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Abstract: We propose a covariant orbital-spin (LS) decomposed amplitude for the partial wave analysis using the
massive  spinor-helicity  formalism.  First,  we  review  the  traditional-LS method  in  the  little  group  space  and  the
Zemach tensor method in the double cover of the  space. To recover the  Lorentz covariance, several
Lorentz covariant  tensors have been constructed through different methods:  covariant  tensor,  covariant  projec-
tion tensor in pure-spin and general-spin schemes. However,  performing an intrinsic separation between  coup-
ling  while  maintaining  covariance  is  not  straightforward.  We utilize  the  massive  canonical-spinor variables  to  de-
termine general three-point amplitudes, where the  decomposition is realized in a single little group space by pro-
jecting little group indices of each particle into one, while ensuring Lorentz covariance by the spinor form naturally.
This covariant spinor method allows direct evaluation in any frame and offers a streamlined treatment of cascade de-
cays within a single frame without additional alignment rotations needed in non-covariant approaches. As a bench-
mark, we implement the method in TF-PWA and analyze , finding consistent fit results across the heli-
city,  traditional- ,  and  canonical-spinor  amplitudes.  This  validates  the  canonical-spinor  amplitude  as  a  practical
tool for modern partial wave analyses of complex decay chains.
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I.  INTRODUCTION

In high-energy physics experiments, multi-body final
states  are  among  the  most  common  observables.  The
same final state often does not originate from a single de-
cay  chain  but  is  produced  through  several  intermediate
resonances  together  with  non-resonant processes.  Be-
cause  different  resonances  can  overlap  within  invariant
mass spectra and each exhibits unique angular structures
determined by its spin and orbital angular momentum, re-
lying solely on mass peak shapes is generally insufficient
to reliably  distinguish  between them.  Partial  Wave Ana-
lysis (PWA) provides a systematic framework to address
this problem; see Refs. [1−5] for reviews. Its central idea
is to construct the total amplitude built from a set of par-
tial wave amplitudes with definite quantum numbers. By

exploiting  information  from  invariant  mass  spectra  and
angular  distributions,  PWA can distinguish contributions
from  different  resonances  and  partial  waves,  determine
their relative magnitudes and phases, and extract informa-
tion such as fit fraction, interference fractions, and decay
asymmetry  parameters.  Therefore,  PWA  is  an  essential
tool  in  multi-body  hadronic  decays  for  establishing  the
presence  of  resonances  and  determining  spin-parity
quantum numbers.

In the PWA of cascade decays, the total amplitude is
typically  constructed  by  connecting  a  sequence  of  two-
body  decay  amplitudes  via  propagators  of  intermediate
resonances.  Therefore,  the  method  of  building  the  two-
body decay amplitude serves as the foundation of the en-
tire  analysis.  Early  schemes  for  constructing  two-body
partial wave amplitudes largely relied on a specific refer-
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ence frame. Among the most classic is the helicity form-
alism introduced by Jacob and Wick [6−8], which defines
helicity  amplitudes  directly  in  the  two-body  center-of-
mass  (COM)  frame.  It  provides  a  clear  physical  picture
and has been widely developed and extensively applied in
studies of particle polarization [2, 3, 9−15].

LS

LS

The  closely  related  method  is  the  traditional  orbital-
spin  ( )  method  in  canonical  formalism.  In  the  two-
body COM frame, it expresses the amplitude as the coup-
ling between the orbital part and the spin part. The angu-
lar  momentum coupling  is  carried  out  in  the  little  group
representation  fixed  by  the  parent  standard  momentum
and  is  implemented  explicitly  by  the  Clebsch-Gordan
coefficients  (CGCs).  This  separated  structure  facilitates
the  phenomenological  inclusion  of L-dependent  barrier
factors  [16].  It  should  be  emphasized  that  the  helicity
basis and the traditional-  basis are two choices of spin
bases for the same two-particle Hilbert space, related by a
unitary change  of  basis,  so  they  yield  identical  observ-
ables  when  a  complete  set  of  partial  waves  is  retained
[17]. However, differences can still arise in practice from
different  conventions  for  kinematic  and  energy-depend-
ent factors,  and  these  effects  have  been  explicitly  com-
pared [18, 19].

SO(3) SU(2)
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Besides coupling the orbital and spin parts via CGCs
in  the  little  group  representation,  the  Zemach  tensor
method [20, 21] provides an alternative realization of the
orbital-spin  coupling.  It  does  not  use  CGCs explicitly  in
the little  group  representation.  Instead,  one  first  con-
structs the angular momentum tensors associated with the
orbital  and  spin  parts,  and  then  performs  the  required
coupling at the tensor level using the invariant tensors of

 and .  These  invariant  tensors  are  equivalent
in effect to the CGCs coupling in the little group repres-
entation. In this way, the Zemach tensor method gives an
equivalent tensor realization of the  partial wave coup-
ling.

However, these non-covariant methods share a funda-
mental  drawback:  the  definition  and  calculation  of  the
amplitudes  are  explicitly  dependent  on  the  COM  frame.
When  computing  any  event,  the  particle  four-momenta
must be boosted to this specific reference frame. A more
subtle  yet  critical  issue arises  when the  process  involves
cascade  decays  with  multiple  distinct  decay  chains:  the
spin  states  of  the  same  final-state  particle  in  different
chains  are  often  defined  by  different  sequences  of
Lorentz  transformations,  corresponding  to  different  spin
quantization axes  and phase  conventions.  Simply adding
the amplitudes  from  different  chains  coherently  may  in-
troduce unphysical  convention  dependence  in  the  inter-
ference terms [22]. To address this issue, the helicity and
canonical  formalisms  differ  in  their  technical  treatments
[23], but they share the same underlying goal: to bring the
spin states of the same physical particle appearing in dif-
ferent decay  chains  into  a  common  choice  of  quantiza-

tion axis  and phase convention [22−27].  Only after  such
an alignment  of  spin  states  can  the  amplitudes  from dif-
ferent  decay  chains  be  coherently  summed  in  a  correct
and physically meaningful way.

LS

To achieve  full  covariance  for  computational  simpli-
city and physical clarity, methods for constructing covari-
ant  two-body partial  wave  amplitudes  have  been  de-
veloped.  Chung  [1, 28−30]  pioneered  a  systematic
scheme by constructing covariant orbital and spin tensors,
establishing  a  direct  correspondence  between  helicity
coupling  amplitudes  and  the  corresponding  covariant
tensor  structures.  Subsequently,  Filippini et  al. [31] fur-
ther  systematically  constructed  sets  of  covariant  spin
tensor bases  suitable  for  spectroscopic  analysis,  discuss-
ing their correspondence and equivalence with the covari-
ant  helicity  approach.  For  practical  hadron  spectroscopy
and charmonium decay analyses, Zou and Bugg [32, 33]
summarized a  widely  adopted  cookbook  style  of  con-
structing  covariant  tensors,  referred  to  as  the  covariant
tensor  method.  These  covariant  tensors  provide  partial
wave amplitude expressions  for  specific  decay channels,
serving as one of the main PWA schemes adopted by the
BESIII  Collaboration  [34−37].  Subsequent  research  has
continuously  refined  this  framework,  forming  the  now
mainstream  methods  of  constructing  amplitudes us-
ing  covariant  tensors  [31−33, 38−49].  Besides  these
methods, another  covariant  method  starts  from a  covari-
ant  effective  Lagrangian  and  uses  the  Feynman  rules  to
systematically generate vertices and propagators, thereby
organizing the total amplitude for phenomenological ana-
lyses of related reactions and decays [50−55].

LS
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The methods of constructing  amplitudes using co-
variant tensors can essentially be viewed as extending the
Zemach tensor method to the Lorentz  representa-
tion. Its key idea is to construct a covariant  coupling
structure and then fully contract it  with the external spin
wave  functions  over  Lorentz  indices,  thereby  obtaining
the  corresponding  partial  wave  amplitudes.  To  obtain  a
general  construction  of  covariant  coupling  structures,  a
systematic approach has been developed based on covari-
ant projection tensors [48, 49]. This approach, referred to
as  the  covariant  projection  tensor  method,  provides  the
required covariant  coupling structures in a fully gen-
eral form.

LS
In the covariant projection tensor method, this covari-

ant  coupling  structure  can  be  understood  as  follows.
Taking the  standard  momentum fixed  by  the  parent  mo-
mentum as the reference, each angular momentum object
is first related between the Lorentz representation and the
little group representation by means of the rest frame spin
wave functions,  so  that  the  angular  momentum coupling
can be  carried  out  within  a  common  little  group  repres-
entation.  After  the  coupling  is  completed,  the  result  is
mapped back to the Lorentz representation using the rest
frame spin wave function associated with the total angu-
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lar  momentum.  In  this  way,  one  obtains  the  projection
tensor  carrying  only  Lorentz  indices,  which  implements
the covariant coupling between the orbital and spin parts.

LS
Depending on the choice of external spin wave func-

tions,  all  the  tensor  methods  of  constructing  amp-
litudes,  including  Zemach  tensor,  covariant  tensor,  and
covariant  projection  tensor  methods,  admit  two  concrete
implementations,  referred  to  as  the  Pure-spin  (PS)
scheme and the General-spin (GS) scheme, as follows:
 

1. Pure-spin  scheme  (PS  scheme) [28−30, 46, 48,
49]: 

A(k3, p∗1, p
∗
2; L,S ) = Γ(k3, p∗1, p

∗
2; L,S )︸                 ︷︷                 ︸

LS coupling structure

×U(k3,k1,k2; s3, s1, s2)︸                      ︷︷                      ︸
pure-spin part

.

(1)

LS

In this definition, the COM frame amplitude is organ-
ized such that the pure-spin part is a purely intrinsic-spin
object.  As  a  result,  the  pure-spin  part  carries  no  explicit
dependence on the orbital component, and the  separa-
tion is  explicit  in  the  COM  frame,  with  all  angular  de-
pendence encoded in the orbital structures. By applying a
Lorentz  boost,  this  amplitude  can  be  evaluated  in  any
frame,  although  the  COM  momenta  are  still  necessarily
introduced. Specifically, the amplitude can be written as 

A(p3, p1, p2; L,S )

= Γ(p3, p1, p2; L,S )×U(p3, p1, p2; s3, s1, s2)

×Ds1
Ä

L(p3)L(p∗1)L−1(p3)
ä

Ds2
Ä

L(p3)L(p∗2)L−1(p3)
ä
, (2)

Dsi
Ä

L(p3)L(p∗i )L−1(p3)
ä

(i = 1,2)

p∗i (i = 1,2)

where   are  the  Lorentz
transformation  matrices  induced  by  the  boost  that  takes
the  amplitude  from  the  COM  frame  to  any  other  frame.
Although it  can be evaluated in any reference frame, the
associated Lorentz transformation depends on the particle
momenta   in  the  COM frame.  Therefore,  the
PS scheme is not fully manifestly covariant at the level of
its formal definition.
 

2. General-spin  scheme  (GS  scheme) [31−33,
38–45, 47, 48]: 

C(p3, p1, p2; L,S ) = Γ(p3, p1, p2; L,S )︸                  ︷︷                  ︸
covariant LS coupling structure

×U(p3, p1, p2; s3, s1, s2)︸                        ︷︷                        ︸
general-spin part

. (3)

The resulting expressions are manifestly covariant in the
sense that they can be evaluated directly in any frame us-
ing  the  corresponding  four-momenta.  In  this  definition,

the general-spin part is constructed directly from general-
spin structures evaluated with the momenta 

U(p3, p1, p2; s3, s1, s2) = u(p3; s3)ū(p1; s1)ū(p2; s2)
COM−−−→ u(k3; s3)ū(p∗1; s1)ū(p∗2; s2). (4)

LS

u(k3; s3)ū(k1; s1)ū(k2; s2)
U(k3,k1,k2; s3, s1, s2)

LS

Note  that  in  the  COM  frame,  the  general-spin part  de-
pends on the relative momentum direction and thus con-
tains residual  contributions  from  the  orbital  part.  Con-
sequently,  the  separation  between L and S does not  fol-
low the traditional-  method, since the general-spin part
here is not purely intrinsic-spin objects. Only in the non-
relativistic  limit,  the  general-spin  part  is  reduced  to

,  which  is  the  pure  spin  part
 in Eq.  (2),  and  the  covariant  amp-

litude would have clear  separation.

LS LS

Therefore, it  can  be  seen  that  neither  scheme  simul-
taneously  provides  a  manifestly  covariant  construction
that  avoids  boosts  to  the  two-body  COM  frame  and  an

 separation that is identical to the traditional-  defin-
ition. Moreover,  when  massless  gauge  bosons  are  in-
volved,  formulations  based  on  polarization  vectors,  or
analogous wave functions, typically require gauge invari-
ance to  be  enforced  explicitly.  In  practice,  one  must  se-
lect  a  complete  set  of  gauge-invariant and  linearly  inde-
pendent  vertex  structures  to  eliminate  gauge  redundancy
and avoid  redundant  fit  parameters,  which  further  in-
creases the implementation complexity.

These  limitations  motivate  the  development  of  a
method that simultaneously satisfies:
 

● Manifest covariance in the definition, with no reli-
ance on the COM.
 

●  A  complete  and  clean  separation  between  orbital
angular momentum and total spin.
 

●  A  general  formula  for  partial  wave  amplitudes  is
applicable to particles of any spin, including the case with
massless particles.
 

SU(2)

This is  precisely  the  goal  of  the  theoretical  frame-
work developed in  this  work.  Its  starting  point  is  an  on-
shell  formulation,  where  Lorentz  covariance  is  manifest,
and  spin  is  encoded  through  little group  covari-
ance. In the on-shell framework, amplitudes are construc-
ted directly in terms of spinor-helicity variables [56−62],
which removes substantial gauge redundancy and trivial-
izes the kinematical on-shell  constraints,  thereby making
explicit  calculations  much  more  efficient.  For  massless
particles, three-point amplitudes are entirely fixed by the
consistency conditions from little group scaling [63, 64],
while  higher-point  amplitudes  can  be  determined  from
factorization,  imposed  by  locality  and  unitarity,  using
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gluing techniques or recursive relations [65−68].

pαα̇ = λαI λ̃
I
α̇ SU(2)

The spinor-helicity  formalism has  subsequently  been
extended  to  processes  involving  massive  particles
[69−79]. In particular, Arkani-Hamed, Huang, and Huang
[80] developed an on-shell, little  group covariant  repres-
entation  of  three-point amplitudes  for  particles  of  arbit-
rary  mass  and  spin,  formulated  in  terms  of  spinor-heli-
city variables.  In this framework, the four-momentum of
a  massive  particle  is  written  as  with 
little  group  index I.  With  this  decomposition,  scattering
amplitudes  can  be  expressed  entirely  in  terms  of  spinor
variables.  The  resulting  amplitudes  are  manifestly
Lorentz  invariant,  transform  covariantly  under  the  little
group,  and  can  be  calculated  in  any  reference  frame
without additional boosts.

LS

SU(2)

SL(2,C)

SO(3,1)

The  present  construction  is  inspired  by  this  on-shell
viewpoint and aims at building a covariant  coupling,
referred  to  as  the  covariant  spinor  method  in  canonical
formalism  (covariant  canonical-spinor  scheme).  In  this
scheme, the angular momentum coupling is performed in
the  little  group  indices  carried  by  the  canonical-
spinor  variables.  At  the  same  time,  the  canonical-spinor
variables carry  Lorentz indices, ensuring covari-
ance  under  general  Lorentz  transformations.  As  a  result,
the  spin  coupling  does  not  require,  as  in  the  covariant
tensor method, lifting the structure to the  Lorentz
representation  and  realizing  it  through  contractions  of
Lorentz indices.

LS

SU(2)

By  contrast,  in  the  traditional-  method,  both  the
spin  coupling  and  the  orbital  angular  momentum L are
defined with respect to the little group associated with the
parent standard momentum in the two-body COM frame.
Therefore,  in  practical  calculations,  one  needs  to  boost
events  back  to  the  two-body  COM  frame.  Here,  a  little
group  covariant  map τ is  constructed  to  map  the  little
group  representation  of  each  daughter  particle  into  the
little group representation of  the parent  particle.  The an-
gular  momenta  are  then  coupled  by  the  CGCs,
which  avoids  an  explicit  boost  back  to  the  COM frame.
Accordingly, the amplitude can be written as 

A(p3, p1, p2; L,S ) = Y(p3, p1, p2; L)︸               ︷︷               ︸
orbital part

·τ1(p3, p1; s3, s1) ·τ2(p3, p2; s3, s2)︸                                      ︷︷                                      ︸
spin part

, (5)

LS
which  can  be  evaluated  directly  from  the  four-momenta
in  any  frame  while  preserving  the  traditional-  partial
wave term by term. Moreover,  the scheme is  formulated
in  a  general  formula  applicable  to  particles  of  arbitrary
spin,  including  the  case  with  massless  particles.  Finally,
this  scheme  simplifies  practical  PWA  implementations
for cascade decays with multiple decay chains. The amp-
litudes  can be  evaluated  directly  from the  four-momenta

LSin any frame while keeping an explicit  separation.

LS

LS

LS

LS
LS

LS

Λ+c → Λπ+π0

This  paper  is  organized as  follows.  In  Section II,  we
review  the  definitions  of  canonical  and  helicity  single-
particle  states  and  the  corresponding  constructions  of
two-particle  states  coupled to  a  total  angular  momentum
J. We then construct the helicity and traditional-  amp-
litudes, and compare their structures and mutual relations.
In  Section  III,  we  systematically  revisit  the  Zemach
tensor method, the covariant tensor method, and the cov-
ariant  projection  tensor  method  in  both  the  PS  scheme
and GS scheme, summarize their building blocks and im-
plementation steps,  and  discuss  their  respective  advant-
ages and limitations in practical amplitude modeling. We
also explain how these methods connect to the  partial
wave organization and how their results match the stand-
ard  description in the two-body COM frame. In Sec-
tion IV, we introduce the covariant spinor scheme in ca-
nonical formalism. The corresponding amplitudes are de-
composed  into  partial  waves  and  compared  with  the
traditional-  amplitudes  in  any  frame,  demonstrating
their equivalence. We then reformulate the covariant pro-
jection tensor  method  in  the  PS  scheme  in  terms  of  ca-
nonical-spinor variables  and  present  several  explicit  ex-
amples  of  canonical-spinor  amplitude  calculations.  In
Section  V,  we  apply  covariant  and  non-covariant meth-
ods  to  generic  cascade  decays.  In  Section  VI,  we  apply
the  traditional-  amplitude,  the  helicity  amplitude,  and
the canonical-spinor amplitude to the specific cascade de-
cay , and  demonstrate  their  numerical  con-
sistency. 

II.  HELICITY AND CANONICAL STATES AND
AMPLITUDES

 

A.    Description of single-particle and two-particle states
 

1.    Single-particle state

kµ

Relativistic  single-particle  states  can  be  classified  by
unitary irreducible representations of the Poincaré group,
known as  the  Wigner  particle  classification  [81]. To  de-
scribe  the  internal  degrees  of  freedom  on  a  given  orbit,
one  first  chooses  a  standard  momentum  and  defines
the corresponding little group as follows, 

GL = {Λ ∈ SO+(3,1) | Λk = k}. (6)

m > 0 kµ = (m,0,
0,0)

GL ≃ SO(3)
SO(3)

2 j+1 m = 0

For  massive  particles  with ,  one  takes 
.  In  this  case,  transformations  that  leave k invariant

can  only  be  spatial  rotations,  so  the  little  group  is
.  The  spin  is  then  labeled  by  an  irreducible

representation  of ,  namely  spin-j with  dimension
.  For  massless  particles  with ,  one  takes
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kµ = (E,0,0,E)
SO(2)

SO(2)

.  The little group that leaves this light-like
momentum  invariant  is .  The  internal  degree  of
freedom  is  then  labeled  by  an  irreducible  representation
of , which is one-dimensional and can be character-
ized by the helicity λ.

m > 0
SO(3)

|k, jσ⟩
Ji

Next, we focus on the massive case, , for which
the little group is . The spin degrees of freedom are
therefore described by the usual spin-j irreducible repres-
entation  of  the  rotation  group.  We  choose  a  rest-frame
single-particle state , where σ denotes the spin pro-
jection along the z-axis. The rotation generators  satisfy 

[Ji, J j] = iεi jk Jk, (7)

x,y,z εi jk

|k, jσ⟩
where i, j, and k run over , and  is the totally anti-
symmetric tensor. The state  satisfies the following
relation with the angular momentum operator and can be
written as 

J2|k, jσ⟩ = j( j+1)|k, jσ⟩,

Jz|k, jσ⟩ = σ|k, jσ⟩, (8)

J2 = J2
x + J2

y + J2
z R(α,β,γ)

|k, jσ⟩

where .  A  finite  rotation  on  a
physical system is associated with a transformation of the
state .  The  corresponding  unitary  operator  can  be
written as 

U[R(α,β,γ)] = e−iαJz e−iβJy e−iγJz , (9)

(α,β,γ)where  are the standard Euler angles. The unitary
operator preserves the multiplication law, 

U[R2R1] = U[R2]U[R1]. (10)

U[R] |k, jσ⟩When a unitary operator  acts on the state , it
transforms as 

U[R(α,β,γ)]|k, jσ⟩ =
∑
σ′

Dσ′( j)
σ (α,β,γ)|k, jσ′⟩, (11)

Dσ′( j)
σ (α,β,γ)where  is given by 

Dσ′( j)
σ (α,β,γ) = ⟨k, jσ′|U[R(α,β,γ)]|k, jσ⟩

= e−iσ′αdσ
′( j)
σ (β)e−iσγ, (12)

and 

dσ
′( j)
σ (β) = ⟨k, jσ′|e−iβJy |k, jσ⟩. (13)

Dσ′( j)
σ dσ

′( j)
σOur conventions and useful identities for  and 

are given in Appendix A.

Ji

Ki

(Ji,Ki)

So far, we have specified the action of the rotation on
rest states, which is governed by the generators . To de-
scribe general Lorentz transformations, one needs the full
set  of  infinitesimal  generators  of  the  homogeneous
Lorentz  group.  In  addition  to  spatial  rotations,  the
Lorentz group contains boosts, generated by operators .
The six generators  satisfy the following commuta-
tion relations 

[Ji, J j] = iεi jk Jk, [Ji,K j] = iεi jkKk, [Ki,K j] = −iεi jk Jk.

(14)

p̂ ≡ p/|p|

A pure boost B(η) is  defined as  the  Lorentz  transforma-
tion  with  no  accompanying  spatial  rotation.  For  a pure
boost of rapidity η along the direction , the cor-
responding unitary operator takes the form 

U[B(η)] = e−iηp̂·K, (15)

E+ |p| = meη η = arctanh
( |p|

E

)
η = p̂ηwhere , ,  and .  For  a

general Lorentz transformation, Λ may contain both rota-
tions  and  boosts.  The  unitary  operator  of  the  general
Lorentz transformation preserves the multiplication law, 

U[Λ2Λ1] = U[Λ2]U[Λ1]. (16)

(Ji,Ki)

pµ = (E,p)
L(p) p = L(p)k

With  the  Lorentz  generators  specified,  we  can
define  relativistic  single-particle  states  with  momentum

 from  the  rest  single-particle states.  We  intro-
duce  the standard  boost  satisfying ,  and
define 

|p, jσ⟩ ≡ U[L(p)]|k, jσ⟩. (17)

L(p)The choice of  is not unique; different choices corres-
pond  to  different  conventions  for  transporting  the  spin
quantization axis from the rest frame to momentum p. In
the following, we focus on two widely used conventions:
the  canonical-standard  boost  and  the  helicity-standard
boost.

kµ pµ
The canonical-standard boost is  taken to  be  a pure

boost  that  sends  to  without introducing  any  rota-
tion. One may write 

Lc(p) ≡ B(η) = R(ϕ,θ,0)Lz(η)R−1(ϕ,θ,0), (18)

(θ,ϕ) p̂ Lz(η)where  are  the  spherical  angles  of ,  is  the
boost along the z-axis, and the subscript c denotes the ca-
nonical-standard boost.

Covariant canonical-spinor amplitudes for partial wave analysis Chin. Phys. C 50, 093110 (2026)

093110-5



R(ϕ,θ,0)
kµ pµ

R(ϕ,θ,0) ẑ p̂

The helicity-standard  boost is defined  by  first  per-
forming  a  rotation  and  then  performing  a pure
boost  that  sends  to .  Using  the  same  rotation

 that takes  into , one defines 

Lh(p) ≡ B(η)R(ϕ,θ,0) = R(ϕ,θ,0)Lz(η), (19)

where the subscript h denotes the helicity-standard boost.
Although these two types of boosts yield the same stand-
ard  momentum,  the  quantization  axes  of  the  resulting
single-particle  states  are  different.  For  the  canonical
standard boost, the quantization axis remains the fixed z-
axis  direction,  while  for  the  helicity-standard  boost,  the
quantization axis  aligns  with  the  direction  of  the  mo-
mentum.  Their  geometric  representations  are  shown  in
Figs. 1 and 2.

The  relation  between  the  canonical-standard  boost
and  the  helicity-standard boost  can  be  expressed  as  fol-
lows, 

Lc(p) = Lh(p)R−1(ϕ,θ,0). (20)

Based on the difference in the spin quantization axes,
we define two types of single-particle states: the canonic-
al particle state and the helicity particle state. For the ca-
nonical  single-particle  state,  its  quantization  axis  always
points along the z-axis; therefore, it is obtained by apply-
ing  the  canonical  standard  boost  to  the  single-particle
state  at  rest.  For  the  helicity  single-particle  state,  its
quantization  axis  always  aligns  with  the  direction  of  the
momentum; hence, it is obtained by applying the helicity

standard boost to the single-particle state at rest. The ex-
plicit  expressions  of  these  boosted  states  can  be  defined
through Eqs. (18) and (19) as follows, 

|p, jσ⟩ ≡ U[Lc(p)]|k, jσ⟩

= U[R(ϕ,θ,0)]U[Lz(η)]U−1[R(ϕ,θ,0)]|k, jσ⟩, (21)

and 

|p, jλ⟩ ≡ U[Lh(p)]|k, jλ⟩

= U[R(ϕ,θ,0)]U[Lz(η)]|k, jλ⟩. (22)

Due to the different definitions of the quantization ax-
is for the two types of particle states, their transformation
properties  under  rotations  also  differ.  For  the  canonical
single-particle  state,  because its  spin  quantization axis  is
always fixed along the z-direction, a rotation will mix its
spin projection quantum numbers σ via a Wigner D-mat-
rix.  In  contrast,  for  the  helicity  single-particle  state,  the
quantization  axis  is  always  aligned  with  the  momentum
direction;  after  a  rotation,  the  spin  quantization  axis
simply follows the rotated momentum, so the spin projec-
tion along that axis remains unchanged. Their transforma-
tion rules under rotations are given by 

U[R]|p, jσ⟩ = U[RR0]U[Lz(η)]U−1[RR0]U[R]|k, jσ⟩

=
∑
σ′

Dσ′( j)
σ (R)|Rp, jσ′⟩, (23)

and 

 

Fig. 1.    (color online) Canonical-standard boost for a spin-j particle. The blue arrow indicates the direction of spin polarization, and
the red arrow indicates the direction of momentum.

 

Fig. 2.    (color online) Helicity-standard boost for a spin-j particle. The blue arrow indicates the direction of spin polarization, and the
red arrow indicates the direction of momentum.
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U[R]|p, jλ⟩ = U[RR0]U[Lz(η)]|k, jλ⟩
= U[R′(ϕ′, θ′, ξ)]U[Lz(η)]|k, jλ⟩
= U[R′′(ϕ′, θ′,0)]U[Lz(η)]U[Rz(ξ(R,p))]|k, jλ⟩
= eiλξ(R,p)|Rp, jλ⟩,

(24)

R′(ϕ′, θ′, ξ) = RR0

Rp (ϕ′, θ′) R′(ϕ′, θ′, ξ)

|k, jλ⟩

where ,  and  the  azimuthal  angle  of  the
momentum  is .  For the rotation ,  the
initial  rotation  about  the z axis  is  not  necessarily  zero.
Since this initial z-axis rotation does not change the final
momentum direction,  one can use the commutation rela-
tion in Eq. (14) to treat it as a rotation about the z axis ap-
plied  on  the  state ,  which  therefore  produces  the
corresponding phase.  It  can  be  observed that  helicity  re-
mains unchanged  under  rotations.  The  geometric  differ-
ence between  the  canonical  and  helicity  states  is  illus-
trated in Figs. 3 and 4.

The relation between the canonical state and the heli-
city state can be obtained from Eqs. (11), (19), (21), and
(22) and is given by 

|p, jλ⟩ = U[R(ϕ,θ,0)]U[Lz(η)]U−1

× [R(ϕ,θ,0)]U[R(ϕ,θ,0)]|k, jλ⟩

= U[Lc(p)]U[R(ϕ,θ,0)]|k, jλ⟩

=
∑
σ

Dσ( j)
λ (R)|p, jσ⟩. (25)

pµ = (E,p)
Λµν

pµ p′µ

Having  established  the  transformation  properties  of
the relativistic  canonical  and  helicity  states  under  rota-
tions,  we  now turn  our  attention  to  their  behavior  under
Lorentz  transformations.  Considering  an  arbitrary  four-
momentum , a  proper  homogeneous  ortho-
chronous Lorentz transformation  transforms the four-
momentum  into  as follows, 

p′µ = Λµνpν, (26)

U[Λ]|p, jα⟩
|p′, jα′⟩

where the repeated indices  are  summed over.  Under  this
Lorentz  transformation,  the  state  is  a  linear
combination of the states , namely 

U[Λ]|p, jα⟩ =
∑
α′

Cα′α|p′, jα′⟩

= U[L(p′)]
∑
α′

Cα′α|k, jα′⟩, (27)

L(p)

α′

where α represents either the spin projection σ (canonical
basis) or the helicity λ (helicity basis), with the boost 
chosen  accordingly.  According  to  Eq.  (11),  the  linear
combination  over  represents  a  rotation  acting  on  the
single-particle state with standard momentum. This rota-
tion is given by 

U[Λ]|p, jα⟩ = U[Λ]U[L(p)]|k, jα⟩

= U[L(p′)]U
[
L−1(p′)ΛL(p)

]
|k, jα⟩, (28)

with 

W(Λ, p) ≡ L−1(p′)ΛL(p), (29)

W(Λ, p)
kµ Wµ

νk
ν = kµ

|k, jα⟩

where  is a  rotation  that  leaves  the  standard  mo-
mentum  invariant;  namely, ,  and  is  referred
to as  the  little  group rotation.  The action of  this  rotation
on the state  is 

U[W(Λ, p)]|k, jα⟩ =
∑
α′

Dα′( j)
α (W(Λ, p))|k, jα′⟩, (30)

Dα′( j)
α (W)where  is  the  little  group  representation  matrix.

Substituting this  result  into  Eq.  (28),  the  Lorentz  trans-
formation of the single-particle state becomes 

U[Λ]|p, jα⟩ =
∑
α′

Dα′( j)
α (W(Λ, p))|p′, jα′⟩. (31)

 

Fig. 3.    (color online) Rotation acting on a canonical single-
particle  state.  The  brown  line  indicates  the  spin  quantization
axis,  the  red  line  represents  the  momentum  direction  of  the
particle, and the blue line denotes the spin polarization direc-
tion of the particle.

 

Fig.  4.    (color online)  Rotation  acting  on  a  helicity  single-
particle  state.  The red  line  indicates  the  momentum direction
of  the  particle,  which  is  also  the  spin  quantization  axis,  and
the blue line denotes the direction of the particle's spin polar-
ization.
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B(η′) p̂

This  result  illustrates  how  the  canonical  or  helicity
quantum numbers  transform  under  Lorentz  transforma-
tions.  The  little  group  rotation  describes  the  additional
Wigner  rotation  induced  by  the  composition  of  non-col-
linear Lorentz boosts. When the Lorentz transformation is
a  pure  boost  whose  direction  is  parallel  to ,  the
transformed  momentum remains  collinear  with p,  which
gives
 

p̄ = B(η′)p, p̄ ∥ p. (32)

Using Eqs. (18) and (19), the canonical little group rota-
tion is
 

Wc(B(η′), p) = L−1
c (p̄)B(η′)Lc(p)

= R(ϕ,θ,0)Lz(−η′−η)Lz(η′)Lz(η)R−1(ϕ,θ,0)

= I,
(33)

and the helicity little group rotation is
 

Wh(B(η′), p) = L−1
h (p̄)B(η′)Lh(p)

= Lz(−η′−η)Lz(η′)Lz(η)

= I. (34)

p̂
Therefore,  when  the  Lorentz  transformation  is  a  pure
boost along the momentum direction , the canonical and
helicity little group rotations are both the identity I. That
is,  for  the  corresponding  single-particle  states  under  the
Lorentz  transformation,  the  canonical  spin  projection σ
and the helicity λ remain unchanged, which can be writ-
ten as
 

U[B(η′)]|p, jα⟩ = |p̄, jα⟩. (35)

When the Lorentz transformation is a pure rotation R,
the canonical little group rotation is
 

Wc(R, p) = L−1
c (Rp)RLc(p)

= L−1
c (Rp)Lc(Rp)R

= R, (36)

where for canonical states under a pure rotation, the cor-
responding  little  group  rotation  is R.  Therefore,  the  spin
projection σ does not  remain unchanged,  with the action
of the rotation given in Eq. (23). In contrast,  the helicity
little group rotation is
 

Wh(R, p) = L−1
h (Rp)RLh(p) = L−1

h (Rp)RR0Lz(η)

= L−1
h (Rp)R′(ϕ′, θ′, ξ)Lz(η)

= L−1
h (Rp)

Ä
Lh(Rp)Rz(ξ(R,p))

ä
= Rz(ξ(R,p)), (37)

Rz(ξ(R,p))where  is a rotation about the helicity direction,
which produces a phase and does not change the helicity,
with  the  corresponding  result  given  in  Eq.  (24).  Finally,
for  both  the  canonical  and  helicity  single  particle  states,
the  pure  boost  along the  momentum direction leaves  the
spin  projection σ and  helicity λ unchanged.  Under  pure
rotation,  the  helicity λ is preserved  and  the  state  trans-
forms only by a phase, whereas the canonical spin projec-
tion σ generally mixes. 

2.    Construction of two-particle states

s1 s2

LS

Having  introduced  the  canonical  and  helicity  single-
particle  states,  we  now  consider  a  two-body  system  of
two  massive  particles,  particle-1  and  particle-2,  with
spins  and ,  and  construct  total  angular  momentum
states with angular momentum J in either the traditional-

 basis or the helicity basis.
LS

S = s1+ s2,S z = s1z+ s2z

(2s1+1)× (2s2+1)

(2s1+1)× (2s2+1)

(2s1+1)× (2s2+1)

s1 s2

{J2, Jz,L2,S2,P2, P}

P2, P |JMLS ⟩

|JMLS ⟩

In  the  traditional-  construction,  a  common  spin
quantization  axis  is  fixed,  conventionally  the z-axis,  and
the relative  orbital  angular  momentum L is  defined with
respect  to  the  same  axis.  The  total  spin  is  obtained  by
adding  the  individual  spins, .
There  are  subspaces that  are  de-
scribed entirely by the angular. Here, the angular degrees
of  freedom  and  the  spin  degrees  of
freedom are  independent.  Consequently,  the  states  ob-
tained from the D-matrix, namely spherical harmonic, de-
composition  exhibit  a -fold degener-
acy, which must be resolved by further decomposition us-
ing  CGCs.  Thus,  the  total  angular  momentum J is  then
built through two successive  CGC couplings:  first  coup-
ling  and  to  form S,  and then coupling L with S to
obtain J. This construction is based on the complete set of
commuting  observables . In  the  sub-
sequent discussion, we focus only on the construction of
two-particle states in the COM frame; therefore, we omit

, and denote the common eigenstates as . By
inserting  the  completeness  relation  of  the  product  basis
formed  by  the  two  canonical  single-particle  spin  states,

 can be written explicitly as 

|JMLS ⟩ =
∑
σ1σ2

|Ωσ1σ2⟩⟨Ωσ1σ2|JMLS ⟩

=
∑

σ1σ2σLσS

CL,σL;S ,σS
J,M C s1 ,σ1;s2 ,σ2

S ,σS

∫
dΩYL

σL
(Ω) |Ωσ1σ2⟩,

(38)
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CL,σL;S ,σS
J,M C s1 ,σ1;s2 ,σ2

S ,σS
where  and  are the CGCs.

{J2, Jz,λ1,λ2,P2, P}
|JMλ1λ2⟩

λ = λ1−λ2

λi

By  contrast,  in  the  helicity  construction,  the  spin
quantization axis of each particle is chosen to be along its
own momentum direction.  When the  particle  state  is  ro-
tated, its  quantization  axis  remains  aligned  with  the  ro-
tated  momentum  direction;  therefore,  helicity  possesses
rotational  invariance.  In  this  construction,  the  complete
set  of  commuting  observables  is ,  and
the  common eigenstates  are  denoted  as .  When
the helicity is fixed, the rotational properties of the entire
particle system in the COM frame are completely determ-
ined by the momentum direction of particle-1 and its heli-
city  projection  along  that  direction, .  In  the
subspace  of  fixed , only  one  rotational  degree  of  free-
dom remains to characterize the state.  Therefore,  we use
the  completeness  of  the D-matrices to  directly  decom-
pose the  state  into  components  of  different  angular  mo-
menta as 

|JMλ1λ2⟩ =
∑
λ′1λ
′
2

|ϕθλ′1λ′2⟩⟨ϕθλ′1λ′2|JMλ1λ2⟩

= NJ

∫
dΩDM(J)∗

λ (ϕ,θ,0)|ϕθλ1λ2⟩. (39)

LS
In this way, the helicity construction does not require

an explicit  coupling. Next, we will present the expli-
cit construction procedure.

s1 s2

Canonical  construction The  canonical  construction
is formulated in terms of the canonical two-particle state
in  the  COM  frame  of  particles  1  and  2.  Consider  two
massive  particles,  with  particle-1  and  particle-2  having
spins  and ,  respectively.  The canonical  two-particle
state is defined by 

|ϕθσ1σ2⟩ ≡ NU[L1,c(p)]|k1, s1σ1⟩U[L2,c(−p)]|k2, s2σ2⟩,
(40)

U[Li,c(p)] (i = 1,2)

|ϕθσ1σ2⟩

where N is the normalization constant,  
is  the  canonical-standard boost  in  Eq.  (18),  and  the  nu-
merical  subscripts  are  used  to  distinguish  the  canonical-
standard boosts for different particles. The explicit calcu-
lation  of  the  normalization  constant N is given  in  Ap-
pendix  B.  The  two-particle  state  satisfies  the
normalization condition, which can be written as 

⟨ϕ′θ′σ′1σ′2|ϕθσ1σ2⟩ = δ(ϕ′−ϕ)δ(θ′− θ)δσ
′
1

σ1δ
σ′2
σ2 . (41)

s1 s2By coupling  the  spins  and  in  Eq.  (40),  we  can
define two-particle states with total spin S as 

|ϕθSσS ⟩ =
∑
σ1σ2

C s1 ,σ1;s2 ,σ2
S ,σS

|ϕθσ1σ2⟩, (42)

C s1 ,σ1;s2 ,σ2
S ,σS

where  is the  CGC.  Using  the  angular  mo-
mentum selection rules, one obtains 

|s1− s2| ≤ S ≤ s1+ s2. (43)

p = p1−p2

Describing the total angular momentum J of the two-
particle system requires consideration of both the spins of
the particles and their relative orbital motion. In the COM
frame,  the  direction  of  relative  momentum 
between the two particles determines the angular depend-
ence  of  the  system,  which  can  be  expanded  in  spherical
harmonics to describe orbital angular momentum states.

|ϕθSσS ⟩
(θ,ϕ)

|ϕθSσS ⟩
YL
σL

(θ,ϕ)

Starting  from  the  state ,  where  the  direction
of the relative momentum is specified by the angles ,
the orbital angular momentum eigenstates are defined by
projecting  onto the  normalized  spherical  har-
monic . Explicitly, this is defined as
 

|LσLSσS ⟩ ≡
∫

dΩYL
σL

(Ω)|ΩSσS ⟩, (44)

Ω = (θ,ϕ) dΩ = dϕdcosθ
YL
σL

(θ,ϕ)
where  and ,  and  the  spherical
harmonic  is defined in Eq. (A13).

|LσLSσS ⟩

DL(R) DS (R)

The state  now carries both the orbital angu-
lar momentum L and the total spin S. Under spatial rota-
tions, it transforms according to the direct product repres-
entation of the rotation group: the orbital part transforms
under , and the spin part under . This can be
expressed as 

U[R]|LσLSσS ⟩ =
∑
σ′Lσ

′
S

D
σ′L(L)
σL (R)D

σ′S (S )
σS (R)|Lσ′LSσ′S ⟩. (45)

The orbital angular momentum L and the total spin S
can now  be  coupled  to  obtain  the  total  angular  mo-
mentum J, which can be written as 

|JMLS ⟩ =
∑
σLσS

CL,σL;S ,σS
J,M |LσLSσS ⟩

=
∑

σ1σ2σLσS

CL,σL;S ,σS
J,M C s1 ,σ1;s2 ,σ2

S ,σS

∫
dΩYL

σL
(Ω) |Ωσ1σ2⟩.

