined in the same way. A naive direct
sum would, therefore, lead to incorrect results.

The correct procedure is to choose one reference de-
cay chain and then rotate the final-state helicities of the
other chains so that they are aligned with those of the ref-
erence chain, thereby obtaining cascade amplitudes
defined with the same final-state helicity convention [].
After this alignment rotation, the cascade amplitudes
from different decay chains can be added directly, and the
total cascade decay amplitude is obtained by summing
over all chains.

e Lab helicity (global helicity). For the final-state
particle-i, one may define the helicity A; in a fixed global
frame, for example, the lab frame, by projecting the spin
onto the momentum direction in the lab frame.

Under this convention, each two-body decay amp-
litude is defined in the lab frame, and the helicities of all
particles are defined along their respective momentum
directions in the lab frame. For intermediate particles, this
guarantees that the spin quantization axis is defined in the
same way when they appear as daughter particles and as
parent particles. Therefore, for a given cascade decay
chain, one can directly sum over the helicity of the inter-
mediate state and obtain the amplitude for that chain.

Moreover, when multiple decay chains are present,
the final-state helicities in every chain are defined in the
same lab frame. The spin quantization axes for the same
final-state particle in different chains are always taken
along that particle’s lab frame momentum direction. As a
consequence, there is no mismatch in final-state helicity
conventions across different chains, and one can directly
add the cascade decay amplitudes from different chains to
obtain the total cascade decay amplitude.

Based on the two helicity conventions introduced
above, we first use the case of a single decay chain to il-
lustrate how the corresponding cascade decay amplitude

is constructed under each convention. We then turn to the
situation with multiple decay chains and explain how the
cascade decay amplitude with several chains is construc-
ted in each convention.

Helicity cascade decay amplitude for single decay
chain Consider a cascade decay process X — 3+7Y, fol-
lowed by 3 — 1+2, where all particles are massive and
carry spin. According to the two helicity conventions in-
troduced above, the corresponding cascade amplitude can
be constructed in two different ways.

For the two-body decay COM frame helicity conven-
tion, we directly construct the cascade decay amplitude
from the two-body amplitudes defined in the correspond-
ing COM frames, and then obtain the total cascade amp-
litude as

ALY (ky, g}, 47, 95)

= ALY (ky.q5. 43P AL (ks q) . ), (457)
A3

where each helicity A; is defined along the momentum
direction in the COM frame of the corresponding two-
body decay.

In contrast, for the lab frame helicity convention, we
construct the cascade decay amplitude using the two-
body decay amplitudes written in the lab frame, and then
obtain the total cascade amplitude as

P
AP (Px, P1sP2, Py)
P By
= ZAA}( "(Px>P3,Py)P3Ay  (P3, P1,P2),

4

(458)

where each helicity A] is defined along the momentum
direction in the lab frame. In this cascade decay, the heli-
city of the parent particle-X is the same in both conven-
tions.

1. Two-body decay COM frame helicity convention

ALY Ky, q7.47.43)

= Y ALY (ky.q5.q3)P3 AL (ks q). ). (459)
3

where each amplitude is defined in the helicity COM
frame. The helicity COM frame is determined by starting
from the initial COM frame and applying the helicity-
standard boost to an intermediate particle produced from
the two-body decay of the parent particle, bringing it to
its rest frame. This frame is then defined as the COM
frame for the subsequent two-body decay of that interme-
diate particle as the new parent. Proceeding step by step
via successive helicity-standard boosts in this manner, we
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obtain the helicity COM frames for all two-body decays
in the cascade.

Here, we can sum over the helicities of the intermedi-
ate state particle in the two amplitudes because, for the
intermediate particle, the helicity quantization axes are
consistent between the two helicity COM frames. Sup-
pose we consider the first two-body decay, where the
particle state is |qj,43), and in the second two-body de-
cay, the particle state is |ks,A;). The transformation
between these two helicity COM frames is given by the
helicity-standard boost for particle-3 with momentum qj,
which can be decomposed as

L3}(43) = R (61,61, 0)L5(43), (460)
where L3(q3) is a pure boost along the momentum direc-
tion gj. Due to the rotational invariance of helicity and its
invariance under pure boosts along the momentum direc-
tion, we ultimately have

L3 (@3)Ig3, A3) = R™ (41,61, 0) L5 (q3)1q3. 43)

(461)
= |k3, 43),

which indicates that A; = 2. Thus, the choice of helicity
quantization axis for the intermediate particle state is con-
sistent, and we can directly sum over them. This demon-
strates that when defining the helicity COM frame, it
must be obtained by boosting from the decay COM frame
of its parent particle. This ensures that the helicity quant-
ization axes for each intermediate particle are consistent,
thus allowing summation over them.

Starting from the first step in the two-body decay
X — 3+7Y, in the particle-X rest frame, from Eq. (75), the
helicity amplitude in the COM frame can be written as

.. 2sx+ 1 o)
AR (ke @, 7) = ) = —DRCE (81,6, 0H", (462)

where (01,¢,) are the corresponding helicity angles.

For the second step two-body decay 3 — 1+2, in the
particle-3 rest frame, the helicity amplitude can be writ-
ten as

* * 2S +1 §3 )%
ARk, 3) = /= = DR (2.0, O, (463)

where (6,,¢,) are the corresponding helicity angles. The
geometric definitions of these two sets of angles can be
found in Fig. 8.

2. Lab helicity convention
Under the lab frame convention, the helicities of all
particles are defined with respect to the directions of their

particle-X rest frame

particle-3 rest frame

lab frame

Fig. 8. (color online) Definitions of helicity angles for the
decay chain X -»3+Y, 3 — 1+2. For the first two-body de-
cay X —»3+Y, we may choose the decay plane such that
¢, = 0. For a single decay chain, this only introduces an over-
all phase and does not affect physical results. The correspond-
ing helicity angles for this decay are therefore (6,,0). For the
second two-body decay, the rest frame of particle-3 is ob-
tained from the rest frame of particle-X by applying the heli-
city-standard boost of particle-3, L3} (q3). In this frame, the
helicity angles of the decay 3 — 1+2 are (6,,¢,).

momenta in the lab frame. Therefore, one can compute
each two-body subprocess in the cascade decay by using
the lab frame helicity two-body decay formula, Eq. (115).
In particular, for the intermediate resonance, its helicity is
defined along its lab momentum direction both when it
appears as a daughter particle and when it appears as a
parent particle. Hence, the helicity of the intermediate
state is the same in the two roles, and the intermediate
helicity can be summed over directly. As a result, the cas-
cade decay amplitude can be written as

XN
A,l,'( *(px,P1,P2,Py)
A N
= ZA/I; "(Px>P3,Py)P3A;  (P3, P1,P2)-

4

(464)

For the two-body decay X — 3+7Y, the two-body de-
cay amplitude in the lab frame can be expressed as

XA
A/li "(Px,P3,Pr)

= > AR ke, @5, @)D Rp)DY T (Ryy),  (465)
3y
where the helicity COM frame associated with

ARV (ky, @5, ;) is obtained from the lab frame by apply-
ing the helicity-standard boost of particle-X. This choice
ensures that in the rest frame of particle-X, its spin quant-
ization axis is the z-axis. When boosting the system
X — 347, for the state of particle-3, helicity is invariant
under rotations and also invariant under boosts along its
momentum direction, so its helicity coincides with the
helicity defined in the lab frame. For particle-3 and
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particle-7, the helicity boost induces the Wigner rotation
R}, (i=3,Y). This is done to ensure that, in the final two-
body decay amplitude written in the lab frame, the heli-
cities of particle-3 and particle-Y are defined along their
momentum directions in the lab frame. From Eq. (122),
this Wigner rotation can be written as

R}y, = R ()R (px)Rxi(w)R(px), (466)

where

Rxi(w;) = RﬁRz("-)Xi)er

_ sinfy; sinh ( ) sinh ( )
tan wxi _ 2 2

2 cosh ( > ) cosh ( 2 ) +c0s fy; sinh ( > ) sinh ( 2 )

X Ay || =px X p;.