(46)

Using the angular momentum selection rules, the follow-
ing constraints are obtained: 

|L−S | ≤ J ≤ L+S , σS = σ1+σ2, σL = M−σS . (47)

|JMLS ⟩
From  the  normalization  condition  in  Eq.  (41),  the  states

 satisfy 
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⟨J′M′L′S ′|JMLS ⟩ = δJ′
J δ

M′
M δL′

L δ
S ′
S , (48)

and the completeness relation is given by 

∑
JMLS

|JMLS ⟩⟨JMLS | = I. (49)

|JMLS ⟩The transformation properties  of  the state  under
rotations are identical to those of a single-particle state at
rest. Its transformation can be expressed as follows, 

U[R]|JMLS ⟩ =
∑

M′
DM′(J)

M (R) |JM′LS ⟩, (50)

DM′(J)
M (R)

|JMLS ⟩
J2 Jz

where  is  the  Wigner D-matrix for  angular  mo-
mentum J.  This  transformation  property  shows  that

 forms a complete set of eigenstates of the angu-
lar  momentum operators  and , with the transforma-
tion behavior completely determined by the total angular
momentum J.

λ1 λ2

Helicity  construction The  helicity  construction  is
formulated  in  terms  of  the  helicity  two-particle  state  in
the COM frame. For two massive particles with helicities

 and , the helicity two-particle state can be defined as 

|ϕθλ1λ2⟩ ≡ NU[L1,h(p)]|k1, s1λ1⟩U[L2,h(−p)]|k2, s2 λ2⟩

= NU[R]
Ä

U[Lz(η1)]|k1, s1λ1⟩U[Lz(−η2)]|k2, s2 λ2⟩
ä

= NU[R]
Ä
|pz, s1λ1⟩| −pz, s2 λ2⟩

ä
= NU[R]|00λ1λ2⟩,

(51)

U[Li,c(p)] (i = 1,2)

λ1 λ2

R′

where N is the normalization constant,  
is the helicity-standard boost in Eq. (19), and the numer-
ical  subscripts  are  used  to  distinguish  the  helicity-stand-
ard boosts for different particles. Due to the rotational in-
variance of the helicities  and , the action of a rota-
tion  on Eq. (51) gives 

U[R′]|Ωλ1λ2⟩ = NU[R′R]|00λ1λ2⟩

= |R′Ωλ1λ2⟩

= |R′′λ1λ2⟩, (52)

Ω = (θ,ϕ) R′′ = R′Ωwhere  and .
(λ1,λ2)

Ω = (ϕ,θ)
λ = λ1−λ2

When  the  helicities  are  fixed,  the  nontrivial
rotational  dependence  of  the  two-particle  state  in  the
COM frame is entirely encoded in the momentum direc-
tion  of  particle-1,  parametrized  by ,  together
with  the  helicity  difference .  A  rotation  about
the  momentum  axis  leaves  the  helicities  invariant  and

e−iλα

|ϕθλ1λ2⟩

only  produces  a  phase ;  hence  the  third  Euler  angle
can be chosen as 0. Therefore, using the completeness of
the Wigner D-functions for fixed right index λ, we project
the  angle  state  onto definite  total  angular  mo-
mentum J and its z-component M: 

|JMλ1λ2⟩ = NJ

∫
dΩDM(J)∗

λ (ϕ,θ,0) |ϕθλ1λ2⟩. (53)

|JMλ1λ2⟩
Using Eqs.  (52) and (53),  the transformation of the state

 under rotations is given by 

U[R′]|JMλ1λ2⟩ = NJ

∫
dΩDM(J)∗

λ (ϕ,θ,0)U[R′]|ϕθλ1λ2⟩

= NJ

∫
dΩDM(J)∗

λ (Ω)|R′′λ1λ2⟩,
(54)

D∗M(J)
λ (Ω)where the Wigner D-matrix  can be written as

 

DM(J)∗
λ (Ω) = DM(J)∗

λ (R′−1R′′)

=
∑

M′
DM(J)∗

M′ (R′−1)DM′(J)∗
λ (R′′)

=
∑

M′
DM′(J)

M (R′)DM′(J)∗
λ (R′′). (55)

Using this relation, one obtains 

U[R′]|JMλ1λ2⟩ =
∑

M′
DM′(J)

M (R′)|JM′λ1λ2⟩. (56)

|JMλ1λ2⟩

λ1 λ2 |JMλ1λ2⟩

Thus,  the  state  with definite  total  angular  mo-
mentum J is  constructed  by  coupling  the  two  particles
through their helicities  and . The state  sat-
isfies the normalization condition, 

⟨J′M′λ′1λ′2|JMλ1λ2⟩ = δJ′
J δ

M′
M δ

λ′1
λ1
δ
λ′2
λ2
, (57)

which fixes the normalization constant to be 

NJ =

…
2J+1

4π
. (58)

Finally, the completeness relation takes the form: 

∑
JMλ1λ2

|JMλ1λ2⟩⟨JMλ1λ2| = I. (59)

Equivalence  between  two  constructions Having intro-
duced  both  the  helicity  and  canonical  constructions,  we
now demonstrate  their  equivalence.  Despite  their  differ-
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ent  starting  points,  both  formulations  yield  states  with
total  angular  momentum J.  In  the  following,  we  derive
the explicit  transformation between these two equivalent
constructions.  Starting  from  the  respective  two-particle
states and using Eqs. (19), (25), and (40), we have 

|ϕθλ1λ2⟩

= NU[L1,h(p)]|k1, s1λ1⟩U[L2,h(−p)]|k2, s2 −λ2⟩

= NU[L1,c(p)]U[R]|k1, s1λ1⟩U[L2,c(−p)]U[R]|k2, s2 −λ2⟩

=
∑
σ1σ2

Dσ1(s1)
λ1

(ϕ,θ,0)Dσ2(s2)
−λ2

(ϕ,θ,0)U

× [L1,c(p)]|k1, s1σ1⟩U[L2,c(−p)]|k2, s2σ2⟩

=
∑
σ1σ2

Dσ1(s1)
λ1

(ϕ,θ,0)Dσ2(s2)
−λ2

(ϕ,θ,0)|ϕθσ1σ2⟩.

(60)

Substituting  this  into  the  definition  of  the  total  angular
momentum state in Eq. (53) yields 

|JMλ1λ2⟩ = NJ

∫
dΩDM(J)∗

λ (ϕ,θ,0)|ϕθλ1λ2⟩

= NJ

∑
σ1σ2

∫
dΩDM(J)∗

λ (ϕ,θ,0)Dσ1(s1)
λ1

(ϕ,θ,0)

×Dσ2(s2)
−λ2

(ϕ,θ,0)|ϕθσ1σ2⟩. (61)

Using  Eqs.  (A14),  (A16),  and  (A13),  coupling  the  three
Wigner D-matrices via CGCs yields 

Dσ1(s1)
λ1

Dσ2(s2)
−λ2
=
∑

S

C s1 ,σ1;s2 ,σ2
S ,σS

CS ,λ
s1 ,λ1;s2 ,−λ2

DσS (S )
λ , (62)

and 

DM(J)∗
λ DσS (S )

λ =
∑

L

Å
2L+1
2J+1

ã
CL,σL;S ,σS

J,M CJ,λ
L,0;S ,λDσL(L)∗

0

=
∑

L

…
4π

2L+1

Å
2L+1
2J+1

ã
CL,σL;S ,σS

J,M CJ,λ
L,0;S ,λY

L
σL
,

(63)

where 

|s1− s2| ≤ S ≤ s1+ s2, |J−S | ≤ L ≤ J+S , (64)

 

σS = σ1+σ2, λ = λ1−λ2, M = σL +σS , (65)

YL
σL

and  is the  normalized  spherical  harmonic.  Combin-
ing Eqs.  (61),  (62),  and  (63),  we  obtain  the  transforma-

tion between helicity and canonical constructions as 

|JMλ1λ2⟩ =
∑

LS

Å
2L+1
2J+1

ã 1
2

CJ,λ
L,0;S ,λC

S ,λ
s1 ,λ1;s2 ,−λ2

|JMLS ⟩, (66)

and the recoupling coefficient 

⟨J′M′LS |JMλ1λ2⟩ =
Å

2L+1
2J+1

ã 1
2

CJ,λ
L,0;S ,λC

S ,λ
s1 ,λ1;s2 ,−λ2

δJ′
J δ

M′
M .

(67)

The inverse relation of Eq. (66) is 

|JMLS ⟩ =
∑
λ1λ2

Å
2L+1
2J+1

ã 1
2

CL,0;S ,λ
J,λ C s1 ,λ1;s2 ,−λ2

S ,λ |JMλ1λ2⟩. (68)

 

B.    Basic amplitudes for two-body decay

3→ 1+2
s1 s2

s3

In the following discussion, we consider the two-body
decay process ,  where all  particles  are massive,
and particle-1, particle-2, and particle-3 carry spins , ,
and , respectively. We then compare the canonical and
helicity  representations  in  the  COM  frame.  Finally,  we
present the two-body decay amplitude in any frame. 

1.    Canonical and helicity decay amplitudes and their
equivalence

Aσ1σ2
σ3

The  canonical  decay  amplitude  in  the  COM  frame,
denoted by , can be expressed as 

Aσ1σ2
σ3

(k3,p∗1,p
∗
2)= ⟨p∗1, s1σ1;p∗2, s2σ2|M|k3, s3σ3⟩, p∗1 =−p∗2.

(69)

LS
LS

Within the  coupling formalism, this amplitude can be
expanded in  partial waves. Using Eq. (46), one has 

Aσ1σ2
σ3

(k3,p∗1,p
∗
2)

=
∑

LS

1
N
⟨Ωσ1σ2|s3σ3LS ⟩⟨s3σ3LS |M|s3σ3⟩

=
∑

LS

CL,σL;S ,σS
s3 ,σ3

C s1 ,σ1;s2 ,σ2
S ,σS

YL
σL

(Ω)
1
N
⟨s3σ3LS |M|s3σ3⟩

=
∑

LS

gLS CL,σL;S ,σS
s3 ,σ3

C s1 ,σ1;s2 ,σ2
S ,σS

YL
σL

(Ω), (70)

gLS LSwhere  is called the  coupling amplitude and is de-
termined from experiments. It can be written as 

gLS =
1
N
⟨s3σ3LS |M|s3σ3⟩. (71)
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From the angular momentum selection rules,  the follow-
ing constraints hold:
 

|s1− s2| ≤ S ≤ s1+ s2, |s3−S | ≤ L ≤ s3+S . (72)

LSThe traditional-  decay amplitude is defined as
 

Aσ1σ2
σ3

(k3,p∗1,p
∗
2; L,S ) ≡ gLS CL,σL;S ,σS

s3 ,σ3
C s1 ,σ1;s2 ,σ2

S ,σS
YL
σL

(Ω). (73)

Turning  to  the  helicity  coupling,  the  helicity  decay
amplitude in the COM frame is defined as
 

Aλ1λ2
σ3

(k3,p∗1,p
∗
2) = ⟨p∗1, s1λ1;p∗2, s2λ2|M|k3, s3σ3⟩. (74)

λ3

σ3 σ3

In this definition, the quantization axis for the initial state
(particle-3) is  chosen  along  its  spin  direction.  Con-
sequently, in its rest frame, the helicity  is identical to
the  spin  projection ,  which  is  why  is  used  in  the
amplitude. Using Eqs. (53) and (66), the amplitude can be
written as
 

Aλ1λ2
σ3
=

1
N
⟨Ωλ1λ2|s3σ3λ1λ2⟩⟨s3σ3λ1λ2|M|s3σ3⟩

=

…
2s3+1

4π
Dσ3(s3)∗

λ (ϕ,θ,0)Hλ1λ2 , (75)

Hλ1λ2

where θ and ϕ are the helicity angles of particle-1 in the
rest  frame  of  particle-3,  and  is  called  the  helicity
coupling amplitude. It can be expressed as
 

Hλ1λ2 =
1
N
⟨s3σ3λ1λ2|M|s3σ3⟩. (76)

LS

LS

LS

Both  the  canonical  decay  amplitude  and  the  helicity
decay  amplitude  can  be  expressed  in  the  coupling
formalism.  The  canonical  decay  amplitude  discussed
above  has  already  been  written  in  terms  of  its  com-
ponents. For the helicity decay amplitude, using Eqs. (49)
and (66), the helicity coupling amplitude in the  coup-
ling formalism [29] can be expressed as follows,
 

Hλ1λ2 =
1
N
⟨s3σ3λ1λ2|M|s3σ3⟩

=
∑

LS

⟨s3σ3λ1λ2|s3σ3LS ⟩ 1
N
⟨s3σ3LS |M|s3σ3⟩

=
∑

LS

gLS

Å
2L+1
2s3+1

ã 1
2

CL,0;S ,λ
J,λ C s1 ,λ1;s2 ,−λ2

S ,λ . (77)

From the normalization relation, it follows that
 

∑
λ1λ2

|Hλ1λ2 |2 =
∑

LS

|gLS |2. (78)

LS
Accordingly, the helicity coupling amplitude for a specif-
ic  partial wave is defined as 

Hλ1λ2 (L,S ) ≡ gLS

Å
2L+1
2s3+1

ã 1
2

CL,0;S ,λ
J,λ C s1 ,λ1;s2 ,−λ2

S ,λ . (79)

The  difference  between  the  helicity  decay  amplitude
and the  canonical  decay  amplitude  is  that  they  are  ex-
pressed in  different  bases;  nevertheless,  they  are  physic-
ally  equivalent.  By  redefining  the  canonical  state  using
Eqs.  (25) and (60),  the helicity amplitude can be written
as 

Aλ1λ2
σ3
= ⟨p∗1, s1λ1;p∗2, s2λ2|M|k3, s3σ3⟩

=
∑
σ1σ2

Dσ1(s1)∗
λ1

(ϕ,θ,0)Dσ2(s2)∗
−λ2

(ϕ,θ,0)⟨

×p∗1, s1σ1;p∗2, s2σ2|M|k3, s3σ3⟩

=
∑
σ1σ2

Dσ1(s1)∗
λ1

(ϕ,θ,0)Dσ2(s2)∗
−λ2

(ϕ,θ,0)Aσ1σ2
σ3

=
∑
σ1σ2

(−1)s2 Dσ1(s1)∗
λ1

(ϕ,θ,0)Dσ2(s2)∗
λ2

× (π+ϕ,π− θ,0)Aσ1σ2
σ3

. (80)
 

2.    Example of helicity amplitude calculation

LS
LS

In  this  subsubsection,  we  provide  some  calculation
examples of helicity amplitudes. For the example of tradi-
tional-  amplitude, to facilitate a comparison with oth-
er  methods, it is presented in subsection III.C.

In  a  fixed  three-point  amplitude,  the  helicity-coup-
ling  amplitude  depends  only  on  the  masses.  Therefore,
for a given two-body decay process with definite masses
and  spins,  it  is  merely  a  constant  factor.  Hence,  we  are
only concerned with the angular dependence. Finally, we
will  also  illustrate  what  the  helicity-coupling  amplitude
should be for specific interaction vertices.

The  energy  and  the  momentum  of  the  daughter
particles are given as 

E1 =
m2

3+m2
1−m2

2

2m3
, E2 =

m2
3+m2

2−m2
1

2m3
, (81)

 

q = |p∗1| = |p∗2| =
√

((m3+m2)2−m2
1)((m3+m1)2−m2

2)
2m3

,

(82)

m1 m2 m3where , , and  are the masses of the particles.
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3→ 1+2
s3 = 1 s1 = 1 s2 = 0

For the two-body decay process  with spins
, , , the helicity amplitude is 

Aλ1λ2
λ3
= Hλ1λ2 Dλ3(1)∗

λ (ϕ,θ,0), (83)

λ = λ1−λ2

CVVS gµνV
µ
3 Vν

1S CVVS

where .  When  the  decay  vertex  is
, where  is a constant, the above amp-

litude can be written as 

A+0
+ = [−CVVS ] D+(1)∗

+ (ϕ,θ,0),

A00
+ =

ï
−CVVS

E1

m1

ò
D+(1)∗

0 (ϕ,θ,0),

A−0
+ = [−CVVS ] D+(1)∗

− (ϕ,θ,0),

A+0
0 = [−CVVS ] D0(1)∗

+ (ϕ,θ,0),

A00
0 =

ï
−CVVS

E1

m1

ò
D0(1)∗

0 (ϕ,θ,0),

A−0
0 = [−CVVS ] D0(1)∗

− (ϕ,θ,0),

A+0
− = [−CVVS ] D−(1)∗

+ (ϕ,θ,0),

A00
− =

ï
−CVVS

E1

m1

ò
D−(1)∗

0 (ϕ,θ,0),

A−0
− = [−CVVS ] D−(1)∗

− (ϕ,θ,0). (84)

By  comparing  Eqs.  (83)  and  (84),  the  helicity-coupling
amplitude can be determined.

3→ 1+2

s3 =
1
2
, s1 =

1
2
, s2 = 0

For the two-body decay process  with spins
, the helicity amplitude is

 

Aλ1λ2
λ3
= Hλ1λ2 Dλ3( 1

2 )∗
λ (ϕ,θ,0), (85)

λ = λ1−λ2 f̄1 γ
µ (CLPL+

CRPR) f2 S CL CR

PL,R

where . When the decay vertex is 
,  where  and  are constants.  The left  and

right-handed  projection  operators  are .  The  above
amplitude can be written as 

A+
1
2 0
+ 1

2
=

ï
CR P−1 +CL P+1√

2

ò
D+

1
2 ( 1

2 )∗
+ 1

2
(ϕ,θ,0),

A−
1
2 0
+ 1

2
=

ï
CR P+1 +CL P−1√

2

ò
D+

1
2 ( 1

2 )∗
− 1

2
(ϕ,θ,0),

A+
1
2 0
− 1

2
=

ï
CR P−1 +CL P+1√

2

ò
D−

1
2 ( 1

2 )∗
+ 1

2
(ϕ,θ,0),

A−
1
2 0
− 1

2
=

ï
CR P+1 +CL P−1√

2

ò
D−

1
2 ( 1

2 )∗
− 1

2
(ϕ,θ,0), (86)

where 

P±1 =
√

m3
E1+m1±q√

E1+m1
, P±2 =

1√
2

 
E2±q
E2∓q

. (87)

By  comparing  Eqs.  (85)  and  (86),  the  helicity-coupling
amplitude can be determined. 

3.    Two-body decay amplitude in any frame

In  the  above  discussion,  we  have  presented  the  two-
body  decay  amplitudes  in  the  two-body  decay  COM
frame. In practice, however, the momenta of the particles
in the decay process are generally not given in the COM
frame but in any frame, such as the lab frame. Therefore,
to  evaluate  the  amplitude  for  a  given  event  in  the  lab
frame, one must boost the event back to the COM frame.
Such a  boost  acts  nontrivially  on the  final-state  particles
and  induces  a  nontrivial  Wigner  rotation.  Consequently,
the amplitude in  any frame can be written as  the corres-
ponding COM frame amplitude multiplied by the appro-
priate Wigner D-matrices for the final-state particles.

LS

LS

In  any  frame,  within  the  traditional-  partial  wave
expansion, the canonical amplitudes can be organized by
the  coupling amplitudes, the CGCs, the spherical har-
monics in the COM frame, and the Wigner D-matrices in-
duced by the boost. It can be written as 

Aσ1σ2
σ3

(p3,p1,p2) =
∑

LSσLσSσ
′
1σ
′
2

gLS CL,σL;S ,σS
s3 ,σ3

C
s1 ,σ

′
1;s2 ,σ

′
2

S ,σS
YL
σL

(Ω)

×D
σ′1(s1)∗
σ1 (R31)D

σ′2(s2)∗
σ2 (R32),

(88)

R31 R32where  and  are  the  Wigner  rotations  induced  on
particle-1  and  particle-2  by  boosting  the  amplitude  from
any frame to the rest  frame of  particle-3 through the ca-
nonical-standard  boost  of  particle-3. This  Wigner  rota-
tion  is  exactly  the  canonical  little  group  rotation  in  Eq.
(29), and it can be written as 

R3i =W(L−1
3,c(p3), p1). (89)

In  contrast,  the  helicity  amplitudes  are  organized  by
the  helicity-coupling  amplitudes,  the  helicity  Wigner D-
matrix in the COM frame, and the Wigner D-matrices in-
duced by the boost. It can be expressed as 

Aλ1λ2
λ3

(p3,p1,p2)

=
∑
λ′1λ
′
2

…
2s3+1

4π
Dλ3(s3)∗

λ′1−λ
′
2
(ϕ,θ,0)Hλ′1λ

′
2 D

λ′1(s1)∗
λ1

(R′31)D
λ′2(s2)∗
λ2

(R′32),

(90)

R′31 R′32where  and  are  the  Wigner  rotations  induced  on
particle-1  and  particle-2  by  boosting  the  amplitude  from
any frame to the rest frame of particle-3 through the heli-
city standard boost  of particle-3.  This Wigner rotation is
exactly the helicity little group rotation in Eq. (29), and it
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can be written as 

R′3i =W(L−1
3,h(p3), p1). (91)

In what follows, we evaluate this Wigner rotation ex-
plicitly  for  both  the  canonical  and  helicity  amplitudes,
and  provide  the  corresponding  amplitude  expressions  in
any frame.

Canonical  amplitude  in  any  frame In  any  frame,
such as the lab frame, we define the canonical amplitude
as 

Aσ1σ2
σ3

(p3,p1,p2) ≡ ⟨p1σ1;p2σ2|M|p3σ3⟩, (92)

p3 p1 p2

L−1
3,c(p3)

where , ,  and  are  the  momenta  in  the  lab  frame.
To calculate  this  amplitude,  the system is  boosted to the
COM  frame.  In  the  canonical  basis,  the  corresponding
boost is , where the subscript 3 indicates that this
is the standard boost associated with particle-3.

Under the Lorentz transformation, the canonical amp-
litude becomes 

⟨p1σ1;p2σ2|M|p3σ3⟩
L−1

3,c(p3)
−−−−−→ ⟨p∗1σ′1;p∗2σ

′
2|M|k3σ3⟩, (93)

k3 p∗1 p∗2where , ,  and  are  the  momenta  of  particle-3,
particle-1,  and  particle-2  in  the  two-body  decay  COM
frame.

pi ki

For  particle-3,  the  boost  that  brings  it  from the LAB
frame  to  its  rest  frame  is  collinear  with  its  momentum.
According  to  Eq.  (33),  such  a  collinear  boost  induces  a
trivial  little  group element,  so no additional  rotation acts
on the spin indices. In contrast, for particle-1 and particle-
2, one  obtains  nontrivial  little  group rotations.  The  reas-
on is  that  the transformation from the LAB frame to the
rest  frame  of  particle-i is  not  unique.  One  option  is  to
reach the particle-i rest frame by a single pure boost. Al-
ternatively,  one  may  first  boost  to  the  rest  frame  of
particle-3  and  then  boost  to  the  rest  frame  of  particle-i.
Although  both  constructions  end  in  the  rest  frame  of
particle-i and  map  to  the  standard  rest  momentum ,
they  define  different  spatial  axes  in  that  rest  frame.  The
two definitions  are  related  by  a  Wigner  rotation.  There-
fore,  when the two-step construction is  adopted,  the  res-
ulting rest-frame state must be supplemented by the cor-
responding  little  group  rotation.  A  simple  diagrammatic
description for the Wigner rotation is shown in Fig. 5.

From  Eq.  (31),  the  transformations  of  the  individual
states can be written as 

U[L−1
3,c(p3)]|piσi⟩ =

∑
σ′i

D
σ′i (si)
σi (R3i)|p∗iσ′i⟩ (i = 1,2,3), (94)

p∗3 = k3 R3iwhere  and  is the corresponding Wigner rota-
tion, defined by1)
 

R3i = L−1
i,c (p∗i )L−1

3,c(p3)Li,c(pi) (i = 1,2,3), (95)

R33 = I

where  the  subscript i indicates  that  this  is  the  standard
boost associated with particle-i. In particular, the Wigner
rotation  for  particle-3  is  trivial, .  Therefore,  only
two nontrivial Wigner rotation representation matrices act
on  the  amplitude.  Explicitly,  the  transformed  amplitude
can be written as 

Aσ1σ2
σ3

(p3,p1,p2)

=
∑
σ′1σ

′
2

A
σ′1σ

′
2

σ3 (k3,p∗1,p
∗
2)D

σ′1(s1)∗
σ1 (R31)D

σ′2(s2)∗
σ2 (R32), (96)

A
σ′1σ

′
2

σ3 (k3,p∗1,p∗2)

R3i

where  are  the  amplitudes  in  the  COM
frame. With the above definitions in place, a detailed de-
rivation of the Wigner rotation  is presented below.

For  a  particle  with  four-momentum p,  we  introduce
the velocity and the Lorentz factor as 

β =
p
E
, β = |β|, γ =

1√
1−β2

. (97)

The canonical-standard boost of the particle is 

Lc(p) =

Ñ
γ γβT

γβ I+
γ−1
β2
ββT

é
. (98)

Its inverse is 

 

L−1
i,c (pi)

L−1
i,c (p∗i )L−1

3,c(p3)

Fig. 5.    (color online) Two boost paths from the lab frame to
the rest frame of particle-i: a direct boost  and the two-
step  boost .  The  difference  between  these  two
paths is the Wigner rotation, which acts on the little group in-
dices of particle-i.
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L−1
c (p) = Lc(−p) =

Ñ
γ −γβT

−γβ I+
γ−1
β2
ββT

é
. (99)

The composition of the first two Lorentz transforma-
tions of Eq. (95) is defined as
 

Λ ≡ L−1
3,c(p3)Li,c(pi) = L3,c(−p3)Li,c(pi). (100)

kµi = (mi,0)T

p∗i

ki

In the rest frame of particle-i, the momentum of particle-i
is  the standard momentum . The correspond-
ing momentum  in the two-body decay COM frame is
obtained  by  performing  the  aforementioned  Lorentz
transformation on , namely,
 

p∗i = Λki. (101)

Using Eqs. (97), (98), (99), (100), and (101), one can ob-
tain
 

γ∗i = γ3γi (1−β3 ·βi) , β∗i =
−γ3β3+βi+

γ3−1
β2

3
(β3 ·βi)β3

γ3 (1−β3 ·βi)
.

(102)

Therefore,  the Wigner  rotation induced by the boost  can
be expressed as
 

R3i(ωi) = L−1
i,c (p∗i )L−1

3,c(p3)Li,c(pi), (103)

ωi −p3×piwhere the  direction is parallel to .

ωi = |ωi|
To obtain the explicit magnitude of the Wigner angle

,  we  first  rotate  the  coordinate  system  such  that
the z-axis is aligned with the unit vector
 

n̂3i ≡
−p3×pi∣∣p3×pi

∣∣ , Rn̂3i ẑ = n̂3i, cosθ3i = −p̂3 · p̂i, (104)

Rn̂3i ẑ n̂3iwhere  is  a  spatial  rotation that  maps  to .  In the
rotated frame, the two velocities lie in the x-y plane. We
may choose coordinates such that
 

β′3 = (β3,0,0) β′i = (βi cosθ3i, βi sinθ3i, 0), (105)

θ3i β3 βi

β∗′i (β∗′i )z = 0

where  is the angle between  and  in the lab frame.
In  the  rotated  frame,  one  finds  that  the  boosted  velocity

 also  satisfies .  Therefore,  in  this  rotated
frame, the Wigner rotation is a pure rotation about the z-
axis:
 

R′3i = Rz(ω3i) =

à
1 0 0 0

0 cosω3i −sinω3i 0

0 sinω3i cosω3i 0

0 0 0 1

í
. (106)

ω3i

ηa ≡ arctanhβa a = 3, i
A convenient form for  is obtained in terms of rapidit-
ies  ( ): 

tan
ω3i

2

=
sinθ3i sinh

(η3

2

)
sinh

(ηi

2

)
cosh

(η3

2

)
cosh

(ηi

2

)
+ cosθ3i sinh

(η3

2

)
sinh

(ηi

2

) .
(107)

This determines the magnitude of the Wigner angle.
Finally, we rotate back to the original orientation. The

Wigner rotation in the original frame can be expressed as 

R3i(ωi) = Rn̂Rz(ω3i)R−1
n̂ . (108)

R31 R32With  and  determined  in  this  way,  the  canonical
amplitude in any frame becomes 

Aσ1σ2
σ3

(p3,p1,p2) =
∑

LSσLσSσ
′
1σ
′
2

gLS CL,σL;S ,σS
s3 ,σ3

C
s1 ,σ

′
1;s2 ,σ

′
2

S ,σS
YL
σL

(Ω)

×D
σ′1(s1)∗
σ1 (R31(ω1))D

σ′2(s2)∗
σ2 (R32(ω2)).

(109)

Helicity  amplitude  in  any  frame For the  helicity  amp-
litude, the definition in any frame is 

Aλ1λ2
λ3

(p3,p1,p2) = ⟨p1λ1;p2λ2|M|p3λ3⟩. (110)

L−1
h (p3)

q∗1 q∗2
p∗1 p∗2

Similarly,  the  helicity  amplitude  is  boosted  to  the  COM
frame. To preserve the helicity of the parent particle, the
boost is chosen to be . However, the helicity boost
is not a pure boost but a combination of a pure boost and
a rotation. This is because, in the rest frame of particle-3,
its  spin  quantization  axis  must  point  along  the z-axis,
while originally in the lab frame, its spin quantization ax-
is points along the direction of its momentum. Hence, we
need to rotate the z-axis to align with the momentum dir-
ection of particle-3. This implies that boosting back from
the  lab  frame  to  the  helicity  COM  frame  does  not  yield
the same  frame  as  the  canonical  COM  frame.  Con-
sequently,  the  momenta  of  particle-1  and  particle-2  are
different in  these  two  COM  frames.  We  define  the  mo-
menta  in  the  helicity  COM frame as , , whose rela-
tion  with  the  momenta ,  in  the  canonical  COM

Covariant canonical-spinor amplitudes for partial wave analysis Chin. Phys. C 50, 093110 (2026)

093110-15



frame is given by 

q∗i = L−1
3,h(p3)pi = R−1(p̂3)L−1

3,c(p3)pi = R−1(p̂3)p∗i (i = 1,2).

(111)

The relations among the three coordinate systems are
illustrated in Fig. 6.

Under this  Lorentz  transformation,  the  helicity  amp-
litude becomes 

⟨p1λ1;p2λ2|M|p3λ3⟩
L−1

3,c(p3)
−−−−−→ ⟨p∗1λ̃1;p∗2λ̃2|M|k3λ3⟩

R−1(p̂3)−−−−−→ ⟨q∗1λ′1;q∗2λ
′
2|M|k3λ3⟩, (112)

p1,p2,p3

{x,y,z}
λ1,λ2,λ3

k3,q∗1,q∗2
{x′,y′,z′}

λ′1,λ
′
2,λ3

p3

z′

λ3

where  are the momenta defined in the lab frame
with  respect  to  the  coordinate  axes , and  the  heli-
cities  correspond  to  the  spin  projections  along
their  respective  momentum  directions.  In  the  COM
frame,  are  the  momenta  defined  in  the  helicity
COM frame with respect to the coordinate axes ,
and  again  correspond  to  the  spin  projections
along their  respective  momentum  directions.  In  particu-
lar, since the direction of  in the lab frame corresponds
to  the -axis  direction  in  the  helicity  COM  frame,  the
helicity  is defined consistently in both frames.

Therefore,  due  to  the  helicity  mismatch  between  the
two reference frames,  the helicity Wigner rotations must
exist  between the helicity particle  states  defined in these
frames to align their helicities. Applying the boost to the
spin states yields 

U[L−1
3,h(p3)]|piλi⟩ = L−1

3,h(p3)Li,h(pi)|kiλi⟩

= Li,h(q∗i )L−1
i,h (q∗i )L−1

3,h(p3)Li,h(pi)|kiλi⟩

=
∑
λ′i

D
λ′i (si)
λi

(R′3i)|q∗i λ′i⟩ (i = 1,2),

(113)

R′3iwhere  is the corresponding Wigner rotation defined as 

R′3i = L−1
i,h (q∗i )L−1

3,h(p3)Li,h(pi) (i = 1,2). (114)

The helicity amplitude in the lab frame can be expressed
as 

Aλ1λ2
λ3

(p3,p1,p2)=
∑
λ′1λ
′
2

A
λ′1λ
′
2

λ3
(k3,q∗1,q

∗
2)D

λ′1(s1)∗
λ1

(R′31)D
λ′2(s2)∗
λ2

(R′32).

(115)

R′3iTo factorize , we start  with  the  definition of  the  heli-
city boost, 

L−1
i,h (q∗i ) = R−1(q∗i )L−1

i,c (q∗i ), (116)

 

L−1
3,h(p3) = R−1(p3)L−1

3,c(p3), (117)

 

Li,h(pi) = Li,c(pi)R(pi). (118)

R′3iSubstituting these relations into the definition of  gives 

R′3i = R−1(q∗i )
Ä

L−1
i,c (q∗i )R−1(p3)L−1

3,c(p3)Li,c(pi)
ä

R(pi). (119)

R L−1
c (p)R−1 = L−1

c (Rp)Using  the  property  and  Eq.  (111),
we have 

L−1
i,c (p′) ≡ R(p3)L−1

i,c (q∗i )R−1(p3), p′ = R(p3)q∗i = p∗i .
(120)

R−1(p3)R(p3)Therefore,  by  inserting  into  Eq.  (119),  we
obtain 

R′3i = R−1(q∗i )R−1(p3)
Ä

R(p3)L−1
i,c (q∗i )R−1(p3)L−1

3,c(p3)Li,c(pi)
ä

R(pi)

= R−1(q∗i )R−1(p̂3)
Ä

L−1
i,c (p∗i )L−1

3,c(p3)Li,c(pi)
ä

R(pi).

(121)

 

x,y,z

x′,y′,z′

Fig. 6.    The figure illustrates the relations among the three coordinate systems. The lab frame and the canonical 3-rest frame are con-
nected by a pure boost, which does not change the orientation of the axes; therefore, they share the same set of spatial axes . For
the helicity 3-rest frame, an additional rotation is applied, resulting in a change in the spatial axes. The corresponding new axes are de-
noted as .
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It  can be observed that  the expression inside the bracket
corresponds to the Wigner rotation in the canonical form
given  by  Eq.  (108).  Therefore,  the  final  Wigner  rotation
for the helicity state is given by 

R′3i = R−1(q∗i )R−1(p3)R3i(ωi)R(pi). (122)

Finally, the amplitude in any frame can be expressed as 

Aλ1λ2
λ3

(p3,p1,p2)

=
∑
λ′1λ
′
2

…
2s3+1

4π
Dλ3(s3)∗

λ′1−λ
′
2
(ϕ,θ,0)Hλ′1λ

′
2 D

λ′1(s1)∗
λ1

(R′31)D
λ′2(s2)∗
λ2

(R′32).

(123)
 

III.  COVARIANT ZEMACH AND PROJECTION
TENSOR AMPLITUDES

LS

LS

SO(3) SU(2)

In this section, tensor constructions of  amplitudes
are  discussed.  This  approach  can  be  traced  back  to  the
Zemach tensor method [21]. In the Zemach tensor meth-
od,  two-body  decays  are  analyzed  in  the  parent  rest
frame.  Unlike  the  traditional-  coupling  discussed  in
Section  II,  where  angular  momenta  are  coupled  in  the
little  group  representation  using  CGCs,  the  Zemach
tensor method first builds angular momentum tensors as-
sociated with the orbital and spin parts and then performs
the required couplings and projections at the tensor level
using the invariant tensors of  and .

However, the Zemach tensor method is not covariant.
To construct  covariant  partial  wave amplitudes,  the  cov-
ariant tensor method is introduced [32, 33]. Its key idea is
to  construct  covariant  coupling  structures  and  obtain  the
corresponding partial  wave amplitudes by fully contract-
ing  them with  the  external  spin  wave  functions  over  the
Lorentz  indices.  This  idea  has  been  developed  into  a
more  systematic  framework  [48, 49].  Depending  on  the
choice of external  spin wave functions,  two schemes are
commonly used.

The first  scheme,  referred  to  as  the  PS  scheme,  re-
turns  to  the  COM  frame  and  defines  the  final-state  spin
wave functions at the standard momenta. In this construc-
tion, the amplitude can be written as 

A(k3, p∗1, p
∗
2; L,S ) = Γ(k3, p∗1, p

∗
2; L,S )︸                 ︷︷                 ︸

covariant LS coupling structure

×U(k3,k1,k2; s3, s1, s2)︸                      ︷︷                      ︸
pure-spin part

. (124)

In  the  COM  frame,  this  scheme  allows  for  a  complete
separation  between  orbital  and  spin.  Consequently,  it  is

LSequivalent  to  the  traditional-  method.  By  applying  a
Lorentz  boost,  this  definition  can  be  extended  to  any
frame and evaluated therein. However, the boost induces
Wigner rotations, and these rotations depend on the COM
frame.

The  second scheme is  referred  to  as  the  GS scheme,
which can be written as 

C(p3, p1, p2; L,S ) = Γ(p3, p1, p2; L,S )︸                  ︷︷                  ︸
covariant LS coupling structure

×U(p3, p1, p2; s3, s1, s2)︸                        ︷︷                        ︸
general-spin part

. (125)

LS LS

In  this  construction,  the  amplitude  is  covariant,  and  no
additional boost back to the COM frame is required. This
makes the treatment in any frame more natural. However,
from the structure of  the amplitude,  one can directly see
that,  in this  scheme, orbital  angular  momentum and spin
angular momentum cannot be completely separated. Part
of the orbital information is mixed into the spin part. As a
result, this method is not fully equivalent to the tradition-
al-  method.  Instead,  it  defines  an  alternative  par-
tial wave basis.

LS

In  subsection  III.A,  we  review  the  Zemach  tensor
method  and  then  introduce  the  covariant  tensor  method,
clarifying the correspondence between the two construc-
tions. In subsection III.B, we discuss the covariant projec-
tion  tensor  method  both  in  the  PS  scheme  and  the  GS
scheme.  In  subsection  III.C,  we  provide  several  explicit
calculation examples for different  amplitudes. 

A.    Covariant tensor amplitudes

LS
In this subsection, the tensor method for constructing

the  amplitudes is introduced. Its key idea is to formu-
late angular  momentum  coupling  in  tensor  representa-
tions so  that  the  coupling  is  implemented  by  index  con-
tractions rather than by explicit CGCs in the little group.

The  discussion  starts  from  the  non-relativistic
Zemach tensor method [21]. In this method, each spin is
encoded  in  an  appropriate  tensor  basis,  and  the  angular
momentum coupling  is  implemented  by  direct  contrac-
tions of tensor indices.

SO(3,1)

A covariant  extension  is  then  obtained  by  lifting  the
construction  to  Lorentz  tensors.  In  the  covariant  tensor
method  [32, 33],  the  amplitude  is  built  by  contracting
Lorentz indices in  representations. This construc-
tion is manifestly covariant, while the separation between
the orbital and spin parts is not explicit.

In  subsubsection  III.A.1,  the  construction  of  the
Zemach tensor  method is  discussed,  while  in  subsubsec-
tion III.A.2, the construction of the covariant tensor meth-
od is discussed. 
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1.    Zemach tensor method

SO(3) SU(2)

The  non-relativistic  Zemach  tensor  method  [21] for-
mulates the angular momentum coupling in tensor repres-
entations. In this  formulation,  the coupling is  implemen-
ted  by  contracting  tensor  indices  with  the  invariant
tensors of  and .

SO(3)
εi jk δi j

SU(2) SO(3)
εαβ

δαβ (σi)αβ i, j,k = 1,2,3
SO(3)

α,β = 1,2
SU(2)

εi jk δi j εαβ δαβ (σi)αβ

For contractions between pure  tensors, the cor-
responding  invariant  contraction  tensors  are  and .
For contractions involving both  and  tensors,
the  corresponding  invariant  contraction  tensors  are ,

,  and .  Spatial  indices  label  the
Cartesian basis of the  vector representation,  while
spinor indices  label the fundamental representa-
tion of . With these conventions fixed, contractions
with , , , ,  and  are  equivalent  to  the
CGCs used to couple angular momenta in the little group
formulation in Eq. (70).

SO(3) SU(2)

Therefore, in the non-relativistic Zemach tensor meth-
od,  the  orbital-spin  coupling  in  a  two-body decay  amp-
litude is realized by constructing the orbital tensor and the
spin tensors for each external particle, and then contract-
ing them with the  or  invariant tensors.  The
following  discussion  addresses  the  constructions  of  the
spin tensors and the orbital tensors in turn.

p∗1 p∗2

Let us first consider the pure orbital part. In the two-
body  decay  COM  frame,  the  final-state  three-momenta
are denoted by  and , and the relative momentum is
defined as 

r = p∗1−p∗2. (126)

LS

SO(3)

In Section II,  the construction of the orbital  angular mo-
mentum L in  the  coupling  is  given  in  Eq.  (44).  The
pure  orbital  part  is  described by the  spherical  harmonics
associated  with  the  direction  of  the  relative  momentum,
and  these  spherical  harmonics  correspond  to  the  pure-L
component in the  little group representation.

SO(3)

Therefore,  when constructing the  tensor  structure  for
the orbital part, the dependence is taken only on the relat-
ive  momentum,  and  an  appropriate  projection  is  applied
to extract the pure-L rank-L tensor structure. This projec-
tion is equivalent to taking the symmetric traceless part of
the rank-L tensor formed directly from the tensor product
of the relative momentum. The resulting symmetric trace-
less rank-L tensor furnishes the irreducible  repres-
entation with orbital angular momentum L. Consequently,
the spherical harmonics admit an equivalent expression in
the tensor representation as 

YL
σL

(Ω) ≃ T L
i1 ···iL (r · · ·r) ≡ ri1 · · ·riL − trace part, (127)

i1, . . . , iLwhere  are  spatial  indices.  The  relation  above
holds  up  to  an  overall  normalization  factor,  which  is

T L
i1 ···iL (r · · ·r)omitted  for  simplicity.  Here,  denotes  the

symmetric  traceless rank-L tensor  constructed  from the
relative momentum. It satisfies the symmetry condition 

T L
i1 ···ia ···ib ···iL = T L

i1 ···ib ···ia ···iL , ∀a,b, (128)

and the tracelessness condition 

∑
iaib

δiaib T L
i1 ···ia ···ib ···iL = 0, ∀a , b. (129)

For low values of L, the explicit expressions are 

T 0 = 1,

T 1
i (r) = ri,

T 2
i j(rr) = rir j−

1
3

r2δi j,

T 3
i jk(rrr) = rir jrk −

1
5

r2(δi jrk +δ jkri+δkir j). (130)

1/2

(ϵσ)i
1
2

(χσ)α

Next, the spin part is discussed. For the spin part, it is
first necessary to describe particles in the tensor formula-
tion. According to the value of the particle spin, there are
two  classes:  integer  spin  and  half-integer  spin.  Since
higher-spin tensors  can  be  obtained  by  angular  mo-
mentum  coupling  of  lower-spin  objects,  only  two  basic
building  blocks  are  required:  the  spin-1  and  spin-
tensors. In the non-relativistic formulation, they are equi-
valent  to  the  spin  wave  functions  defined  in  the  particle
rest  frame,  where  the  spin-1  building  block  is  the  three-
dimensional  polarization  vector ,  and  the  spin-
building  block  is  the  two-component  Pauli  spinor .
By taking tensor products of these basic objects and pro-
jecting onto  the  irreducible  representation  with  the  de-
sired  spin,  one  obtains  the  spin  tensors  required  for  the
coupling of the particles in the pure spin part.
 

(ϵσ)i

1.  For  integer  spin,  the  basic  building  block  is  the
three-dimensional  polarization  vector  defined  in  the  rest
frame. For initial-state particles, the polarization vector is
denoted by  and can be written as 

ϵ+ = −
1√
2

(1, i, 0),

ϵ− =
1√
2

(1, −i, 0),

ϵ0 = (0, 0, 1), (131)

+ − 0
(ϵσ)i

where the subscripts , , and  indicate the allowed val-
ues  of  the  polarization  label σ in ,  the  symbol i ap-
pearing  in  the  vector  components  denotes  the  imaginary
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i = 1,2,3 SO(3)

(ϵ∗σ)i

unit, and the index  labels Cartesian  com-
ponents.  The  complex  conjugation  of  these  polarization
vectors  gives  the  conjugate  vector ,  which  is  used
for final-state particles: 

(ϵσ)∗i = (ϵ∗σ)i. (132)

The polarization vectors in Eq. (131) are then used as the
building blocks for the integer spin-s tensor.

(T s
σ)i1 ···is

σ = −s, · · · , s
(ϵσ)i

In the non-relativistic formulation, a spin-s particle is
represented  by  a  rank-s symmetric  traceless  tensor

, where the label σ denotes the spin projection of
spin-s and  takes  values . This  label  is  dis-
tinct from the spin-1 polarization label used in .

(T s
σ)i1 ···is SO(3)

(T s
σ)i1 ···is

The  symmetry  and  tracelessness  conditions  ensure
that  furnishes  the  irreducible  representa-
tion  with  spin-s.  For  an  initial-state  particle,  the  spin
tensor is taken as , while for a final-state particle,
the corresponding object is obtained by complex conjuga-
tion, which can be defined as 

(
T s
σ

)∗
i1 ···is
≡
(
T ∗s,σ

)
i1 ···is

. (133)

(T s
σ)i1 ···isTo construct the spin-s tensor  explicitly, one may

start  with  the s-fold tensor  product  of  polarization  vec-
tors and project  onto the symmetric traceless part.  It  can
be defined as 

(T s
σ1 ···σs

)i1 ···is ≡ (ϵσ1 )i1 · · · (ϵσs )is︸              ︷︷              ︸
symmetrized in i1 ,··· ,is

−trace part, (134)

σr = +1,0,−1 (r = 1, · · · , s)
(ϵσr )ir

where each label   specifies  the
polarization choice of the rth spin-1 building block .
For example, some low-spin tensors can be written expli-
citly as 

T 0 = 1,

(T 1
σ)i = (ϵσ)i,

(T 2
σ1σ2

)i j =
1
2

Ä
(ϵσ1 )i(ϵσ2 ) j+ (ϵσ1 ) j(ϵσ2 )i

ä
− 1

3
(ϵσ1 · ϵσ2 )δi j,

(T 3
σ1σ2σ3

)i jk =
1
3!

Ä
(ϵσ1 )i(ϵσ2 ) j(ϵσ3 )k + {i jk}

ä
− 1

5

Ä
δi jVk +δ jkVi+δkiV j

ä
,

with Vk =
1
3

Ä
(ϵσ1 · ϵσ2 )(ϵσ3 )k + (ϵσ3 · ϵσ1 )(ϵσ2 )k

+ (ϵσ2 · ϵσ3 )(ϵσ1 )k

ä
, (135)

{i jk} 3!
i, j,k

σr

σ = −s, · · · , s

0 ≤ σ ≤ s

where  denotes  the  set  of  all  permutations  of  the
indices .  After  performing  the  symmetric  traceless
projection on the vector indices in Eq. (134), and with the
chosen  normalization  convention,  the  multi-label  can
be  reorganized  into  a  single  spin-projection  label

. For  convenience,  the  normalized  compon-
ents  are  chosen  according  to  the  following  convention.
For , define 

(T s
σ)i1 ···is ≡

 
(2s)!

2s−σ(s+σ)!(s−σ)!
(T s

0 · · ·0︸  ︷︷  ︸
s−σ

1 · · ·1︸  ︷︷  ︸
σ

)i1 ···is , (136)

+1
s−σ 0 1

+1
0 ≤ σ ≤ s

where the multi-label subscript on the tensor on the right-
hand side specifies the component such that, among the s
polarization labels, σ of them are equal to , and the re-
maining  are equal to . Additionally, the symbol 
in the subscript denotes the value  of the spin-1 polar-
ization  label.  For , define  the  negative  projec-
tion components by 

(T s
−σ)i1 ···is ≡ (−1)σ(T s

σ)∗i1 ···is
. (137)

(χσ)α

2. For half-integer spin, the basic building block is the
two-component Pauli spinor defined in the rest frame. For
initial-state  particles,  the  spinor  is  denoted  by  and
can be written as 

χ+ =

(
1

0

)
,χ− =

(
0

1

)
, (138)

+ −
σ = +

1
2
,−1

2 (χσ)α

(χ∗σ)α

where the subscripts  and  correspond to the spin pro-
jections  of .  The  complex  conjugation
of these spinors gives the conjugate spinor , which
is used for final-state particles: 

(χσ)α∗ = (χ∗σ)α. (139)

(s+
1
2

)

(T s+ 1
2

σ )αi1 ···is i1, . . . , is

(s+
1
2

)

In  the  non-relativistic  formulation,  a  half-integer  spin-
 initial-state particle is described by a mixed tensor

, which carries s vector indices  and one

spinor  index α.  To  extract  the  irreducible  spin-
component  from the  reducible  product  space  of  a  rank-s
symmetric  traceless  tensor  and  a  spinor,  two  essential
conditions  must  be  imposed.  First,  the  tensor  must  be
completely symmetric  and  traceless  in  all  its  vector  in-
dices.  Second,  it  must  satisfy  an  additional  constraint,
namely that  its  contraction  with  the  Pauli  matrices  van-
ishes, which can be written as 
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∑
ia

(σia )αβ(T
s+ 1

2
σ )βi1 ···ia ···is

= 0, 1 ≤ a ≤ s, (140)

(σia )αβ
(s− 1

2
)

T s⊗χ
(s+

1
2

)

where  are the Pauli matrices. The role of this con-
dition  is  to  eliminate  the  lower  spin-  components
contained in  the  direct  product  space , thereby en-
suring that the tensor describes only the pure spin-
representation.

An  explicit  construction  that  realizes  this  projection
for  an  initial-state  particle  is  provided  by  the  following
expression, which can be defined as 

(T
s+

1
2

σsσ′ )
α
i1 ···is
≡ (T s

σs
)i1 ···is (χσ′ )

α

+
i

s+1

s∑
a=1

∑
jk

εia jk(σ j)αβ(T
s
σs

)i1 ···ia−1k ia+1 ···is (χσ′ )
β,

(141)

εia jk

σs = −s, · · · , s σ′ = −1
2
,
1
2 T s

σs

χσ′

(σ j)αβ
σs

σ′

σ = −s− 1
2
, · · · , s+ 1

2

where  is  the totally  antisymmetric  tensor,  the labels
 and  in the subscripts of  and

 denote spin projection quantum numbers, the symbol
 denotes the Pauli matrices, and the symbol i in the

coefficient denotes the imaginary unit. The two labels 
and  can  be  combined  into  a  single  total  label

 by imposing an appropriate normal-
ization convention, which can be written as 

(
T

s+
1
2

σ

)α
i1 ···is
=

Ã
s+σ+

1
2

2s+1
(
T s+ 1

2
σ− 1

2 ,+
1
2

)α
i1 ···is

+

Ã
s−σ+ 1

2
2s+1

(
T s+ 1

2
σ+ 1

2 ,−
1
2

)α
i1 ···is

, (142)

(σ− 1
2
,
1
2

)

(σ+
1
2
,−1

2
) (σs,σ

′)

where  the  two  tensors  on  the  right-hand  side  are  the
tensors defined in Eq. (141), and the subscripts 

and  correspond to , respectively. With
this  construction,  the  resulting  tensor  satisfies  both  the
symmetry and  tracelessness  conditions  in  the  vector  in-
dices and the constraint  in Eq.  (140).  The corresponding
final-state spin tensor can be obtained by taking the com-
plex  conjugate  of  the  spin  tensor  in  Eq.  (142),  which  is
defined by complex conjugation as 

(
T s+ 1

2
σ

)∗α
i1 ···is
≡
(
T ∗s+

1
2 ,σ
)

i1 ···isα
. (143)

After constructing  the  basic  tensors  above,  the  amp-
litude  can  be  obtained  by  contracting  the  tensor  indices.

⊗

j1 j2

T j1 ⊗T j2

The symbol  is used to denote angular momentum coup-
ling  in  a  unified  way.  More  specifically,  if  two  tensors
carry angular  momenta  and , their  coupling is  writ-
ten  as ,  meaning  that  the  product  representation
is decomposed into irreducible components with total an-
gular momentum J as 

T j1 ⊗T j2 =

j1+ j2⊕
J=| j1− j2 |

T J . (144)

SO(3) SU(2)
In the Zemach tensor method, this coupling is implemen-
ted by the invariant tensors of  and . Equival-
ently, it  corresponds  to  performing  the  angular  mo-
mentum coupling and projection in the little group repres-
entation using the CGCs. In what  follows,  several  expli-
cit examples of spin coupling are presented, which can be
generalized to  more  general  angular  momentum  coup-
lings.

s1 s2For  the  coupling  of  two  integer  spins  and ,  the
coupling to a total spin-S tensor can be denoted by 

T ∗s1 ⊗T ∗s2 → T S , (145)

|s1− s2| ≤ S ≤
s1+ s2 S = s1+ s2

where  the  allowed  values  of S satisfy 
.  In  particular,  for ,  the  highest-spin

tensor  is  obtained  by  taking  the  direct  tensor  product  of
the two spin tensors and then projecting onto the symmet-
ric traceless part. The resulting total spin-S tensor can be
written as 

(T S=s1+s2 ,σ1σ2 )i1 ···is1 j1 ··· js2
= (T ∗s1 ,σ1 )i1 ···is1

(T ∗s2 ,σ2 ) j1 ··· js2︸                             ︷︷                             ︸
symmetrized in all vector indices

− trace part. (146)

S = s1+ s2−2k
k = 1,2, · · ·

δi j

S = s1+ s2−2k−1
(s1+ s2−2k)

εi jk

s1 = s2 = 1 S = 0,1,2

To  obtain  lower-spin  components  with 
( ), k pairs  of  indices  between  the  two  tensors
are contracted using . The remaining spin components
of  the  form  can  be  constructed  from
the  rank-  tensor  by  using  the  antisymmetric
tensor  to contract one additional index. As an explicit
example,  for  the  coupling  of  two  spin-1  particles,

, the possible total spins are , and the
corresponding total spin tensors can be written as 

T S=0,σ1σ2 =
∑

i j

(T ∗1,σ1 )i(T ∗1,σ2 ) jδi j,

(T S=1,σ1σ2 )i =
∑

jk

εi jk(T ∗1,σ1 ) j(T ∗1,σ2 )k,

(T S=2,σ1σ2 )i j =
1
2

î
(T ∗1,σ1 )i(T 1,σ2 ) j+ (T ∗1,σ1 ) j(T ∗1,σ2 )i

ó
− 1

3
δi jT S=0,σ1σ2 . (147)
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It can be seen that the coupling between different angular
momenta  does  not  require  the  explicit  evaluation  of
CGCs,  as  it  is  achieved  by  contracting  tensor  indices  in
the corresponding tensor representations.

s1+
1
2

s2+
1
2

For the coupling of two half-integer spins  and

,  the  coupling  to  a  total  spin-S tensor can  be  de-
noted by 

T ∗s1+
1
2 ⊗T ∗s2+

1
2 → T S , (148)

|s1− s2| ≤ S ≤
s1+ s2+1 S = s1+ s2+1

(σk)αβ

(s1+ s2+1)

where  the  allowed  values  of S satisfy 
.  The  highest-spin  tensor  with  is

obtained  by  using  the  tensor  to  contract  the  two
spinor indices into the vector  index k,  which results  in a
rank-  tensor. It can be written as 

(T S=s1+s2+1,σ1σ2 )i1 ···is1 j1 ··· js2 k

= (σk)αγε
γβ(T ∗s1+

1
2 ,σ1 )i1 ···is1α

(T ∗s2+
1
2 ,σ2 ) j1 ··· js2 β︸                                                  ︷︷                                                  ︸

symmetrized in all vector indices

−trace part.

(149)

εαβ δαβ δi j εi jk

1
2

1
2

S = 0 S = 1

The  remaining  spin  part  is  obtained  by  contracting  with
invariant tensors such as , , , and , followed by
taking  the  symmetric  traceless  part.  As  an  example,  for
the  coupling  of  spin-  and  spin- ,  the  possible  total
spins are  and . The corresponding tensors can
be written as 

T S=0,σ1σ2 = εαβ(T ∗
1
2 ,σ1 )α(T ∗

1
2 ,σ2 )β,

(T S=1,σ1σ2 )i = (σi)αγε
γβ(T ∗

1
2 ,σ1 )α(T ∗

1
2 ,σ2 )β. (150)

s1

s2+
1
2

For  the  coupling  of  an  integer  spin-  and  a  half-in-
teger spin- , the coupling to a total spin-S tensor can
be denoted by 

T ∗s1 ⊗T ∗s2+
1
2 → T S , (151)

∣∣s1− s2−
1
2

∣∣ ≤
S ≤ s1+ s2+

1
2 s1 ≤ s2

s1 > s2

S = s1− s2−
1
2

(σi)αβ

1
1
2

S =
1
2

S =
3
2

where  the  allowed  values  of S satisfy 

. For , one can contract indices in the
same way as for two integer spin tensors. For , the
lowest  total  spin  component  requires  the
use  of  the  tensor  to  contract  the  spinor  index  with
one of  the  vector  indices.  As  an  example,  for  the  coup-
ling  of  spin-  and  spin- ,  the  possible  total  spins  are

 and . The corresponding tensors can be writ-
ten as 

(T S= 1
2 ,σ1σ2 )α =

∑
i

(σi)βα(T ∗1,σ1 )i(T ∗
1
2 ,σ2 )β,

(T S= 3
2 ,σ1σ2 )iα = (T ∗1,σ1 )i(T ∗

1
2 ,σ2 )α− 1

3 (σi)βα(T S= 1
2 ,σ1σ2 )β.

(152)

LS

s3

Having constructed  the  spin  tensors  and  their  coup-
ling relations above, they can be extended to general an-
gular momentum couplings and used to build the corres-
ponding  partial wave amplitudes. Once the final-state
spins  have  been  coupled  into  a  total  spin-S tensor,  the
next step is to couple this tensor with the orbital angular
momentum L tensor to obtain a tensor structure with total
angular momentum , namely 

T S ⊗T L→ T s3 , (153)

T s3 s3

LS
s3

LS

where  denotes  the  rank-  tensor  obtained  from  the
 coupling.  Finally,  this  tensor  is  contracted  with  the

external  spin  tensor  of  the  parent  particle  with  spin .
Once all indices have been contracted, the  amplitude
is obtained as 

Aσ1σ2
σ3

(k3,p∗1,p
∗
2; L,S )

= T s3
σ3
·
î
(T ∗s1σ1 ⊗T ∗s2σ2 )S︸                          ︷︷                          ︸

spin part

⊗T L(p · · ·p)︸        ︷︷        ︸
orbital part

ós3
, (154)

LS

LS

where the spin part is constructed entirely from spin wave
functions  defined  in  the  rest  frame.  It,  therefore,  carries
no orbital information, and the separation between the or-
bital part and the spin part is explicit. As a result, the 
partial wave amplitudes of the Zemach tensor method are
fully consistent with the traditional-  amplitudes. Like-
wise,  both  approaches  are  non-covariant.  To  recover
Lorentz  covariance,  covariant  tensor  methods  have  been
developed, which will  be  introduced in  the  next  subsub-
section. 

2.    Covariant tensor method

SO(3,1)

SO(3,1)

In the covariant tensor method [32, 33], the coupling
of angular momenta is described by covariant tensors car-
rying the  Lorentz indices. The coupling between
different  angular  momentum  tensors  is  implemented  by
constructing  Lorentz  structures  and  contracting  the

 indices of the participating tensors, thereby pro-
ducing a  new  tensor  with  the  desired  total  angular  mo-
mentum. To obtain a pure irreducible angular momentum
coupling,  one  typically  introduces  Lorentz  structures
transverse to the parent momentum, ensuring that all pro-
jections and contractions are performed within the trans-
verse components, and the time component does not par-
ticipate, avoiding  admixtures  from  other  angular  mo-
mentum components.
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3→ 1+2 s3 s1

s2 pµ3 pµ1
pµ2

Next, the explicit construction of the covariant tensor
amplitude is presented. Consider the two-body decay pro-
cess , where the spins of the particles are , ,
and ,  respectively,  and  the  four-momenta , ,  and

 are defined in any frame. The discussion begins with
the orbital part that enters the coupling, for which the rel-
evant definitions are introduced first.

For the  orbital  part,  the  Zemach  tensor  method  ob-
tains  the  pure  orbital L irreducible  object  by  taking  the
symmetric traceless part of the relative three-momentum.
To make  the  construction  covariant,  introduce  the  relat-
ive four-momentum as 

rµ = pµ1 − pµ2. (155)

rµ
A natural starting point is the rank-L symmetric-traceless
tensor constructed from , given by 

rL
µ1 ···µL

≡ rµ1 · · ·rµL − trace part. (156)

rL
µ1 ···µL

SO(3,1)
[µ1 · · ·µL] SO(3)

SO(3)

However,  symmetric  tracelessness  only  implies  that
 furnishes  an  irreducible  representation

, rather than the pure  orbital L component.
In the COM frame, the time component transforms as an

 scalar,  tensor  components  with  one  or  more  time
indices  behave  as  scalar  factors  multiplying  lower-rank
spatial tensors,  and hence contain contributions from or-
bital angular momenta smaller than L.

rL
µ1 ···µL

p3

To  ensure  that  the  constructed  tensor  indeed  lies  in
the  orbital  angular  momentum L irreducible  component,
it is required in the COM frame that it has no time com-
ponents.  Equivalently,  in  any  frame,  for  the  symmetric
traceless  rank-L tensor  one  must  subtract  a  part
such  that  the  resulting  tensor  is  orthogonal  to  the  total
momentum  in each index, namely it satisfies 

pµi
3

î
rL
µ1 ···µi ···µL

− the p3-parallel part
ó
= 0, i = 1, . . . ,L,

(157)

µ1 · · ·µL

where the expression in the square brackets is the orbital
angular momentum L component in terms of the Lorentz
indices .

p3

The  explicit  form  of  the  covariant  orbital  tensor  can
be obtained  by  constructing  a  projection  tensor  and  pro-
jecting  the  relative  momentum onto  the  pure-L compon-
ent.  For  this  purpose,  one  first  introduces  the  rank-L in-
teger spin  wave  function  associated  with  the  total  mo-
mentum , defined as 

ϵµ1µ2 ···µL
σL

(p3; L) ≡
∑
σL−1 ,σ

CL−1,σL−1;1,σ
L,σL

ϵµ1µ2 ···µL−1
σL−1

(p3; L−1)ϵµL
σ (p3),

(158)

CL−1,σL−1;1,σ
L,σL

ϵµL
σ (p)

p3

where  denotes  the  CGCs  and  are  the
polarization four-vectors.  The wave function constructed
in  this  way  satisfies  the  Rarita-Schwinger  conditions.
Namely, it is orthogonal to  in each index and is sym-
metric and traceless in the Lorentz indices, which can be
written as 

p3µ1ϵ
µ1µ2 ···µL
σL

(p3; L) = 0, (159)

 

ϵµ1 ···µa ···µb ···µL
σL

(p3; L) = ϵµ1 ···µb ···µa ···µL
σL

(p3; L), (160)

 

gµ1µ2ϵ
µ1µ2 ···µL
σL

(p3; L) = 0. (161)

Accordingly, a projection tensor can be constructed and is
defined as [28] 

Pν1 ···νL
µ1 ···µL

(p3; L) ≡
∑
σL

ϵν1 ···νL
σL

(p3; L)ϵ∗σL
µ1 ···µL

(p3; L). (162)

This projection tensor also satisfies the Rarita-Schwinger
conditions. Acting with this projector tensor on the rank-
L tensor  formed  by  the  direct  product  of L relative mo-
menta  yields  the  covariant  orbital  tensor  satisfying  the
condition in Eq. (157), which is defined as 

t̃(L)
µ1 ···µL

(p3,r) ≡ Pν1 ···νL
µ1 ···µL

(p3; L)rν1 · · ·rνL . (163)

t̃(L)
µ1 ···µL

(p3,r)

µ1 · · ·µL

p3

The  tensor  is  a  rank-L symmetric  traceless
Lorentz  tensor  that  represents  the  pure  orbital  angular
momentum L component  in  the  Lorentz  indices .
By construction,  it  is  also  orthogonal  to  the  total  mo-
mentum  in each index, 

pµ1
3 t̃(L)

µ1 ···µL
= 0. (164)

L = 1
Next,  several  explicit  examples  are  presented.  For

, the projection tensor can be evaluated as 

Pν
µ(p3;1) =

∑
σ

ϵνσ(p3)ϵ∗σµ (p3)

= −gνµ+
pν3 p3µ

p2
3

= g̃νµ(p3). (165)

The result differs from some expressions in the literature
due to the placement of upper and lower indices. This is
because, in the present convention, the projector tensor is
defined using two wave functions with distinct index pos-
itions, leading to a notational difference.
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L = 1
Acting with  the  projector  tensor  on  the  relative  mo-

mentum then yields the covariant orbital tensor for ,
given by 

r̃µ(p3) = g̃νµ(p3)rν. (166)

kµ3 = (m3,0)
kµ3 r̃µ(k3) = 0 r̃0 = 0 r̃µ = (0,r)

r̃µ

g̃νµ(k3) δi j

In  the  rest  frame of  particle-3, ,  the  condition
 implies ,  hence . The  projec-

tion,  therefore,  removes  the  time  component,  and  re-
duces to the relative three-momentum used in the Zemach
tensor method. The transverse metric  reduces to 
in this frame.

For some low orbital angular momenta, the projector
can be worked out explicitly; for example, 

P(p3;0) = 1,

Pν1
µ1

(p3;1) = g̃ν1
µ1
,

Pν1ν2
µ1µ2

(p3;2) =
1
2

Ä
g̃ν1
µ1

g̃ν2
µ2
+ g̃ν1

µ2
g̃ν2
µ1

ä
− 1

3
g̃ν1ν2 g̃µ1µ2 ,

Pν1ν2ν3
µ1µ2µ3

(p3;3) =
1
6

∑
P{µ1 ,µ2 ,µ3}

g̃ν1
µ1

g̃ν2
µ2

g̃ν3
µ3

− 1
30

∑
P{µ1 ,µ2 ,µ3}

Ä
g̃ν1ν2 g̃µ1µ2 g̃ν3

µ3

+ g̃ν2ν3 g̃µ2µ3 g̃ν1
µ1
+ g̃ν1ν3 g̃µ1µ3 g̃ν2

µ2

ä
, (167)

P{µ1,µ2,µ3} 3!
µ1,µ2,µ3 g̃νµ

where  denotes  the  set  of  all  permutations
of  the  indices ,  and  is  defined  in  Eq.  (165).
The corresponding  covariant  orbital  tensor  can  be  com-
puted explicitly as 

t̃(0) = 1,

t̃(1)
µ1
= r̃µ1 ,

t̃(2)
µ1µ2
= r̃µ1 r̃µ2 −

1
3

(r̃ · r̃)g̃µ1µ2 ,

t̃(3)
µ1µ2µ3

= r̃µ1 r̃µ2 r̃µ3 −
1
5

(r̃ · r̃)
(
g̃µ1µ2 r̃µ3 + g̃µ1µ3 r̃µ2 + g̃µ3µ2 r̃µ1

)
,

(168)

with 

g̃µν = gµµ′ g̃µ
′
ν = −gµν+

p3µp3ν

p2
3

, (169)

gµν g̃µν r̃µ

p3

where  is the metric tensor, and  and  are defined
in Eqs. (165) and (166). For brevity, the explicit depend-
ence on  is suppressed.

For the spin part, the first step is to specify the extern-
al spin wave functions entering the coupling. In the cov-
ariant  tensor  method,  the  spin  wave  functions  are  based
on the Rarita-Schwinger construction [83], and canonical

1
2

uασ(p) 1
ϵµσ(p)

ϵµσ(p) uασ(p)

spin projection labels are used. For spin- , Dirac spinors
 are  used.  For  spin- ,  polarization  four-vectors
 are  used.  Higher  spin  wave  functions  are  obtained

from  and  through CGCs couplings as 

ϵµ1µ2 ···µs
σs

(p; s) =
∑
σs−1 ,σ

C s−1,σs−1;1,σ
s,σs

ϵµ1µ2 ···µs−1
σs−1

(p; s−1)ϵµs
σ (p),

(170)

 

uµ1µ2 ···µsα
σ

s+ 1
2

(p; s+ 1
2 ) =

∑
σs ,σ

C s,σs; 1
2 ,σ

s+ 1
2 ,σs+ 1

2

ϵµ1µ2 ···µs
σs

(p; s)uασ(p),

(171)

C s1 ,σ1;s2 ,σ2
s3 ,σ3

(s−1)⊗1→ s
(s−1)

s⊗ 1
2
→

s+
1
2

where  denotes  the  CGCs  for  coupling  little
group indices. In the first line, the coupling 
combines a rank-  integer spin wave function with a
spin-1  wave  function  to  produce  a  rank-s integer  spin
wave  function.  Therefore,  integer  spin  wave  functions
can  be  generated  recursively  starting  from  the  spin-1
wave  function.  In  the  second  line,  the  coupling 

 combines an integer spin wave function with a Dir-
ac spinor, yielding a half-integer spin wave function.

SO(3,1)

The basic tensor building blocks for the spin part and
the orbital  part  entering  the  coupling  have  now been  in-
troduced. In analogy with the Zemach tensor method, the
next step is to construct the corresponding coupling struc-
tures  that  implement  the  angular  momentum  couplings.
The key point is to covariantize the coupling tensors used
in  the  Zemach  tensor  method  and  extend  them  to  the

 Lorentz  indices.  Equivalently,  this  amounts  to
projecting the product of two angular momentum tensors
onto the tensor with the desired total angular momentum.

s1+ s2→ S

SO(3) δi j

εi jk

First, consider the coupling of the two final state spins
into  a  total  spin-S,  namely .  When both  spins
are  integers,  the  Zemach  tensor  method  performs  the
coupling by  contracting  the  tensor  indices  of  the  two fi-
nal state spin tensors with the  invariant tensors 
and , yielding a total spin-S spin tensor. The resulting
rank-S tensor is required to be symmetric and traceless so
that it represents a pure spin-S component.

SO(3,1)

p3

In  the  covariant extension,  as  in  the  discus-
sion of  the orbital  part,  obtaining a  total  spin-S tensor  is
not only  a  matter  of  enforcing  symmetry  and  traceless-
ness. It is also necessary to ensure that, when evaluated in
the parent rest frame, the time components vanish so that
the tensor  corresponds to a  pure spin-S component.  This
can be enforced covariantly by requiring the tensor to be
orthogonal  to  the  parent  momentum ,  which  can  be
written as 

pµ1
3 Tµ1µ2 ···µS (S ) = 0, (172)
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Tµ1µ2 ···µS (S )

g̃µν(p3)
ε̃µνρ(p3)

where  denotes the rank-S total spin tensor ob-
tained by coupling the final-state spin wave functions. By
incorporating this  transversality  condition  into  the  coup-
ling structures, the covariant coupling tensors required for
integer  spin  couplings  can  be  specified.  They  are  given
by  the  transverse  metric  and the  transverse  anti-
symmetric tensor , which are written as 

g̃µν(p3) = −gµν+
pµ3 pν3
p2

3
, (173)

 

ε̃µνρ(p3) = εµνρκp3κ, (174)

gµν

p3

δi j

εi jk

where indices can be raised and lowered with the metric
tensor . Since the present convention distinguishes up-
per and lower indices explicitly in contractions (with re-
peated indices  summed),  the  resulting  notation  may  dif-
fer  from  that  used  in  some  references.  One  can  readily
verify that  both tensors  are  transverse to ,  and that,  in
the  parent  rest  frame,  their  time  components  vanish  so
that they are proportional to the invariant tensors  and

.

s1 = s2 = 1
As an explicit example, consider the coupling of two

spin-1 tensor wave functions, , for which 

1⊗1 = 0⊕1⊕2. (175)

ϵ∗σ1
µ (p1) ϵ∗σ2

µ (p2)

1⊗1→ S
S = 0,1,2

S = 0

Choose  the  external  spin  wave  functions  in  the  Lorentz
four-vector  representation  to  be  and  for
particle-1 and particle-2. By contracting these two extern-
al  spin  wave  functions  with  the  projector  tensors  in  the

 channels,  one  obtains  three  covariant  spin
tensors  corresponding  to  the  total  spins .  The

 component is 

Tσ1σ2 (p3, p1, p2;0) = g̃µν(p3)ϵ∗σ1
µ (p1)ϵ∗σ2

ν (p2)

=
Ä
−gµν+

pµ3 pν3
p2

3

ä
ϵ∗σ1
µ (p1)ϵ∗σ2

ν (p2).

(176)

S = 1The  component is 

Tσ1σ2
µ (p3, p1, p2;1) = gµµ′ ε̃µ

′νρ(p3)ϵ∗σ1
ν (p1)ϵ∗σ2

ρ (p2)

=
Ä

gµµ′εµ
′νρκp3κ

ä
ϵ∗σ1
ν (p1)ϵ∗σ2

ρ (p2). (177)

S = 2The  component is 

Tσ1σ2
µν (p3, p1, p2;2) =

Å
1
2

Ä
g̃ρµ(p3)g̃κν(p3)+ g̃ρν(p3)g̃κµ(p3)

ä
− 1

3
g̃ρκ(p3)g̃µν(p3)

ã
ϵ∗σ1
ρ (p1)ϵ∗σ2

κ (p2).

(178)

s1 s2

s3

The coupling structures constructed above are used to
couple spins  and  into the total spin-S. Conceptually,
they implement  the  coupling  between  two  angular  mo-
mentum tensors, and therefore they apply equally well to
the  next  step,  namely  coupling  the  total  spin-S with  the
orbital angular momentum L into the parent spin- .

3→ 1+2 s3 = 1 s1 = 1 s2 = 1
(L,S ) = (1,1)

1⊗1→ 1

L = 1 S = 1
1⊗1→ s3 = 1 s3

As an example, consider the two-body decay process
, with , , and . Choose the par-

tial  wave .  First,  couple  the  two  final-state
spins via , which yields a total spin-S tensor that
can be obtained from Eq. (177).  Next,  couple the orbital
angular  momentum  with  the  total  spin  via

, obtaining a rank-  tensor structure, which
can be written as 

Tσ1σ2
µ3

(p3, p1, p2;1,1)

= gµ3µ
′
3
ε̃µ
′
3µν(p3)Tσ1σ2

µ (p3, p1, p2;1)t̃(1)
ν (p3,r)

=
Ä

gµ3µ
′
3
εµ
′
3µνκp3κ

äÄ
gµµ′εµ

′µ1µ2ρp3ρ

ä
ϵ∗σ1
µ1

(p1)ϵ∗σ2
µ2

(p2)r̃ν(p3)

= −gµ1µ2νκ
µ3ρ

p3κpρ3 ϵ
∗σ1
µ1

(p1)ϵ∗σ2
µ2

(p2)r̃ν(p3),

(179)

with 

gµ1µ2νκ
µ3ρ

≡ gµ1
µ3

(
gµ2νgκρ−gκνgµ2

ρ

)
−gµ2

µ3

(
gµ1νgκρ−gκνgµ1

ρ

)
+gκµ3

(
gµ1νgµ2

ρ −gµ2νgµ1
ρ

)
. (180)

s3

(L,S ) = (1,1)

Finally,  contracting  this  tensor  with  the  external  wave
function of the initial particle with spin  gives the par-
tial  wave  amplitude  for  the  decay  in  the 
channel, which can be expressed as 

Cσ1σ2
σ3

(p3, p1, p2;1,1)

= ϵµ3
σ3

(p3)Tσ1σ2
µ3

(p3, p1, p2;1,1)

= −gµ1µ2νκ
µ3ρ

p3κpρ3ϵ
µ3
σ3

(p3)ϵ∗σ1
µ1

(p1)ϵ∗σ2
µ2

(p2)r̃ν(p3). (181)

LS

It  follows  that  the  evaluation  of  a  covariant  tensor
amplitude can be organized into three parts:  the external
spin  wave  functions,  the  orbital  part,  and  the  coup-
ling part. One can write 

C(p3, p1, p2; L,S ) = P(p3; s1, s2,S )P(p3; L,S , s3)︸                                ︷︷                                ︸
LS coupling part

× t̃(L)(p3,r)︸      ︷︷      ︸
orbital part

u(p3; s3)ū(p1; s1)ū(p2; s2)︸                             ︷︷                             ︸
spin wave function part

.