(467)

The helicity amplitude in the lab frame can be expressed
as

LA
A ij( y(stp%pY)

— Z 1/ 2sX+1 lx(éx)*(¢l 9/1 O)Hh/ly

lz/]y

X DR (R D" (Riy). (468)

For the two-body decay 3 — 1+2, the approach here dif-
fers from the two-body decay COM frame helicity con-
vention. In the two-body decay COM frame helicity con-
vention, one must perform step-by-step helicity boosts to
reach the corresponding helicity COM frame. However,
here it is sufficient to start from the lab frame and apply a
single helicity standard boost associated with the lab
frame momentum of particle-3, bringing particle-3 to its
rest frame. In this case, the two-body decay amplitude in
the lab frame can be written as

YU 13 . - - /
A Ds D1 = 3 AL s, @1, GHD Y R DR (R
b

(469)

For particle-3, this helicity boost consists of a rota-
tion followed by a pure boost along the momentum direc-
tion of particle-3. Therefore, the helicity of particle-3 in
the two-body COM frame coincides with its helicity
defined in the lab frame. For particle-1 and particle-2, one
applies the Wigner rotation R;; (i =1,2) induced by the
helicity boost to ensure that in the final two-body decay
amplitude written in the lab frame, the helicities of
particle-1 and particle-2 are defined along their mo-

mentum directions in the lab frame. From Eq. (122), this
Wigner rotation can be written as

R} = R7'(@)R™'(p3)Rsi(w)R(Ps), (470)
where

Ryi(w;) = RaR(w3)Ry',
w3

sinf;; sinh ( ) sinh ﬂ)
tan — = 2 2
2 m ni\’
cosh ( > ) cosh ( > ) + cos 6;; sinh (5) sinh (E)

fi3; || —p3 X p;.

471)

The helicity amplitude in the lab frame can be expressed
as

2853+ 1 ,1 (5;)*

A , 3
A/lé 2(p37p1’p2) = Z -1 (¢2’02’0)H/l] °

Ak

% D/ll(Yl)*(Rl 1)D12(M)*(R32)

(472)

In each of the two-body decays discussed above, we em-
ploy Wigner rotations to align the spin quantization axes
with the momentum directions of the corresponding
particles in the lab frame. Consequently, in the amp-
litudes of these two-body decays, the helicity of particle-3
is consistently defined along the momentum direction of
particle-3 in the lab frame. By summing over the helicity
of the intermediate particle-3, the total cascade decay
amplitude can be expressed as

VA
AL (Px, P1>P2: Py)
XA A,
= Y AL (Px.Ps,PYPIAY (3,1, P2)-

2

(473)

The geometry of the cascade decay process is shown
in Fig. 9.

The two constructions above differ only by their
choice of helicity convention. They are, therefore, physic-
ally equivalent, provided that the corresponding Wigner
D-matrices induced by non-collinear boosts are treated
consistently. In particular, when we are concerned with
some physical observables, we sum over the final-state
helicities and take the modulus squared of the amplitude.
Thus, one has

Z |Al{/l’ — Z ‘Aj;(/lz/ly

A4 Ax A Ay Ax

2

, 474)
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X

lab frame particle-X rest frame

{Px,P1.P2,P3, Py} {kx. a3}, ay}

wjg)

particle-3 rest frame

{ks, i, a5}

Fig. 9. (color online) L3} (px) is the helicity boost from the
lab frame to the rest frame of particle-X. It ensures that after
the boost, the spin quantization axis of particle-X points along
the 7/ direction, with the associated coordinate system de-
noted by {x’,y’,7’}. In the two-body decay X —»3+Y COM
frame, the momenta of the particles in this frame are
Ky, 5.4y, and the helicity angles are (¢{,6},0). L3} (ps) is the
helicity boost from the lab frame to the rest frame of particle-
3. It ensures that after the boost, the spin quantization axis of
particle-3 points along the z” direction, with the associated
coordinate system denoted by {x”,y”,z”}. In the two-body de-
cay 3 — 1+2 COM frame, the momenta of the particles in this
frame are kj,q;,q;, and the helicity angles are (¢5,65,0).

so both conventions lead to the same physical decay rate.

Despite this equivalence for a single decay chain, the
situation becomes practically different when multiple de-
cay chains contribute to the same final state. In the two-
body COM frame helicity convention, the step-by-step
helicity constructions are performed in different two-
body rest frames, and different decay topologies gener-
ally lead to different helicity definitions (spin quantiza-
tion axes) for the same external particle. As a result, there
is a basis mismatch between chain amplitudes, and a dir-
ect coherent sum of the amplitudes from different chains
is generally incorrect. To obtain a meaningful total amp-
litude, one must first bring all chain amplitudes into a
common helicity basis by applying the appropriate align-
ment rotations.

In contrast, in the lab-frame helicity convention, the
helicities of all external particles are defined with respect
to their momentum directions in the same lab frame.
Therefore, the spin bases are already aligned across dif-
ferent decay chains, and the chain amplitudes can be co-
herently summed directly without any additional align-
ment. In the following, we discuss these two treatments in
detail.

Helicity cascade decay amplitude for multiple de-
cay chains

1. Two-body decay COM frame helicity convention
for multiple decay chains

According to the convention of the two-body decay
helicity COM frame, since the topological structure of
each cascade decay chain differs, the step-by-step heli-
city boost procedure from the initial COM frame to the
frame in which the final-state particles reside must differ.
Therefore, when summing the amplitudes from different
decay chains, a mismatch in the definition of the final-
state particle helicities arises. To resolve this issue and
correctly sum the contributions from each decay chain,
we must introduce the Wigner rotation to align the heli-
cities of the final-state particles. Upon alignment, the
amplitudes from each decay chain can be coherently
summed to obtain the total cascade decay amplitude.
Next, we will discuss in detail the implementation of this
alignment rotation.

As an explicit example, we consider two decay
chains,

e Decay chain-1: X — 3+7Y, followed by 3 — 1+2.
® Decay chain-2: X — 4+2, followed by 4 — 1 +7Y.

The helicity amplitude for decay chain-1 is

ALY (Ky.q7.q7.43:3)
= AR (ky. €5, q3)P3AY 2 (ks Q) ).

A3

475)

For the two-body decay X — 3+7Y, the helicity of
particle-X (1y) is defined along the z-axis in the COM
frame of this two-body decay, while the helicities of
particle-3 and particle-Y (3,4y) are defined along their
respective momentum directions in the same COM frame.

For the two-body decay 3 — 1+2, the helicity of
particle-3 (13) is defined along the z’-axis in the COM
frame of this two-body decay (this z’-axis is determined
by applying the helicity boost from the COM frame of the
decay X —3+7), while the helicities of particle-1 and
particle-2 (1;,4,) are defined along their respective mo-
mentum directions in that COM frame.

As for the helicity of particle-3 in these two frames,
since helicity is invariant under rotations and invariant
under boosts along the direction of momentum, and be-
cause the transformation from the rest frame of X to the
rest frame of particle-3 is achieved by a single helicity
boost, the helicity of particle-3 A; remains unchanged
between the two rest frames. Equivalently, the spin
quantization axis associated with particle-3 is the same in
both decays. Therefore, one can sum over the intermedi-
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ate helicity of particle-3 to obtain the cascade decay amp-
litude. The amplitudes in these two COM frames can be
written as

. . 2sx+1 o)
APV (ky,q5.q3) = \/—zﬂ DY (41,61, 00H Y, (476)

and

. 253+ 1 s
AP s, 1 03) = |/ = DR (0.6, OO H N,

where (0;,¢1) and (6,,¢,) are the corresponding helicity
angles shown in Fig. 10.
The helicity amplitude for the decay chain-2 is

477)

ADEY (1 G5, G, 054)

= D ARy @530 PAL Y (ki@ T5). (478)
A

For the two-body decay X — 4+2, the helicity of
particle-X (1x) is defined along the z-axis in the COM
frame of this two-body decay, while the helicities of
particle-4 and particle-2 (14,4,) are defined along their
respective momentum directions in the same COM frame.

For the two-body decay 4 — 1+7Y, the helicity of
particle-4 (1,) is defined along the z”-axis in the COM
frame of this two-body decay. This z”-axis is fixed by ap-
plying the helicity boost from the COM frame of the de-
cay X —»4+2, while the helicities of particle-1 and

particle-X rest frame

particle-4 rest frame

lab frame

Fig. 10. (color online) Definitions of helicity angles for the
first decay chain X - 3+Y, 3— 1+2. This decay chain is
taken as the reference chain. We define the rest frame of
particle-X as the coordinate system associated with the blue
plane. For the first two-body decay X — 3+7Y, the helicity
angles are (6;,0). For the second two-body decay 3 — 1+2,
defined in the rest frame of particle-3, the helicity angles are

(62,92)-

particle-Y (4;,1y) are defined along their respective mo-
mentum directions in that COM frame.