(182)

LS

After obtaining  the  covariant  tensor  amplitude,  one  en-
counters an  immediate  issue.  In  the  COM  frame,  al-
though the  coupling part, the orbital part, and the par-
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ū(p∗i ; si) (i = 1,2)

ent  spin  wave  function  reduce  to  the  same  objects  as  in
the Zemach tensor method, the two final-state spin wave
functions  become   and  carry  the  final-
state  COM  momenta,  rather  than  being  purely  intrinsic-
spin objects.  The spin wave function part  can be written
as 

u(p3; s3)ū(p1; s1)ū(p2; s2)
COM−−−→ u(k3; s3)ū(p∗1; s1)ū(p∗2; s2).

(183)

(L,S )

LS

As a result,  in the covariant tensor method, the spin part
can  carry  orbital  dependence,  and  even  for  fixed ,
the resulting partial waves generally differ from the tradi-
tional-  amplitudes  defined  in  the  two-body  COM
frame. Only in the non-relativistic limit, where the final-
state  spin  wave  functions  reduce  to  the  rest  frame  spin
wave functions,  does  the  covariant  tensor  method  coin-
cide with the Zemach tensor method.

LS

LS

In addition, when half-integer spins are involved, the
covariant  tensor  method  typically  provides  explicit 
coupling structures only for specific processes rather than
a general formula applicable to arbitrary spins. To obtain
a general computational expression, the covariant projec-
tion  tensor  method  has  been  developed  [48]. This  meth-
od constructs covariant projection tensors for angular mo-
mentum, which enables a systematic evaluation of the re-
quired  coupling  structures  for  arbitrary  spins.  The  next
subsection presents the general method for computing the

 coupling part. 

B.    Covariant projection tensor method

SO(3,1)

SO(3,1)

SO(3,1)

In  this  subsection,  the  covariant  projection  tensor
method  is  introduced  [48].  In  this  method,  the 
coupling relations are used to construct the covariant pro-
jection  tensor.  This  covariant  projection  tensor  plays  the
role  of  angular  momentum  coupling  in  the 
Lorentz representation. In the covariant projection tensor
method, the coupling in the  representation is im-
plemented through this projection tensor. In practice, two
schemes are  used  depending  on  the  COM definition,  re-
ferred to as the GS scheme and the PS scheme. The con-
struction of these two schemes is discussed next. 

1.    Covariant projection tensor method in the GS
scheme

Both  the  GS  scheme  and  the  PS  scheme  require  the
covariant  projection  tensors  and  the  covariant  orbital
tensors. Therefore, the discussion begins with the defini-
tions of these two covariant tensors.

SO(3,1)

In  the  covariant  projection  tensor  method,  angular
momentum coupling  is  required  to  be  implemented  dir-
ectly  in  the  Lorentz  representation  of . This  re-
quires  that  the  little  group  coupling  be  transferred  to

Lorentz  indices.  The  following  discussion  explains  how
angular  momentum  coupling  is  realized  in  the  Lorentz
representation  and  how  it  is  related  to  the  little  group
coupling. A  bridge  between  the  little  group  representa-
tion  and  the  Lorentz  representation  is  established  by
single-particle states, field operators, and spin wave func-
tions.  The  single-particle  state  can  be  defined  using  the
creation operator as 

|p, sσ⟩ ≡ a†(p, sσ)|0⟩, (184)

|0⟩where  is  the  vacuum  state.  By  Eq.  (31),  the  states
transform under a Lorentz transformation Λ as follows, 

U[Λ]|p, sσ⟩ =
∑
σ′

Dσ′(s)
σ (W(Λ, p))|p′, sσ′⟩, p′ = Λp,

(185)

W(Λ, p)
Dσ′(s)

σ (W(Λ, p))

[ℓ]

where  is  the  little  group  rotation,  and
 is the rotation matrix in the spin-s repres-

entation. For  a  quantum field  operator  in  the  representa-
tion , it can be written as 

Φℓ(p) =
∑
σ

uℓσ(p; s)a(p, sσ), (186)

a(p, sσ) uℓσ(p; s)

[ℓ]
Φℓ(p)

where  is the annihilation operator and  is
the spin  wave  function  in  the  corresponding  representa-
tion . Under a Lorentz transformation Λ, the field op-
erator  transforms as follows, 

U[Λ]Φℓ(p)U−1[Λ] = Dℓ
ℓ′ (Λ

−1)Φℓ
′
(Λp), (187)

Dℓ
ℓ′ (Λ

−1)
[ℓ]

uℓσ(p; s)

where  is the Lorentz transformation matrix cor-
responding to the representation . The spin wave func-
tion  is defined as the matrix element of the field
operator between the vacuum and the single-particle state 

uℓσ(p; s) ≡ ⟨0|Φℓ(p)|p, sσ⟩, (188)

where the spin wave function must satisfy the normaliza-
tion condition 

ūσ1
ℓ (p; s)uℓσ2

(p; s) = δσ1
σ2
, (189)

ūσℓ (p; s)where  is defined as 

ūσℓ (p; s) ≡ ⟨p, sσ|Φ̄ℓ(p)|0⟩, (190)

with 
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Φ̄ℓ(p) ≡
∑
σ

ūσℓ (p; s)a†(p, sσ). (191)

Using  Eqs.  (185)  and  (187),  one  can  show  that  under  a
Lorentz transformation Λ, 

∑
σ′

Dσ′(s)
σ (W(Λ, p))uℓσ′ (Λp; s) = Dℓ

ℓ′ (Λ)uℓ
′
σ (p; s), (192)

 ∑
σ′

Dσ′(s)∗
σ (W(Λ, p))ūσ

′
ℓ (Λp; s) = Dℓ′

ℓ (Λ
−1)ūσℓ′ (p; s). (193)

SO(3,1)

SO(3)
SO(3,1)

This relation  contains  both  the  induced little  group rota-
tion  and  the  representation  matrix,  and  it
provides an explicit  correspondence between little  group
indices  and  Lorentz  indices.  With  this  correspondence,
the  angular  momentum  coupling  formulated  in  the  little
group  representation  can  be  rewritten  as  a  tensor
coupling  in  the  Lorentz  representation. This  al-
lows  the  covariant  angular  momentum  projection  and
contraction  to  be  implemented  directly  at  the  level  of
Lorentz indices.

3→ 1+2
s3 s1 s2

p3 p1 p2

L3,c(p3)

The two-body decay process  is  considered,
where all  particles are massive with spins , ,  and .
In  an arbitrary frame,  their  momenta are , ,  and .
The COM frame is defined as the rest frame of particle-3.
The canonical-standard boost  is chosen such that 

p3 = L3,c(p3)k3, k3 = (m3,0,0,0), (194)

m3where  is the mass of particle-3, and the subscript 3 on
the canonical-standard boost indicates that it is the stand-
ard  boost  associated  with  particle-3. By applying the  in-
verse boost, the momenta in the COM frame are obtained
as 

k3 = L−1
3,c(p3)p3, p∗1 = L−1

3,c(p3)p1, p∗2 = L−1
3,c(p3)p2.

(195)

s1 s2

k3

Starting with the coupling of spin-  and spin-  to form
the  total  spin-S.  In  the  COM  frame,  only  intrinsic  spin
coupling is  considered,  and thus  the  orbital  part  is  omit-
ted.  The  spin  labels  are  defined with  respect  to  the  little
group associated with the total momentum in this frame,
which is fixed by . Accordingly, Eq. (42) expresses the
spin coupling as 

|SσS ⟩ =
∑
σ1σ2

C s1 ,σ1 ,s2 ,σ2
S ,σS

|s1σ1⟩|s2σ2⟩, (196)

where  the  particle  states  implicitly  refer  to  the  standard

k = 0 |k, sσ⟩momentum  states  with ,  denoted  by .  For
brevity, the corresponding standard momentum labels are
suppressed. This explicitly indicates that the two spins are
coupled within the little group representation through the
CGCs.

k3

k3

k3 s1

s2 [ℓ1]
[ℓ2]

To  implement  the  spin  coupling  at  the  level  of
Lorentz representation, the coupling structure needs to be
defined  in  the  COM  frame  with  respect  to  the  parent
standard  momentum .  This  is  because,  at  the  level  of
particle states, the spin coupling occurs in the little group
associated  with  the  parent  standard  momentum . Con-
sequently,  the  translation  from  the  corresponding  little
group  coupling  to  the  Lorentz  representation  coupling
should  be  performed  at  the  same  standard  momentum.
For  this  purpose,  introduce  the  field  operators  at  the
standard  momentum  corresponding  to  spin-  and
spin- ,  transforming  in  the  Lorentz  representations 
and , written as 

Φℓ1 (k3) =
∑
σ1

uℓ1
σ1

(k3; s1)a(k, s1σ1), (197)

 

Φℓ2 (k3) =
∑
σ2

uℓ2
σ2

(k3; s2)a(k, s2σ2). (198)

k3

It  should  be  emphasized  that  the  spin  wave  functions  in
these expressions  are  not  the  external  spin  wave  func-
tions,  but  rather  the  spin  wave  functions  at  the  standard
momentum  used  to  construct  the  coupling  structures.
They can be defined as 

uℓ1
σ1

(k3; s1) ≡ ⟨0|Φℓ1 (k3)|s1σ1⟩, uℓ2
σ2

(k3; s2) ≡ ⟨0|Φℓ2 (k3)|s2σ2⟩.
(199)

[ℓS ]
k3

For  the  total  spin-S obtained after  coupling,  the  corres-
ponding  Lorentz  representation  is  denoted  by .  The
field operator at the standard momentum  is taken as 

Φ̄ℓS (k3) =
∑
σS

ūℓS
σS

(k3;S )a†(k,SσS ). (200)

The corresponding spin wave functions are defined by: 

ūσS
ℓS

(k3;S ) ≡ ⟨SσS |Φ̄ℓS (k3)|0⟩. (201)

[ℓ1] [ℓ2]

[ℓS ]

On this basis, the Lorentz representations  and 
carried  by  the  spin  wave  functions  are  coupled  into  the
Lorentz representation  associated with the total spin
S, which can be written as 

[ℓ1]⊗ [ℓ2]→ [ℓS ], |s1− s2| ≤ S ≤ s1+ s2. (202)
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Using Eqs. (196), (199), and (201), the covariant projec-
tion tensor is then introduced as 

Pℓ1ℓ2
ℓS

(k3;S , s1, s2)

= ⟨0|Φ̄ℓS (k3)Φℓ1 (k3)Φℓ2 (k3)|0⟩

= ⟨SσS |ūσS
ℓS

(k3;S )uℓ1
σ1

(k3; s1)uℓ2
σ2

(k3; s2)|s1σ1⟩|s2σ2⟩

=
∑

σ1σ2σS

C s1 ,σ1;s2 ,σ2
S ,σS

ūσS
ℓS

(k3;S )uℓ1
σ1

(k3; s1)uℓ2
σ2

(k3; s2). (203)

k3

The meaning of this covariant projection tensor is that it
rewrites,  at  the  standard  momentum  in  the  COM
frame,  the  spin  coupling  implemented  by  CGCs  using
little  group  indices  into  an  equivalent  covariant  object
that involves only Lorentz indices. That is, the spin coup-
ling  is  no  longer  written  explicitly  as  a  contraction  over
little group  indices.  Instead,  it  is  encoded  into  contrac-
tions over  Lorentz  indices,  thereby  translating  the  coup-
ling in the little group representation into the coupling in
the Lorentz representation.

Its  construction  can  be  understood  in  the  following
three steps:
 

k3 uℓ1
σ1

(k3; s1) uℓ2
σ2

(k3; s2)

s1

s2

k3

1. The rest frame spin wave functions at the standard
momentum ,  namely  and ,  provide
the link  between  Lorentz  representations  and  the  corres-
ponding  little  group  representations.  In  this  way,  the
Lorentz representations associated with spin-  and spin-

 are  mapped  into  the  same  little  group  representation
fixed by .
 

2. Within this common little group representation, the
two  spins  are  coupled  by  the  CGCs,  yielding  the  little
group coupling result with total spin S.
 

ūσS
ℓS

(k3;S )
3. The rest frame spin wave function for total spin S,

namely , maps  the  coupled  little  group  repres-
entation  back  to  the  Lorentz  representation  associated
with the total spin S.
 

Pℓ1ℓ2
ℓSTherefore,  can be viewed as a covariant projec-

tion tensor that projects the tensor product of two Lorentz
representations onto  the  Lorentz  representation  corres-
ponding to total spin-S. When it is completely contracted
with the external wave functions over Lorentz indices, it
is equivalent to the action of the CGCs in the little group
representation.

Under  a  Lorentz  transformation  Λ,  the  projector
tensor in Eq. (203) satisfies 

Pℓ1ℓ2
ℓS

(Λk3;S , s1, s2)

= Dℓ1
ℓ′1

(Λ)Dℓ2
ℓ′2

(Λ)P
ℓ′1ℓ
′
2

ℓ′S
(k3;S , s1, s2) D

ℓ′S
ℓS

(Λ−1)

=
∑

σ1σ2σS

C s1 ,σ1;s2 ,σ2
S ,σS

ūσS
ℓS

(Λk3;S )uℓ1
σ1

(Λk3; s1)uℓ2
σ2

(Λk3; s2),

(204)

which  demonstrates  the  covariance  of  the  projection
tensor.  Consequently,  when  transitioning  back  to  any
frame, it retains the same form and can be expressed as 

Pℓ1ℓ2
ℓS

(p3;S , s1, s2)

=
∑

σ1σ2σS

C s1 ,σ1;s2 ,σ2
S ,σS

ūσS
ℓS

(p3;S )uℓ1
σ1

(p3; s1)uℓ2
σ2

(p3; s2). (205)

[ℓ]

µ,ν, · · · s1 = 1 s2 = 1 S = 1

Once a specific Lorentz realization is chosen for the rep-
resentation ,  the  corresponding  covariant  projection
tensor can  be  explicitly  evaluated.  For  example,  by  se-
lecting  the  Lorentz  four-vector representation  with  in-
dices , in the case where , , and ,
the covariant projection tensor can be expressed as 

Pµ1µ2
µS

(p3;1,1,1)

=
∑

σ1σ2σS

C1,σ1;1,σ2
1,σS

ūσS
µS

(p3;1)uµ1
σ1

(p3;1)uµ2
σ2

(p3;1)

=
∑

σ1σ2σS

C1,σ1;1,σ2
1,σS

ϵ∗σS
µS

(p3)ϵµ1
σ1

(p3)ϵµ2
σ2

(p3)

=
i√
2m3

gµS µ
′
S
εµ
′
S µ1µ2ρp3ρ.

(206)

1⊗1→ 1

One can see that after factoring out the overall normaliza-
tion constant, this covariant projection tensor is precisely
the  coupling  structure  used  in  the  covariant
tensor  method  in  Eq.  (177).  Therefore,  by  constructing
such  projection  tensors,  the  coupling  structures  required
in the covariant tensor method can be obtained systemat-
ically for arbitrary spins.

s1 s2

SO(3,1)

[ℓ j1 ] [ℓ j2 ] [ℓJ]

s1 s2

[ℓL]
[ℓS ]
[ℓ3]

s3

Besides  projecting  spin-  and  spin-  onto  the  total
spin-S, this covariant projection tensor has a more gener-
al  meaning.  It  defines  an  covariant  tensor  that
maps the  direct  product  of  two  angular  momentum  rep-
resentations  and  into  the  representation .
Therefore,  it  not  only  serves  as  the  covariant  projection
tensor for coupling  and  to S, but it can also be used
to  project  the  Lorentz  representation  of  the  orbital
part L together with the Lorentz representation  of the
total spin part S onto the Lorentz representation  asso-
ciated with the parent spin- . The corresponding covari-
ant projection tensor can be written as 

PℓLℓS
ℓ3

(p3; s3,L,S )

=
∑

σSσLσ3

CL,σL;S ,σS
s3 ,σ3

ūσ3
ℓ3

(p3; s3)uℓL
σL

(p3; L)uℓS
σS

(p3;S ). (207)

[ℓS ]

[ℓL]

Since the representation  of  the total  spin-S obtained
from the projection has been given above, the next step is
to  discuss  the  orbital  part  in  the  Lorentz  representation

.
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k3

In the two-body COM frame, the orbital part is com-
pletely determined by the relative momentum of the final-
state particles.  Therefore,  only  the  momentum  depend-
ence  of  the  particle-1  and  particle-2  states  is  retained,
while  the  spin  labels  are  suppressed.  From Eq.  (44),  the
orbital  angular  momentum  state,  defined  in  the  little
group representation associated with the total momentum

, can be introduced through spherical harmonics as 

|LσL⟩ =
∫

dΩYL
σL

(Ω)|p∗1p∗2⟩, (208)

|p∗1p∗2⟩
|p∗1,0⟩ |p∗2,0⟩

|k,LσL⟩

SO(3)

p∗1−p∗2

where  denotes  the  two-particle  state  without  spin
labels,  specifically  and ,  and  the  spin  labels
of particle-1 and particle-2 are omitted. The orbital angu-
lar  momentum  state  is  denoted  as ,  and  for  the
sake of brevity, the standard momentum label of this or-
bital state is also omitted. The spherical harmonic can be
viewed  as  the  representation  component  of  the
rank-L symmetric  traceless  tensor  built  from the  relative
three-momentum .  Schematically,  this  structure  is
represented by 

YL
σL

(Ω) ≃ (p∗1−p∗2)L
i1 ···iL ≡ (p∗1−p∗2)i1 · · · (p∗1−p∗2)iL − trace part,

(209)

i1, . . . , iL (p∗1−p∗2)L
i1 ···iL

(p∗1− p∗2)µ
k3

µ1 · · ·µL

where  are  spatial  indices  and  de-
notes the symmetric traceless rank-L tensor constructed
from the relative three-momentum. To obtain the covari-
ant formulation, the spherical harmonic in Eq. (44) is re-
placed  by  the  rank-L tensor  built  from the  relative  four-
momentum .  For  this  purpose,  in  the  COM
frame with total momentum , a Poincaré particle state is
introduced,  whose  components  are  characterized  by
Lorentz indices . It is defined as 

|µ1 · · ·µL⟩ ≡
∫

dΩ(p∗1− p∗2)L
µ1 ···µL
|p∗1p∗2⟩, (210)

(p∗1− p∗2)L
µ1 ···µL

|k,µ1 · · ·µL⟩

where  denotes  the symmetric  traceless
rank-L tensor  constructed  from  the  relative  four-mo-
mentum,  and,  for  brevity,  the  standard  momentum  label
of the orbital state  is suppressed.

(p∗1− p∗2)L
µ1 ···µL

SO(3,1)
[µ1 · · ·µL]

SO(3)

[µ1 · · ·µL] SO(3)
k3

By construction,  is  a  rank-L symmetric
traceless  tensor,  which  is  an  irreducible repres-
entation .  Since  the  time  component  transforms
as an  scalar in the COM frame, tensor components
with  one  or  more  time  indices  behave  as  scalar  factors
multiplying lower-rank spatial  tensors and hence contain
contributions from orbital  angular momenta smaller than
L.  Consequently,  the  restriction  of  the  representation

 to the  little group of the total momentum
 is  reducible  and  decomposes  into  a  direct  sum of  the

SO(3) [ℓi] irreducible components  as 

[µ1 · · ·µL] =
⊕

i

[ℓi], (211)

|ℓL⟩
SO(3)

SO(3)
|LσL⟩

where i labels all  possible  orbital  components.  The  cor-
responding  pure L covariant  orbital  angular  momentum
state is denoted by , which represents the orbital angu-
lar momentum L irreducible component of the  little
group.  It  is -equivalent to  the  orbital  angular  mo-
mentum state  in Eq. (208) by 

|ℓL⟩ ≃ |LσL⟩, (212)

|ℓL⟩
|LσL⟩

where both  objects  describe  the  orbital  angular  mo-
mentum L irreducible component, but in different realiza-
tions. The state  is written in the covariant Lorentz in-
dex  realization,  whereas  is  written  in  the  little
group index realization.

[µ1 · · ·µL] [ℓL]

|µ1 · · ·µL⟩

Next, the  corresponding  projection  tensor  is  intro-
duced,  which  projects  the  Lorentz  representation

 onto the Lorentz representation  that corres-
ponds  to  the  pure  orbital  angular  momentum L irredu-
cible  component.  From  Eqs.  (210)  and  (211),  the  state

 is known  to  contain  the  orbital  angular  mo-
mentum L component. It can be defined as 

|µ1 · · ·µL⟩ ≡ Φ̄µ1 ···µL (k3)|0⟩, (213)

Φ̄µ1 ···µL (k3)

µ1 · · ·µL k3

|ℓL⟩

where  is the field operator that creates the state
in  Eq.  (210)  from  the  vacuum,  carrying  Lorentz  indices

 and total momentum . Similarly, the pure orbit-
al angular momentum L state  can be defined as 

|ℓL⟩ ≡ Φ̄ℓL (k3)|0⟩, (214)

Φ̄ℓL (k3)
[ℓL]

ℓL k3

[µ1 · · ·µL]
[ℓL]

where  is the field operator that creates the state in
the  Lorentz  representation  from the  vacuum,  carry-
ing Lorentz indices  and total momentum . Therefore,
a projection operator exists that projects the Lorentz rep-
resentation  onto the  pure  orbital  angular  mo-
mentum L Lorentz  representation . The  correspond-
ing orbital projection operator is defined as 

Pµ1 ···µL
ℓL

(k3; L) ≡ ⟨µ1 · · ·µL|ℓL⟩

= ⟨0|Φ̄ℓL (k3)Φµ1 ···µL (k3)|0⟩. (215)

L = 0

Using  the  covariant  projection  tensor  in  Eq.  (203),
this projection can be implemented recursively in a fixed
coupling  order.  For ,  there  is  no  Lorentz  index.  In
the Lorentz representation associated with orbital angular
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L = 0momentum ,  the  corresponding  projection  tensor  is
a scalar.

L = 1
[µ1]

0
[ℓ1]

For , the corresponding projection tensor is equi-
valent  to  coupling the spin-1 Lorentz  representation 
with  that  of  spin-  to  obtain  the  Lorentz  representation

.  From Eq. (203),  the covariant  projection tensor can
be written as 

Pµ1
ℓ1

(k3;1,1,0) =
∑
σ1σ

C1,σ1;0
1,σ ūσℓ1

(k3;1)uµ1
σ1

(k3;1)

=
∑
σ1

ūσ1
ℓ1

(k3;1)uµ1
σ1

(k3;1). (216)

L > 1 L−1 µ2 · · ·µL

L−1 [ℓL−1]
µ1 1

[µ1] [ℓL−1]
1⊗ (L−1)→ L

For  an  arbitrary ,  the  last  indices 
are  first  projected  onto  an  intermediate  orbital  angular
momentum  Lorentz  representation ,  and  the
remaining  index  is  then  treated  as  a  spin-  Lorentz
representation .  It  is  coupled  with  through  the
projection tensor that realizes . This yields 

Pµ1 ···µL
ℓL

(k3; L) = Pµ1ℓL−1
ℓL

(k3; L,1,L−1)Pµ2 ···µL
ℓL−1

(k3; L−1), (217)

Pµ1ℓL−1
ℓL

(k3; L,1,L−1)
1⊗ (L−1)→ L

where  is  the  covariant  projection
tensor implementing . By Eq. (203), it can
be written as 

Pµ1ℓL−1
ℓL

(k3; L,1,L−1)

=
∑

σ1σL−1σL

C1,σ1;L−1,σL−1
L,σL

ūσL
ℓL

(k3; L)uµ1
σ1

(k3;1)uℓL−1
σL−1

(k3; L−1).

(218)

Pµ1 ···µL
ℓL

(k3; L)

µ1 · · ·µL

[ℓL]

Therefore,  is  obtained  through  successive
couplings  implemented  by  the  projection  tensor.  This
projection  tensor  can  then  be  used  to  project  the  rank-L
tensor,  constructed  from  the  relative  four-momentum
with  indices ,  onto  the  desired  orbital-L Lorentz
representation .  Consequently,  the  covariant  orbital
tensor is defined as 

tL
ℓL

(k3, p∗1− p∗2)≡ Pµ1 ···µL
ℓL

(k3; L)(p∗1− p∗2)µ1 · · · (p∗1− p∗2)µL , (219)

t L
ℓL

(k3, p∗1− p∗2)where  is  manifestly  covariant.  In  any
frame, it keeps the same form and can be written as 

tL
ℓL

(p3, p1− p2) ≡ Pµ1 ···µL
ℓL

(p3; L)(p1− p2)µ1 · · · (p1− p2)µL .

(220)

[ℓL]After fixing a specific Lorentz realization  of the pure
orbital  angular  momentum L, the  corresponding  covari-
ant orbital  tensors  can  be  evaluated  explicitly.  As  a  rep-

[ℓL]

µ1 · · ·µL

resentative  example,  take  to  be  realized  by  Lorentz
four-vector  indices,  namely  by  Lorentz  tensor  indices

 that  carry  the  pure L component.  In  this  case,
after  simplification,  the  associated  projection  tensor  can
be written as 

Pν1 ···νL
µ1 ···µL

(p3; L) =
∑
σL

ϵν1 ···νL
σL

(p3; L)ϵ∗σL
µ1 ···µL

(p3; L), (221)

ϵν1 ···νL
σL

(p3; L)where  is the spin wave function satisfying the
Rarita–Schwinger conditions, given in Eq. (158). One can
see that  this  projection  tensor  is  exactly  the  orbital  pro-
jector used for the orbital part in Eq. (162) of the covari-
ant tensor method. It projects the rank-L tensor built from
the relative momentum onto the subspace that is symmet-
ric,  traceless,  and  transverse  to  the  parent  momentum in
each index, thereby extracting the irreducible component
corresponding to the pure orbital angular momentum L.

With this choice, the covariant orbital tensors for sev-
eral low-L cases can be written as 

t0 = 1,

t1
µ1
=
Ä
−gν1

µ1
+

pν1
3 p3µ1

p2
3

ä
(p1− p2)ν1 ,

t2
µ1µ2
=
Ä
−gν1

µ1
+

pν1
3 p3µ1

p2
3

äÄ
−gν2

µ2
+

pν2
3 p3µ2

p2
3

ä
× (p1− p2)ν1 (p1− p2)ν2

− 1
3

ïÄ
−gν1ν2 +

pν1
3 pν2

3

p2
3

ä
(p1− p2)ν1 (p1− p2)ν2

ò
×
Ä
−gµ1µ2 +

p3µ1 p3µ2

p2
3

ä
. (222)

[ℓL]

It  follows  that  the  covariant  orbital  tensors  obtained  in
this realization coincide exactly with the orbital tensors in
Eq.  (168)  of  the  covariant  tensor  method.  Equivalently,
this projection tensor projects the rank-L tensor construc-
ted from the relative momentum onto the Lorentz repres-
entation  associated with the corresponding pure L ir-
reducible component.

LS
LS

LS

After  defining  the  covariant  tensors  in  Eqs.  (204),
(207),  and  (219),  the  construction  of  the  corresponding
partial  wave  amplitudes  can  be  formulated.  First,  recall
the partial  wave  amplitude  in  the  covariant  tensor  meth-
od  in  Eq.  (182).  It  can  be  written  as  a  product  of  three
pieces: the  coupling part, the orbital part, and the ex-
ternal spin wave function part. The  coupling part and
the orbital part are precisely given by the total spin-S pro-
jection tensor, the orbital-spin coupling projection tensor,
and the covariant orbital tensor defined above. Therefore,
by  combining  these  building  blocks,  the  covariant 
coupling structure is defined as 
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Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )

≡ PℓLℓS
ℓ3

(k3; s3,L,S )Pℓ1ℓ2
ℓS

(k3;S , s1, s2)tL
ℓL

(k3; p∗1− p∗2). (223)

LS

LS

By  contracting  this  covariant  coupling  structure
with the external spin wave functions over the Lorentz in-
dices, the  partial wave amplitude in the GS scheme is
obtained. It can be written as 

Cσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S )

≡ Γℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )×uℓ3

σ3
(k3; s3)ūσ1

ℓ1
(p∗1; s1)ūσ2

ℓ2
(p∗2; s2)

= Pℓ1ℓ2
ℓS

(k3;S , s1, s2)ūσ1
ℓ1

(p∗1; s1)ūσ2
ℓ2

(p∗2; s2)

×PℓLℓS
ℓ3

(k3; s3,L,S )tL
ℓL

(k3; p∗1− p∗2)

×uℓ3
σ3

(k3; s3).

(224)

The physical  content  of  this  construction  can  be  or-
ganized into three steps:
 

Pℓ1ℓ2
ℓS

(k3;S , s1, s2)ūσ1
ℓ1

(p∗1; s1)ūσ2
ℓ2

(p∗2; s2)
[ℓ1]⊗ [ℓ2]

[ℓS ]
s1⊗ s2→ S

1.  represents  the
projection  of  the  representation  carried  by  the
two final state external spin wave functions onto the total
spin-S representation , thereby implementing the spin
coupling .
 

PℓLℓS
ℓ3

(k3; s3,L,S )tL
ℓL

(k3; p∗1− p∗2)
[ℓL]⊗ [ℓS ] [ℓ3]
s3 L⊗S → s3

2.  represents  further
projecting  onto  the  representation  of  the
parent spin , implementing the coupling .
 

σ3

(σ1,σ2,σ3)

3. Project the coupling result obtained above onto the
parent  external  spin  component  to  finally  obtain  a
scalar  partial  wave  amplitude  with  external  spin  labels

.
 

Since  the  entire  expression  implements  the  coupling
and projection  explicitly  through  Lorentz  index  contrac-
tions,  it  is  covariant  in  form. In any frame,  it  retains  the
same form and can be written as 

Cσ1σ2
σ3

(p3, p1, p2; L,S ) = Γℓ1ℓ2
ℓ3

(p3, p1, p2; L,S )︸                      ︷︷                      ︸
covariant LS coupling structure

×uℓ3
σ3

(p3; s3)ūσ1
ℓ1

(p1; s1)ūσ2
ℓ2

(p2; s2)︸                                     ︷︷                                     ︸
general-spin part

.

(225)

[ℓ]

The GS scheme is, in essence, fully equivalent to the cov-
ariant  tensor  method.  When  the  Lorentz  representations

 are chosen to be the corresponding four-vector realiz-
ations, this equivalence becomes explicit.

For  example,  consider  the  two-body  decay  with

s3 = 1 s1 = 1 s2 = 1
(L,S ) = (1,1)

, ,  and ,  and  select  the  partial  wave
. In this case, the total spin-S covariant pro-

jection tensor can be written as 

Pµ1µ2
µS

(p3;1,1,1) =
∑

σ1σ2σS

C1,σ1;1,σ2
1,σS

ϵ∗σS
µS

(p3)ϵµ1
σ1

(p3)ϵµ2
σ2

(p3)

=
i√
2m3

gµS µ
′
S
εµ
′
S µ1µ2ρp3ρ.

(226)

The  orbital-spin  covariant  projection  tensor  can  be
written as 

PµLµS
µ3

(p3;1,1,1) =
∑

σLσSσ3

C1,σL;1,σS
1,σ3

ϵ∗σ3
µ3

(p3)ϵµL
σL

(p3)ϵµS
σS

(p3)

=
i√
2m3

gµ3µ
′
3
εµ
′
3µLµS ρp3ρ,

(227)

and the covariant orbital tensor can be expressed as 

t1
µL
=
Ä
−gνL

µL
+

pνL
3 p3µL

p2
3

ä
(p1− p2)νL . (228)

LSAfter  contracting  the  covariant  coupling  structure
with  the  external  spin  wave  functions,  the  final  partial
wave amplitude can be written as 

Cσ1σ2
σ3

(p3, p1, p2;1,1)

= Γµ1µ2
µ3

(p3, p1, p2;1,1)× ϵµ3
σ3

(p3)ϵ∗σ1
µ1

(p1)ϵ∗σ2
µ2

(p2)

∝ gµ1µ2µLκ
µ3ρ

p3κpρ3
Ä
−gνL

µL
+

pνL
3 p3µL

p2
3

ä
(p1− p2)νL

× ϵµ3
σ3

(p3)ϵ∗σ1
µ1

(p1)ϵ∗σ2
µ2

(p2), (229)

with 

gµ1µ2µLκ
µ3ρ

≡ gµ1
µ3

(
gµ2µL gκρ−gκµL gµ2

ρ

)
−gµ2

µ3

(
gµ1µL gκρ−gκµL gµ1

ρ

)
+gκµ3

(
gµ1µL gµ2

ρ −gµ2µL gµ1
ρ

)
,

(230)

which  coincides  exactly  with  Eq.  (181).  Consequently,
the covariant projection tensor formulation in the covari-
ant projection tensor method provides a systematic com-
pletion of the Lorentz structures entering the orbital-spin
coupling in the covariant tensor method, and it allows the
corresponding coupling structures to be computed for ar-
bitrary spin.

However, the covariant projection tensor amplitude in
the GS scheme has the same issue as the covariant tensor
method, namely that the orbital and spin decomposition is
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p∗1 p∗2

not fully explicit.  The reason is that,  in the COM frame,
the  covariant  projection  tensor  amplitude  in  the  GS
scheme in Eq. (224) evaluates the final-state external spin
wave  functions  at  the  COM  momenta  and ,  rather
than at the rest frame. It can be written as 

u(p3; s3)ū(p1; s1)ū(p2; s2)
COM−−−→ u(k3; s3)ū(p∗1; s1)ū(p∗2; s2),

(231)

LS

LS

u(k3; s3)ū(k1; s1)ū(k2; s2)

LS

where  the  general-spin  part  in  the  COM  frame  depends
on the direction of the relative momentum and thus con-
tains residual  contributions  from  the  orbital  part.  Con-
sequently,  the  separation  between L and S does not  fol-
low the traditional-  method, since the general-spin part
here is not purely intrinsic-spin objects. In this sense, the
covariant  projection  tensor  amplitude  in  the  GS  scheme
differs  from  the  traditional-  amplitude  in  Eq.  (70).
Only  in  the  non-relativistic  limit  does  the  general-spin
part  reduce  to ,  which  are  the
purely intrinsic-spin objects, and the covariant projection
tensor amplitude in the GS scheme would have clear 
separation.

LS

LS
(L,S )

Therefore, in order to construct a scheme with a com-
plete orbital-spin separation while using the covariant 
coupling  structures,  the  external  spin  wave  functions
must be  further  processed.  Before  introducing  this  treat-
ment,  the full  amplitude in the GS scheme is  defined by
summing  the  partial wave  amplitudes  over  all  al-
lowed  components in the COM definition as 

Cσ1σ2
σ3

(k3, p∗1, p
∗
2) =

∑
LS

NLSCσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S ), (232)

NLS

(L,S )
where  denotes the  partial  wave  coefficient  associ-
ated with the  component. The full covariant projec-
tion tensor amplitude in the GS scheme can also be writ-
ten as a complete contraction between the covariant coup-
ling structure and the general-spin part, 

Cσ1σ2
σ3

(k3, p∗1, p
∗
2) = Γ

ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2)︸              ︷︷              ︸

covariant coupling structure

×uℓ3
σ3

(k3; s3)ūσ1
ℓ1

(p∗1; s1)ūσ2
ℓ2

(p∗2; s2)︸                                    ︷︷                                    ︸
general-spin part

, (233)

with 

Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2) ≡

∑
LS

NLSΓ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S ). (234)

In the next subsubsection, the final-state spin wave func-
tions are rewritten such that their momentum dependence
is extracted and reassigned to the coupling structure. This

leads  to  the  PS  scheme  partial  wave  amplitudes,  where
the orbital and spin parts are explicitly separated.
 

2.    Covariant projection tensor method in the PS scheme

In this  subsubsection,  the  construction  of  the  covari-
ant projection  tensor  amplitude  in  the  PS scheme is  dis-
cussed. In Eq. (233), the general-spin part depends on the
relative momentum and, therefore, carries orbital inform-
ation. To  enforce  a  complete  separation  between  the  or-
bital part and the spin part, the orbital dependence in the
final-state  wave functions  is  extracted  and absorbed into
the covariant coupling structure.  Using Eq. (192),  the fi-
nal-state spin wave functions can be written as
 

ūσ1
ℓ1

(p∗1; s1) = ūσ1
ℓ′1

(k1; s1)D
ℓ′1
ℓ1

(L−1
1,c(p

∗
1)),

ūσ2
ℓ2

(p∗2; s2) = ūσ2
ℓ′2

(k2; s2)D
ℓ′2
ℓ2

(L−1
2,c(p

∗
2)), (235)

k1 k2where  and  are  the  standard  momenta  of  particle-1
and particle-2. The boosts are then reassigned to the cov-
ariant coupling structure. Using Eqs. (233) and (235), the
covariant  projection  tensor  amplitude  in  the  PS  scheme
can be obtained as
 

Aσ1σ2
σ3

(k3, p∗1, p
∗
2) = Γℓ1ℓ2

ℓ3
(k3, p∗1, p

∗
2)D

ℓ′1
ℓ1

(L−1
1,c(p

∗
1))D

ℓ′2
ℓ2

(L−1
2,c(p

∗
2))︸                                                  ︷︷                                                  ︸

covariant coupling structure

×uℓ3
σ3

(k3; s3)ūσ1
ℓ′1

(k1; s1)ūσ2
ℓ′2

(k2; s2)︸                                   ︷︷                                   ︸
pure-spin part

,

(236)

where  the  pure-spin  part  no  longer  contains  any  orbital
information,  thereby  achieving  an  explicit  separation
between the orbital and spin parts.

(L,S )
LS

Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )

For  the  covariant  coupling  structure  in  Eq.  (236),
once all  allowed  partial  waves are included, it  can
be  expanded  in  the  set  of  covariant  coupling struc-
tures  defined in Eq. (223),  which can
be written as
 

Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2)D

ℓ′1
ℓ1

(L−1
1,c(p

∗
1))D

ℓ′2
ℓ2

(L−1
2,c(p

∗
2))

=
∑

LS

NLSΓ
ℓ′1ℓ
′
2

ℓ3
(k3, p∗1, p

∗
2; L,S ), (237)

NLS LS
Γ
ℓ1ℓ2
ℓ3

(k3,

p∗1, p
∗
2; L,S )

where  is the partial wave coefficient of the  amp-
litude  basis.  As  a  set  of  pure  tensor  structures, 

 does  not  necessarily  (and  in  practice  usually
does not) form a complete basis. However, after contract-
ing it  with the external  spin wave functions,  one obtains
the scalar amplitudes.
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Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )×uℓ3

σ3
(k3; s3)ūσ1

ℓ1
(k1; s1)ūσ2

ℓ2
(k2; s2), (238)

LS
LS

Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )

Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )

which reproduces the  decomposition of the tradition-
al-  amplitude. In this sense, the decomposition is com-
plete at the amplitude level. Therefore, the structures gen-
erated by  provide a complete basis for
the amplitudes. Any additional tensor structures can only
yield  redundant  contributions  that  become  equivalent  to
this  basis  after  contraction  with  the  external  spin  wave
functions,  and  they  do  not  generate  new  independent
amplitudes.  Based  on  this  observation,  it  is  sufficient  to
consider  only  the  tensor  structures  generated  by  these

 to  span  the  full  set  of  amplitudes.
Consequently,  the  covariant  projection  tensor  amplitude
in the PS scheme is defined as 

Aσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S ) ≡ Γℓ1ℓ2

ℓ3
(k3, p∗1, p

∗
2; L,S )︸                     ︷︷                     ︸

covariant LS coupling structure

×uℓ3
σ3

(k3; s3)ūσ1
ℓ1

(k1; s1)ūσ2
ℓ2

(k2; s2)︸                                   ︷︷                                   ︸
pure-spin part

,

(239)

LS Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )where the  coupling structure  is the

same as those in Eq. (223), while the external spin wave
functions are defined at the standard momenta of the cor-
responding particles.

LS

In the following, the equivalence between the covari-
ant projection tensor amplitude in the PS scheme and the
traditional-  amplitude is established. Using Eqs. (223),
(203), (207), and (219), the amplitude in the COM frame
can be expanded as 

Aσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S )

= Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )uℓ3

σ3
(k3; s3)ūσ1

ℓ1
(k1; s1)ūσ2

ℓ2
(k2; s2)

=
∑

σ′1σ
′
2σ
′
SσLσSσ

′
3

CL,σL;S ,σS
s3 ,σ

′
3

ū
σ′3
ℓ3

(k3; s3)uℓL
σL

(k3; L)uℓS
σS

(k3;S )

×C
s1 ,σ

′
1;s2 ,σ

′
2

S ,σ′S
ū
σ′S
ℓS

(k3;S )uℓ1
σ′1

(k3; s1)uℓ2
σ′2

(k3; s2)

×Pµ1 ···µL
ℓL

(k3; L)(p∗1− p∗2)µ1 · · · (p∗1− p∗2)µL

×uℓ3
σ3

(k3; s3)ūσ1
ℓ1

(k1; s1)ūσ2
ℓ2

(k2; s2). (240)

s1 s2 s3

Using  the  orthonormality  relation  in  Eq.  (355)  for  the
spin wave functions with spins , , , and S, 

ūσ1
ℓ1

(k1; s1)uℓ1
σ′1

(k3; s1) ∝ δσ1
σ′1
,

ūσ2
ℓ2

(k2; s2)uℓ2
σ′2

(k3; s2) ∝ δσ2
σ′2
,

ū
σ′3
ℓ3

(k3; s3)uℓ3
σ3

(k3; s3) = δσ3
σ′3
,

ū
σ′S
ℓS

(k3;S )uℓS
σS

(k3;S ) = δσS
σ′S
, (241)

s1 s2

LS

where the spin-  and spin-  wave functions are defined
at  different  standard  momenta,  the  difference  is  only  an
overall  mass-dependent  constant.  This  constant  can  be
absorbed into the  partial wave coefficients. Therefore,
the amplitude can be written as 

Aσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S )

∝
∑
σLσS

CL,σL;S ,σS
s3 ,σ3

C s1 ,σ1;s2 ,σ2
S ,σS

×uℓL
σL

(k3; L)Pµ1 ···µL
ℓL

(k3; L)(p∗1− p∗2)µ1 · · · (p∗1− p∗2)µL . (242)

For the expression in the second line, after simplification,
it  becomes  the  spherical  harmonic  with  orbital  angular
momentum L and can be written as 

uℓL
σL

(k3; L)Pµ1 ···µL
ℓL

(k3; L)(p∗1− p∗2)µ1 · · · (p∗1− p∗2)µL = NLYL
σL

(Ω),

(243)

NL

L = 1
where  is  the  normalization  constant.  As  an  example,
for , 

uℓ1
σ1

(k3;1)Pµ1
ℓ1

(k3;1)(p∗1− p∗2)µ1

= uℓ1
σ1

(k3;1)Pµ1
ℓ1

(k3;1,1,0)(p∗1− p∗2)µ1

=
∑
σ′1σ

′′
1

uℓ1
σ1

(k3;1)C
1,σ′′1 ;0
1,σ′1

ū
σ′1
ℓ1

(k3;1)uµ1
σ′′1

(k3;1)(p∗1− p∗2)µ1

= uµ1
σ1

(k3;1)(p∗1− p∗2)µ1 . (244)

kµ3

In  the  rest  frame,  the  spin-1  wave  function  with  the
Lorentz  four-vector  index μ corresponds to  the  polariza-
tion  vector.  For  the  standard  momentum ,  it  can  be
written as 

uµσ(k3;1) = ϵµσ(k3) =

à
0
−1√

2
−i√

2
0

0 0 0 1

0
1√
2
−i√

2
0

í µ

σ

,

ūσµ (k3;1) = ϵ∗σµ (k3) =



0 0 0
−1√

2
0

1√
2

i√
2

0
i√
2

0 1 0



σ

µ

. (245)

By  calculating  each  component  of  Eq.  (244),  one  finds
that the  expression  is  proportional  to  the  spherical  har-
monics and can be written as 
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uµ1
σ1

(k3;1)(p∗1− p∗2)µ1 ∝

Ü
−sinθeiϕ

cosθ

sinθe−iϕ

ê
σ1

= Y1
σ1

(Ω). (246)

NL LS

In  this  way,  for  orbital  angular  momentum L,  the  same
simplification  can be  performed as  above,  and the  result
reduces to the spherical harmonic in Eq. (243).  The nor-
malization constant  can be absorbed into the  par-
tial  wave  coefficient.  Thus,  the  amplitude  in  Eq.  (242)
can be written as 

Aσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S ) ∝

∑
σLσS

CL,σL;S ,σS
s3 ,σ3

C s1 ,σ1;s2 ,σ2
S ,σS

YL
σL

(Ω).

(247)

LS
LS

(L,S )
LS

This shows that the covariant projection tensor amplitude
in the PS scheme is equivalent to the traditional-  amp-
litude  in  the  COM  frame.  Consequently,  the  expan-
sion  of  the  coupling  structure  in  Eq.  (237)  is  complete
once  all  allowed  are  included.  In  the  PS  scheme,
the  partial wave amplitude therefore realizes an expli-
cit separation between the orbital part and the spin part in
the  COM  definition.  The  same  construction  is  extended
below to any frame.

From Eq. (96),  the canonical amplitude in any frame
can  be  written  as  the  COM  frame  canonical  amplitude
multiplied  by  the  corresponding  Wigner  rotations  of  the
final-state particles, which can be expressed as 

Aσ1σ2
σ3

(p3,p1,p2; L,S )

=
∑
σ′1σ

′
2

A
σ′1σ

′
2

σ3 (k3,p∗1,p
∗
2; L,S )D

σ′1(s1)∗
σ1 (R31)D

σ′2(s2)∗
σ2 (R32). (248)

LS

Therefore,  in  any  frame,  the  covariant  projection  tensor
amplitude in the PS scheme transforms with the same in-
duced  little  group  rotations  as  the  traditional-  amp-
litude.

Since  the  little  group  is  a  subgroup  of  the  Lorentz
group,  its  action  on  the  wave  functions  at  the  standard
momentum can be expressed as a Lorentz transformation
implementing  the  little  group  rotation  on  the  standard
momentum  wave  functions.  Using  Eq.  (192),  the  spin
wave function under the little group rotation is written as ∑

σ′

Dσ′(s)
σ (R)uℓσ′ (k; s) = Dℓ

ℓ′ (R)uℓ
′
σ (k; s),∑

σ′

Dσ(s)
σ′ (R−1)ūσ

′
ℓ (k; s) = Dℓ′

ℓ (R
−1)ūσℓ′ (k; s), (249)

where k is the  standard  momentum  of  the  particle.  Fi-
nally, in any frame, the covariant projection tensor amp-
litude in the PS scheme can be written as 

Aσ1σ2
σ3

(p3, p1, p2; L,S )

= Γ
ℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )D

ℓ′1
ℓ1

(R−1
31 )D

ℓ′2
ℓ2

(R−1
32 )

×uℓ3
σ3

(k3; s3)ūσ1
ℓ′1

(k1; s1)ūσ2
ℓ′2

(k2; s2), (250)

R3i i = 1,2where  ( )  are  the  Wigner  rotations  obtained
from Eq. (95) and can be written as 

R3i = L−1
i,c (p∗i )L−1

3,c(p3)Li,c(pi), i = 1,2, (251)

Li,c(pi)
Dℓ′

ℓ (R)
[ℓ]

p∗i (i = 1,2)

where  is the canonical standard boost for particle-
i.  The  matrix  denotes  the  Lorentz  transformation
matrix in the Lorentz representation . Although the co-
variant projection tensor amplitude in the PS scheme can
be evaluated  in  any  frame,  the  associated  Wigner  rota-
tion  depends  on the  particle  momenta   in  the
COM frame. Therefore, the PS scheme is not fully mani-
festly covariant at the level of its formal definition.

The covariant projection tensor amplitudes in both the
PS scheme and the GS scheme are related by the corres-
ponding Lorentz transformations, which can be written as 

Aσ1σ2
σ3

(p3, p1, p2; L,S )

= Γ
ℓ1ℓ2
ℓ3

(p3, p1, p2; L,S )uℓ3
σ3

(p3; s3)ūσ1
ℓ′1

(p1; s1)ūσ2
ℓ′2

(p2; s2)

×D
ℓ′1
ℓ1

Ä
L3,c(p3)R−1

31 L−1
3,c(p3)

ä
D
ℓ′2
ℓ2

Ä
L3,c(p3)R−1

32 L−1
3,c(p3)

ä
= Γ

ℓ1ℓ2
ℓ3

(p3, p1, p2; L,S )uℓ3
σ3

(p3; s3)ūσ1
ℓ′1

(p1; s1)ūσ2
ℓ′2

(p2; s2)

×D
ℓ′1
ℓ1

Ä
L3,c(p3)L1,c(p∗1)L−1

3,c(p3)
ä

×D
ℓ′2
ℓ2

Ä
L3,c(p3)L2,c(p∗2)L−1

3,c(p3)
ä
,

(252)

(L,S )

where, in the last equality, the first line coincides with the
covariant  projection  tensor  amplitude  in  the  GS scheme,
while  the  second line  collects  the  Lorentz  representation
matrices that relate the PS scheme and GS scheme defini-
tions. In general, these matrices are not the identity mat-
rix,  so  the  two  schemes  define  different  partial
waves and therefore need not coincide.

LS

R3i

Although  the  PS  scheme  partial  wave  amplitude
achieves the same explicit separation between the orbital
part  and  the  spin  part  as  in  the  traditional-  construc-
tion  in  the  COM frame,  it  is  not  manifestly  covariant  in
the strict sense. From the viewpoint of Lorentz transform-
ations,  the  "covariance"  in  the  PS  scheme  refers  to  the
fact  that  no  explicit  little  group  rotation  appears  on  the
little group indices. The little group rotations induced by
a Lorentz transformation are instead mapped, through the
use of the rest frame wave functions, into rotations acting
on the  Lorentz  indices  of  the  rest  frame wave functions.
However,  this  procedure  does  not  remove  the  need  to
evaluate the Wigner rotations  generated by boosts. As
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a  result,  the  PS  scheme  realizes  an  explicit  orbital-spin
separation, but it does not provide a fully manifestly cov-
ariant construction. 

LSC.    Calculations and comparisons of different 
amplitudes

LS

gLS

LS
σ3,σ1, and σ2

In this  subsubsection,  we  will  calculate  the  amp-
litudes for the two-body decay process in the traditional-

 amplitude,  the  covariant  projection  tensor  amplitude
in the PS scheme, the Zemach tensor amplitude,  and the
covariant tensor amplitude. In the following calculations,
we  omit  the  overall  constant  factors  in  front  of  the
corresponding  partial waves, and focus instead on the
values of  associated with each amplitude.

LS

µ,ν,ρ · · ·

Different  amplitude  in  COM frame In the  fol-
lowing discussion of the covariant projection tensor amp-
litude  in  the  PS  scheme,  the  Lorentz  representations  are
illustrated  using  Lorentz  four-vector  indices  denoted  by

.  In  the  covariant  tensor  method,  the  resulting
amplitude is equivalent to the covariant projection tensor
amplitude  in  the  GS  scheme.  Its  difference  from  the  PS
scheme originates from the choice of external spin wave
functions  in  the  COM  frame.  Therefore,  in  the  explicit
examples  of  the  covariant  tensor  method,  the  coupling
structure can be taken directly  from the PS scheme con-
struction.

3→ 1+2
s3 = 1, s1 = 1, s2 = 0
{k3, p∗1, p

∗
2} r = p∗1− p∗2

LS
(L,S ) = (0,1) (1,1) (2,1)

For the two-body decay process  with spins
,  the  momenta  of  the  particles  are

,  and  we  define .  In  this  process,
there  are  three  possible  partial  waves,  namely

, , and .
 

(0,1)1. For the  partial wave, the amplitude can be ex-
pressed in the following four schemes:

LS(a) Traditional-  amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;0,1) =C0,σL;1,σS

1,σ3
C1,σ1;0,σ2

1,σS
Y0
σL

(Ω) = δσ1
σ3
. (253)

(b) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(k3, p∗1, p
∗
2;0,1)

= Γµ1
µ3

(k3, p∗1, p
∗
2;0,1)uµ3

σ3
(k3;1)ūσ1

µ1
(k1;1)

= PµS
µ3

(k3;1,0,1)Pµ1
µS

(k3;1,1,0)uµ3
σ3

(k3;1)ūσ1
µ1

(k1;1), (254)

where 

Pµ1
µS

(k3;1,1,0) =
∑
σ1σS

Cσ1;0
1,σS

ūσS
µS

(k3;1)uµ1
σ1

(k3;1)

=
∑
σ1

ϵµ1
σ1

(k3)ϵ∗σ1
µS

(k3)

= −gµ1
µS
+

kµ1
3 k3µS

m2
3
= g̃µ1

µS
(k3), (255)

and 

PµS
µ3

(k3;1,0,1) =
∑
σSσ3

C0;1,σS
1,σ3

ūσ3
µ3

(k3;1)uµS
σS

(k3;1),

=
∑
σS

ϵµS
σS

(k3)ϵ∗σS
µ3

(k3)

= −gµS
µ3
+

kµS
3 k3µ3

m2
3
= g̃µS

µ3
(k3). (256)

The amplitude is 

Aσ1
σ3

(k3, p∗1, p
∗
2;0,1)

= PµS
µ3

(k3;1,0,1)Pµ1
µS

(k3;1,1,0)uµ3
3,σ3

(k3;1)ūσ1
1,µ1

(k1;1),

= g̃µ1
µ3

(k3)ϵµ3
σ3

(k3)ϵ∗σ1
µ1

(k1)

= δσ1
σ3
. (257)

(c) The Zemach tensor amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;0,1) =

∑
i

(ϵσ3 )i(ϵ∗σ1 )i = δ
σ1
σ3
. (258)

(d) The covariant tensor amplitude: 

Cσ1
σ3

(k3, p∗1, p
∗
2;0,1) = g̃µ1

µ3
(k3)ϵµ3

σ3
(k3)ϵ∗σ1

µ1
(p∗1) , δσ1

σ3
. (259)

(1,1)2.  For  the  partial  wave,  the  amplitude  can  be
written in the following four schemes:

LS(a) Traditional-  amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;1,1)

=C1,σL;1,σS
1,σ3

C1,σ1;0,σ2
1,σS

Y1
σL

(Ω)

=
1
2

…
3

2π

â
−cosθ − 1√

2
sinθeiϕ 0

− 1√
2

sinθe−iϕ 0 − 1√
2

sinθeiϕ

0 − 1√
2

sinθe−iϕ cosθ

ìσ1

σ3

.

(260)

(b) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(k3, p∗1, p
∗
2;1,1)

= Γµ1
µ3

(k3, p∗1, p
∗
2;1,1)uµ3

σ3
(k3;1)ūσ1

µ1
(k1;1)

= PµLµS
µ3

(k3;1,1,1)Pµ1
µS

(k3;1,1,0)t1
µL

(k3,r)uµ3
σ3

(k3;1)ūσ1
µ1

(k1;1),

(261)

Pµ1
µS

(k3;1,1,0)where  can be obtained from Eq. (255). 
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PµLµS
µ3

(k3;1,1,1)

=
∑

σLσSσ3

C1,σL;1,σS
1,σ3

ūσ3
µ3

(k3;1)uµL
σL

(k3;1)uµS
σS

(k3;1)

=
∑

σLσSσ3

C1,σL;1,σS
1,σ3

ϵ∗σ3
µ3

(k3)ϵµL
σL

(k3)ϵµS
σS

(k3)

=
i√
2m3

gµ3µ
′
3
εµ
′
3µLµS ρk3ρ

=
i√
2m3

gµ3µ
′
3
ε̃µ
′
3µLµS (k3), (262)

and 

t1
µL

(k3,r) = Pµ
µL

(k3;1,1,0)rµ = g̃µµL
(k3)rµ = r̃µL (k3). (263)

The amplitude is 

Aσ1
σ3

(k3, p∗1, p
∗
2;1,1)

= PµLµS
µ3

(k3;1,1,1)Pµ1
µS

(k3;1,1,0)t1
µL

(k3,r)uµ3
σ3

(k3;1)ūσ1
µ1

(k1;1),

=
i√
2m3

gµ3µ
′
3
ε̃µ
′
3µLµ1 (k3)r̃µL (k3)ϵµ3

σ3
(k3)ϵ∗σ1

µ1
(k1)

∝

â
−cosθ − 1√

2
sinθeiϕ 0

− 1√
2

sinθe−iϕ 0 − 1√
2

sinθeiϕ

0 − 1√
2

sinθe−iϕ cosθ

ì σ1

σ3

.

(264)

(c) The Zemach tensor amplitude:
 

Aσ1
σ3

(k3,p∗1,p
∗
2;1,1)

=
∑

i jk

(ϵσ3 )kεi jk(ϵ∗σ1 )ir j

∝

â
−cosθ − 1√

2
sinθeiϕ 0

− 1√
2

sinθe−iϕ 0 − 1√
2

sinθeiϕ

0 − 1√
2

sinθe−iϕ cosθ

ì σ1

σ3

.

(265)

(d) The covariant tensor amplitude:
 

Cσ1
σ3

(k3, p∗1, p
∗
2;1,1)

=
i√
2m3

gµ3µ
′
3
ε̃µ
′
3µLµ1 (k3)r̃µL (k3)ϵµ3

σ3
(k3)ϵ∗σ1

µ1
(p∗1)

/∝

â
−cosθ − 1√

2
sinθeiϕ 0

− 1√
2

sinθe−iϕ 0 − 1√
2

sinθeiϕ

0 − 1√
2

sinθe−iϕ cosθ

ì σ1

σ3

.

(266)

(2,1)3. For the  partial wave, the amplitude can be ex-
pressed in the following four schemes:

LS(a) Traditional-  amplitude:
 

Aσ1
σ3

(k3,p∗1,p
∗
2;2,1) =C2,σL;1,σS

1,σ3
C1,σ1;0,σ2

1,σS
Y2
σL

(Ω)

=

â 1
2

(cos2θ− 1
3

)
1√
2

cosθ sinθeiϕ 1
2

sin2θe2iϕ

− 1√
2

cosθ sinθe−iϕ −(cos2θ− 1
3

) − 1√
2

cosθ sinθeiϕ

1
2

sin2θe−2iϕ − 1√
2

cosθ sinθe−iϕ 1
2

(cos2θ− 1
3

)

ì σ1

σ3

. (267)

(b) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(k3, p∗1, p
∗
2;2,1)

= Γµ1
µ3

(k3, p∗1, p
∗
2;2,1)uµ3

σ3
(k3;1)ūσ1

µ1
(k1;1)

= PµLνL ,µS
µ3

(k3;1,2,1)Pµ1
µS

(k3;1,1,0)

× t2
µLνL

(k3,r)uµ3
σ3

(k3;1)ūσ1
µ1

(k1;1), (268)

Pµ1
µS

(k3;1,1,0)where  can be obtained from Eq. (255), 

PµLνL ,µS
µ3

(k3;1,2,1)

=
∑

σLσSσ3

C2,σL;1,σS
1,σ3

ūσ3
µ3

(k3;1)uµLνL
σL

(k3;2)uµS
σS

(k3;1)

=
∑

σLσSσ3

C2,σL;1,σS
1,σ3

ϵ∗σ3
µ3

(k3)ϵµLνL
σL

(k3)ϵµS
σS

(k3)

=
1
2
(
g̃µL
µ3

(k3)g̃νLµS (k3)+ g̃νL
µ3

(k3)g̃µLµS (k3)
)
− 1

3
g̃µLνL (k3)g̃µS

µ3
(k3),

(269)

and 
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t2
µLνL

(k3,r) = Pµ1µ2
µLνL

(k3)rµ1 rµ2 = r̃µL (k3)r̃νL (k3)− 1
3

(r̃ · r̃)g̃µLνL (k3). (270)

The amplitude is
 

Aσ1
σ3

(k3, p∗1, p
∗
2;2,1) = PµLνL ,µS

µ3
(k3;1,2,1)Pµ1

µS
(k3;1,1,0)t2

µLνL
(k3,r)uµ3

σ3
(k3;1)ūσ1

µ1
(k1;1)

= ϵµ3
σ3

(k3)ϵ∗σ1
µ1

(k1)
Ä

r̃µ1 (k3)r̃µ3 (k3)− 1
3

(r̃ · r̃)g̃µ1
µ3

(k3)
ä

∝

â 1
2

(cos2θ− 1
3

)
1√
2

cosθ sinθeiϕ 1
2

sin2θe2iϕ

− 1√
2

cosθ sinθe−iϕ −(cos2θ− 1
3

) − 1√
2

cosθ sinθeiϕ

1
2

sin2θe−2iϕ − 1√
2

cosθ sinθe−iϕ 1
2

(cos2θ− 1
3

)

ì σ1

σ3

. (271)

(c) The Zemach tensor amplitude:
 

Aσ1
σ3

(k3,p∗1,p
∗
2;2,1) =

∑
i j

(ϵσ3 ) j(ϵ∗σ1 )i(rir j−
1
3

r2δi j)

∝

â 1
2

(cos2θ− 1
3

)
1√
2

cosθ sinθeiϕ 1
2

sin2θe2iϕ

− 1√
2

cosθ sinθe−iϕ −(cos2θ− 1
3

) − 1√
2

cosθ sinθeiϕ

1
2

sin2θe−2iϕ − 1√
2

cosθ sinθe−iϕ 1
2

(cos2θ− 1
3

)

ì σ1

σ3

. (272)

(d) The covariant tensor amplitude:
 

Cσ1
σ3

(k3, p∗1, p
∗
2;2,1) = ϵµ3

σ3
(k3)ϵ∗σ1

µ1
(p∗1)
Ä

r̃µ1 (k3)r̃µ3 (k3)− 1
3

(r̃ · r̃)g̃µ1
µ3

(k3)
ä

/∝

â 1
2

(cos2θ− 1
3

)
1√
2

cosθ sinθeiϕ 1
2

sin2θe2iϕ

− 1√
2

cosθ sinθe−iϕ −(cos2θ− 1
3

) − 1√
2

cosθ sinθeiϕ

1
2

sin2θe−2iϕ − 1√
2

cosθ sinθe−iϕ 1
2

(cos2θ− 1
3

)

ì σ1

σ3

. (273)

3→ 1+2

s3 =
1
2
, s1 =

1
2
, s2 = 0 LS

(L,S ) = (0,
1
2

) (1,
1
2

)

For the two-body decay process  with spins
, two possible  partial waves exist,

namely  and .
 

(0,
1
2

)1.  For  the  partial  wave,  the  amplitude  can  be
expressed using the following four schemes:

LS(a) Traditional-  amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;0,

1
2

) =C0,σL; 1
2 ,σS

1
2 ,σ3

C
1
2 ,σ1;0,σ2
1
2 ,σS

Y0
σL

(Ω) = δσ1
σ3
. (274)

(b) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(k3, p∗1, p
∗
2;0,

1
2

)

= Γα1
α3

(k3, p∗1, p
∗
2;0,

1
2

)uα3
σ3

(k3;
1
2

)ūσ1
α1

(k1;
1
2

)

= PαS
α3

(k3;
1
2
,0,

1
2

)Pα1
αS

(k3;
1
2
,
1
2
,0)uα3

σ3
(k3;

1
2

)ūσ1
α1

(k1;
1
2

), (275)

where 

PαS
α3

(k3;
1
2
,0,

1
2

) =
∑
σ3σS

C0; 1
2 ,σS

1
2 ,σ3

ūσ3
α3

(k3;
1
2

)uαS
σS

(k3;
1
2

)

= δαS
α3
, (276)

and 
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Pα1
αS

(k3;
1
2
,
1
2
,0) =

∑
σSσ1

C
1
2 ,σ1;0
1
2 ,σS

ūσS
αS

(k3;
1
2

)uα1
σ1

(k3;
1
2

)

= δα1
αS
. (277)

The amplitude is 

Aσ1
σ3

(k3, p∗1, p
∗
2;0,

1
2

)

= PαS
α3

(k3;
1
2
,0,

1
2

)Pα1
αS

(k3;
1
2
,
1
2
,0)uα3

σ3
(k3;

1
2

)ūσ1
α1

(k1;
1
2

)

= δαS
α3
δα1
αS

uα3
σ3

(k3;
1
2

)ūσ1
α1

(k1;
1
2

)

∝ δσ1
σ3
. (278)

(c) The Zemach tensor amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;0,

1
2

) = (χσ3 )α(χ∗σ1 )α

= δσ1
σ3
. (279)

(d) The covariant tensor amplitude: 

Cσ1
σ3

(k3, p∗1, p
∗
2;0,

1
2

) = δαS
α3
δα1
αS

uα3
σ3

(k3;
1
2

)ūσ1
α1

(p∗1;
1
2

)

, δσ1
σ3
. (280)

(1,
1
2

)2.  For  the  partial  wave,  the  amplitude  can  be
written in the following four schemes:

LS(a) Traditional-  amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;1,

1
2

) =C1,σL; 1
2 ,σS

1
2 ,σ3

C
1
2 ,σ1;0,σ2
1
2 ,σS

Y1
σL

(Ω)

=
1
2

…
1
π

(
−cosθ −sinθeiϕ

−sinθe−iϕ cosθ

) σ1

σ3

.

(281)

(b) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(k3, p∗1, p
∗
2;1,

1
2

)

= Γα1
α3

(k3, p∗1, p
∗
2;1,

1
2

)uα3
σ3

(k3;
1
2

)ūσ1
α1

(k1;
1
2

)

= PµLαS
α3

(k3;
1
2
,1,

1
2

)Pα1
αS

(k3;
1
2
,
1
2
,0)

× t1
µL

(k3,r)uα3
σ3

(k3;
1
2

)ūσ1
α1

(k1;
1
2

), (282)

Pα1
αS

(k3;
1
2
,
1
2
,0) t1

µL
(k3,r)where  and  can be obtained from

Eqs. (277) and (263), 

PµLαS
α3

(k3;
1
2
,1,

1
2

)

=
∑

σ3σLσS

C1,σL; 1
2 ,σS

1
2 ,σ3

ūσ3
α3

(k3;
1
2

)uµL
σL

(k3;1)uαS
σS

(k3;
1
2

)

= (γ5g̃µL
µ′L

(k3)γµ
′
L )αS

α3
. (283)

The amplitude is 

Aσ1
σ3

(k3, p∗1, p
∗
2;1,

1
2

)

= PµLαS
α3

(k3;
1
2
,1,

1
2

)Pα1
αS

(k3;
1
2
,
1
2
,0)

× t1
µL

(k3,r)uα3
σ3

(k3;
1
2

)ūσ1
α1

(k1;
1
2

)

= ūσ1
α1

(k1;
1
2

)(γ5g̃µL
µ′L

(k3)γµ
′
L )α1

α3
uα3
σ3

(k3;
1
2

)r̃µL (k3)

∝
(
−cosθ −sinθeiϕ

−sinθe−iϕ cosθ

) σ1

σ3

. (284)

(c) The Zemach tensor amplitude: 

Aσ1
σ3

(k3,p∗1,p
∗
2;1,

1
2

) =
∑

i

(χ∗σ1 )α(σi)αβ(χσ3 )βri

∝
(
−cosθ −sinθeiϕ

−sinθe−iϕ cosθ

) σ1

σ3

. (285)

(d) The covariant tensor amplitude: 

Cσ1
σ3

(k3, p∗1, p
∗
2;1,

1
2

)

= ūσ1
α1

(p∗1;
1
2

)(γ5g̃µL
µ′L

(k3)γµ
′
L )α1

α3
uα3
σ3

(k3;
1
2

)r̃µL (k3)

/∝
(
−cosθ −sinθeiϕ

−sinθe−iϕ cosθ

) σ1

σ3

. (286)

LS

LS

Through  the  above  comparison,  we  note  that  for  the
traditional-  amplitudes, the covariant projection tensor
amplitude in the PS scheme, and the Zemach tensor amp-
litudes, they are completely equivalent in the COM frame
and use the same  component.

By  contrast,  the  covariant  tensor  amplitudes  are  not
equivalent  to  these  amplitudes  in  the  COM  frame.  Only
in the non-relativistic limit are the covariant tensor amp-
litudes equivalent to the other three amplitudes.

LS
LS

Different  amplitude in any frame Since the tra-
ditional-  amplitudes,  the  covariant  projection  tensor
amplitudes  in  the  PS  scheme,  and  the  Zemach  tensor
amplitudes have been shown to be equivalent in the COM
frame, boosting them to any frame induces the same little
group rotations, which can be written as 
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R31 = L−1
1,c(p

∗
1)L−1

3,c(p3)L1,c(p1), (287)

where only the rotation for particle-1 is written explicitly,
since in the examples below, particle-1 is  the only final-
state particle  that  carries  spin.  In  the following,  the cov-
ariant  projection tensor amplitudes in the PS scheme are
therefore used as the representative scheme for comparis-
ons with the covariant projection tensor amplitudes in the
GS scheme in any frame.

3→ 1+2
s3 = 1 s1 = 1 s2 = 0
{p3, p1, p2} LS

(L,S ) = (0,1) (1,1) (2,1)

For the two-body decay process  with spins
, , ,  the  momenta  of  the  particles  are

.  In  this  process,  there  are  three  possible 
partial waves, namely , , and .
 

1.  For  the  (0,1)  partial  wave,  the  amplitudes  can  be
written in the following two schemes:

(a) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(p3, p1, p2;0,1)

= g̃µ1
µ3

(k3)ϵµ3
σ3

(k3)ϵ∗σ1
µ′1

(k1)D
µ′1
µ1 (R−1

31 )

= g̃µ1
µ3

(p3)ϵµ3
σ3

(p3)ϵ∗σ1
µ′1

(k1)D
µ′1
µ1 (R−1

31 L−1
3,c(p3))

= g̃µ1
µ3

(p3)ϵµ3
σ3

(p3)ϵ∗σ1
µ′1

(p1)D
µ′1
µ1 (L3,c(p3)L1,c(p∗1)L−1

3,c(p3)).

(288)

(b) The  covariant  projection  tensor  amplitude  in
the GS scheme: 

Cσ1
σ3

(p3, p2, p1;0,1) = g̃µ1
µ3

(p3)ϵµ3
σ3

(p3)ϵ∗σ1
µ1

(p1). (289)

(1,1)2.  For  the  partial  wave,  the  amplitudes  can  be
expressed in the following two schemes:

(a) The  covariant  projection  tensor  amplitude  in
the PS scheme: 

Aσ1
σ3

(p3, p1, p2;1,1)

=
i√
2m3

gµ3µ
′
3
ε̃µ
′
3µLµ1 (p3)r̃µL (p3)ϵµ3

σ3
(p3)ϵ∗σ1

µ′1
(p1)

×D
µ′1
µ1 (L3,c(p3)L1,c(p∗1)L−1

3,c(p3)). (290)

(b) The  covariant  projection  tensor  amplitude  in
the GS scheme: 

Cσ1
σ3

(p3, p2, p1;1,1)

=
i√
2m3

gµ3µ
′
3
ε̃µ
′
3µLµ1 (p3)r̃µL (p3)ϵµ3

σ3
(p3)ϵ∗σ1

µ1
(p1). (291)

(2,1)3.  For  the  partial  wave,  the  amplitudes  can  be

written in the following two schemes:
(a) The  covariant  projection  tensor  amplitude  in

the PS scheme:
 

Aσ1
σ3

(p3, p1, p2;2,1)

= ϵµ3
σ3

(p3)ϵ∗σ1
µ′1

(p1)
Ä

r̃µ1 (p3)r̃µ3 (p3)− 1
3

(r̃ · r̃)g̃µ1
µ3

(p3)
ä

×D
µ′1
µ1 (L3,c(p3)L1,c(p∗1)L−1

3,c(p3)). (292)

(b) The  covariant  projection  tensor  amplitude  in
the GS scheme:
 

Cσ1
σ3

(p3, p2, p1;2,1)

= ϵµ3
σ3

(p3)ϵ∗σ1
µ1

(p1)
Ä

r̃µ1 (p3)r̃µ3 (p3)− 1
3

(r̃ · r̃)g̃µ1
µ3

(p3)
ä
. (293)

3→ 1+2

s3 =
1
2
, s1 =

1
2
, s2 = 0 LS

(L,S ) = (0,
1
2

) (1,
1
2

)

In  the  two-body  decay  process  with  spins

,  there  are  two  possible  partial

waves: namely,  and .
 

(0, 1
2 )1.  For  the  partial  wave,  the  amplitudes  can  be

written in the following two schemes:
(a) The  covariant  projection  tensor  amplitude  in

the PS scheme:
 

Aσ1
σ3

(p3, p1, p2;0,
1
2

) = δαS
α3
δα1
αS

uα3
σ3

(p3;
1
2

)ūσ1
α′1

(p1;
1
2

)

×D
α′1
α1 (L3,c(p3)L1,c(p∗1)L−1

3,c(p3)). (294)

(b) The  covariant  projection  tensor  amplitude  in
the GS scheme:
 

Cσ1
σ3

(p3, p2, p1;0,
1
2

) = δαS
α3
δα1
αS

uα3
σ3

(p3;
1
2

)ūσ1
α1

(p1;
1
2

). (295)

(1,
1
2

)2.  For  the  partial  wave,  the  amplitudes  can  be
expressed in the following two schemes:

(a) The  covariant  projection  tensor  amplitude  in
the PS scheme:
 

Aσ1
σ3

(p3, p1, p2;1,
1
2

)

= ūσ1
α′1

(p1;
1
2

)(γ5g̃µL
µ′L

(p3)γµ
′
L )α1

α3
uα3
σ3

(p3;
1
2

)r̃µL (p3)

×D
α′1
α1 (L3,c(p3)L1,c(p∗1)L−1

3,c(p3)). (296)

(b) The  covariant  projection  tensor  amplitude  in
the GS scheme:
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Cσ1
σ3

(p3, p2, p1;1,
1
2

)

= ūσ1
α1

(p1;
1
2

)(γ5g̃µL
µ′L

(p3)γµ
′
L )α1

α3
uα3
σ3

(p3;
1
2

)r̃µL (p3). (297)

L3,c(p3)L1,c(p∗1)L−1
3,c(p3)

(L,S )

LS

By comparing  the  two  expressions,  one  can  see  that  the
covariant  projection  tensor  amplitude  in  the  PS  scheme
contains an additional Lorentz transformation factor relat-
ive to the covariant projection tensor amplitude in the GS
scheme, namely . This factor is gen-
erally  not  the  identity  matrix,  so  the  partial  wave
bases in the two constructions do not match term by term,
and  the  extracted  partial  wave  coefficients  therefore
need not be the same. 

IV.  ON-SHELL CONSTRUCTION OF COVARI-
ANT ORBITAL-SPIN COUPLING

AMPLITUDE

LS

LS

In the previous section,  methods for constructing 
amplitudes  using  tensors  were  presented,  and  each  of
them  has  certain  limitations.  For  example,  the  covariant
projection tensor method in the PS scheme, although the
covariant  projection  tensor  amplitudes  in  the  PS scheme
can be evaluated in  any frame,  their  expressions  still  in-
volve  momenta  defined  in  the  COM  frame.  As  a  result,
the formulation is not fully covariant in form. For the co-
variant tensor method (GS scheme), although the covari-
ant tensor amplitudes retain a manifestly Lorentz covari-
ant form, the general-spin part carries orbital information
when  one  returns  to  the  COM  frame,  and  therefore  the
traditional  separation  between  the  orbital  part  and  the
spin part is not realized. Only in the non-relativistic limit
does it agree with the traditional-  method.

Moreover, when the process involves massless gauge
bosons,  the  use  of  polarization  vectors  or  similar  spin
wave functions  typically  requires  gauge  invariance  con-
straints to be imposed explicitly. One must then choose a
complete set  of  vertex  structures  that  satisfy  these  con-
straints  and  are  linearly  independent,  in  order  to  avoid
gauge  redundancy  and  redundant  fit  parameters,  which
makes practical implementations more cumbersome.

LS
To address the issues of the methods discussed above,

we introduce our covariant  amplitudes constructed in
the  covariant  canonical-spinor  scheme.  They  admit  a
proper  separation  between  orbital  and  spin  parts,  do  not
require  boosting  to  the  COM  frame,  and  can  be  applied
directly to processes involving massless particles.

In  subsection  IV.A,  the  covariant  canonical-spinor
scheme is presented. In subsection IV..B, we further com-
pare the covariant canonical-spinor scheme with the cov-
ariant projection tensor method in the PS scheme, and re-
formulate their expressions using our spinor construction
to obtain a genuinely covariant form. In subsection IV.C,

explicit  examples  of  covariant  canonical-spinor amp-
litude calculations are given. 