The helicity of particle-4 remains unchanged between
the two COM frames. Equivalently, the spin quantization
axis associated with particle-4 is the same in both decays.
Therefore, one can sum over the intermediate helicity of
particle-4 to obtain the cascade decay amplitude. The
amplitudes in these two COM frames can be written as

1L e s 2sx+1 SRV S5
A k@3, @) = \/ = — DR (1,6, 00", (479)
and

13 e s 254+ 1 o= = 33
APV (.05 = 1/ i—ﬂD‘g‘_ﬁy (62,6, 0)H"™,  (480)

where (@),¢,) and (6,,¢,) are the corresponding helicity
angles shown in Fig. 11.

One can see that the two cascade decay amplitudes
define the final-state helicities with different directions;
namely, they correspond to different spin quantization
axes. To obtain a common set of quantization axes, we
next align one decay chain to the reference chain. Here,
we choose decay chain-1 as the reference, and decay
chain-2 is to be aligned with it.

We first define the relations among the relevant refer-
ence frames in decay chain-1.

® The decay X — 3+7Y is defined in the rest frame of
particle-X, which we denote by Sx.

particle- X rest frame

particle-4 rest frame

lab frame

Fig. 11.  (color online) Definitions of helicity angles for the
second decay chain X —2+4, 4 - 1+Y. The rest frame of
particle-X is taken to be the coordinate system associated with
the blue plane. For the first two-body decay X — 2+4, the
helicity angles are (6;,4,). For the second two-body decay
4 - 1+7Y, defined in the rest frame of particle-4, the helicity
angles are (6,,,).
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e In the rest frame of particle-Y, obtained by apply-
ing the helicity boost from the rest frame of particle-X,
we define this frame as Sy.

® The second two-body decay 3 — 1+2 is defined in
the rest frame of particle-3, which we denote by S;.

e By boosting from the rest frame of particle-3 to the
rest frames of particle-1 and particle-2, we define the cor-
responding frames S; and S,, respectively.

For decay chain-2, we denote the rest frames of the
relevant particles by:

® The decay X — 2+4 is defined in the rest frame of
particle-X, which is the same as in decay chain-1, and we
denote it by Sy.

e In the rest frame of particle-2, which is obtained by
applying the helicity boost from the rest frame of particle-
X, we define it as S,.

e The second two-body decay 4 — 1+7 is defined in
the rest frame of particle-4, which we denote by S,.

e By boosting from the rest frame of particle-4 to the
rest frames of particle-1 and particle-Y, we define the cor-
responding frames S, and Sy, respectively.

These different frames can be related via helicity
boosts starting from Sy. For decay chain 1, the relations
among the frames are given by

L(@)Sx=S; (i=3.Y),

LA@)Ss=S; (j=1,2). (481)

For decay chain-2, the relations among the frames are
given by

L @)Sx=S;, (i=4,2),

L@pSs=S; (j=1Y). (482)
Since the helicity of each final-state particle is defined
along its momentum direction in the corresponding two-
body decay COM frame, and since helicity is invariant
under rotations and also invariant under boosts along that
direction, the helicity of the particle remains unchanged
after performing the helicity boost from the two-body de-
cay COM frame to its rest frame. Equivalently, it be-
comes the z-axis direction in the particle’s own rest
frame. Therefore, starting from the final-state particle rest
frames in the reference decay chain, one can use the se-

quence of frame transformations introduced above to
boost step by step to the final-state particle rest frames in
the other decay chain. The net effect of this sequence of
helicity boosts is a pure rotation. This rotation is pre-
cisely the alignment rotation that must be applied to the
non-reference decay chain.

For example, using Eqs. (481) and (482), for particle-
1, the relation between its rest frames in the two decay
chains, $; and S, is given by

Ly @)Ly (@) Lan(a3) L (g)S1 = S, (483)

From this, the relation between the two helicities A; and
A; can be determined by

L @)L @) Ls (@) Lia(@)lsid)y = > DY (R)lsi ),
4

(484)

where Rj; denotes the alignment rotation that aligns 4, of
decay chain-2 with A; of decay chain-1, and can be writ-
ten as

Riy = Ly, @)L @D Lsn(a5) L1 () (485)

Similarly, the alignment rotations for particle-2 and
particle-Y can be expressed as

Ry = L;,L(QZ)La,h(qﬁ)Lz,h(qZ), (486)

Ryy = Ly, (@) Ly (@) Lya(dy)- (487)

After this alignment, the amplitude of decay chain-2 can
be expressed as

ALY (ky, @y, 4, 03:4)
= > ALY (k@G5 @ HDY (R
A1,y

x D' (R)D'" (Ryy).

Y

(488)

Finally, the total amplitude is obtained by directly adding
the amplitudes of the two decay chains and can be writ-
ten as
AP = ALY (kx 43,471,953 3)
+ALY (ky @,G5,05:4)
= A3 (ky, 4,47, 45:3)
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+ Y AL (kx,@5.60,054DY (Rn)
A2,y

XD (R)D (Ry). (489)
In a more general case with additional decay chains and
more final particles, the procedure for handling the cas-
cade decay amplitude involves choosing one decay chain
as the reference chain and aligning the helicities of the fi-
nal-state particles in all other decay chains with the heli-
cities in the reference chain. Concretely, starting from the
rest frames of the particles in a given decay chain, suc-
cessive helicity boosts are applied step by step to reach
the reference frame of the initial parent particle. From
this frame, helicity boosts are then applied step by step to
reach the rest frames of the particles in the reference
chain. The detailed procedure can be written as

. . . ;
_ L@ L@y Lin(qp) Lin(q;)

S, Sy S.,

(490)

and the corresponding alignment rotation is given by:

R = Ly (@) Ly @) Lea(q) -+ Lia(q))- (491)
By applying the corresponding alignment rotations to the
helicities of the final-state particles in the other decay
chains, the helicities of all decay chains can be aligned.
The total cascade decay amplitude is obtained by sum-
ming the amplitudes with aligned helicities.

2. Lab helicity convention for multiple decay chains

For a cascade process with multiple decay chains,
each chain is defined in the same lab frame. Since the lab
helicity convention of all final-state particles is defined
with respect to the momentum direction of particles, the
spin quantization axes are consistent among different
chains. Therefore, one can first compute the cascade
amplitude of each decay chain in the lab frame and then
obtain the total amplitude by directly summing the chain
amplitudes.

As an explicit example, we consider two decay
chains:

® Decay chain-1: X — 3+7, followed by 3 — 1+2.
e Decay chain-2: X — 4 +2, followed by 4 —» 1 +7Y.
In the lab frame, following the single chain construc-

tion discussed above and using Eq. (464), the correspond-
ing cascade decay amplitudes are given by

Ajll)l(/b/ly(p)h P1,P2,Py; 3)
= > ALY (x5 PYPAL (D3, 1. P2).

A3
Aj;(/IZ/lY (pX9 P1,P2,Py; 4)

= ZAﬁﬂz (Px> P4, P2)PaAL" (4. P1. Py)- (492)
A4

Finally, the total cascade amplitude for this process is
obtained by directly summing the two chain amplitudes
as

ALY (py,prL P2, Py) = ALV (Px, Pr. P2, Py 3)

+Aﬁ,](/lley(Px,P1,p2,py;4)_ (493)

Both conventions can be applied to cascade decays
with multiple decay chains. In the two-body COM frame
helicity convention, the step-by-step construction within
each individual chain is consistent by construction: adja-
cent stages are connected by a single helicity boost, so the
intermediate particle helicity is unchanged between the
two corresponding rest frames, and no additional align-
ment is needed within the same chain. The mismatch only
appears between different chains, and only on the extern-
al final-state helicity. Therefore, to coherently sum differ-
ent chain amplitudes, it is sufficient to introduce, for each
non-reference chain and for each final-state particle, a
single alignment rotation R; and the associated Wigner
D-matrices. Consequently, the number of alignment rota-
tions to be determined scales roughly linearly with the
number of non-reference chains times the number of fi-
nal-state particles and is typically modest.

In contrast, in the lab frame helicity convention, all
decay chains share the same helicity definition from the
outset since each final-state helicity is always defined
with respect to its lab momentum direction. Hence, dif-
ferent chains can be summed coherently without any ex-
tra chain-by-chain alignment rotations. The trade-off is
that the building blocks written in the lab frame gener-
ally involve explicit Wigner rotations induced by non-
collinear boosts, and such rotation factors may reappear
at multiple steps in the cascade construction.