A.    Spinorial construction
In  the  spinorial  construction,  spinor  variables  are

taken  as  the  basic  building  blocks.  Before  introducing
these spinor variables, it is useful to begin with the homo-
geneous Lorentz  group.  The  six  generators  of  homogen-
eous Lorentz  transformations  in  Eq.  (14)  can  be  com-
bined as 

Ai = Ji+ iKi, Bi = Ji− iKi, (i = 1,2,3). (298)

They satisfy the following commutation relations: 

[Ai,A j] = iεi jkAk, [Bi,B j] = iεi jkBk, [Ai,B j] = 0. (299)

SO(3,1) ≃
SU(2)L ⊗SU(2)R

pµ = (E,p)
pαα̇

σµαα̇

These  commutation  relations  imply  that 
.  Correspondingly,  the momentum in the

Lorentz  four-vector  representation  can be  de-
scribed  as  bispinors .  The  corresponding  conversion
matrix is , which can be written as 

σ0αα̇ =

(
1 0

0 1

)
, σ1αα̇ =

(
0 1

1 0

)
,

σ2αα̇ =

(
0 −i

i 0

)
, σ3αα̇ =

(
1 0

0 −1

)
. (300)

pµ 2×2 pαα̇Using this matrix on  gives the  matrix , which
can be written explicitly as 

pαα̇ = pµσµαα̇ =

(
p0+ p3 p1− ip2

p1+ ip2 p0− p3

)
. (301)

det pαα̇ = m2Using the on-shell condition, one has . There-
fore,  there  are  two cases,  corresponding  to  massless  and
massive particles.

det pαα̇ = 0
pαα̇

λ̃

For a massless particle, satisfying , the mat-
rix  has rank one. Thus, it  can be decomposed as the
direct product of two spinors, λ and , as 

pαα̇ = λαλ̃α̇. (302)

det pαα̇ = m2

pαα̇
For  a  massive  particle,  satisfying ,  the

matrix  has  rank  two  instead  of  one.  Thus,  it  can  be
decomposed as the sum of two rank-one bispinors as 

pαα̇ = λαI λ̃
I
α̇, (303)
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λαI λ̃I
α̇ SU(2)

I =
1
2
,−1

2 SL(2,C)
α/α̇ = 1,2

where  and  are  spinors  carrying  the  little

group  index  and  the  Lorentz  group
index . In  this  work,  the  discussion  mainly  fo-
cuses on spinors of massive particles.

SL(2,C)
SU(2)

Under  a  Lorentz  transformation,  the  spinor  variables
transform  under  the  Lorentz  group  and  the

 little group.  The  explicit  form  of  the  transforma-
tion is 

λαI(p)→ λαI(Λp) =W J
I Λ

β
αλβJ(p),

λ̃I
α̇(p)→ λ̃I

α̇(Λp) = (W−1)I
JΛ̃

β̇
α̇λ̃

J
β̇(p), (304)

W−1 SU(2) Λ̃

SL(2,C) εαβ = −εαβ =(
0 −1

1 0

)
SL(2,C) SU(2)

where W and  are  matrices,  and Λ and  are
 matrices.  The antisymmetric tensor 

is used to raise and lower  and 

spinor indices: 

ψα = εαβψβ, ψα = ψ
βεαβ, εαβεβγ = δ

α
γ . (305)

To obtain the explicit form of the spinor variables at a
general  momentum p,  one  can  boost  the  spinors  defined
at the standard momentum. The standard momentum can
be written in bispinor form as 

kαα̇ = kµσµαα̇ = λαI(k)λ̃I
α̇(k) =

(
m 0

0 m

)
. (306)

In  general,  there  are  many  equivalent  spinor  solutions;
here, a particular one is chosen, given by 

λαI(k) =

( √
m 0

0
√

m

)
, λ̃I

α̇(k) =

( √
m 0

0
√

m

)
,

(307)

which is consistent with the conventional choice. By ap-
plying a Lorentz transformation, the standard momentum
k is  mapped  to  a  general  momentum p,  which,  in  two-
component form, can be written as 

pαα̇ = L(p)βαL̃(p)β̇α̇kββ̇, (308)

L(p)βα L̃(p)β̇α̇ SL(2,C)where  and  are  Lorentz  boosts.  The
corresponding  transformation  of  the  spinor  variables  is
then given by 

λαI(p) = L(p)βαλβI(k), λ̃I
α̇(p) = L̃(p)β̇α̇λ̃

I
β̇(k). (309)

Since subsubsection II.A.1 discusses both the helicity

and  canonical  types  of  boosts,  it  is  natural  to  introduce
the corresponding spinor-helicity variables and canonical-
spinor  variables  generated  by  these  two  types  of  boosts,
respectively. From Eqs. (18) and (19), it follows that both
types  of  boosts  can  be  factorized  into  the  product  of  a
pure  boost  along  the z-axis  and  a  rotation.  In  the  left-
handed  representation,  the  two-dimensional  rotation  and
the pure boost along the z-axis can be written as 

Rz =

(
e−i ϕ2 0

0 ei ϕ2

)
, Ry =

Ö
cos

θ

2
−sin

θ

2

sin
θ

2
cos

θ

2

è
,

Bz =

(
e
η
2 0

0 e−
η
2

)
, (310)

E+ |p| = meη η = arctanh
Å |p|

E

ã
where  and . For  the  rota-
tion part of the boost, we take 

R(ϕ,θ,−ϕ) = Rz(ϕ)Ry(θ)Rz(−ϕ)

=

(
c −s∗

s c

)
, (311)

c ≡ cos
θ

2
s ≡ sin

θ

2
eiϕ

R(ϕ,θ,−ϕ)
R(ϕ,θ,0)

−ϕ

R(ϕ,θ,−ϕ)

where  and . Here, it should be noted
that the choice of rotation  differs from the ro-
tation  in Eq. (18). Specifically, the first rotation
about  the z-axis  is  taken  to  be .  For  both  the  helicity
boost and the canonical boost, this initial rotation around
the z-axis does not affect  the momentum after the boost.
To  align  with  the  convention  of  the  helicity  variables
commonly  used  in  the  literature,  we  therefore  adopt  the
rotation .  Analogously  to  Eqs.  (18)  and  (19),
the  two-dimensional  helicity  and canonical  boosts  in  the
left-handed representation are 

Lh(p) = R(ϕ,θ,−ϕ)Bz(η)

=

(
ce

η
2 (−s∗)e−

η
2

se
η
2 ce−

η
2

)
, (312)

and 

Lc(p) = R(ϕ,θ,−ϕ)Bz(η)R(ϕ,θ,−ϕ)−1

=

(
c2e

η
2 + |s|2e−

η
2 cs∗e

η
2 − cs∗e−

η
2

cse
η
2 − cse−

η
2 |s|2e

η
2 + c2e−

η
2

)
. (313)

Using  the  helicity  boost  and  the  canonical  boost,  the
spinor-helicity  variables  and  the  canonical-spinor vari-
ables for a general momentum p can be obtained from Eq.
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(309) and written as 

λαI(p)h = Lh(p)λαI(k)

=
√

m

(
ce

η
2 (−s∗)e−

η
2

se
η
2 ce−

η
2

)
, (314)

and 

λαI(p)c = Lc(p)λαI(k)

=
√

m

(
c2e

η
2 + |s|2e−

η
2 cs∗e

η
2 − cs∗e−

η
2

cse
η
2 − cse−

η
2 |s|2e

η
2 + c2e−

η
2

)
. (315)

λαI λ̃I
α̇

⟨· · · ⟩ [· · · ]

Unless  otherwise  stated,  the  canonical-spinor  variables
will be used and denoted simply as  and . Conven-
tionally, angle brackets  and square brackets  are
used to denote spinor contractions. The angle and square
brackets correspond to left- and right-handed spinors and
are defined by 

|pI⟩ = λαI =
√

m

(
c2e

η
2 + |s|2e−

η
2 cs∗e

η
2 − cs∗e−

η
2

cse
η
2 − cse−

η
2 |s|2e

η
2 + c2e−

η
2

)
αI

,

[pI | = λ̃I
α̇ =
√

m

(
c2e

η
2 + |s|2e−

η
2 cs∗e

η
2 − cs∗e−

η
2

cse
η
2 − cse−

η
2 |s|2e

η
2 + c2e−

η
2

)I

α̇

,

⟨pI | = λαI =
√

m

(
cse

η
2 − cse−

η
2 −(c2e

η
2 + |s|2e−

η
2 )

|s|2e
η
2 + c2e−

η
2 −(cs∗e

η
2 − cs∗e−

η
2 )

) α

I

,

|pI] = λ̃α̇I =
√

m

(
cs∗e

η
2 − cs∗e−

η
2 |s|2e

η
2 + c2e−

η
2

−(c2e
η
2 + |s|2e−

η
2 ) −(cse

η
2 − cse−

η
2 )

)α̇I

.

(316)

Some basic spinor contractions can be written as: 

⟨pIqJ⟩ = λαI (p)λαJ(q) = εαβλβI(p)λαJ(q),

[pIqJ] = λ̃I
α̇(p)λ̃α̇J(q) = εα̇β̇λ̃β̇I(p)λ̃α̇J(q), (317)

 

⟨qI |p|kJ] = λαI (q)pαα̇λ̃α̇J(k),

[qI |p1 p2|kJ] = λ̃I
α̇(q)pα̇α1 p2αβ̇λ̃

β̇J(k). (318)

I, J
εIJ/ε

IJ

⟨pi| → ⟨i|

For the little  group indices ,  raising and lowering are
performed with , which allows conversion between
upper and lower indices.  More general  contractions with
multiple momenta  inserted  between  spinors  can  be  ob-
tained  following  the  above  rules.  In  what  follows,  for
notational  simplicity,  spinors  will  be  labeled  by  the
particle  index,  so  that  denotes the  spinor  vari-
ables associated with the i-th particle.

The  above  summarizes  the  basic  kinematics  of

(pa,σa) a = 1, · · · ,n

particle  scattering  amplitudes.  For  an n-point  scattering
process, the  amplitude  is  a  function  of  the  external  mo-
menta  and  the  little  group  indices, , .
Under a Lorentz transformation Λ, it transforms with the
momenta and the corresponding little group actions as
 

Aσa (pa) =
∏

a

Dσ′a(sa)
σa

(W)Aσ′a

Å
(Λp)a

ã
, (319)

Dσ′a(sa)
σa (W) sawhere  is  the  spin-  representation  matrix  of

the little group rotation associated with particle-a. Motiv-
ated by  this,  momenta  are  decomposed  into  spinor  vari-
ables  carrying  both  Lorentz  and  little  group  indices.  By
contracting the Lorentz indices of these spinor variables,
amplitudes  can  be  constructed  that  are  Lorentz  invariant
and transform under  the  little  group.  The  resulting  amp-
litudes depend only on these spinor variables and, by con-
struction, satisfy Eq. (319).

n = 3
3→ 1+2

s3 =
1
2
, s1 =

1
2
, s2 = 1

For  example,  in  the  case ,  consider  the  three-
point amplitude , where each particle is massive

and  has  spins . The  amplitude  con-
structed from spinor variables is
 

A{J1},{I1 I2}
{K1} = κ1⟨1J1 2(I1⟩[2I2)3K1 ]+ κ2[1J1 2(I1 ]⟨2I2)3K1⟩

+ κ3⟨1J1 2(I1⟩⟨2I2)3K1⟩+ κ4[1J1 2(I1 ][2I2)3K1 ],

(320)

(I1I2)
κ1,2,3,4

where  denotes  the  symmetrization  of  the  indices,
and  are  coefficients  determined  by  experiment.  It
can be seen that the amplitude constructed in this way is
Lorentz  invariant  and  satisfies  the  required  little  group
transformation properties,
 

A{J1},{I1 I2}
{K1} (p3, p1, p2) = (W3)

K′1
K1

(W−1
1 )J1

J′1
(W−1

2 )I1
I′1

(W−1
2 )I2

I′2

×A{J
′
1},{I

′
1 I′2}

{K′1}
(Λp3,Λp1,Λp2). (321)

LS

(L,S ) = (0,
1
2

), (1,
1
2

), (1,
3
2

), (2,
3
2

)

Moreover,  this  three-point  amplitude has four  partial

waves: .  In  total,  there
are four  independent  structures  for  the  amplitude.  Con-
sequently,  the  four  independent  bases  constructed  from
spinor contractions form a complete set.

s3 =
1
2
, s1 =

1
2
, s2 = 1

These  four  spinor  contractions  represent  the  basic
building  blocks  of  the  three-point  amplitude  with  spins

.

Lint =

ψ̄1Γ
µψ3Vµ Γµ

To  make  contact  with  the  conventional  description
based on  Feynman  rules,  consider  the  most  general  ver-
tex  between  two  fermions  and  one  vector: 

, whose coupling structure  can be written as
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Γµ = γµ(gLPL+gRPR)+ iσµνpν2
(

fLPL + fRPR
)
, (322)

PL,R =
1
2

(1∓γ5) σµν =
i
2

[γµ,γν] p2

Vµ

where , , and  denotes the
momentum  carried  by  the  vector  field .  The  gamma
matrices in our convention are given by 

γµ =

(
0 σµαα̇

σ̄α̇α
µ 0

)
, γ5 = γ

5 =

(
−1 0

0 1

)
, (323)

σµαα̇ = (δαα̇,σαα̇) σ̄α̇α
µ = (δα̇α,−σα̇α)

PL,R

where  and . The projec-
tion operators  can be written as 

PL =

(
1 0

0 0

)
, PR =

(
0 0

0 1

)
. (324)

ψ3→ ψ1V2The  decay  amplitude  for  the  process  can  be
written as 

A = ϵ∗µū(p1)
(
γµ(gLPL +gRPR)+ iσµνpν2( fLPL + fRPR)

)
u(p3),

(325)

where the four-component spinors are 

u(p) =

(
|pK⟩
|pK]

)
, ū(p) =

Ä
−⟨pJ | [pJ |

ä
, (326)

and the polarization vectors in bispinor form are: 

ϵ∗αα̇ = ϵ
∗µσµαα̇ = −

|p(I1⟩[pI2)|
m

, ϵ∗α̇α = ϵ∗µσ̄α̇α
µ = −

|p(I1 ]⟨pI2)|
m

,

(327)

(I1I2)where  denotes  the  symmetrization  of  the  indices.
The amplitude, written in spinor variable form, is 

A{J1},{I1 I2}
{K1} = −gR⟨1J1 |ϵ∗αα̇|3K1 ]+gL[1J1 |ϵ∗α̇α|3K1⟩

− fR

2
[1J1 |ϵ∗α̇αp2αβ̇|3K1 ]+

fL

2
⟨1J1 |ϵ∗αα̇p2α̇β|3K1⟩

=
gR⟨1J1 2(I1⟩[2I2)3K1 ]−gL[1J1 2(I1 ]⟨2I2)3K1⟩

m2

+
fR

2
[1J1 2(I1 ][2I2)3K1 ]− fL

2
⟨1J1 2(I1⟩⟨2I2)3K1⟩.

(328)

κ1 =
gR

m2
, κ2 = −

gL

m2
, κ3 = −

fL

2
κ4 =

fR

2Taking ,  and  in  Eq.
(320), the corresponding expression is obtained.

More  generally,  three-point  amplitudes  for  massive
particles  with  arbitrary  spins  are  discussed  in  Ref.  [80].

3→ 1+2
s1 s2

s3

Now  consider  the  more  general  two-body decay  amp-
litude , where the amplitude is a function of the
canonical-spinor  variables.  The  particle  spins  are , ,
and , respectively. The amplitude can be written as 

A
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{I(3)
1 ···I

(3)
2s3
}

(
(λαI , λ̃

I
α̇)1; (λαI , λ̃

I
α̇)2; (λαI , λ̃

I
α̇)3
)
. (329)

Under a Lorentz transformation,  the amplitude trans-
forms as follows, 

A
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{I(3)
1 ···I

(3)
2s3
} (pi)

Λ−→
Å

W
K(3)

1

I(3)
1
· · ·W

K(3)
2s3

I(3)
2s3

ãÅ
(W−1)

K(1)
1

I(1)
1
· · · (W−1)

I(1)
2s1

K(1)
2s1

ã
×
Å

(W−1)
I(2)
1

K(2)
1
· · · (W−1)

I(2)
2s2

K(2)
2s2

ã
A
{K(1)

1 ···K
(1)
2s1
},{K(2)

1 ···K
(2)
2s2
}

{K(3)
1 ···K

(3)
2s3
} (Λpi). (330)

LS
As discussed  in  Section  II,  amplitudes  can  be  decom-
posed into  partial waves. Accordingly, the amplitude
constructed  from  canonical-spinor variables  can  be  de-
composed as 

A
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{I(3)
1 ···I

(3)
2s3
} =

∑
LS

NLSA
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{I(3)
1 ···I

(3)
2s3
} (L,S ), (331)

NLS

A(L,S )
LS

where  is  the  coefficient  related to  energy and mass,
which can be measured from experiments. Here, 
denotes the canonical-spinor amplitude in the  expan-
sion.

LS

The  decay  amplitude  in  any  frame  can  be  expressed
as  the  amplitude  in  the  COM  frame,  transformed  by  a
little group rotation. The COM frame amplitude itself can
be  decomposed  into  orbital  (L)  and  spin  (S) parts.  Con-
sequently,  the  amplitude  in  any  frame  can  be  separated
into  covariant L and S components via  a  spinor  decom-
position. The corresponding  amplitude is defined as 

A
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{I(3)
1 ···I

(3)
2s3
} (L,S ) ≡ S

{I(1)
1 ···I

(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{K} YL
{I}C

S ,{K};L,{I}
s3 ,{I(3)

1 ···I
(3)
2s3
}.

(332)

Here
 

YL
{I}

YL
{I} 2L

SU(2) {I} = (I1 · · · I2L)

●  (defined in Eq. (337)) encodes the orbital angu-
lar  momentum L structure.  For L (orbital angular  mo-
mentum  quantum  number),  the  function  carries 
symmetric little group  indices .
 

S
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{K}

s1 s2

2s1 2s2

{I(1)
1 · · · I(1)

2s1
}, {I(2)

1 · · · I(2)
2s2
}

●  (defined  in  Eq.  (340)),  which
couples  the  spins  and  into  a  total  spin-S,  not  only
carries  and  symmetric  little  group  indices

 associated  with  the  individual
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2S
{K} = (K1 · · ·K2S )
spins, but also includes  symmetric little group indices

 corresponding to the total spin-S repres-
entation resulting from the coupling.

{I} YL
{I}

{K} S
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{K} SU(2)
A(L,S )

By  coupling  the  indices  carried  by  with  the
indices  carried  by  via  the 
CGCs,  the  final  amplitude  is  obtained  in  Eq.
(332).

A{I(1)}{I(2)}
{I(3)} (L,S )

YL
{I} S{I(1)},{I(2)}

{K}

For the canonical-spinor amplitude, we can choose to
normalize the amplitude , which allows for
the separate extraction of normalization factors for the or-
bital part  and the spin part . The normalized
amplitudes satisfy ∫

dΦ
Å
A{I(1)}{I(2)}
{I(3)} (L,S )

ã∗
A{I(1)}{I(2)}
{I(3)} (L′,S ′) = δS ′

S δ
L′
L . (333)

SU(2)
Before constructing the orbital and spin parts of the amp-
litude, the  CGCs are first defined as 

C s1 ,{I};s2 ,{K}
s,{J} ≡

 
(a+b)!(b+ c)!(a+ c+1)!

b!(a+b+ c+1)!a!c!

×δ(I1 ···Ia
(J1 ···Ja

εIa+1 ···Ia+b),(K1 ···KbδKb+1 ···Kb+c)
Ja+1 ···Ja+c) , (334)

with 

a = s1+ s− s2, b = s1+ s2− s, c = s2+ s− s1,

δI1 ···Ia
J1 ···Ja
= δI1

J1
· · ·δIa

Ja
, εI1 ···Ib ,K1 ···Kb = εI1K1 · · ·εIbKb , (335)

(J1 · · · Ja+c) (I1 · · · Ia+b) (K1 · · ·Kb+c)

SU(2)

where , , and  denote sym-
metrization over the corresponding indices. In subsection
C.2,  there  are  some  examples  of  calculating  the 
CGC.

YL
{I}

p∗1 = −p∗2

For  the  orbital  part ,  it  is  convenient  to  begin  in
the COM  frame.  In  this  frame,  the  orbital  structure  de-
pends  explicitly  on  the  momenta  of  the  final  particles.
Momentum conservation ensures that the momenta of the
two  final  particles  satisfy . Therefore,  the  relat-
ive  motion  is  fully  characterized  by  the  momentum of  a
single  particle;  here,  particle-1 is  chosen.  The  most  ele-
mentary building  block  of  the  orbital  part  can  be  con-
structed from the momentum of particle-1, which can be
written as 

⟨3I1 |p1|3I2 ]. (336)

YL
{I}

Owing to the Lorentz covariance of the canonical-spinor
amplitude, such a building block, once properly construc-
ted,  can  be  promoted  to  any  frame  while  still  encoding
the  correct  orbital  angular  momentum information.  As  a
result,  the  orbital  structure  in  any  frame  can  be

defined as 

YL
{I} ≡
 

(2(2L+1)!)
π|2p1com|2L+1m2L−1

3 L!2
(⟨3|p1|3]L){I}, (337)

with 

(⟨3|p1|3]L){I} = ⟨3(I1 |p1|3I2 ] · · · ⟨3I2L−1 |p1|3I2L)], (338)

|p1com|

m3

(I1 · · · I2L)
(⟨3|p1|3]L){I}

where L is  the  orbital  angular  momentum,  is  the
magnitude of the relative momentum in the COM frame,

 is  the  mass  of  the  parent  particle  (particle-3),  and
 denotes  symmetrization  over  the  indices.  The

normalization  factor  in  front  of  arises  from
the normalization condition in Eq. (333).

S{I(1)},{I(2)}
{K}For the spin part , it is convenient to begin in

the COM  frame.  In  this  frame,  appropriate  spinor  con-
tractions are constructed whose structure matches the re-
quired number of little group indices. Additionally, these
contractions  must  reduce  to  a  form  proportional  to  the
identity matrix in the COM frame,  since no further  little
group transformation is needed there. To this end, a set of
spinor structures, denoted by τ,  is identified that satisfies
these criteria. The explicit form of τ is 

τI
J(p3, p1) ≡ ⟨1I3J⟩− [1I3J]

COM
=
√

2m3(E1com+m1)

(
1 0

0 1

)
.

(339)

In the COM frame, this tensor is proportional to the iden-
tity matrix. In any frame, its form remains covariant, and
it behaves as an effective little group transformation act-
ing on the spin indices.

S{I(1)},{I(2)}
{K}With this building block, the spin part  can be

defined  by  coupling  the τ tensors  for  particle-1  and
particle-2 through CGCs.  The spin part  of  the amplitude
is defined as 

S
{I(1)

1 ···I
(1)
2s1
},{I(2)

1 ···I
(2)
2s2
}

{K}

≡ 1
(m3(E1com+m1))s1 (m3(E2com+m2))s2

(τ2s1
1 ){I

(1)}
{J(1)}(τ

2s2
2 ){I

(2)}
{J(2)}

×C s1 ,{J(1)};s2 ,{J(2)}
S ,{K} ,

(340)

with 

(τ2s1
1 ){I

(1)}
{J(1)} = τ

(I(1)
1

(J(1)
1
τ

I(1)
2

J(1)
2
· · ·τ

I(1)
2s1

)

J(1)
2s1

)
(p3, p1),

(τ2s2
2 ){I

(2)}
{J(2)} = τ

(I(2)
1

(J(2)
1
τ

I(2)
2

J(2)
2
· · ·τ

I(2)
2s2

)

J(2)
2s2

)
(p3, p2), (341)
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(J(1)
1 · · · J(1)

2s1
) (I(1)

1 · · · I(1)
2s1

) (J(2)
1 · · · J(2)

2s2
)

(I(2)
1 · · · I(2)

2s2
)

where , , ,  and
 denote symmetrization  over  the  correspond-

ing  indices.  The  normalization  factor  in  front  of τ arises
from the normalization condition in Eq. (333).

YL
{I}

S{I(1)},{I(2)}
{K}

LS

After  constructing  the  orbital  part  and  the  spin
part , these can be combined to obtain the canon-
ical-spinor  amplitude  in  the  expansion,  given  in  Eq.
(332).

|s, {I}⟩
|s,σ⟩

The  canonical-spinor  amplitude  and  the  canonical
amplitude are represented in two different bases. The ca-
nonical-spinor  amplitude  is  defined  in  the  canonical-
spinor  basis ,  while  the  canonical  amplitude  is
defined  in  the  canonical  basis .  Between  the  two
bases, there exists a corresponding transformation, which
can be written as 

|s,σ⟩ =
 

(2s)!
(s+σ)!(s−σ)!

|s, {I}⟩, (342)

{I}
(I1 · · · I2s) Ik = ± 1

2 k = 1, · · · ,2s
{I}

where  the  indices  denote  the  symmetric  combination
, with  for , and represent any

choice of  such that 

σ =

2s∑
k=1

Ik. (343)

Therefore,  the  relation  between  the  canonical  amplitude
in  Eq.  (73)  and  the  canonical-spinor  amplitude  in  Eq.
(332) can be expressed as 

Aσ1σ2
σ3

(L,S ) = N

 
(2s3)!

(s3+σ3)!(s3−σ3)!

×
 

(2s1)!
(s1+σ1)!(s1−σ1)!

 
(2s2)!

(s2+σ2)!(s2−σ2)!

×A{I1},{I2}
{I3} (p3, p1, p2,L,S ),

(344)

where N is the coefficient related to energy and mass. A

S{I(1)},{I(2)}
{K} YL

{I}
N = 1

S′{I(1)},{I(2)}
{K}

Y′L{I}

detailed  discussion on how to  determine N in the  differ-
ent bases is given in Appendix D. The factors in front of
the  spin  part  and  the  orbital  part  in  Eq.
(332) can be chosen such that . For this new choice,
the spin and orbital parts will be denoted by  and

, respectively.
S′{I(1)},{I(2)}
{K}The spin part  is defined as

 

S′{I(1)},{I(2)}
{K} ≡ (τ′2s1

1 ){I
(1)}
{J(1)}(τ

′2s2
2 ){I

(2)}
{J(2)}C

s1 ,{J(1)};s2 ,{J(2)}
S ,{K} , (345)

τ′where  is defined as 

τ′I
(1)

J(1) (p3, p1) ≡ 1√
2m3(E1com+m1)

(⟨1I(1)
3J(1)⟩− [1I(1)

3J(1) ]),

τ′I
(2)

J(2) (p3, p2) ≡ 1√
2m3(E2com+m2)

(⟨2I(2)
3J(2)⟩− [2I(2)

3J(2) ]).

(346)

Y′L{I}The orbital part  is defined as 

Y′L{I} ≡
(−1)L

(m3|p1com|)L

 
(2L+1)

4πaL
⟨3|p1|3]L. (347)

with 

aL =

L∏
k=1

2k
2k−1

, a0 = 1. (348)

Y′L{I}
Using Eq. (342) to convert the indices of the orbital part

, the spherical harmonic is obtained and can be writ-
ten as 

YL
σL
=

 
(2L)!

(L+σL)!(L−σL)!
Y′L{I}. (349)

Under this choice, the factor N reduces to 1.

LS
This  allows  a  direct  comparison  with  the  traditional-
 amplitude in Eq. (73), which can be written as

 

Aσ1σ2
σ3

(p3,p1,p2; L,S ) = D
σ′1(s1)∗
σ1 (R31) D

σ′2(s2)∗
σ2 (R32)︸                            ︷︷                            ︸

little group

C
s1 ,σ

′
1;s2 ,σ

′
2

S ,σS︸        ︷︷        ︸
The CGC of s1 s2→S

× CL,σL;S ,σS
s3 ,σ3︸       ︷︷       ︸

The CGC of LS→s3

YL
σL

(Ω)︸    ︷︷    ︸
spherical harmonic

, (350)

 

A′{I(1)},{I(2)}
{I(3)} (p3, p1, p2; L,S ) = (τ′2s1

1 ){I
(1)}
{J(1)}(τ

′2s2
2 ){I

(2)}
{J(2)}︸                    ︷︷                    ︸

little group

C s1 ,{J(1)};s2 ,{J(2)}
S ,{K}︸            ︷︷            ︸

The CGC of s1 s2→S

× CS ,{K};L,{I}
s3 ,{I(3)}︸       ︷︷       ︸

The CGC of LS→s3

Y′L{I}︸︷︷︸
spherical harmonic

. (351)
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LS
LS

By comparing the two  partial wave amplitudes in any
frame,  one  finds  that  the  traditional-  amplitude  is  not
manifestly Lorentz covariant. It requires boosting all mo-
menta to the two-body COM frame, evaluating the amp-
litude once in the COM frame, and then using little group
rotations  to  transform  the  amplitude  to  any  frame.  By
contrast,  the  canonical-spinor  amplitude  is  defined  in  an
arbitrary reference frame. It does not require boosting the
event back to the COM frame, and the amplitude can be
evaluated directly from the momenta in the chosen frame.

1

LS

τ′IJ

LS

Moreover, when returning to the COM frame, τ in the
canonical-spinor construction becomes the identity , and
the spin part  no longer contains momentum information,
so  it  is  fully  equivalent  to  the  traditional-  partial
waves.  Meanwhile,  in  any  frame,  the  covariant  structure

 ensures that the spin coupling is carried out within the
same  little  group  representation,  and  therefore  the  final
result is consistent with the traditional-  amplitude. 

B.    Comparison with the covariant projection tensor
method

LS

LS

In  subsection  III.B,  the  covariant  projection  tensor
method  is  presented  in  both  the  GS  scheme  and  the  PS
scheme.  Although both schemes lead to  expressions that
can be evaluated in any frame, neither scheme simultan-
eously  achieves  an  explicit  separation and  a  mani-
festly covariant definition. Therefore, we rewrite the cov-
ariant  projection  tensor  method  in  spinor  form  to  make
the covariance and the  separation explicit.

(sL, sR) SO(3,1) sL sR

(sL, sR)
(sR, sL)

[ℓ]

In  Ref.  [48],  angular  momentum  coupling  in  the
Lorentz representation is organized using irreducible rep-
resentations  of ,  where  and  are in-
tegers  or  half-integers.  For  an  IRREP , the  com-
plex  conjugate  representation  is .  Therefore,  for  a
representation  the following convention is adopted, 

[ℓ] ≡


(sL, sR) for sL = sR,

(sL, sR)⊕ (sR, sL) for sL , sR.

(352)

kµ = (m,0)
[ℓ] = (sL, sR) = [l]⊗ [r]

For  the  spin  wave  function  at  the  standard  momentum
, consider a massive particle with spin-s. Its as-

sociated IRREP  is defined as 

uℓσ(k; s) ≡ uℓσ(k; [ℓ], s) = ulr
σ(k; (sL, sR), s),

ūσℓ (k; s) ≡ ūσℓ (k; [ℓ], s) = ūσlr(k; (sL, sR), s), (353)

l = −sL,−sL+1, · · · , sL r = −sR,−sR+1, · · · , sR

SU(2)L SU(2)R

where  and 
correspond to  the  IRREP indices  of  and ,
respectively. Note that,  in our convention, the placement

ūof the indices on the wave functions u and  differs from
Ref. [48].

ulr
σ(k; (sL, sR), s)

ūσlr(k; (sL, sR), s)
The  spin  wave  functions  and

 are  essentially  the  CGCs1),  which  can  be
written as 

ulr
σ(k; (sL, sR), s) =C sL ,σl;sR ,σr

s,σ , ūσlr(k; (sL, sR), s) =C s,σ
sL ,σl;sR ,σr

.

(354)

The spin  wave  functions  satisfy  the  orthonormality  rela-
tion: 

ūσ1
ℓ (k; s)uℓσ2

(k; s) = δσ2
σ1
. (355)

From Eq. (192), the spin wave function in any frame can
be written as 

ulr
σ(p; (sL, sR), s) = Dl

l′ (L(p))Dr
r′ (L(p))ul′r′

σ (k; (sL, sR), s),

ūσlr(p; (sL, sR), s) = Dl′
l (L
−1(p))Dr′

r (L−1(p))ūσl′r′ (k; (sL, sR), s).
(356)

1/2

From Eqs. (309) and (316), it follows that the spin wave
functions in the left- and right-handed representations can
be constructed from spinors. For spin- , the spin wave
functions can be written as 

ul0
σ (p; (

1
2
,0),

1
2

)→ U l
αλ

α
I , u0r

σ (p; (0,
1
2

),
1
2

)→ λ̃α̇I ,

(357)

 

ūσ0r(p; (
1
2
,0),

1
2

)→ λ̃I
α̇, ūσl0(p; (0,

1
2

),
1
2

)→−(U−1)αlλ
I
α,

(358)

U l
α

(l,r)
(α, α̇) (l,r)

(σµ)l
r

(σµ)αα̇

where  is  a  constant  matrix  that  implements  the
change  of  notation  between  the  indices  and  the
spinor indices . In the  notation, the four-dimen-
sional  Pauli  matrices  are ,  whereas  in  the  spinor
notation  they  are  denoted  by . With  this  conven-
tion, one chooses 

U l
α =

(
0 −1

1 0

)
, (U−1)αl =

(
0 1

−1 0

)
. (359)

More  generally,  the  spin  wave  functions  with  arbitrary
spin-s can  be  constructed  from basic  spinors  and  can  be
written as 
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ū{I}ℓ (p; s) ≡
(
|p⟩2sL [p|2sR

){I}
ℓ
, uℓ{I}(p; s) ≡

(
|p]2sR⟨p|2sL

)ℓ
{I} ,

(360)

[sL, sR]

(l,r) (α, α̇)

where  denotes  the  irreducible  representation  of
the Lorentz group. For simplicity, the constant matrices U
that relate the  indices to the spinor indices , as
well as  the  normalization  factors  of  the  spin  wave  func-
tions, are omitted here.

Starting from  the  definition  of  the  spin  wave  func-
tions, all the spin wave functions are written as functions
of  the  parent  momentum and the  spin  quantum numbers
of the individual particles, as shown in Eq. (360). The re-
written amplitude is: 

A{I1}{I2}
{I3} (p3, p1, p2; L,S )

≡ Γℓ1ℓ2
ℓ3

(p3, p1, p2; L,S )(τ2s1
1 ){I1}
{J} (τ

2s2
2 ){I2}
{K}

×uℓ3
{I3}(p3; s3)ū{J}ℓ1

(p3; s1)ū{K}ℓ2
(p3; s2), (361)

τ{I}{J}
τ{I}{J}

where the factor  can be obtained from Eq. (341). The
role of  is analogous to the little group rotation part in

Γ
ℓ1ℓ2
ℓ3Eq. (250). For the coupling structure , its definition is

the  same  as  in  Eq.  (223),  and  the  covariant  projection
tensor can be written as 

Pℓ1ℓ2
ℓ3

(p3; s3, s1, s2)

= ū{I3}
ℓ3

(p3, s3)uℓ1
{I1}(p3, s1)uℓ2

{I2}(p3, s2)C s1 ,{I1};s2 ,{I2}
s3 ,{I3}

= (|3⟩2s3L [3|2s3R ){I3}
ℓ3

× (|3]2s1R⟨3|2s1L )ℓ1
{I1}(|3]2s2R⟨3|2s2L )ℓ2

{I2}C
s1 ,{I1};s2 ,{I2}
s3 ,{I3} , (362)

[siL, siR] (i = 1,2,3)
[ℓi]

where  the  pair  represents  the  Lorentz
group irreducible representation of the .

tL
ℓL

For the orbital part , one has 

tL
ℓL

(p3; p1) =YL
{I}(p3, p1)× (|3⟩L[3|L){I}ℓL

, (363)

YL
{I}where  has already been defined in Eq. (337).

Having established the explicit structures, the covari-
ant projection  tensor  amplitude  in  Eq.  (250)  and  the  ca-
nonical-spinor amplitude  in  Eq.  (361)  can  now  be  com-
pared. In any frame, the two amplitudes can be written as

 

Aσ1σ2
σ3

(p3, p1, p2; L,S ) = Γℓ1ℓ2
ℓ3

(k3, p∗1, p
∗
2; L,S )uℓ3

σ3
(k3; s3)×D

ℓ′1
ℓ1

(R−1
31 )ūσ1

ℓ′1
(k1; s1)︸                    ︷︷                    ︸

LG + wave function

D
ℓ′2
ℓ2

(R−1
32 )ūσ2

ℓ′2
(k2; s2)︸                    ︷︷                    ︸

LG + wave function

,

A{I1}{I2}
{I3} (p3, p1, p2; L,S ) = Γℓ1ℓ2

ℓ3
(p3, p1, p2; L,S )uℓ3

{I3}(p3; s3)×τ{I1}
1{J}ū

{J}
ℓ1

(p3; s1)︸              ︷︷              ︸
LG + wave function

τ{I2}
2{K}ū

{K}
ℓ2

(p3; s2)︸               ︷︷               ︸
LG + wave function

. (364)

LS

By comparison, the canonical-spinor-based covariant pro-
jection tensor amplitude preserves explicit covariance and
does not require boosting the event back to the two-body
COM  frame.  Moreover,  the  covariant  projection  tensor
amplitude, rewritten in terms of the canonical-spinor vari-
ables,  is  equivalent  to  the  canonical-spinor  amplitude.
This  equivalence  originates  from  the  full  contraction  of
all Lorentz indices in the covariant projection tensor amp-
litude,  rewritten  with  canonical-spinor  variables,  and  the
result  of  this  contraction  is  exactly  the  canonical-spinor
amplitude.  This  also  ensures  that,  when  returned  to  the
COM  frame,  the  orbital  and  spin  parts  are  completely
separated,  maintaining  consistency  with  the  traditional-

 amplitude.
 

C.    Examples of canonical-spinor amplitude calculation
In this subsection, several explicit examples of canon-

ical-spinor  amplitude  calculations  are  presented.  Using
Eqs. (316)  and  (317),  the  following  basic  spinor  struc-
tures are obtained:
 

pαα̇ = |pαI⟩[pI
α̇|, pα̇α = |pα̇I]⟨pαI |, (365)

 

⟨pIqJ⟩ = −⟨qJ pI⟩, [pJqI] = −[qI pJ], (366)

 

⟨pI pJ⟩ = mδI
J , [pJ pI] = mδI

J ,

|pI⟩⟨pI | = mδβα, |pI][pI | = mδβ̇α̇, (367)

 

p|pI] = −m|pI⟩, p|pI⟩ = −m|pI]. (368)

For on-shell three-point amplitudes, the following condi-
tions must be satisfied:
 

p3 = p1+ p2, (pi)αα̇(p j)α̇β+ (p j)αα̇(pi)α̇β = 2(pi · p j)δβα,

p2
i = m2

i (i, j = 1,2,3).

(369)

Here,  we choose an arbitrary reference frame and define
the  canonical-spinor  variables  for  particle-1,  particle-2,
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and particle-3 as follows:
 

|1I⟩ =
√

m1

(
c2

1e
η1
2 + |s1|2e−

η1
2 c1s∗1(e

η1
2 − e−

η1
2 )

c1s1(e
η1
2 − e−

η1
2 ) |s1|2e

η1
2 + c2

1e−
η1
2

)
αI

=

(
A1 B1

B∗1 C1

)
αI

,

[1I | = √m1

(
c2

1e
η1
2 + |s1|2e−

η1
2 c1s∗1(e

η1
2 − e−

η1
2 )

c1s1(e
η1
2 − e−

η1
2 ) |s1|2e

η1
2 + c2

1e−
η1
2

)I

α̇

=

(
A1 B1

B∗1 C1

)I

α̇

,

|2I⟩ =
√

m2

(
c2

2e
η2
2 + |s2|2e−

η2
2 c2s∗2(e

η2
2 − e−

η2
2 )

c2s2(e
η2
2 − e−

η2
2 ) |s2|2e

η2
2 + c2

2e−
η2
2

)
αI

=

(
A2 B2

B∗2 C2

)
αI

,

[2I | = √m2

(
c2

2e
η2
2 + |s2|2e−

η2
2 c2s∗2(e

η2
2 − e−

η2
2 )

c2s2(e
η2
2 − e−

η2
2 ) |s2|2e

η2
2 + c2

2e−
η2
2

)I

α̇

=

(
A2 B2

B∗2 C2

)I

α̇

,

 

|3I⟩ =
√

m3

(
c2

3e
η3
2 + |s3|2e−

η3
2 c3s∗3(e

η3
2 − e−

η3
2 )

c3s3(e
η3
2 − e−

η3
2 ) |s3|2e

η3
2 + c2

3e−
η3
2

)
αI

=

(
A3 B3

B∗3 C3

)
αI

,

[3I | = √m3

(
c2

3e
η3
2 + |s3|2e−

η3
2 c3s∗3(e

η3
2 − e−

η3
2 )

c3s3(e
η3
2 − e−

η3
2 ) |s3|2e

η3
2 + c2

3e−
η3
2

)I

α̇

=

(
A3 B3

B∗3 C3

)I

α̇

,

(370)

with 

A j = c2
je

η j
2 + |s j|2e−

η j
2 , B j = c js∗j(e

η j
2 − e−

η j
2 ),

C j = |s j|2e
η j
2 + c2

je
−
η j
2 , (371)

c j = cos
θ j

2
, s j = eiϕ j sin

θ j

2
,η j = arctanh

|p j|
E j

( j = 1,

2,3) εαβ εIJ

where 
.  Using  the  antisymmetric  tensors  and  (and

their inverses) to raise and lower Lorentz and little group
indices,  the  remaining  spinors  follow  straightforwardly
from the above definitions.

As  an  illustration,  the  amplitude  in  Eq.  (376)  can  be
written in explicit form as

 

A{I
(1)
1 }
{I(3)

1 }
(0,

1
2

) ∝ ⟨1I(1)
1 3I(3)

1
⟩− [1I(1)

1 3I(3)
1

] =

(
C1 −B1

−B∗1 A1

)(
A3 B3

B∗3 C3

)
−
(

A1 B1

B∗1 C1

)(
−C3 B3

B∗3 −A3

)

=

(
C1A3+A1C3−2B1B∗3 C1B3−B1C3−A1B3+B1A3

A1B∗3−B∗1A3+B∗1C3−C1B∗3 A1C3+C1A3−2B∗1B3

)I(1)
1

I(3)
1

. (372)

SU(2)
In  what  follows,  canonical-spinor variables  are  de-

noted in BOLD for brevity, and the  little group in-
dices  are  suppressed,  as  they  are  totally  symmetric  and
would make the notation lengthy.
 

s3 =
1
2
, s1 =

1
2
, s2 = 0 (L,S )

(0,
1
2

) (1,
1
2

)

1. . There are two  combina-

tions:  and .

L = 0,S =
1
2

:(a) 
 

A{I
(1)
1 }
{I(3)

1 }
(0,

1
2

) = S{I
(1)
1 }
{K1}Y

0C
1
2 ,{K1};0
1
2 ,{I

(3)
1 }

, (373)

where
 

S{I
(1)
1 }
{K1} =

1√
m3(E1com+m1)

(τ1
1)
{I(1)

1 }
{J1} C

1
2 ,{J1};0
1
2 ,{K1}

=
1√

m3(E1com+m1)
(⟨13⟩− [13]), (374)

and
 

Y0 =

…
m3

π|p1com|
. (375)

The amplitude is
 

A{I
(1)
1 }
{I(3)

1 }
(0,

1
2

) =
…

m3

π|p1com|
1√

m3(E1com+m1)
(⟨13⟩− [13]).

(376)
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L = 1,S =
1
2

:(b) 
 

A{I
(1)
1 }
{I(3)

1 }
(1,

1
2

) = S{I
(1)
1 }
{K1}Y

1
{L1L2}C

1
2 ,{K1};1,{L1L2}
1
2 ,{I

(3)
1 }

, (377)

S{I
(1)
1 }
{K1}where  can be obtained from Eq. (374), and

 

Y1
{L1L2} =

 
3

2π|p1com|3m3
⟨3|p1|3]. (378)

The amplitude is
 

A{I
(1)
1 }
{I(3)

1 }
(1,

1
2

) =

 
3

2π|p1com|3m3

(m1+m2+m3)(m3+m1−m2)
2
√

m3(E1com+m1)

×
…

2
3
× (⟨13⟩+ [13]).

(379)

s3 = 0, s1 =
1
2
, s2 =

1
2 (L,S )

(0,0) (1,1)

2. . There are two  combina-
tions:  and .

L = 0,S = 0 :(a) 
 

A{I
(1)
1 },{I

(2)
1 }(0,0) = S{I

(1)
1 },{I

(2)
1 }Y0C0;0

0 , (380)

Y0where  can be obtained from Eq. (375), and
 

S{I
(1)
1 },{I

(2)
1 } =

1√
m3(E1com+m1)m3(E2com+m2)

× (τ1
1)
{I(1)

1 }
{J1} (τ1

2)
{I(2)

1 }
{N1}C

1
2 ,{J1}; 1

2 ,{N1}
0

=

…
1
2

m1+m2+m3√
m3(E1com+m1)m3(E2com+m2)

× (⟨12⟩− [12]). (381)

The amplitude is
 

A{I
(1)
1 },{I

(2)
1 }(0,0) =

…
m3

π|p1com|

…
1
2

× m1+m2+m3√
m3(E1com+m1)m3(E2com+m2)

× (⟨12⟩− [12]). (382)

L = 1,S = 1 :(b) 
 

A{I
(1)
1 },{I

(2)
1 }(1,1) = S{I

(1)
1 },{I

(2)
1 }

{K1K2} Y
1
{L1L2}C

1,{K1K2};1,{L1L2}
0 , (383)

Y1
{L1L2}where  can be obtained from Eq. (378) and

 

S{I
(1)
1 },{I

(2)
1 }

{K1K2} =
1√

m3(E1com+m1)m3(E2com+m2)

× (τ1
1)
{I(1)

1 }
{J1} (τ1

2)
{I(2)

1 }
{N1}C

1
2 ,{J1}; 1

2 ,{N1}
1,{K1K2}

=
1√

m3(E1com+m1)m3(E2com+m2)

× (⟨13⟩− [13])(⟨23⟩− [23]). (384)

The amplitude is 

A{I
(1)
1 },{I

(2)
1 }(1,1) =

 
3

2π|p1com|3m3

× −(m1+m2+m3)(m2
3− (m1−m2)2)√

m3(E1com+m1)m3(E2com+m2)

…
1
3

× (⟨12⟩+ [12]).

(385)

s3 = 1, s1 = 0, s2 = 0 (L,S )
(1,0)

3. .  There  is  one  combina-
tion: .

L = 1,S = 0 :(a)  

A{I(3)
1 I(3)

2 }
(1,0) =Y1

{L1L2}C
0;1,{L1L2}
1,{I(3)

1 I(3)
2 }
, (386)

Y1
{L1L2}where  can be obtained from Eq. (378).

The amplitude is 

A{I(3)
1 I(3)

2 }
(1,0) =

 
3

2π|p1com|3m3
⟨3|p1|3]. (387)

s3 = 0, s1 = 1, s2 = 0 (L,S )
(1,1)

4. .  There  is  one  combina-
tion: .

L = 1,S = 1 :(a)  

A{I
(1)
1 I(1)

2 }(1,1) = S{I
(1)
1 I(1)

2 }
{K1K2} Y

1
{L1L2}C

1,{K1K2};1,{L1L2}
0 , (388)

Y1
{L1L2}where  can be obtained from Eq. (378), and

 

S{I
(1)
1 I(1)

2 }
{K1K2} =

1
m3(E1com+m1)

(τ2
1)
{I(1)

1 I(1)
2 }

{J1 J2} C1,{J1 J2};0
1,{K1K2}

=
1

m3(E1com+m1)
(⟨13⟩− [13])2. (389)

The amplitude is 

A{I
(1)
1 I(1)

2 }(1,1) =

 
3

2π|p1com|3m3

× −(m1+m2+m3)(m3+m1−m2)
m3(E1com+m1)

×
…

1
3
⟨1|p3|1]. (390)
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s3 = 1, s1 = 1, s2 = 0 (L,S )
(0,1) (1,1) (2,1)

5. . There are three  combina-
tions: , , and .

L = 0,S = 1 :(a)  

A{I
(1)
1 I(1)

2 }
{I(3)

1 I(3)
2 }

(0,1) = S{I
(1)
1 I(1)

2 }
{K1K2} Y

0C1,{K1K2};0
1,{I(3)

1 I(3)
2 }
, (391)

S{I
(1)
1 I(1)

2 }
{K1K2} Y0where  and  can  be  obtained  from  Eqs.  (389)

and (375), respectively.
The amplitude is 

A{I
(1)
1 I(1)

2 }
{I(3)

1 I(3)
2 }

(0,1) =
…

m3

π|p1com|
1

m3(E1com+m1)
(⟨13⟩− [13])2.

(392)

L = 1,S = 1 :(b)  

A{I
(1)
1 I(1)

2 }
{I(3)

1 I(3)
2 }

(1,1) = S{I
(1)
1 I(1)

2 }
{K1K2} Y

1
{L1L2}C

1,{K1K2};1,{L1L2}
1,{I(3)

1 I(3)
2 }

, (393)

S{I
(1)
1 I(1)

2 }
{K1K2} Y1

{L1L2}where  and  can  be  obtained  from  Eqs.

(389) and (378), respectively.
The amplitude is 

A{I
(1)
1 I(1)

2 }
{I(3)

1 I(3)
2 }

(1,1) =

 
3

2π|p1com|3m3

(m1+m2+m3)(m3+m1−m2)
2m3(E1com+m1)

× (⟨13⟩2− [13]2).

(394)

L = 2,S = 1 :(b)  

A{I
(1)
1 I(1)

2 }
{I(3)

1 I(3)
2 }

(2,1) = S{I
(1)
1 I(1)

2 }
{K1K2} Y

2
{L1L2L3L4}C

1,{K1K2};2,{L1L2L3L4}
1,{I(3)

1 I(3)
2 }

, (395)

S{I
(1)
1 I(1)

2 }
{K1K2}where  can be obtained from Eq. (389), and

 

Y2
{L1L2L3L4} =

 
15

8π|p1com|5m3
3
(⟨3|p1|3])2. (396)

The amplitude is

 

A{I
(1)
1 I(1)

2 }
{I(3)

1 I(3)
2 }

(2,1) =

 
15

8π|p1com|5m3
3

(m1+m2+m3)(m3+m1−m2)√
m3(E1com+m1)m3(E2com+m2)

…
3
5

×
Å

(m1+m2+m3)(m3+m1−m2)
4

(⟨13⟩+ [13])2−⟨1|p3|1]⟨3|p1|3]
ã
. (397)

s3 = 0, s1 = 1, s2 = 1 (L,S ) (0,0) (1,1) (2,2)6. . There are three  combinations: , , and .
L = 0,S = 0 :(a) 

 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }(0,0) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }Y0C0;0
0 , (398)

Y0where  can be obtained from Eq. (375).
 

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 } =
1

(m3(E1com+m1))(m3(E2com+m2))
(τ2

1)
{I(1)

1 I(1)
2 }

{J1 J2} (τ2
2)
{I(2)

1 I(2)
2 }

{N1N2} ×C1,{J1 J2};1,{N1N2}
0

=

…
1
3

(m1+m2+m3)2

(m3(E1com+m1))(m3(E2com+m2))
(⟨12⟩− [12])2. (399)

The amplitude is
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }(0,0) =
…

m3

π|p1com|

…
1
3

(m1+m2+m3)2

(m3(E1com+m1))(m3(E2com+m2))
(⟨12⟩− [12])2. (400)

L = 1,S = 1 :(b) 
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }(1,1) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y1

{L1L2}C
1,{K1K2};1,{L1L2}
0 , (401)

Y1
{L1L2}where  can be obtained from Eq. (378) and

 

Covariant canonical-spinor amplitudes for partial wave analysis Chin. Phys. C 50, 093110 (2026)

093110-49



S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} =

1
(m3(E1com+m1))(m3(E2com+m2))

(τ2
1)
{I(1)

1 I(1)
2 }

{J1 J2} (τ2
2)
{I(2)

1 I(2)
2 }

{N1N2} C1,{J1 J2};1,{N1N2}
1,{K1K2}

=
(m1+m2+m3)

(m3(E1com+m1))(m3(E2com+m2))
× (⟨12⟩− [12])(⟨13⟩− [13])(⟨23⟩− [23]). (402)

The amplitude is
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }(1,1) =

 
3

2π|p1com|3m3

−(m1+m2+m3)2(m2
3− (m1−m2)2)

(m3(E1com+m1))(m3(E2com+m2))

…
1
3
× (⟨12⟩2− [12]2). (403)

L = 2,S = 2 :(c) 
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }(2,2) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} Y2

{L1L2L3L4}C
2,{K1K2K3K4};2,{L1L2L3L4}
0 , (404)

Y2
{L1L2L3L4}where  can be obtained from Eq. (396), and

 

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} =

1
(m3(E1com+m1))(m3(E2com+m2))

(τ2
1)
{I(1)

1 I(1)
2 }

{J1 J2} (τ2
2)
{I(2)

1 I(2)
2 }

{N1N2} ×C1,{J1 J2};1,{N1N2}
2,{K1K2K3K4}

=
1

(m3(E1com+m1))(m3(E2com+m2))
× (⟨13⟩− [13])2(⟨23⟩− [23])2. (405)

The amplitude is
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }(2,2) =

 
15

8π|p1com|5m3
3

(m1+m2+m3)2(m2
3− (m1−m2)2)

(m3(E1com+m1))(m3(E2com+m2))

…
1
5

×
Å

((m1−m2)2−m2
3)(⟨12⟩+ [12])2+ ⟨1|p3|1]⟨2|p3|2]

ã
.

(406)

s3 =
1
2

s1 =
3
2 s2 = 0 (L,S )

(1,
3
2

) (2,
3
2

)

7. , , . There are two  combin-

ations:  and .

L = 1,S =
3
2

:(a) 
 

A{I
(1)
1 I(1)

2 I(1)
3 }

{I(3)
1 }

(1,
3
2

) = S{I
(1)
1 I(1)

2 I(1)
3 }

{K1K2K3} Y
1
{L1L2}C

3
2 ,{K1K2K3};1,{L1L2}
1
2 ,{I

(3)
1 }

. (407)

Y1
{L1L2}where  can be obtained from Eq. (378), and

 

S{I
(1)
1 I(1)

2 I(1)
3 }

{K1K2K3} =
1

(m3(E1com+m1)) 3
2

(τ3
1)
{I(1)

1 I(1)
2 I(1)

3 }
{J1 J2 J3} C

3
2 ,{J1 J2 J3};0
3
2 ,{K1K2K3}

=
1

(m3(E1com+m1)) 3
2

(⟨13⟩− [13])3. (408)

The amplitude is
 

A{I
(1)
1 I(1)

2 I(1)
3 }

{I(3)
1 }

(1,
3
2

)

=

 
3

2π|p1com|3m3

−(m1+m2+m3)(m3+m1−m2)
(m3(E1com+m1)) 3

2
.

 

×
…

1
2
× (⟨13⟩− [13])⟨1|p3|1]. (409)

L = 2,S =
3
2

:(b) 
 

A{I
(1)
1 I(1)

2 I(1)
3 }

{I(3)
1 }

(2,
3
2

) = S{I
(1)
1 I(1)

2 I(1)
3 }

{K1K2K3} Y
2
{L1L2L3L4}C

3
2 ,{K1K2K3};2,{L1L2L3L4}
1
2 ,{I

(3)
1 }

.

(410)

S{I
(1)
1 I(1)

2 I(1)
3 }

{K1K2K3} Y2
{L1L2L3L4}where  and  can be obtained from Eqs.

(408) and (396), respectively.
The amplitude is 

A{I
(1)
1 I(1)

2 I(1)
3 }

{I(3)
1 }

(2,
3
2

)

=

 
15

8π|p1com|5m3
3

−(m1+m2+m3)2(m3+m1−m2)2

2(m3(E1com+m1)) 3
2

…
2
5

× (⟨13⟩+ [13])⟨1|p3|1].

(411)

s3 =
1
2

s1 =
1
2 s2 = 1 (L,S )8. , , .  There  are  four  com-
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(0,
1
2

) (1,
1
2

) (1,
3
2

) (2,
3
2

)binations: , , , and .

L = 0,S =
1
2(a) 

 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(0,

1
2

) = S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1} Y0C

1
2 ,{K1};0
1
2 ,{I

(3)
1 }

, (412)

Y0where  can be obtained from Eq. (375), and 

S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1} =

1√
m3(E1com+m1)(m3(E2com+m2))2

(τ1
1)
{I(1)

1 }
{J1}

× (τ2
2)
{I(2)

1 I(2)
2 }

{N1N2} ×C
1
2 ,{J1};1,{N1N2}
1
2 ,{K1}

=

…
2
3

(m1+m2+m3)√
m3(E1com+m1)(m3(E2com+m2))2

× (⟨23⟩− [23])(⟨12⟩− [12]).

(413)

The amplitude is 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(0,

1
2

)

=

…
m3

π|p1com|

…
2
3

(m1+m2+m3)√
m3(E1com+m1)(m3(E2com+m2))2

× (⟨23⟩− [23])(⟨12⟩− [12]). (414)

L = 1,S =
1
2

:(b) 
 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(1,

1
2

) = S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1} Y1

{L1L2}C
1
2 ,{K1};1,{L1L2}
1
2 ,{I

(3)
1 }

, (415)

S{I
(1)
1 },{I

(2)
1 ,I(2)

2 }
{K1} Y1

{L1 ,L2}where  and  can  be  obtained  from  Eq.
(413) and Eq. (378), respectively.

The amplitude is 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(1,

1
2

)

=

 
3

2π|p1com|3m3

−(m1+m2+m3)2(m3+m2−m1)√
m3(E1com+m1)(m3(E2com+m2))2

2
3

× (⟨23⟩+ [23])(⟨12⟩− [12]).

(416)

L = 1,S =
3
2

:(c) 
 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(1,

3
2

) = S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1K2K3} Y

1
{L1L2}C

3
2 ,{K1K2K3};1,{L1L2}
1
2 ,{I

(3)
1 }

,

(417)

Y1
{L1L2}where  can be obtained from Eq. (378), and

 

S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1K2K3} =

1√
m3(E1com+m1)(m3(E2com+m2))2

(τ1
1)
{I(1)

1 }
{J1}

× (τ2
2)
{I(2)

1 I(2)
2 }

{N1N2} ×C
1
2 ,{J1};1,{N1N2}
3
2 ,{K1K2K3}

=
1√

m3(E1com+m1)(m3(E2com+m2))2

× (⟨13⟩− [13])(⟨23⟩− [23])2.

(418)

The amplitude is
 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(1,

3
2

)

=

 
3

2π|p1com|3m3

(m1+m2+m3)(m3+m2−m1)√
m3(E1com+m1)(m3(E2com+m2))

…
1
2

×
Å

(m2−m3−m1)([12]+ ⟨12⟩)(⟨23⟩− [23])

+ ⟨2|p1|2](⟨13⟩− [13])
ã
.

(419)

L = 2,S =
3
2

:(d) 
 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(2,

3
2

)=S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1K2K3} Y

2
{L1L2L3L4}C

3
2 ,{K1K2K3};2,{L1L2L3L4}
1
2 ,{I

(3)
1 }

,

(420)

S{I
(1)
1 },{I

(2)
1 I(2)

2 }
{K1K2K3} Y2

{L1L2L3L4}where  and  can be obtained from Eq.
(418) and Eq. (396), respectively. The amplitude is
 

A{I
(1)
1 },{I

(2)
1 I(2)

2 }
{I(3)

1 }
(2,

3
2

)

=

 
15

8π|p1com|5m3
3

(m1+m2+m3)2(m2
3− (m2−m1)2)√

(m3(E1com+m1))m3(E2com+m2)

…
2
5

×
Å

(m3+m2−m1)([12]+ ⟨12⟩)([23]+ ⟨23⟩)

+ ⟨2|1|2]([13]+ ⟨13⟩)
ã
.

(421)

s3 = 1 s1 =
1
2

s2 =
1
2 (L,S )

(1,0) (0,1) (1,1) (2,1)

9. , , .  There  are  four  com-
binations: , , , and .

L = 1,S = 0 :(a) 
 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(1,0) = S{I

(1)
1 },{I

(2)
1 }Y1

{L1L2}C
0;1,{L1L2}
1,{I(3)

1 I(3)
2 }
, (422)

S{I(1)
1 },{I

(2)
1 } Y1

{L1L2}where  and  can  be  obtained  from  Eqs.
(381) and (378), respectively. The amplitude is
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A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(1,0)

=

 
3

2π|p1com|3m3

…
1
2

m1+m2+m3√
m3(E1com+m1)m3(E2com+m2)

× (⟨12⟩− [12])⟨3|p1|3].

(423)

L = 0,S = 1 :(b) 
 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(0,1) = S{I

(1)
1 },{I

(2)
1 }

{K1K2} Y
0C1,{K1K2};0

1,{I(3)
1 I(3)

2 }
, (424)

S{I
(1)
1 },{I

(2)
1 }

{K1K2} Y0where  and  can be obtained from Eqs. (384)
and (375), respectively.

The amplitude is
 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(0,1)

=

…
m3

π|p1com|
1√

m3(E1com+m1)m3(E2com+m2)

× (⟨13⟩− [13])(⟨23⟩− [23]). (425)

L = 1,S = 1 :(c) 
 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(1,1) = S{I

(1)
1 },{I

(2)
1 }

{K1K2} Y
1
{L1L2}C

1,{K1K2};1,{L1L2}
1,{I(3)

1 I(3)
2 }

, (426)

S{I
(1)
1 },{I

(2)
1 }

{K1K2} Y1
{L1L2}where  and  can  be  obtained  from  Eqs.

(384) and (378), respectively.
The amplitude is

 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(1,1)

=

 
3

2π|p1com|3m3

(m1+m2+m3)
2
√

m3(E1com+m1)m3(E2com+m2)

×
Å

(m3+m1−m2)(⟨13⟩+ [13])(⟨23⟩− [23])

− (m3+m2−m1)(⟨13⟩− [13])(⟨23⟩+ [23])
ã
. (427)

L = 2,S = 1 :(d) 
 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(2,1) = S{I

(1)
1 },{I

(2)
1 }

{K1K2} Y
2
{L1L2L3L4}C

1,{K1K2};2,{L1L2L3L4}
1,{I(3)

1 I(3)
2 }

,

(428)

S{I
(1)
1 },{I

(2)
1 }

{K1K2} Y2
{L1L2L3L4}where  and  can be obtained from Eqs.

(384) and (396), respectively.
The amplitude is

 

A{I
(1)
1 },{I

(2)
1 }

{I(3)
1 I(3)

2 }
(2,1) =

…
m3

π|p1com|
−(m1+m2+m3)(m2

3− (m2
1−m2

2))√
m3(E1com+m1)m3(E2com+m2)

×
Å

(⟨12⟩+ [12])⟨3|p1|3]

+
(m1+m2+m3)

4
(⟨13⟩+ [13])(⟨23⟩+ [23]).

(429)

s3 = 1, s1 = 1, s2 = 1 (L,S )
(1,0) (0,1) (1,1) (2,1) (1,2) (2,2)

(3,2)

10. .  There  are  seven  com-
binations: , , , , , ,  and

.
L = 1,S = 0 :(a)  

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(1,0) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }Y1
{L1L2}C

0;1,{L1L2}
1,{I(3)

1 I(3)
2 }
, (430)

S{I(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 } Y1
{L1L2}where  and  can be obtained from Eqs.

(399) and (378), respectively.
The amplitude is 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(1,0)

=

 
3

2π|p1com|3m3

…
1
3

(m1+m2+m3)2

(m3(E1com+m1))(m3(E2com+m2))

× (⟨12⟩− [12])2⟨3|p1|3].

(431)

L = 0,S = 1 :(b)  

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(0,1) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y0C1{K1K2};0

1,{I(3)
1 I(3)

2 }
, (432)

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y0where  and  can  be  obtained  from  Eqs.

(402) and (375), respectively.
The amplitude is 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(0,1)

=

…
m3

π|p1com|
(m1+m2+m3)

(m3(E1com+m1))(m3(E2com+m2))

× (⟨12⟩− [12])(⟨13⟩− [13])(⟨23⟩− [23]). (433)

L = 1,S = 1 :(c)  

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(1,1) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y1

{L1L2}C
1,{K1K2};1,{L1L2}
1,{I(3)

1 I(3)
2 }

,

(434)

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y1

{L1L2}where  and  can be obtained from Eqs.
(402) and (378), respectively.

The amplitude is 
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A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(1,1)

=

 
3

2π|p1com|3m3

(m1+m2+m3)2(⟨12⟩− [12])
2(m3(E1com+m1))(m3(E2com+m2))

×
Å

(m3+m1−m2)(⟨13⟩+ [13])(⟨23⟩− [23])

+ (m1−m3−m2)(⟨13⟩− [13])(⟨23⟩+ [23]). (435)

L = 2,S = 1 :(d)  

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(2,1)

= S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y2

{L1L2L3L4}C
1,{K1K2};2,{L1L2L3L4}
1,{I(3)

1 I(3)
2 }

, (436)

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2} Y2

{L1L2L3L4}where  and  can  be  obtained  from
Eqs. (402) and (396), respectively.

The amplitude is 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(2,1)

=

 
15

8π|p1com|5m3
3

−(m1+m2+m3)2(m2
3− (m1−m2)2)

(m3(E1com+m1))(m3(E2com+m2))

…
3
5

×
Å

(m1+m2+m3)
4

(⟨12⟩− [12])(⟨13⟩+ [13])(⟨23⟩+ [23])

+ (⟨12⟩2− [12]2)(⟨3|p1|3]).

(437)

L = 1,S = 2 :(e)  

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(1,2) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} Y1

{L1L2}C
2,{K1K2K3K4};1,{L1L2}
1,{I(3)

1 I(3)
2 }

,

(438)

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} Y1

{L1L2}where  and  can be obtained from Eqs.
(405) and (378), respectively.

The amplitude is 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(1,2)

=

 
3

2π|p1com|3m3

(m1+m2+m3)
(m3(E1com+m1))(m3(E2com+m2))

…
3
5

×
Å

((m1−m2)2−m2
3)(⟨13⟩− [13])(⟨23⟩− [23])(⟨12⟩+ [12])

+ (m2−m3−m1)⟨1|p3|1](⟨23⟩− [23])2

+ (m3+m2−m1)⟨2|p3|2](⟨13⟩− [13])2
ã
.

(439)

L = 2,S = 2 :(f)  

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(2,2)

= S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} Y2

{L1L2L3L4}C
2,{K1K2K3K4};2,{L1L2L3L4}
1,{I(3)

1 I(3)
2 }

, (440)

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} Y2

{L1L2L3L4}where  and  can  be  obtained  from
Eqs. (405) and (396), respectively.

The amplitude is
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(2,2)

=

 
15

8π|p1com|5m3
3

(m1+m2+m3)2(m2
3− (m1−m2)2)

2(m3(E1com+m1))(m3(E2com+m2))

…
4
5

×
Å

(m2−m3−m1)(⟨13⟩+ [13])(⟨23⟩− [23])(⟨12⟩+ [12])

+ (m3+m2−m1)(⟨13⟩− [13])(⟨23⟩+ [23])(⟨12⟩+ [12])

+ ⟨1|p3|1](⟨23⟩2− [23]2)

+ ⟨2|p3|2](⟨13⟩2− [13]2)
ã
.

(441)

L = 3,S = 2 :(g) 
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(3,2) = S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4} Y3

{L1L2L3L4L5L6}

×C2,{K1K2K3K4};3,{L1L2L3L4L5L6}
1,{I(3)

1 I(3)
2 }

, (442)

S{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{K1K2K3K4}where  can be obtained from Eq. (405), and

 

Y3
{L1L2L3L4L5L6} =

 
35

16π|p1com|7m5
3
(⟨3|p1|3])3. (443)

The amplitude is
 

A{I
(1)
1 I(1)

2 },{I
(2)
1 I(2)

2 }
{I(3)

1 I(3)
2 }

(3,2)

=

 
35

16π|p1com|7m5
3

(m1+m2+m3)2(m2
3− (m1−m2)2)

(m3(E1com+m1))(m3(E2com+m2))

…
3
7

×
Å(

((m2
3− (m1−m2)2))(⟨12⟩+ [12])2

−⟨1|p3|1]⟨2|p3|3]
)
⟨3|p1|3]

+
(m1+m2+m3)

4

Ä
(m1−m3−m2)(⟨23⟩+ [23])2⟨1|p3|1]

+ (m3+m1−m2)(⟨13⟩+ [13])2⟨2|p3|2]

+ (m2
3−(m1−m2)2)(⟨12⟩+ [12])(⟨13⟩+ [13])(⟨23⟩+ [23])

äã
.

(444)
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V.  GENERAL ANALYSIS OF CASCADE DECAY

In the previous sections, both non-covariant and cov-
ariant  methods  have  been  introduced.  In  the  non-covari-
ant  methods,  two-body  decay  amplitudes  are  defined  in
the corresponding COM frames of the decays. Therefore,
when  the  particle  momenta  are  given  in  an  arbitrary
frame,  such  as  the  laboratory  frame,  it  is  necessary  to
boost  the  event  to  the  relevant  COM  frames  in  order  to
evaluate  the  amplitudes.  However,  since  such boosts  are
generally not along the momentum directions of the final-
state particles,  they  often  induce  nontrivial  Wigner  rota-
tions on the spin states of the particles.

If  one  were  to  directly  sum  or  contract  amplitudes
defined in different COM frames, incorrect results would
be  obtained  because  the  spin  quantization  axes  in  those
frames are  not  aligned.  It  is  therefore  necessary  to  per-
form Wigner  rotations  to  align  the  particle  states,  ensur-
ing  that  the  same  particle  is  described  with  a  consistent
choice of quantization axis. Only after this alignment can
different two-body decay amplitudes be summed or con-
tracted consistently.

Because  the  definitions  of  the  spin  quantization axes
differ in  the canonical  and helicity  amplitudes,  the treat-
ment in cascade decays is also different. In the canonical
amplitude, the spin quantization axis is chosen along the
z-axis of  a  selected  frame,  whereas  in  the  helicity  amp-
litude, it is defined along the particle’s momentum direc-
tion in the chosen frame. Consequently, the canonical and
helicity formalisms require different procedures when ap-
plied to cascade decays.

In  contrast,  the  covariant  canonical-spinor  two-body
decay  amplitudes  are  defined  in  an  arbitrary  frame  and
are  constructed  directly  from  the  four-momenta  in  that
frame. The spin quantization axes are all chosen to point
along the z-axis of the selected frame, so the spin indices
can  be  contracted  and  summed  directly.  Moreover,  the
momenta entering each amplitude are taken directly from
the chosen frame, and no boost back to the COM frame is
required. This makes the formalism particularly conveni-
ent  when  treating  cascade  decays  with  multiple  decay
chains.

In  the following,  we discuss  separately  the treatment
of  cascade  decays  in  the  non-covariant  approach  and  in
the covariant approach. 

A.    Non-covariant cascade decay
In this  subsection,  we  primarily  discuss  the  applica-

tion of non-covariant approaches to cascade decays. Here,
“non-covariant” means  that  the  amplitude  is  not  written
in  covariant  form;  specifically,  it  includes  elements  that
must be evaluated by boosting back to the COM frame. In
this  context,  the  previously  introduced  non-covariant
amplitudes  include  the  helicity  amplitude,  the  canonical
amplitude,  the  covariant  projection  tensor  amplitude  in

the PS scheme, and the Zemach tensor amplitude. These
constructions  are  all  defined  starting  from  the  COM
frame at the level of their amplitude expressions. Accord-
ing  to  the  definition  of  the  spin  quantization  axes,  these
amplitudes can  be  further  classified  into  amplitudes  car-
rying  canonical  indices  and  amplitudes  carrying  helicity
indices.

Therefore, in  the  canonical  cascade  decay,  we  dis-
cuss amplitudes with canonical indices, including the ca-
nonical amplitude,  the  covariant  projection  tensor  amp-
litude  in  the  PS  scheme,  and  the  Zemach  amplitude.  In
the helicity  cascade  decay,  we  discuss  the  helicity  amp-
litude. 

1.    Canonical cascade decay

LS

In the  previous  sections,  we  presented  several  amp-
litude  constructions  that  require  boosting  to  the  COM
frame  and  ultimately  carry  canonical  indices,  including
the traditional-  amplitude, the covariant projection
tensor  amplitude  in  the  PS  scheme,  and  the Zemach
tensor  amplitude.  In  section  3,  we  showed  that  these
three  amplitudes  are  completely  equivalent  in  the  COM
frame.  Under  a  boost,  all  three  amplitude  constructions
induce the same Wigner rotation acting on the final-state
σ indices, and the rotation is identical for the three amp-
litudes. Therefore, in cascade decay analyses that require
boosting back to  the COM frame,  they can be treated in
the same  way.  In  this  subsubsection,  we  unify  them un-
der a single framework, which we refer to as the canonic-
al cascade decay.

(x,y,z)
pi

For a  cascade  decay,  we  first  choose  a  global  refer-
ence  frame,  such  as  the  lab  frame,  and  fix  a  set  of  axes

 in that  frame.  In  the  lab  frame,  all  external  mo-
menta  are expressed with respect to the same fixed co-
ordinate system.

σi

A  key  feature  of  the  canonical  basis  is  that  the  spin
projection  label  is  always  defined  as  the  projection
onto this fixed lab frame z-axis.  In other words, the spin
polarization  direction  associated  with  every  particle  is
tied  to  the  same quantization axis.  When each two-body
decay amplitude  is  computed  by  boosting  to  the  corres-
ponding parent rest frame, the accompanying Wigner D-
matrices precisely  transport  the  daughter  spin  quantiza-
tion axis back to this common quantization axis. As a res-
ult,  all  spin polarization directions appearing in different
decay steps refer to the same spin quantization axis,  and
the intermediate-state spin sum is a well-defined contrac-
tion in a common quantization axis.

This has  an  immediate  consequence  for  cascade  de-
cays and  for  processes  with  multiple  decay  chains  lead-
ing to the same final state. Since every decay chain amp-
litude is ultimately expressed with external spin polariza-
tion directions defined with respect to the same lab frame
z-axis,  different  chains  can  be  added  coherently  without
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introducing  any  additional  alignment  rotations  between
different decay chains.

Next, we will  give explicit  examples for a single de-
cay  chain  and  for  multiple  decay  chains,  and  provide  a
concrete method  for  calculating  the  cascade  decay  amp-
litude.

X→ 3+Y 3→ 1+2

p1 p2 pY

Canonical cascade  decay  amplitude  for  single  de-
cay chain As an explicit  example,  we consider  the  two-
step cascade decay , followed by . We
define  the  lab  frame  to  be  the  global  frame  associated
with the fixed coordinate system above. In this lab frame,
the momenta , , and  of the final-state particles 1,
2, and Y are taken as the measured inputs.  The four-mo-
mentum of the intermediate particle-3 is then reconstruc-
ted from momentum conservation as 

p3 = p1+p2, pX = p3+pY . (445)

X→ 3+Y 3→ 1+2

According to the general expression for the canonical
two-body  decay  amplitude  in  any  frame,  given  in  Eq.
(96),  the  two  two-body  amplitudes  entering  the  cascade

 and  can be  written  explicitly  as  fol-
lows:
 

X→ 3+Y1. Two-body decay  in the lab frame.
X→ 3+Y

L−1
X,c(pX)

p∗3 p∗Y

For  the  first  step ,  boosting  from  the  lab
frame to  the X rest  frame by  gives  the  daughter
momenta  and . The corresponding amplitude in the
lab frame is the two-body decay COM frame times Wign-
er D-matrices, which can be written as 

Aσ3σY
σX

(pX ,p3,pY )

=
∑
L1S 1

∑
σ′3σ

′
Y

A
σ′3σ

′
Y

σX (kX ,p∗3,p
∗
Y ; L1,S 1)D

σ′3(s3)∗
σ3 (RX3)D

σ′Y (sY )∗
σY (RXY ),

(446)

(L1,S 1) LS
RX3 RXY

where  denote  the  allowed  combinations  for
the  two-body  decay.  The  Wigner  rotations  and 
are induced by the boost to the particle-X rest frame. Fol-
lowing Eq. (108), they can be written as 

RX3 = Rn̂X3 Rz(ωX3)R−1
n̂X3
,

RXY = Rn̂XY Rz(ωXY )R−1
n̂XY
, (447)

where the rotation axes are chosen as 

n̂X3 ∥ −pX ×p3, n̂XY ∥ −pX ×pY . (448)

i = 3,Y
The corresponding rotation angles about the z axis can be
obtained from Eq. (107). Explicitly, for , one may
write 

tan
ωXi

2

=
sinθXi sinh

(ηX

2

)
sinh

(ηi

2

)
cosh

(ηX

2

)
cosh

(
d ηi

2

)
+ cosθXi sinh

(ηX

2

)
sinh

(ηi

2

) ,
i = 3,Y,

(449)

ηX L−1
X,c(pX) ηi

Li,c(pi) θXi pX

pi

where  is the rapidity of the canonical boost , 
is  the  rapidity  associated  with  the  standard  canonical
boost  of particle-i, and  is the angle between 
and  in the lab frame.

After  the  Wigner  rotation,  the  amplitude  in  the  lab
frame has its quantization axis aligned with the lab z-axis.
 

3→ 1+22. Two-body decay  in the lab frame.
3→ 1+2

3 L−1
3,c(p3)

p∗1 p∗2

For  the  second  step ,  boosting  from the  lab
frame  to  the  rest  frame  by  gives  the  daughter
momenta  and . The corresponding amplitude in the
lab frame is the two-body decay COM frame times Wign-
er D-matrices, which can be written as 

Aσ1σ2
σ3

(p3,p1,p2)

=
∑
L2S 2

∑
σ′1σ

′
2

A
σ′1σ

′
2

σ3 (k3,p∗1,p
∗
2; L2,S 2)D

σ′1(s1)∗
σ1 (R31)D

σ′2(s2)∗
σ2 (R32),

(450)

(L2,S 2) LS
R31 R32

3

where  denotes  the  allowed  combinations  for
the  two-body  decay.  The  Wigner  rotations  and 
are induced by the boost to the particle-  rest frame. Fol-
lowing Eq. (108), they can be written as 

R31 = Rn̂31 Rz(ω31)R−1
n̂31
, R32 = Rn̂32 Rz(ω32)R−1

n̂32
, (451)

where the rotation axes are chosen as 

n̂31 ∥ −p3×p1, n̂32 ∥ −p3×p2. (452)

i = 1,2
The corresponding rotation angles about the z-axis can be
obtained from Eq. (107). Explicitly, for , one may
write 

tan
ω3i

2

=
sinθ3i sinh

(η3

2

)
sinh

(ηi

2

)
cosh

(η3

2

)
cosh

(ηi

2

)
+ cosθ3i sinh

(η3

2

)
sinh

(ηi

2

) ,
i = 1,2,

(453)

η3 L−1
3,c(p3) ηiwhere  is the rapidity of the canonical boost , 

Covariant canonical-spinor amplitudes for partial wave analysis Chin. Phys. C 50, 093110 (2026)

093110-55



Li,c(pi) θ3i p3

pi

is  the  rapidity  associated  with  the  standard  canonical
boost  of particle-i, and  is the angle between 
and  in the lab frame.