B. Covariant cascade decay

In this subsection, we primarily discuss the applica-
tion of covariant approaches to cascade decays. Here,
“covariant” means that the amplitude expression can be
written directly in any frame, without additional input
from the two-body COM frame. In our previous discus-
sion, the covariant amplitude includes the canonical-
spinor amplitude and the covariant tensor amplitude
(GS scheme).

Furthermore, in these constructions, the final-state
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particles are described using a common choice of spin
quantization axis. Therefore, once a specific frame is se-
lected in a cascade decay, for example the lab frame, the
quantization axes for all two-body decays are taken to
point in the same direction, such as the z-axis. As a result,
these amplitudes allow for a unified treatment in cascade
decays. In the following, we refer to this procedure as the
covariant cascade decay.

In the covariant cascade decay, when the lab frame is
chosen as the reference frame, the spin quantization axes
of all two-body decay amplitudes are fixed to be the z-ax-
is of this lab frame. Therefore, for a given decay chain,
the two-body decay amplitude in which the intermediate
particle appears as a daughter and the two-body amp-
litude in which it appears as a parent can be combined
directly by summing over its spin index . Moreover, for
different decay chains, one can directly add the chain
amplitudes computed in the same lab frame to obtain the
total cascade amplitude. This shows that, in this construc-
tion, no complicated alignment procedure is required, in
contrast to the non-covariant treatment.

As a concrete example, consider the cascade decay
process X —»3+7Y, followed by 3 — 1+2. In the lab
frame, its cascade amplitude can be written as

ﬂg;l(azay(pX’plsPZsPY)

= > AT (px. . pY)IPIALT (paprpa). (494)
o3

where P; is the resonant propagator of the intermediate
particle-3. Each two-body decay amplitude can be writ-
ten as

ﬂg;”y(p)(’pfbp)/) = Zﬂg;”y(pX’p37pY;Ll$S]),

LSy

AL (p3spr1,p2) = Zﬂgaz(l?mpl,l?z;Lz,Sz),
1,S»

(495)

where (L,S ) and (L,,S,) denote the possible LS partial
wave combinations for the two two-body decays.

In the lab frame, the particle momenta are denoted by
Px> Pis P2> Py, and p3 = p;+ p,. For each two-body de-
cay, we directly substitute these momenta into the corres-
ponding two-body amplitude. In this way, the cascade de-
cay amplitude can be obtained directly. The lab frame
momenta {px,pi,p2,p3, py} shown in Fig. 12 can be used
directly.

For processes with multiple decay chains, the amp-
litude for each chain can be obtained using the above pro-
cedure, without any additional boosts to intermediate
COM frames and alignment rotations. As a result, the
total amplitude is simply the coherent sum of the amp-
litudes from all decay chains. As an explicit example, we

Y 2
1
3/ 2
X Y
T
lab frame

{px,p1,p2,p3, Py}
Fig. 12. Geometry of the cascade decay X —3+7Y,
3 — 1+2 in the lab frame. The five lab frame four-momenta
DPx.P1, P2, p3, py are used as the direct inputs for the two-body

amplitudes.

consider two decay chains,
® Decay chain-1: X —» 3+7, followed by 3 — 1+2.
e Decay chain-2: X — 4+2, followed by 4 —» 1 +7.

The total amplitude can be written as

T1020y

AT (pxs P15 P2, Py) = AL (pxs P1s P25 Py 3)
+ﬂg,}(oz(ry(l7x,l719P2’PY§4)’ (496)

where the two terms denote the covariant cascade decay
amplitudes associated with the two distinct resonances 3
and 4.

When more decay chains are present, one only needs
to compute the amplitude for each chain in the lab frame
and then add them directly to obtain the total amplitude.
This shows that using covariant decay amplitudes as the
basic building blocks for cascade decays leads to a more
streamlined approach and is well-suited for handling cas-
cade processes with multiple decay chains.

VI. THE CASCADE DECAY OF A — Ax*n®

To validate and compare different PWA schemes, the
cascade decay AY — An*n® is used as a benchmark pro-
cess, and fits are performed using different schemes. This
cascade decay can proceed via several possible intermedi-
ate resonant states, with each resonance corresponding to
a distinct decay chain.

In this work, the main objective is to test whether the
coefficients in front of each partial wave, g;5, and the
resulting physical observables are consistent across dif-
ferent PWA schemes. For this reason, only the intermedi-
ate states listed in Ref. [85] with statistical significance
larger than 5o are included. The selected components are
the p(770)*, X(1385)*, X(1385)", X(1670)*, X(1670)°,
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2(1750)*, and X(1750)° states, as well as the non-reson-
ant (NR;-) component. These selected components can be
organized into three distinct topological structures of de-
cay chains, namely:

e Topology I (p*-type): A —> AR, R—rn,
A — prn~,

where R is a meson resonance decaying into 7*n°.
The dominant contributions in this topology come from
the p(770)* and the non-resonant J¥ = 1~ component, de-
noted as NR,-.

e Topology II (Z**-type): Af - X*n%, I — An*,
A — prn~,

where X** is an excited baryon resonance. This topo-
logy includes the X(1385)*, X(1670)", and X(1750)*
states.

e Topology IIT (Z-type): A; - Zn", £ - An®,
A — pr,

where X% is another excited baryon resonance. This
topology includes the £(1385)°, £(1670)°, and Z(1750)°
states.

To analyze these decay channels, the open-source
package TF-PWA [86] is used to generate events with the
grs values provided in Ref. [85]. The generated events

B(/)(q’q()sd) = l’

are then fitted using different partial wave amplitudes for
comparison. Since only the consistency among the form-
alisms is of interest, the generated samples do not in-
clude background contributions or detector acceptance
and efficiency effects.

A. Calculate amplitudes in different ways

In practice, we performed fits using the traditional-LS
amplitude, the canonical-spinor amplitude, and the heli-
city amplitude, and found that they provide mutually con-
sistent results. Therefore, for the components whose fi-
nal-state quantum numbers are defined in the canonical
basis, we use our canonical-spinor amplitude as an ex-
ample and compare it with the helicity amplitude that is
predominantly used in TF-PWA.

Next, we present several useful relations associated
with the orbital angular momentum L. We consider the
decay process 3 — 1+2, where the particle masses are
ms, my, and m,. The magnitude of the momentum in the
COM frame can be written as

V(s +mp)> —=m)(m3 +my)? —m3)
1= ng ’

(497)

The Blatt-Weisskopf barrier factor B} (g,qo,d) is given by
[16]

225 +45(qd)* + 6(qd)* + (qd)® ’

11025 + 1575(qod)? + 135(god)* + 10(god)° + (god)®

, 1+ (qod)?
B](q’q()’d): l+(q0d)2 )
9+3(god)* + (qod)*
B,(q,q0,d) = ,
S R
225 +45(god)? + 6(qod)* + (qod)®
Bg(q,qo,d)= (god) (qod)” + (qod)
le(q’qo’d) =

These functions effectively suppress the amplitude at
high L, preventing the unphysical growth of high-L par-
tial waves. The parameter d is a hadronic scale that char-
acterizes the size of the interaction region. In this work,
the radius parameter is fixed at d =0.73 fm, following
Ref. [87].

1. Helicity scheme

For the helicity scheme, the amplitude of each two-
body decay in the COM frame is given by Eq. (75). In the
cascade decay, each intermediate resonance is associated

11025 + 1575(gd)? + 135(qd)* + 10(gd)® + (gd)®

(498)

[
with a propagator, denoted generically by P,(m), Ps-(m),
Pso(m), Pyg,_(m), and P(m).

The propagator P includes different models. For the A
and the non-resonant NR;- contribution, the propagators
are taken to be unity. For the £** and Z*° resonances, the
Breit-Wigner formalism is used:

1

LR e S g

(499)

2
my

where m is the invariant mass of the resonance and my is
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the nominal resonance mass. The mass-dependent width
is

2L+1
m,
T(m) =T, (1) ™ B2(g.q0.d). (500)
90 m

For the p(770)* resonance, the Gounaris-Sakurai

model [88] is used:

1+ DI'y/my
mi —m? + f(m) —imT'(m)’

P,(m) = (501)

where the f(m) and D are defined as

2
fim) =T, e {q [A(m) — h(mo)] + (mg —m )610 am Im0 ;

(502)
2 2

h(m) = i In (’"2:1 q) , (503)

dh 25\-1 2\—1 2 -1

%lmg = h(mg) [(8qp) ™" — 2mg)~'| + 2mmg)™",  (504)

_ SO _Eﬁln<mo+240)+ my  mzmg
" Tomy 7 q} 2my 2nq0  mqy
(505)

Using the construction of helicity cascade decay amp-
litudes discussed in subsubsection V.A.2, the amplitude
for each decay chain can be explicitly written as follows.

For topology 1, the corresponding helicity amplitude
can be expressed as

/l P Ap

0 (0)= DAY P (M)A AT (506)
AnsAp
/lp ]\]R1 )_ Z A/iA/lNRl A/‘LNRI,A;{Z' (507)

An-ANR, -

For Topology II, the corresponding helicity amplitude
can be expressed as

(1 (1
Aji‘r (=) = Z A/lz *Pz +(MA,,+)AAz +A;j’\ .

Agrt AN

(508)

For Topology 111, the corresponding amplitude can be ex-
pressed as

A /15)2)
> A PZ*O(MA,,O )AL AL -

Agi0,AA

A;’ T = (509)

Based on the discussion in subsubsection 5.1.2, when
constructing helicity amplitudes for processes with mul-
tiple decay chains, it is necessary to choose one decay
chain as a reference and align all the other decay chains
accordingly. In the present analysis, we take the topology
I decay chain as the reference chain and align the remain-
ing decay chains with respect to it. Since, among the fi-
nal stable particles, only the proton carries nonzero spin,
for the topology II decay chain, the helicity boost associ-
ated with the proton is given by

et AF
L'@y™) L' 0% L' pgs)
1 ‘n \Ep 1) (1) (1) Th T
s» s s, Sas
A
Ly(p,©) Ly(p))
— S, — S, (510)

and the corresponding alignment rotation is

Rsep =Ly I(PA(I))L I(PA(l))L 1(p>: +)Lh(p/\ )Lh(P,I}) (511)

For the topology III decay chain, the helicity boost of the
proton is given by

1 5*0 1 A
Lo AQ)) LoEe) 5'®)
@ b P ® @) @ x
S¢ S 52, Sar
Lipy©) Lipd)
s s, (512)

and the corresponding alignment rotation is

Ry, = Ly (0L (050 Ly (P LA LAY (513)

Therefore, after applying these alignment rotations to
Egs. (508) and (509), and then summing them with the
contributions from Egs. (506) and (507), the total helicity
amplitude for the cascade decay can be written as

A1A+ = (A/l +(P)+A1A+(NR1-))

+3° (ZAM (2**)) D”;P‘ "Ry

/l(l)

2

Then, this cascade decay amplitude can be fitted using
the method described in subsection II.C to determine the
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corresponding LS partial wave coefficients g;.

2. Canonical-spinor scheme

The construction of the cascade decay amplitude in
the canonical-spinor scheme is now discussed. The ca-
nonical-spinor two-body decay amplitudes used here are
those of Eq. (344), with the normalization factor N set to
1. The corresponding spin and orbital parts, S and Y, are
given in Egs. (345) and (347), respectively. The explicit
analytic form of each two-body decay amplitude is
provided in subsection 4.3 and can be identified accord-
ing to the spin assignments of the particles involved.

In this scheme, the four-momenta of all particles in
any frame are directly inserted into the corresponding ca-
nonical-spinor two-body decay amplitudes to obtain the
contribution of each decay chain. The canonical-spinor
cascade decay amplitudes for each decay chain can be
written as

AT ()= D AN Py (M) A, AT (515)
OAOp
AL NRY= Y A Ay AT (516)
‘ U'AsO'Nle
AL () = > AT Pre(Maar) AT AT,
Tyxt+ 0N
(517)
Ay () = D A Pro(Mp) AT AT (518)

T 50,0 A

The propagators of the intermediate resonances have
already been given in Eq. (499) and Eq. (501).

Following the discussion in subsection V.B, the total
amplitude can be written as

A = AL () + AL (NRr-)

O+ T p+
A(‘ AE

+ Zﬂgiz =)+ Zﬂgz (). (519)
hiad 50

Using this cascade decay amplitude, a fit is performed
following the procedure outlined in subsection VI.C,
from which the corresponding LS partial wave coeffi-
cients and physical observables are extracted.

B. Numerical implementation of the canonical-spinor
amplitude
In practical PWA, canonical-spinor amplitudes are

calculated numerically. Some explicit examples are giv-
en in subsection IV.C; more generally, amplitudes for ar-
bitrary spins are obtained by a direct numerical imple-
mentation of Eq. (332).

For the CGCs part, the three spins (sy,s»,s3) determ-
ine the integers a,b,c appearing in Eq. (334). In the nu-
merical implementation, the expression in Eq. (334) is
expanded into a sum of products containing (a+c¢) iden-
tity tensors 6°*¢ and b antisymmetric tensors &°. The in-
dices of each term are first reordered to match the order-
ing used in the expression, and each group of indices en-
closed in (---) is then symmetrized. Multiplying by the
overall prefactor in Eq. (334) finally yields the CGCs
tensor with the desired set of SU(2) indices.

For the orbital part Y, the starting point is the basic
(31,1113;,1 tensor. Its explicit form can be obtained by sub-
stituting the canonical-spinor variables and can be writ-
ten as

(Bul1351 = 45 (P3)P1aad’, (P3), (520)

where the momenta are taken from Eq. (301), and the
spinors are defined in Eq. (316) with 24 = ;1% between
them. For higher L, a new tensor Y|, ..., is constructed
by taking the tensor product of L such (3,1|3,,] tensors,
which yields an object with 2L indices. Symmetrizing
over all 2L indices and multiplying by the overall prefact-
or in Eq. (347) then gives the orbital tensor.

For the spin part with total spin-S, a tensor 7 is intro-
duced. The basic tensor 7 is defined in Eq. (346), and its

explicit form in terms of canonical-spinor variables can
be written as

NI 1
(T)(p3,pi) = m
X (P Aas(ps) = Ly (p)X5(py)),  (i=1,2).
(521)
The corresponding tensor 72! is constructed as the tensor
product of 2s, basic tensors 7, followed by complete
symmetrization over its upper and lower indices. Particle
2 is treated analogously, yielding 7*2. The tensors 7>
and 72 are then contracted with the CGCs tensor over
the appropriate indices to form the spin tensor S.

Finally, S and Y are contracted with the external
CGCs tensor to produce the amplitude with explicit
SU(2) indices. Using Eq. (344), this amplitude is then
converted into the familiar form with ¢ indices.

C. Likelihood function and fit fraction

To perform the amplitude analysis, the TF-PWA
package is used to generate phase-space (PHSP) samples
for the multi-body final state, following the results given
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in Ref. [85]. These samples do not include background
contributions or detector efficiency effects. The various
amplitude formalisms discussed in this work are then fit-
ted to these PHSP samples. The fitting procedure is as
follows.

For each event, the probability density function is
written as

AP
(x) = m’ (522)

where x denotes a point in the final-state phase space. The
squared amplitude is averaged over the spin states of the
initial baryon A} as

1
A@P=2 >

U'Az» sOp

2
A7 ()]

O A+
AL.

(523)

with the factor 1/2 accounting for the assumption of un-
polarized A .

The integration is calculated using a Monte Carlo
method with the generated PHSP samples:

Nmvic

20~ N
/ AP ~ 5= > AP,

i=1

(524)

where x; represents the i-th phase space point, and Nyc is
the total number of MC samples.

The negative log-likelihood (NLL) is then construc-
ted from the data as

Naata

—InL= —ZlnP(x,-),

i=1

(525)

where the summation runs over all simulated data events.
Minimizing this function yields the best-fit parameters of
the model.

The parameter error matrix is calculated as the in-
verse of the Hessian matrix

&InL
-1 _ _
C) &) ¢ (526)

where X; is the i-th floating parameter in the fit.
The fit fraction (FF) for each resonant component can
be calculated as

J1A(x)PdD

= SR TE (527)
[ A doo

where A;(x) is the amplitude of the i-th component, and

the integration is performed using the same PHSP
samples.

In cases where interference between two components
i and is relevant, the interference fraction is defined as

_JIAM+A(0)PdD
[ 1A do

FF,—FF;  (528)

ij

The statistical uncertainties for the FFs are obtained
using the standard form of error propagation:

oY oY
0-2 - ( ) ’ ‘/l . (7) ’
Y Z aXl Xeu J axj X

ij

(529)

where Y is the variable whose uncertainty is to be estim-
ated, X = {X;} denotes the set of floating parameters, V;; is
the corresponding error matrix defined in Eq. (526), and u
is the result of the floating variables X.

D. Fitting result

To simplify the PWA fit, the global factor of the total
amplitude for the full decay chain involving the p(770)*
is fixed to have a magnitude of 1 and a phase of 0 in all
schemes. Within each decay chain, one of the partial
wave coefficients g;5 is likewise fixed to have a mag-
nitude of 1 and a phase of 0. For the states A}, p(770)*,
¥(1385)*, and %(1385)°, the nominal mass and width are
taken from the corresponding world average values [89].
In contrast, the resonance parameters of the other X*
states are adopted from the most recent measurements
[90].

Following these conventions, each scheme involves a
total of 38 floating parameters. These include 14 paramet-
ers associated with the magnitudes and phases of the
global factor of the total amplitudes for each decay chain,
and 24 parameters corresponding to partial wave coeffi-
cients.

The final fit results obtained in all schemes are mutu-
ally consistent. The fitted parameters and fit fractions are
summarized in Table 1 and Table 2. It is worth noting
that the FFs here are defined with normalization to the
squared total amplitude; therefore, they are not simple
probability fractions. Since the total amplitude contains
interference terms among different components, destruct-
ive interference can reduce the denominator. As a result,
the sum of the individual FFs can exceed 100%. The in-
terference fractions and invariant mass spectra are shown
in Table 3 and Fig. 13.

VII. CONCLUSION

In this paper, we study covariant amplitude construc-
tions for PWA, aiming for decay amplitudes that are dir-
ectly evaluable in any frame while maintaining a clear LS
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Table 1. The numerical results of the total amplitude of dif-
ferent components and FFs. The total FF is 152.0%. Only stat-
istical uncertainties are listed.

Process Magnitude Phase ¢ (rad) FF (%)
Ap(770)* 1.0 (fixed) 0.0 (fixed) 583+24
2(1385)*x" 0.49+£0.05 —0.11 £ 0.11 8.6+0.5
2(1385)°n* 0.42+0.05 3.06 + 0.13 9.5+£0.5
2(1670)*° 0.34+0.06 —0.81 £ 0.16 4.0+0.5
2(1670)°n* 0.35+0.05 2.89 +0.17 2.6+0.4
2(1750)* ° 1.89+0.15 —1.71 £ 0.08 17.7+1.8
2(1750)°x* 1.96+0.17 1.39 + 0.09 194+1.9
A+NR;- 3.99+0.29 2.17 + 0.08 31.9+29

partial wave expansion.

We first review the helicity and the canonical single-
particle states and the corresponding two-particle states.
In the two-body COM frame, when the two-particle state
is coupled into a state with fixed total angular mo-
mentum J, the helicity and the canonical constructions
correspond to two different coupling formalisms. In the
helicity formalism, the coupling is performed directly in

the helicity basis, whereas in the canonical formalism, the
coupling is realized through the LS coupling. Con-
sequently, for the two-body decay 3 — 1+2, there are
two commonly used partial wave expansions of the de-
cay amplitude, namely the helicity partial wave expan-
sion and the LS partial wave expansion. Although these
two expansions are written in different forms, they are
physically equivalent. This equivalence follows from the
completeness of the helicity two-particle states and the
canonical two-particle states, which allows one basis to
be expanded in the other.

We then derive the decay amplitudes in any frame for
both the canonical formalism and the helicity formalism.
Since the partial wave definitions are made in the COM
frame, any frame evaluation requires boosting the mo-
menta back to the COM frame. For non-collinear boosts,
the boost induces non-trivial Wigner rotations, so that the
amplitude in any frame is given by the COM frame amp-
litude accompanied by the Wigner rotations generated by
the boost. In particular, in the LS partial wave frame-
work that is central to this work, the traditional-LS coup-
ling is defined in the COM frame. Therefore, the con-
struction of the corresponding partial waves requires re-
turning to the COM frame, and the definition is not mani-

Table 2. Numerical results of the partial wave coefficients g, for different resonances in the nominal fit are presented. Only statistic-

al uncertainties are listed.

1A - 37(2(1385)) +07(n°)

(A - 37(2(1385)%) + 0~ (n)

Amplitude Magnitude Phase ¢ (rad) Amplitude Magnitude Phase ¢ (rad)
gy 1.0 (fixed) 0.0 (fixed) gﬁg“ﬁ“ 1.0 (fixed) 0.0 (fixed)
&y 122+0.17 2.67+0.12 S 1.61£0.26 247+0.13

LAD) > 371670 +07(x°) VAD = 3 (E(1670)°) +07(r)

Amplitude Magnitude Phase ¢ (rad) Amplitude Magnitude Phase ¢ (rad)
gy 1.0 (fixed) 0.0 (fixed) g4 1.0 (fixed) 0.0 (fixed)
&5 1.54+0.29 0.99+0.15 & 1.01+0.20 0.25+0.19

LD > 171750 +07(x) LAD = 17500 +07(r)

Amplitude Magnitude Phase ¢ (rad) Amplitude Magnitude Phase ¢ (rad)
i 1.0 (fixed) 0.0 (fixed) a4 1.0 (fixed) 0.0 (fixed)
i 035007 ~226+0.15 gy 037007 ~1.84+0.14

3AD = F W)+ 1(p(770)) JAD = S W)+ IF(WR)-)

Amplitude Magnitude Phase ¢ (rad) Amplitude Magnitude Phase ¢ (rad)
8. 1.0 (fixed) 0.0 (fixed) 204 1.0 (fixed) 0.0 (fixed)
& 0.46+0.08 ~1.6920.09 & 1.00+0.08 ~0.45+0.09
&y 0.89:+0.07 0.54:+0.08 &5 0.18£0.06 ~3.0+0.4
&3 0.550.08 ~0.14£0.12 & 0.29+0.08 ~222+0.23

5= 5 (p)+07 ()

Amplitude Magnitude Phase ¢ (rad)

g(’{ ! 1.0 (fixed) 0.0 (fixed)
& 0.435376 (fixed) 0.0 (fixed)
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Table 3. Interference fractions (I.F.) between A amplitudes in units of percentage. The uncertainties are statistical only.
LF. A+NR;- 2(1385)°x* 2(1385)*n° 2(1670)°x* 2(1670)*x° (1750)°7* 2(1750)*°
3(1385)°7* ~0.17+0.28
(1385)* 7" -0.57+0.28 —-0.03+0.02
2(1670)°x* -0.42+0.12 —-0.00+0.00 -0.43+0.05
2(1670)*7° -0.40+0.12 —-0.42+0.06 0.00+0.00 0.03+0.01
2(1750)°7* —-11.0+2.2 0.03+0.01 0.36 £0.04 -0.0£0.0 —-0.03+0.03
2(1750)*=° -92+2.1 0.26 +0.04 —-0.06+0.01 0.11+0.04 0.07+0.01 -7.1+0.7
Ap(770)* -7.4+25 -6.7+0.4 -6.73+0.33 0.56+0.24 1.55+0.25 -2.0+£0.9 -23+09
Mi+no Mpr+
1000 4 i ?oattaal fit
— Ap(770)*
NRy-(n*1°) A
— n° 5(1385)*
800 4 n° £(1670)*
n® £(1750)*
> — n* 5(1385)° >
& — n* 5(1670)° 8
2600 n* 5(1750)° o
§ 400 4 E
200
n sl S ito
0 =
0.4 0.6 0.8 1.0 1.2
My oGeV Mpr+GeV
Mpro
600
500 4
2 400
?
% 300
@ 2004
100
0
) ) MpnoGeV )
Fig. 13. (color online) Projections of the fit results in the invariant mass spectra M., M.+, and M,,0 are shown. Points with error

bars denote the data, and different styles of the curves represent different components.

festly Lorentz covariant at the level of construction.

To restore Lorentz covariance, several methods, in-
cluding Zemach tensor, covariant tensor, and covariant
projection tensor methods, have been developed to con-
struct Lorentz covariant LS tensors, in which the angular
momentum coupling is implemented in Lorentz repres-
entations of SO(3,1). In practice, tensor constructions of
LS amplitudes can be organized into two classes, re-
ferred to as the PS scheme and the GS scheme.

e PS scheme: In the COM frame of the PS scheme,
the partial wave amplitude can be decomposed into the
covariant LS coupling structure and the pure-spin part.

AT (ks, pi, Py LS) = T3 %(ks, i, p3; L,S)

covariant LS coupling structure

G (b o\ TN, .
Xug (ks s3)ity! (kys 1)y} (ky; 52),

pure-spin part

(530)

where the pure-spin part does not depend on the final-
state relative momentum. As a result, the spin coupling is
equivalent to coupling the intrinsic spins defined at the
rest frames of the individual particles, and it matches the
traditional-LS method. For the orbital part, a Lorentz
tensor structure in SO(3,1) is constructed, which is equi-
valent, in the COM frame, to the spherical harmonic
structure in the SO(3) little group representation. There-
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fore, in the PS scheme, the orbital-spin separation is con-
sistent with the traditional-LS method, realizing a clean
separation between orbital and spin. The drawback is that
the definition still relies on the COM frame, and hence it
is not manifestly covariant at the level of construction.

e GS scheme: In the GS scheme, the partial wave
amplitude can be decomposed into the covariant LS
coupling structure and the general-spin part.

CI7(ps, p1, P2 L,S) = T3 %(ps, pr,paL,S)

covariant LS coupling structure

14 . = . =02 .
Xug (p3; $3)ity, (P15 1)y, (P23 $2)s

general-spin part

(531)

which is manifestly covariant and can be evaluated dir-
ectly in any frame, without boosting to the COM frame.
However, when one returns to the COM frame, the gener-
al-spin part typically depends on the final-state momenta,
so that orbital information enters the spin coupling, and
the orbital-spin separation is incomplete. Consequently,
this construction does not achieve the full orbital-spin
separation of the traditional-LS method, and the physical
meaning of the orbital-spin decomposition is modified.
As a result, a fixed (L,S) component in the two defini-
tions might not correspond to the same partial wave,
which may lead to different partial wave coefficients.
Only in the non-relativistic limit is the spin part reduced
to rest frame spin wave functions, which are purely in-
trinsic-spin objects, and the tensor constructions of LS
amplitudes in the GS scheme would have clear LS separ-
ation.

Therefore, current tensor constructions of LS amp-
litudes face a trade-off. It can be seen that neither scheme
simultaneously provides a manifestly covariant construc-
tion that avoids boosts to the two-body COM frame and
an LS separation identical to the traditional-LS defini-
tion. Additionally, for both schemes, when massless
particles are involved, one must impose gauge invariance
constraints explicitly and select a linearly independent set
of vertex structures, which further increases the complex-
ity of practical implementations.

Motivated by this trade-off, the goal is to construct an
amplitude that satisfies the following requirements simul-
taneously. First, it is manifestly Lorentz covariant at the
level of construction and can be evaluated directly in any
frame. Second, it preserves, in physical meaning, the
same orbital-spin separation as in the traditional-LS
method, so that a fixed (L,S) component corresponds
term-by-term to the traditional-LS decomposition. Third,
the construction is given in a general formula applicable
to particles of arbitrary spin, including the case with

massless particles.

To achieve this, we present an on-shell construction
of covariant orbital-spin coupling amplitudes referred to
as the canonical-spinor amplitudes, which can be written
as

(10,112} . _ L (ID}IP) ~SAKELTY
Aey” (P, PP LS) = 2 S Couoy

orbital part spin part

(532)

In this scheme, the canonical-spinor variables are
used as the basic building blocks to assemble the orbital
part and the spin part. The angular momentum coupling is
carried out in the little group SU(2) representation, while
the canonical-spinor variables carry SL(2,C) Lorentz in-
dices, which ensures the covariance of the construction.
The resulting canonical-spinor amplitudes can be evalu-
ated in any frame by directly substituting the four-mo-
menta in that frame, without boosting each event back to
the two-body COM frame. More importantly, when re-
turning to the two-body COM frame, the LS definition in
this construction coincides with that of the traditional-LS
amplitude. This guarantees that the fitted g;s coefficients
agree with the traditional-LS method term by term and
can therefore be compared directly.

In section 5, the treatment of cascade decays in non-
covariant and covariant approaches is discussed. In non-
covariant approaches, each two-body amplitude is
defined in its own rest frame, so an explicit alignment of
the spin quantization axis is required when assembling a
multistep decay. In the canonical case, the spin quantiza-
tion axis is fixed to the z-axis. The two-body amplitudes
at different steps can therefore be aligned to a common
reference z-axis, and different decay chains can be
summed coherently. In the non-covariant helicity case,
two standard treatments are used. One is to assemble the
COM helicity amplitudes step by step and contract the in-
termediate-state indices. When multiple decay chains are
present, the final-state helicity conventions can differ
between chains, so an additional alignment is still needed
before a coherent sum is formed. The other is to define all
helicities with respect to a single reference frame, such as
the lab, so that different chains can be added directly, in
the same way as in the canonical treatment. In covariant
approaches, the two-body building blocks are already ex-
pressed in a common covariant form and can be evalu-
ated directly from the four-momenta. In practice, each
chain amplitude is computed directly from the four-mo-
menta, and the chain amplitudes are summed coherently
without additional alignment steps. This leads to a sim-
pler implementation, especially for processes with mul-
tiple decay chains.

As a benchmark, we study the cascade decay A} —
An*n® [85] and implement the amplitudes in TF-PWA.

093110-71



Hong Huang, Yi-Ning Wang, Jiang-Hao Yu

Chin. Phys. C 50, 093110 (2026)

We include the intermediate states with statistical signi-
ficance larger than 50~ and perform fits using the likeli-
hood function, fit fraction, and interference fraction
definitions. The fitted magnitudes, phases, fit fractions,
and interference fractions are consistent between the heli-
city amplitude, the traditional-LS amplitude, and the ca-
nonical-spinor amplitude. This numerical study supports
that the canonical-spinor amplitude is practical for PWA.
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APPENDIX A: D-FUNCTIONS

This appendix summarizes the definition and basic
properties of D-functions used throughout. The D-func-
tion with spin j is defined as

D% 9(a,B,y) = (K, jo'|U[R(a. B, Y]k, jo)
— e—io”ada('r’ @) (ﬁ)e—i'ﬂ’ . (A 1)

The matrices D7 are unitary and satisfy the group prop-
erty:

Z Di(j)( R) Di’r"(j)* (R) = 6§f,, (A2)

o

DT (RR) =Y DTV R)DII(R)). (A3)

o

The functions d7 (8) can be expressed as [91].

a79@) = Y -1y [+ =)+ )= o)1)

Hj+o -DI(j—o-Dlt+o—-0')!

2(j-D+o0’ -0 2t+o—0”’
X (cosg) (sin'§> .
(A4)

The sum is taken over all values of ¢ which lead to non-
negative factorials.

The functions d%’(8) have the following symmetry
properties:

d79P) = (1) d7P(B) = (-1)7"dT(=p),  (AS)

a7 ) = (=1)"7d5 ), (A6)

Ay (n~p) = (=1)*"d”P(p), (A7)
d% 9 (n) = (=1)/7767 . (A8)
Using Eq. (A7), the D-functions have

D7V R) = DR )= (1) " DGR, (A9)

Using the identity

R(n+a,7—-B,71—v) = R(a,B,y)R(0,7,0), (A10)

one obtains the corresponding relation for D-functions:

D7V +a,m—Bm—y) = (=17 D" Ve, B,y),  (All)

and

DGV +¢,m—6,0) = (-1 D7 ($,6.0).

-

(A12)

The spherical harmonics Y~ (¢,6) are related to the D-
functions via

. [ 4r
D(/"L(/)* — Al
0 (¢9 9’ 0) 2L+1 (rL(e ¢) ( 3)
The D-functions satisfy the following coupling rule:
rf (11) (T,(]z) Zcﬁi 22 UZCJ/? g? WZDT'T;;/E)’ (A14)

where

i=jl<jz<jitjn o3=01+02, oy=0)+0. (AlS)
Or, equivalently,

710' 3J2:07

7100 s 2j,+1
D! 1 1 — Z

a5 (j2)*
2j3+1 /3 o3 Do

ZCIW 503

J1,013)202

(A16)

where
The action of a rotation on a particle state is given by:

ji—Bl<h<ji+j oa=03—01, oh=03-0]. (Al7)

URjoy=>_ D5PR)jo), (A18)
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or

(olU'(R) =Y DT (R)jor'| = Y DI R jor'|.
" " (A19)

APPENDIX B: NORMALIZATION OF ONE- AND
TWO-PARTICLE STATES

One-particle momentum eigenstates |p, jo) and |p, j1)
are normalized as

P, 7P, jo)y = 6P ~P) 6y S
<p/’j//l/|paj/l> = 5([’/ _p) 6jj'6/l/l” (Bl)

where the Lorentz invariant J-function is given by
S(p'~p) = 20’ CE)6P (p' - p), (B2)

and the invariant volume element is defined by

ap- P
(n)p2E

(B3)

With these conventions, the completeness relations take
the form:

> / dplp. joXp. jol =1,

o

>, / dplp, jaxp, jal =1,
g

(B4)

where I denotes the identity operator.
For the discussion of two-particle kinematics in this
appendix, only spinless particles are considered. The spin

label is therefore suppressed, and the notation |p) is used
for one-particle states. Two-particle states are defined by

p1p2) = PDIP2)s (BS)

and satisfy the normalization

(PiP5IP1P2) = 6(D) — P1)S(P) — p2). (B6)
A two-particle system with four-momenta p, and p,

can be equivalently described by the total four-mo-
mentum

p=pi+p, (B7)

and by the orientation Q of the relative three-momentum
in the COM frame. The invariant mass of the two-particle
system is denoted by

m= Elcnm + EZcom’ (B8)

and the magnitude of the three-momentum in the COM
frame is denoted by ¢, such that

Pi=-p:  g=Ipil=Ipil (B9)

Two-particle states labeled by the total four-mo-
mentum p and the solid angle Q of the relative mo-
mentum are introduced as

|p,Q) = Nip1p2), (B10)

where N is the normalization constant. The desired nor-
malization of these states is

(P Qp, Q) = o'V (p’ - p) s (Q - ), (B11)

where §?(Q' — Q) denotes the delta function on the unit
sphere, normalized according to

/ dQs? Q' -Q) = 1. (B12)

The relation between [p;p,) and |p,Q) is determined by
the two-body phase-space measure. In the COM frame,
the two-body phase space is defined by

d® = 2n)*6“(p, + p, — p)dp: dp»

1 ¢
= e m

(B13)

Combining this with §®(Q' —Q) and integrating over
these variables gives:

1 g
D -Q CD:/ D -Q)—— 1dQ
/6 ( )d 6( )(4ﬂ)2md

_ 1 g
T r?m

(B14)

Multiplying Eqs. (B6) and (B11) by the invariant
volume element dp, dp,, Eq. (B6) integrates to 1. For Eq.
(B11), using Egs. (B10), (B13) and (B14), one obtains
the normalization constant.

1 /q
N=—/—.
dr V'm

(B15)
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APPENDIX C: CLEBSCH-GORDAN COEFFI-
CIENTS

C.1. CGC:s calculation

Consider two canonical states |s;o;) and [s,0,). Our
goal is to couple these two states into a total spin-S, such
that

|S|—S2|§S < s+ 5. (Cl)

The states are related by a linear relation given by

ISy =D CI s 0)ls202), (€2)

leatop)

where the coefficients Cg';J'">” are called CGCs. We
have o =0 +0,. An expression for the CG coefficients
was also derived by Wigner [91]

Cgl,m;sz,zrz =5ff|+lf2
(S + 51— $)U(S — 51+ 52)!(s1 + 5, = SIS + (S —)!]*
(S + 51+ 5+ Dils = o)!s1 + )52 =) (52 +.0)!
(—1)#$+o S +o+5-D(si—o+1)!
x>
t

X

@28 +1)

o S=(s1+8-DIS +o-D(t+s—-s,—0)"
(C3)

The sum is taken over all values of ¢ that lead to non-neg-
ative factorials. Using the orthogonality relations, we can
derive the inverse relations as

IsioDlsaoay = ChT . ISo). (C4)
S

The CGCs have the following symmetry properties:

C;l,(f—';‘vz’a—z — (_1)s1+52—s Cgil—(jt_rl;sz.—ﬂz, (CS)
C;l’;"l;fzﬂ'z — (_1)S|+‘Y2—S C;z’l,)('rz;sl,al , (C6)
1
$1,071352,0" s1—0 25+1]2 51,0138 ,—0
e =iy [ B e e

C.2. Examples of SU(2) CGCs calculation

We first present some examples of SU(2) CGC calcu-
lations. The SU(2) CGCs are

(a+b)!(b+c)l(a+c+1)!

Cslg{l};sz.{K} =
st bl(a+b+c+1)lalc!
x 6811':‘.'1;«8 a+1“'law)y(/(l“'Kb(szb:ll:;jz:g)’ (C8)
with
a=s+s—s,
b=s+5,—35,
cC=8S+5—51,
gl KKy — ghKi . oKy (C9)
1 1 .
1. S=§, s = 55 so=0 with a=1, b=0, ¢c=0. The
CGCis
A0 _ o
2 — 1
C%M) =0dy,- (C10)

2.5=1, s;=1, s,=0 with a=2, b=0, ¢=0. The
CGC s

) 1
cl == Sold e €
3 .
3. S=§,S1=§,S2=O with a=3,b=0,c=0. The
CGCis

3
3 LBE0 _ (I hi3) _1 Iy o o3 I oI b
C%,(Jllzh} - 6(111213) - 8(611 6/2613 +6!|612613

VORIV SVE] NV I3 ol o I3 ol ol
+67.616% + 6765 6% + 85 61 6% + 8% 66T

(C12)
1 1 ,
4., s= 5,51 = E,Sz =1 with a=0,b=1,c=1. The
CGCis
CHELIKI) _ \ﬁ )
L =V3e %
-1 \E (e"M1672 + M) (C13)
2V3 N e
3 1 .
5. for s= E,sl = E,Sz =1 with a=1,b=0,c=2. The
CGCis
LihELIK K) 1
Clunnn =00 = g(6),616); +85,6)!6);
+60 851602 + 61 871602 + 611, 871612
+60. 651 572). (C14)
1 3
6. The given values are s= 551 = §,S2=1 with
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a=1,b=2,c=0. The CGC is

3 . 1
ALK Ky} 2o L), (K K2)
C%,u]) - \[2611‘9

1 /1
1 1
=5 5(6111 ghkighk +07, gliki ghks

+6I2 hkighk +612 £hki ghk

I I
+6 38111{181‘)[(’7 +6 3 1K) 811K2

(C15)

7. 5=1,
The CGC is

si=1, s,=1, with a=1, b=1, and c=1.

Cl {1 L} 1K1 Ko}

_ sth . h)(K; Kz)
1L{J1J2) =0(,&7""0),

I (DK g ghka b K 5K
(6 +6JI 5 +6 62

12 gk I LK cK> I LK, cKi

+6; S5+ 07 e2K1652 + 671 eK 5T
L 11K cK> L 11K gKi

+0581M6y +07e120y)).

(C16)

APPENDIX D: NUMERICAL BASES-TRANS-
FORMATION

In this appendix, numerical procedures for relating
different partial wave bases are summarized. Although
amplitudes may take different explicit forms depending
on the chosen basis, the underlying physical content re-
mains the same. In particular, the same scattering or de-
cay process can be described in different schemes, such
as the helicity basis or the traditional-LS basis.

Consider two coupling bases with partial wave amp-
litudes denoted by C;s and Hy s, respectively. They are
connected by a linear transformation with basis-change
coefficients t;5.1/5,

Crs = E trs.vs Hyso,

rs’

(D1)

where f;5.15- 1s the transformation matrix element from
the Hy basis to the C;s basis. In practical calculations,
one possible method to determine the transformation mat-
riX f15.15- 18 through sampling in phase space. If there are
N independent LS combinations, one can select N sets of
kinematically allowed momenta from the physical phase
space, denoted as:

pspimb p3pipal oo {pypipY). (D2)

By calculating each amplitude at these sampled mo-
mentum points, one can construct and solve a system of
linear equations to extract the numerical values of #5.;s.
Since the physical amplitude 4 is basis-independent, it

can be equivalently written in either representation:

A= ZgLSCLS = ZgL’S’HL’S’

rs’

(D3)

where g;s and g5 are the energy-dependent coeffi-
cients in their respective bases. Assuming that g;s are
known in the Cys basis, one can straightforwardly com-
pute the transformed coefficients g;.s. in the Hy. basis
via:

8us = Y 8uslisus: (D4)

LS

This transformation ensures that the physical amp-
litude remains invariant under the change of basis,
thereby guaranteeing the consistency of physical predic-
tions such as decay widths, angular distributions, and dif-
ferential cross sections.
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