After  the  Wigner  rotation,  the  amplitude  in  the  lab
frame has its quantization axis aligned with the lab z-axis.

σ3

In each of the two-body decays mentioned above, we
have aligned the spin quantization axes of the particles to
the lab frame's z-axis via Wigner rotations. Therefore, in
both two-body decay amplitudes, the spin quantum num-
ber  of particle-3 is always defined relative to the same
direction, the lab frame's z-axis. With a sum over the ca-
nonical spin projection of the intermediate particle-3, the
total cascade decay amplitude can be written as 

Aσ1σ2σY
σX

(pX ,p1,p2,pY )

=
∑
σ3

Aσ3σY
σX

(pX ,p3,pY )P3Aσ1σ2
σ3

(p3,p1,p2), (454)

P3where  is  the  resonant  propagator  of  the  intermediate
particle-3,  the  amplitude  for  the  cascade  decay  also  has
its  quantization  axis  aligned  with  the  same  direction,
namely the lab frame z-axis.

The geometry of the cascade decay process is shown
in Fig. 7.

Canonical  cascade  decay  amplitude  for  multiple
decay chains For a cascade process with multiple decay
chains, each chain is defined in the same lab frame. Since
the  canonical  spin  projections  of  all  final-state  particles

are defined with respect to the same fixed lab-frame z-ax-
is,  the  spin  polarization  directions  are  consistent  among
different chains. Therefore, one can first compute the cas-
cade amplitude of each decay chain in the lab frame, and
then  obtain  the  total  amplitude  by  directly  summing  the
chain amplitudes.

As  an  explicit  example,  we  consider  two  decay
chains,
 

X→ 3+Y 3→ 1+2● Decay chain 1: , followed by .
 

X→ 4+2 4→ 1+Y● Decay chain 2: , followed by .
 

In the lab frame, following the single chain construc-
tion discussed above and using Eq. (454), the correspond-
ing cascade decay amplitudes are given by the following
expressions: 

Aσ1σ2σY
σX

(pX ,p1,p2,pY ;3)

=
∑
σ3

Aσ3σY
σX

(pX ,p3,pY )P3Aσ1σ2
σ3

(p3,p1,p2),

Aσ1σ2σY
σX

(pX ,p1,p2,pY ;4)

=
∑
σ4

Aσ4σ2
σX

(pX ,p4,p2)P4Aσ1σY
σ4

(p4,p1,pY ). (455)

The  total  cascade  amplitude  for  this  process  is  obtained
by directly summing the two chain amplitudes as 

Aσ1σ2σY
σX

(pX ,p1,p2,pY )

= Aσ1σ2σY
σX

(pX ,p1,p2,pY ;3)+Aσ1σ2σY
σX

(pX ,p1,p2,pY ;4). (456)

Finally, an  advantage  of  the  canonical  cascade  con-
struction is that the spin quantization axis of the particles
is  consistent  for  each  decay  chain.  This  allows  the  total
cascade  amplitude  to  be  obtained  by  directly  summing
the  cascade  amplitudes  of  all  decay  chains  in  the  lab
frame.

However,  in  practical  calculations,  evaluating  each
two-body  decay  amplitude  in  any  frame  still  requires
computing  the  two-body  amplitude  in  the  corresponding
COM frame, along with the Wigner rotations. Once mul-
tiple  decay  chains  are  involved,  the  computational  cost
becomes  substantial,  which  is  not  very  convenient  in
practice. 

2.    Helicity cascade decay

In  this  subsubsection,  we  discuss  the  treatment  of
helicity  amplitudes  in  cascade  decays.  Since  helicity  is
defined with respect to the momentum direction in a giv-
en  reference  frame,  different  reference  frames  generally
lead to different helicity definitions. In the following, we

 

L−1
X,c(pX)

{kX ,p∗3,p∗Y } L−1
3,c(p3)

{k3,p∗1,p∗2}

Fig. 7.    (color online)  is the canonical-standard boost
of particle-X from the lab frame to the rest frame of particle-X,
where  the  momenta  are .  is  the  canonical-
standard  boost  of  particle-3  from  the  lab  frame  to  the  rest
frame  of  particle-3,  where  the  momenta  are .  The
angles  shown  correspond  to  those  used  in  the  amplitudes
defined above.
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focus on the definitions of cascade decay amplitudes un-
der two different helicity conventions.
 

a→ b+ c
λ(a)

b λ(a)
c

● Two-body decay COM frame helicity (local heli-
city). For each two-body decay , one defines the
helicities  and  in the rest frame of particle-a. This
choice  yields  the  standard  Jacob-Wick  factorization  of
each  two-body  amplitude  into  the  Wigner D-function  of
the decay angles and the helicity-coupling amplitude.

In most of the literature, this definition is used to con-
struct cascade  decay  amplitudes.  When  the  cascade  de-
cay involves only a single decay chain, it is equivalent to
the lab frame description and yields the correct results for
physical  observables.  However,  once  multiple  decay
chains are  present,  one  cannot  directly  add  the  amp-
litudes from different chains. This is because different de-
cay chains correspond to different topologies, and in gen-
eral,  the  final-state  helicities  associated  with  different
chains  are  not  defined  in  the  same  way.  A  naive  direct
sum would, therefore, lead to incorrect results.

The correct  procedure is  to choose one reference de-
cay  chain  and  then  rotate  the  final-state  helicities  of  the
other chains so that they are aligned with those of the ref-
erence  chain,  thereby  obtaining  cascade  amplitudes
defined  with  the  same  final-state  helicity  convention  [].
After  this  alignment  rotation,  the  cascade  amplitudes
from different decay chains can be added directly, and the
total  cascade  decay  amplitude  is  obtained  by  summing
over all chains.
 

λi

● Lab  helicity  (global  helicity). For  the  final-state
particle-i, one may define the helicity  in a fixed global
frame, for example, the lab frame, by projecting the spin
onto the momentum direction in the lab frame.

Under  this  convention,  each  two-body decay  amp-
litude is defined in the lab frame, and the helicities of all
particles  are  defined  along  their  respective  momentum
directions in the lab frame. For intermediate particles, this
guarantees that the spin quantization axis is defined in the
same way when they appear as daughter particles and as
parent  particles.  Therefore,  for  a  given  cascade  decay
chain, one can directly sum over the helicity of the inter-
mediate state and obtain the amplitude for that chain.

Moreover,  when  multiple  decay  chains  are  present,
the final-state helicities in every chain are defined in the
same lab frame. The spin quantization axes for the same
final-state  particle  in  different  chains  are  always  taken
along that particle’s lab frame momentum direction. As a
consequence,  there  is  no  mismatch  in  final-state  helicity
conventions across different chains, and one can directly
add the cascade decay amplitudes from different chains to
obtain the total cascade decay amplitude.

Based  on  the  two  helicity  conventions  introduced
above, we first use the case of a single decay chain to il-
lustrate  how the  corresponding  cascade  decay  amplitude

is constructed under each convention. We then turn to the
situation with multiple decay chains and explain how the
cascade decay amplitude with several chains is construc-
ted in each convention.

X→ 3+Y
3→ 1+2

Helicity  cascade  decay  amplitude  for  single  decay
chain Consider  a  cascade  decay  process , fol-
lowed  by ,  where  all  particles  are  massive  and
carry spin. According to the two helicity conventions in-
troduced above, the corresponding cascade amplitude can
be constructed in two different ways.

For the two-body decay COM frame helicity conven-
tion,  we  directly  construct  the  cascade  decay  amplitude
from the two-body amplitudes defined in the correspond-
ing COM frames, and then obtain the total cascade amp-
litude as 

Aλ1λ2λY
λX

(kX ,q∗Y ,q
∗
1,q
∗
2)

=
∑
λ3

Aλ3λY
λX

(kX ,q∗3,q
∗
Y )P3Aλ1λ2

λ3
(k3,q∗1,q

∗
2), (457)

λiwhere  each  helicity  is  defined  along  the  momentum
direction  in  the  COM  frame  of  the  corresponding  two-
body decay.

In contrast,  for the lab frame helicity convention, we
construct  the  cascade  decay  amplitude  using  the  two-
body decay amplitudes written in the lab frame, and then
obtain the total cascade amplitude as 

A
λ′1λ
′
2λ
′
Y

λX
(pX ,p1,p2,pY )

=
∑
λ′3

A
λ′3λ
′
Y

λX
(pX ,p3,pY )P3A

λ′1λ
′
2

λ′3
(p3,p1,p2), (458)

λ′iwhere  each  helicity  is  defined  along  the  momentum
direction in the lab frame. In this cascade decay, the heli-
city  of  the  parent  particle-X is the  same in  both  conven-
tions.
 

1. Two-body decay COM frame helicity convention 

Aλ1λ2λY
λX

(kX ,q∗Y ,q
∗
1,q
∗
2)

=
∑
λ3

Aλ3λY
λX

(kX ,q∗3,q
∗
Y )P3Aλ1λ2

λ3
(k3,q∗1,q

∗
2), (459)

where  each  amplitude  is  defined  in  the  helicity  COM
frame. The helicity COM frame is determined by starting
from  the  initial  COM  frame  and  applying  the  helicity-
standard boost to an intermediate particle produced from
the  two-body  decay  of  the  parent  particle,  bringing  it  to
its  rest  frame.  This  frame  is  then  defined  as  the  COM
frame for the subsequent two-body decay of that interme-
diate  particle  as  the new parent.  Proceeding step by step
via successive helicity-standard boosts in this manner, we
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obtain  the  helicity  COM frames for  all  two-body decays
in the cascade.

|q∗3,λ3⟩
|k3,λ

′
3⟩

q∗3

Here, we can sum over the helicities of the intermedi-
ate  state  particle  in  the  two  amplitudes  because,  for  the
intermediate  particle,  the  helicity  quantization  axes  are
consistent between  the  two  helicity  COM  frames.  Sup-
pose  we  consider  the  first  two-body  decay,  where  the
particle  state  is ,  and  in  the  second  two-body de-
cay,  the  particle  state  is .  The  transformation
between  these  two helicity  COM frames  is  given  by  the
helicity-standard boost for particle-3 with momentum ,
which can be decomposed as 

L−1
3,h(q∗3) = R−1(ϕ1, θ1,0)L−1

3,c(q
∗
3), (460)

L−1
3,c(q∗3)

q∗3
where  is a pure boost along the momentum direc-
tion . Due to the rotational invariance of helicity and its
invariance under pure boosts along the momentum direc-
tion, we ultimately have 

L−1
3,h(q∗3)|q∗3,λ3⟩ = R−1(ϕ1, θ1,0)L−1

3,c(q∗3)|q∗3,λ3⟩
= |k3,λ3⟩,

(461)

λ3 = λ
′
3which indicates that .  Thus,  the choice of  helicity

quantization axis for the intermediate particle state is con-
sistent, and we can directly sum over them. This demon-
strates  that  when  defining  the  helicity  COM  frame,  it
must be obtained by boosting from the decay COM frame
of its parent particle. This ensures that the helicity quant-
ization axes for each intermediate particle are consistent,
thus allowing summation over them.

X→ 3+Y
Starting  from  the  first  step  in  the  two-body  decay

, in the particle-X rest frame, from Eq. (75), the
helicity amplitude in the COM frame can be written as 

Aλ3λY
λX

(kX ,q∗3,q
∗
Y ) =

…
2sX +1

4π
DλX (sX )∗

λ3−λY
(ϕ1, θ1,0)Hλ3λY , (462)

(θ1,ϕ1)where  are the corresponding helicity angles.
3→ 1+2For the second step two-body decay , in the

particle-3 rest  frame,  the  helicity  amplitude  can  be  writ-
ten as 

Aλ1λ2
λ3

(k3,q∗1,q
∗
2) =

…
2s3+1

4π
Dλ3(s3)∗

λ1−λ2
(ϕ2, θ2,0)Hλ1λ2 , (463)

(θ2,ϕ2)where  are  the  corresponding  helicity  angles.  The
geometric  definitions  of  these  two  sets  of  angles  can  be
found in Fig. 8.
 

2. Lab helicity convention
Under  the  lab  frame  convention,  the  helicities  of  all

particles are defined with respect to the directions of their

momenta  in  the  lab  frame.  Therefore,  one  can  compute
each two-body subprocess in the cascade decay by using
the lab frame helicity two-body decay formula, Eq. (115).
In particular, for the intermediate resonance, its helicity is
defined  along  its  lab  momentum  direction  both  when  it
appears  as  a  daughter  particle  and  when  it  appears  as  a
parent  particle.  Hence,  the  helicity  of  the  intermediate
state  is  the  same  in  the  two  roles,  and  the  intermediate
helicity can be summed over directly. As a result, the cas-
cade decay amplitude can be written as 

A
λ′1λ
′
2λ
′
Y

λX
(pX ,p1,p2,pY )

=
∑
λ′3

A
λ′3λ
′
Y

λX
(pX ,p3,pY )P3A

λ′1λ
′
2

λ′3
(p3,p1,p2). (464)

X→ 3+YFor the two-body decay ,  the two-body de-
cay amplitude in the lab frame can be expressed as 

A
λ′3λ
′
Y

λX
(pX ,p3,pY )

=
∑
λ̃3λ̃Y

Aλ̃3λ̃Y
λX

(kX , q̃∗3, q̃
∗
Y )Dλ̃3(s3)∗

λ′3
(R′X3)Dλ̃Y (sY )∗

λ′Y
(R′XY ), (465)

Aλ̃3λ̃Y
λX

(kX , q̃∗3, q̃∗Y )

X→ 3+Y

where  the  helicity  COM  frame  associated  with
 is obtained from the lab frame by apply-

ing the helicity-standard boost  of  particle-X.  This  choice
ensures that in the rest frame of particle-X, its spin quant-
ization  axis  is  the z-axis.  When  boosting  the  system

, for the state of particle-3, helicity is invariant
under  rotations  and also  invariant  under  boosts  along its
momentum  direction,  so  its  helicity  coincides  with  the
helicity  defined  in  the  lab  frame.  For  particle-3  and

 

X→ 3+Y 3→ 1+2
X→ 3+Y

ϕ1 = 0

(θ1,0)

L−1
3,h(q∗3)

3→ 1+2 (θ2,ϕ2)

Fig.  8.    (color online)  Definitions  of  helicity  angles  for  the
decay  chain , .  For  the  first  two-body de-
cay ,  we  may  choose  the  decay  plane  such  that

. For a single decay chain, this only introduces an over-
all phase and does not affect physical results. The correspond-
ing helicity angles for this decay are therefore .  For the
second  two-body  decay,  the  rest  frame  of  particle-3 is  ob-
tained from the rest  frame of particle-X by applying the heli-
city-standard  boost  of  particle-3, .  In  this  frame,  the
helicity angles of the decay  are .
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R′Xi (i = 3,Y)
particle-Y,  the helicity boost induces the Wigner rotation

. This is done to ensure that, in the final two-
body decay  amplitude  written  in  the  lab  frame,  the  heli-
cities  of  particle-3  and  particle-Y are  defined  along  their
momentum  directions  in  the  lab  frame.  From  Eq.  (122),
this Wigner rotation can be written as 

R′Xi = R−1(q̃∗i )R−1(pX)RXi(ωi)R(pX), (466)

where 

RXi(ωi) = Rn̂Rz(ωXi)R−1
n̂ ,

tan
ωXi

2
=

sinθXi sinh
(ηX

2

)
sinh

(ηi

2

)
cosh

(ηX

2

)
cosh

(ηi

2

)
+cosθXi sinh

(ηX

2

)
sinh

(ηi

2

) ,
× n̂Xi ∥ −pX ×pi.

(467)

The helicity amplitude in the lab frame can be expressed
as 

A
λ′3λ
′
Y

λX
(pX ,p3,pY )

=
∑
λ̃3λ̃Y

…
2sX +1

4π
DλX (sX )∗

λ̃3−λ̃Y
(ϕ′1, θ

′
1,0)Hλ̃3λ̃Y

×Dλ̃3(s3)∗
λ′3

(R′X3)Dλ̃Y (sY )∗
λ′Y

(R′XY ). (468)

3→ 1+2For the two-body decay , the approach here dif-
fers  from  the  two-body decay  COM  frame  helicity  con-
vention. In the two-body decay COM frame helicity con-
vention, one must perform step-by-step helicity boosts to
reach  the  corresponding  helicity  COM  frame.  However,
here it is sufficient to start from the lab frame and apply a
single  helicity  standard  boost  associated  with  the  lab
frame momentum of  particle-3,  bringing  particle-3  to  its
rest frame. In this case, the two-body decay amplitude in
the lab frame can be written as 

A
λ′1λ
′
2

λ′3
(p3,p1,p2)=

∑
λ̃1λ̃2

Aλ̃1λ̃2
λ′3

(k3, q̃∗1, q̃
∗
2)Dλ̃1(s1)∗

λ̃′1
(R′31)Dλ̃2(s2)∗

λ′2
(R′32).

(469)

R3i (i = 1,2)

For  particle-3, this  helicity  boost  consists  of  a  rota-
tion followed by a pure boost along the momentum direc-
tion  of  particle-3.  Therefore,  the  helicity  of  particle-3  in
the  two-body  COM  frame  coincides  with  its  helicity
defined in the lab frame. For particle-1 and particle-2, one
applies  the  Wigner  rotation  induced  by  the
helicity  boost  to  ensure  that  in  the  final  two-body decay
amplitude  written  in  the  lab  frame,  the  helicities  of
particle-1  and  particle-2 are  defined  along  their  mo-

mentum directions in the lab frame. From Eq. (122), this
Wigner rotation can be written as 

R′3i = R−1(q̃∗i )R−1(p3)R3i(ωi)R(p3), (470)

where 

R3i(ωi) = Rn̂Rz(ω3i)R−1
n̂ ,

tan
ω3i

2
=

sinθ3i sinh
(η3

2

)
sinh

(ηi

2

)
cosh

(η3

2

)
cosh

(ηi

2

)
+ cosθ3i sinh

(η3

2

)
sinh

(ηi

2

) ,
n̂3i ∥ −p3×pi.

(471)

The helicity amplitude in the lab frame can be expressed
as 

A
λ′1λ
′
2

λ′3
(p3,p1,p2) =

∑
λ̃1λ̃2

…
2s3+1

4π
D
λ′3(s3)∗
λ̃1−λ̃2

(ϕ′2, θ
′
2,0)Hλ̃1λ̃2

×Dλ̃1(s1)∗
λ′1

(R′31)Dλ̃2(s2)∗
λ′2

(R′32).

(472)

In each of the two-body decays discussed above, we em-
ploy Wigner rotations to align the spin quantization axes
with  the  momentum  directions  of  the  corresponding
particles in  the  lab  frame.  Consequently,  in  the  amp-
litudes of these two-body decays, the helicity of particle-3
is  consistently defined along the momentum direction of
particle-3 in the lab frame. By summing over the helicity
of  the  intermediate  particle-3,  the  total  cascade  decay
amplitude can be expressed as 

A
λ′1λ
′
2λ
′
Y

λX
(pX ,p1,p2,pY )

=
∑
λ′3

A
λ′3λ
′
Y

λX
(pX ,p3,pY )P3A

λ′1λ
′
2

λ′3
(p3,p1,p2). (473)

The geometry of the cascade decay process is shown
in Fig. 9.

The  two  constructions  above  differ  only  by  their
choice of helicity convention. They are, therefore, physic-
ally  equivalent,  provided  that  the  corresponding  Wigner
D-matrices  induced  by  non-collinear  boosts  are  treated
consistently.  In  particular,  when  we  are  concerned  with
some  physical  observables,  we  sum  over  the  final-state
helicities and take the modulus squared of the amplitude.
Thus, one has 

∑
λ′1λ
′
2λ
′
YλX

∣∣Aλ′1λ
′
2λ
′
Y

λX

∣∣2 = ∑
λ1λ2λYλX

∣∣Aλ1λ2λY
λX

∣∣2, (474)
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so both conventions lead to the same physical decay rate.
Despite this equivalence for a single decay chain, the

situation becomes practically different when multiple de-
cay chains contribute to the same final state.  In the two-
body  COM  frame  helicity  convention,  the  step-by-step
helicity  constructions  are  performed  in  different  two-
body rest  frames,  and  different  decay  topologies  gener-
ally lead  to  different  helicity  definitions  (spin  quantiza-
tion axes) for the same external particle. As a result, there
is a basis mismatch between chain amplitudes, and a dir-
ect coherent sum of the amplitudes from different chains
is generally incorrect. To obtain a meaningful total amp-
litude,  one  must  first  bring  all  chain  amplitudes  into  a
common helicity basis by applying the appropriate align-
ment rotations.

In  contrast,  in  the  lab-frame  helicity  convention,  the
helicities of all external particles are defined with respect
to  their  momentum  directions  in  the  same  lab  frame.
Therefore, the  spin  bases  are  already  aligned  across  dif-
ferent decay chains, and the chain amplitudes can be co-
herently summed  directly  without  any  additional  align-
ment. In the following, we discuss these two treatments in
detail.

Helicity cascade  decay  amplitude  for  multiple  de-
cay chains
 

1.  Two-body  decay  COM  frame  helicity  convention
for multiple decay chains

According  to  the  convention  of  the  two-body  decay
helicity  COM  frame,  since  the  topological  structure  of
each  cascade  decay  chain  differs,  the  step-by-step heli-
city  boost  procedure  from  the  initial  COM  frame  to  the
frame in which the final-state particles reside must differ.
Therefore,  when  summing  the  amplitudes  from different
decay  chains,  a  mismatch  in  the  definition  of  the  final-
state  particle  helicities  arises.  To  resolve  this  issue  and
correctly  sum  the  contributions  from  each  decay  chain,
we must  introduce  the  Wigner  rotation  to  align  the  heli-
cities  of  the  final-state  particles.  Upon  alignment,  the
amplitudes  from  each  decay  chain  can  be  coherently
summed  to  obtain  the  total  cascade  decay  amplitude.
Next, we will discuss in detail the implementation of this
alignment rotation.

As  an  explicit  example,  we  consider  two  decay
chains,
 

X→ 3+Y 3→ 1+2● Decay chain-1: , followed by .
 

X→ 4+2 4→ 1+Y.● Decay chain-2: , followed by 
 

The helicity amplitude for decay chain-1 is 

Aλ1λ2λY
λX

(kX ,q∗Y ,q
∗
1,q
∗
2;3)

=
∑
λ3

Aλ3λY
λX

(kX ,q∗3,q
∗
Y )P3Aλ1λ2

λ3
(k3,q∗1,q

∗
2). (475)

X→ 3+Y
(λX)

(λ3,λY )

For  the  two-body  decay ,  the  helicity  of
particle-X  is  defined  along  the z-axis  in  the  COM
frame  of  this  two-body  decay,  while  the  helicities  of
particle-3  and  particle-Y  are  defined  along  their
respective momentum directions in the same COM frame.

3→ 1+2
(λ3) z′

z′

X→ 3+Y
(λ1,λ2)

For  the  two-body  decay ,  the  helicity  of
particle-3  is  defined  along  the -axis  in  the  COM
frame of  this  two-body decay (this -axis  is  determined
by applying the helicity boost from the COM frame of the
decay ),  while  the  helicities  of  particle-1  and
particle-2  are defined  along  their  respective  mo-
mentum directions in that COM frame.

λ3

As for  the  helicity  of  particle-3  in  these  two  frames,
since  helicity  is  invariant  under  rotations  and  invariant
under boosts  along  the  direction  of  momentum,  and  be-
cause  the  transformation from the  rest  frame of X to  the
rest  frame  of  particle-3  is  achieved  by  a  single  helicity
boost,  the  helicity  of  particle-3  remains  unchanged
between  the  two  rest  frames.  Equivalently,  the  spin
quantization axis associated with particle-3 is the same in
both decays. Therefore, one can sum over the intermedi-

 

L−1
X,h(pX)

z′

{x′,y′,z′} X→ 3+Y

kX , q̃∗3, q̃∗Y (ϕ′1, θ
′
1,0) L−1

3,h(p3)

3
3 z′′

{x′′,y′′,z′′}
3→ 1+2

k3, q̃∗1, q̃∗2 (ϕ′2, θ
′
2,0)

Fig. 9.    (color online)  is the helicity boost from the
lab frame to the rest  frame of  particle-X.  It  ensures  that  after
the boost, the spin quantization axis of particle-X points along
the  direction, with  the  associated  coordinate  system  de-
noted  by .  In  the  two-body  decay  COM
frame,  the  momenta  of  the  particles  in  this  frame  are

,  and the helicity angles are .  is  the
helicity boost from the lab frame to the rest frame of particle-

. It ensures that after the boost, the spin quantization axis of
particle-  points  along  the  direction,  with  the  associated
coordinate system denoted by . In the two-body de-
cay  COM frame, the momenta of the particles in this
frame are , and the helicity angles are .
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ate helicity of particle-3 to obtain the cascade decay amp-
litude.  The amplitudes in these two COM frames can be
written as 

Aλ3λY
λX

(kX ,q∗3,q
∗
Y ) =

…
2sX +1

4π
DλX (sX )∗

λ3−λY
(ϕ1, θ1,0)Hλ3λY , (476)

and 

Aλ1λ2
λ3

(k3,q∗1,q
∗
2) =

…
2s3+1

4π
Dλ3(s3)∗

λ1−λ2
(ϕ2, θ2,0)Hλ1λ2 , (477)

(θ1,ϕ1) (θ2,ϕ2)where  and  are  the  corresponding  helicity
angles shown in Fig. 10.

The helicity amplitude for the decay chain-2 is 

Aλ̄1λ̄2λ̄Y
λX

(kX , q̄∗Y , q̄
∗
1, q̄
∗
2;4)

=
∑
λ̄4

Aλ̄4λ̄2
λX

(kX , q̄∗4, q̄
∗
2)P4Aλ̄1λ̄Y

λ̄4
(k4, q̄∗1, q̄

∗
Y ). (478)

X→ 4+2
(λX)

(λ̄4, λ̄2)

For  the  two-body  decay ,  the  helicity  of
particle-X  is  defined  along  the z-axis  in  the  COM
frame  of  this  two-body  decay,  while  the  helicities  of
particle-4  and  particle-2  are  defined  along  their
respective momentum directions in the same COM frame.

4→ 1+Y
(λ̄4) z′′

z′′

X→ 4+2

For  the  two-body  decay ,  the  helicity  of
particle-4  is  defined  along  the -axis  in  the  COM
frame of this two-body decay. This -axis is fixed by ap-
plying the helicity boost from the COM frame of the de-
cay ,  while  the  helicities  of  particle-1  and

(λ̄1, λ̄Y )particle-Y  are defined  along  their  respective  mo-
mentum directions in that COM frame.

The helicity of particle-4 remains unchanged between
the two COM frames. Equivalently, the spin quantization
axis associated with particle-4 is the same in both decays.
Therefore,  one can sum over the intermediate helicity of
particle-4  to  obtain  the  cascade  decay  amplitude.  The
amplitudes in these two COM frames can be written as 

Aλ̄4λ̄2
λX

(kX , q̄∗4, q̄
∗
2) =

…
2sX +1

4π
DλX (sX )∗

λ̄4−λ̄2
(ϕ̄1, θ̄1,0)Hλ̄4λ̄2 , (479)

and 

Aλ̄1λ̄Y
λ̄4

(k4, q̄∗1, q̄
∗
Y ) =

…
2s4+1

4π
Dλ̄4(s4)∗

λ̄1−λ̄Y
(ϕ̄2, θ̄2,0)Hλ̄1λ̄Y , (480)

(θ̄1, ϕ̄1) (θ̄2, ϕ̄2)where  and  are  the  corresponding  helicity
angles shown in Fig. 11.

One  can  see  that  the  two  cascade  decay  amplitudes
define  the  final-state  helicities  with  different  directions;
namely,  they  correspond  to  different  spin  quantization
axes.  To  obtain  a  common  set  of  quantization  axes,  we
next  align  one  decay  chain  to  the  reference  chain.  Here,
we  choose  decay  chain-1  as  the  reference,  and  decay
chain-2 is to be aligned with it.

We first define the relations among the relevant refer-
ence frames in decay chain-1.
 

X→ 3+Y
SX

● The decay  is defined in the rest frame of
particle-X, which we denote by .
 

 

X→ 3+Y 3→ 1+2

X→ 3+Y
(θ1,0) 3→ 1+2

(θ2,ϕ2)

Fig. 10.    (color online) Definitions of helicity angles for the
first  decay  chain , .  This  decay  chain  is
taken  as  the  reference  chain.  We  define  the  rest  frame  of
particle-X as  the  coordinate  system  associated  with  the  blue
plane.  For  the  first  two-body  decay ,  the  helicity
angles  are .  For  the  second  two-body  decay ,
defined in the rest  frame of particle-3,  the helicity angles are

.

 

X→ 2+4 4→ 1+Y

X→ 2+4
(θ̄1, ϕ̄1)

4→ 1+Y
(θ̄2, ϕ̄2)

Fig. 11.    (color online) Definitions of helicity angles for the
second  decay  chain , .  The  rest  frame  of
particle-X is taken to be the coordinate system associated with
the  blue  plane.  For  the  first  two-body  decay ,  the
helicity  angles  are .  For  the  second  two-body  decay

,  defined in the rest  frame of particle-4,  the helicity
angles are .
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SY

● In  the  rest  frame  of  particle-Y, obtained  by  apply-
ing  the  helicity  boost  from  the  rest  frame  of  particle-X,
we define this frame as .
 

3→ 1+2
S3

● The second two-body decay  is defined in
the rest frame of particle-3, which we denote by .
 

S1 S2

● By boosting from the rest frame of particle-3 to the
rest frames of particle-1 and particle-2, we define the cor-
responding frames  and , respectively.
 

For  decay  chain-2,  we  denote  the  rest  frames  of  the
relevant particles by:
 

X→ 2+4

SX

● The decay  is defined in the rest frame of
particle-X, which is the same as in decay chain-1, and we
denote it by .
 

2

S̄2

● In the rest frame of particle- , which is obtained by
applying the helicity boost from the rest frame of particle-
X, we define it as .
 

4→ 1+Y
S̄4

● The second two-body decay  is defined in
the rest frame of particle-4, which we denote by .
 

S̄1 S̄Y

● By boosting from the rest frame of particle-4 to the
rest frames of particle-1 and particle-Y, we define the cor-
responding frames  and , respectively.
 

SX

These  different  frames  can  be  related  via  helicity
boosts  starting from .  For decay chain 1,  the relations
among the frames are given by 

L−1
i,h (q∗i )SX = Si (i = 3,Y),

L−1
j,h(q∗j)S3 = S j ( j = 1,2). (481)

For  decay  chain-2,  the  relations  among  the  frames  are
given by 

L−1
i,h (q̄∗i )SX = S̄i (i = 4,2),

L−1
j,h(q̄∗j)S̄4 = S̄ j ( j = 1,Y). (482)

Since  the  helicity  of  each  final-state  particle  is  defined
along its  momentum direction in the corresponding two-
body  decay  COM  frame,  and  since  helicity  is  invariant
under rotations and also invariant under boosts along that
direction,  the  helicity  of  the  particle  remains  unchanged
after performing the helicity boost from the two-body de-
cay COM  frame  to  its  rest  frame.  Equivalently,  it  be-
comes  the z-axis  direction  in  the  particle’s  own  rest
frame. Therefore, starting from the final-state particle rest
frames in  the  reference decay chain,  one can use  the  se-

quence  of  frame  transformations  introduced  above  to
boost step by step to the final-state particle rest frames in
the other decay chain.  The net effect  of this sequence of
helicity boosts  is  a  pure  rotation.  This  rotation  is  pre-
cisely  the  alignment  rotation  that  must  be  applied  to  the
non-reference decay chain.

S1 S̄1

For example, using Eqs. (481) and (482), for particle-
1,  the  relation  between  its  rest  frames  in  the  two  decay
chains,  and , is given by 

L−1
1,h(q̄∗1)L−1

4,h(q̄∗4)L3,h(q∗3)L1,h(q∗1)S1 = S̄1, (483)

λ1

λ̄1

From this,  the relation between the two helicities  and
 can be determined by 

L−1
1,h(q̄∗1)L−1

4,h(q̄∗4)L3,h(q∗3)L1,h(q∗1)|s1λ1⟩ =
∑
λ̄1

Dλ̄1
λ1

(R1̄1)|s1λ̄1⟩,

(484)

R1̄1 λ̄1

λ1

where  denotes the alignment rotation that aligns  of
decay chain-2 with  of decay chain-1, and can be writ-
ten as 

R1̄1 = L−1
1,h(q̄∗1)L−1

4,h(q̄∗4)L3,h(q∗3)L1,h(q∗1). (485)

Similarly,  the  alignment  rotations  for  particle-2  and
particle-Y can be expressed as 

R2̄2 = L−1
2,h(q̄∗2)L3,h(q∗3)L2,h(q∗2), (486)

 

RȲY = L−1
Y,h(q̄∗Y )L−1

4,h(q̄∗4)LY,h(q∗Y ). (487)

After this alignment, the amplitude of decay chain-2 can
be expressed as 

Aλ1λ2λY
λX

(kX , q̄∗Y , q̄
∗
1, q̄
∗
2;4)

=
∑

λ̄1 ,λ̄2 ,λ̄Y

Aλ̄1λ̄2λ̄Y
λX

(kX , q̄∗Y , q̄
∗
1, q̄
∗
2;4)Dλ̄1∗

λ1
(R1̄1)

×Dλ̄2∗
λ2

(R2̄2)Dλ̄Y∗
λY

(RȲY ). (488)

Finally, the total amplitude is obtained by directly adding
the amplitudes of  the two decay chains and can be writ-
ten as 

Aλ1λ2λY
λX

= Aλ1λ2λY
λX

(kX ,q∗Y ,q
∗
1,q
∗
2;3)

+Aλ1λ2λY
λX

(kX , q̄∗Y , q̄
∗
1, q̄
∗
2;4)

= Aλ1λ2λY
λX

(kX ,q∗Y ,q
∗
1,q
∗
2;3)
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+
∑

λ̄1 ,λ̄2 ,λ̄Y

Aλ̄1λ̄2λ̄Y
λX

(kX , q̄∗Y , q̄
∗
1, q̄
∗
2;4)Dλ̄1∗

λ1
(R1̄1)

×Dλ̄2∗
λ2

(R2̄2)Dλ̄Y∗
λY

(RȲY ). (489)

In  a  more general  case with additional  decay chains  and
more final  particles,  the  procedure  for  handling  the  cas-
cade decay amplitude involves choosing one decay chain
as the reference chain and aligning the helicities of the fi-
nal-state particles in all other decay chains with the heli-
cities in the reference chain. Concretely, starting from the
rest frames  of  the  particles  in  a  given  decay  chain,  suc-
cessive  helicity  boosts  are  applied  step  by  step  to  reach
the  reference  frame  of  the  initial  parent  particle.  From
this frame, helicity boosts are then applied step by step to
reach  the  rest  frames  of  the  particles  in  the  reference
chain. The detailed procedure can be written as
 

S̄ i

L−1
i,h (q̄∗i )
−−−−−→ ·· ·

L−1
j,h(q̄∗j )−−−−−→ S X

Lk,h(q∗k)
−−−−−→ ·· ·

Li,h(q∗i )
−−−−−→ S i, (490)

and the corresponding alignment rotation is given by:
 

Rīi = L−1
i,h (q̄∗i ) · · ·L−1

j,h(q̄∗j)Lk,h(q∗k) · · ·Li,h(q∗i ). (491)

By applying the corresponding alignment rotations to the
helicities  of  the  final-state  particles  in  the  other  decay
chains,  the  helicities  of  all  decay  chains  can  be  aligned.
The total  cascade  decay  amplitude  is  obtained  by  sum-
ming the amplitudes with aligned helicities.
 

2. Lab helicity convention for multiple decay chains
For  a  cascade  process  with  multiple  decay  chains,

each chain is defined in the same lab frame. Since the lab
helicity  convention  of  all  final-state  particles  is  defined
with  respect  to  the  momentum direction  of  particles,  the
spin  quantization  axes  are  consistent  among  different
chains.  Therefore,  one  can  first  compute  the  cascade
amplitude of each decay chain in the lab frame and then
obtain the total amplitude by directly summing the chain
amplitudes.

As  an  explicit  example,  we  consider  two  decay
chains:
 

X→ 3+Y 3→ 1+2● Decay chain-1: , followed by .
 

X→ 4+2 4→ 1+Y● Decay chain-2: , followed by .
 

In the lab frame, following the single chain construc-
tion discussed above and using Eq. (464), the correspond-
ing cascade decay amplitudes are given by
 

Aλ1λ2λY
λX

(pX ,p1,p2,pY ;3)

=
∑
λ3

Aλ3λY
λX

(pX ,p3,pY )P3Aλ1λ2
λ3

(p3,p1,p2),

Aλ1λ2λY
λX

(pX ,p1,p2,pY ;4)

=
∑
λ4

Aλ4λ2
λX

(pX ,p4,p2)P4Aλ1λY
λ4

(p4,p1,pY ). (492)

Finally, the total cascade amplitude for this process is
obtained  by  directly  summing  the  two  chain  amplitudes
as 

Aλ1λ2λY
λX

(pX ,p1,p2,pY ) = Aλ1λ2λY
λX

(pX ,p1,p2,pY ;3)

+Aλ1λ2λY
λX

(pX ,p1,p2,pY ;4). (493)

Rīi

Both  conventions  can  be  applied  to  cascade  decays
with multiple decay chains. In the two-body COM frame
helicity  convention,  the  step-by-step  construction  within
each individual chain is consistent by construction: adja-
cent stages are connected by a single helicity boost, so the
intermediate  particle  helicity  is  unchanged  between  the
two corresponding  rest  frames,  and  no  additional  align-
ment is needed within the same chain. The mismatch only
appears between different chains, and only on the extern-
al final-state helicity. Therefore, to coherently sum differ-
ent chain amplitudes, it is sufficient to introduce, for each
non-reference  chain  and  for  each  final-state  particle,  a
single  alignment  rotation  and  the  associated  Wigner
D-matrices. Consequently, the number of alignment rota-
tions  to  be  determined  scales  roughly  linearly  with  the
number  of  non-reference chains  times  the  number  of  fi-
nal-state particles and is typically modest.

In  contrast,  in  the  lab  frame  helicity  convention,  all
decay  chains  share  the  same  helicity  definition  from the
outset  since  each  final-state  helicity  is  always  defined
with respect  to  its  lab  momentum  direction.  Hence,  dif-
ferent chains can be summed coherently without any ex-
tra  chain-by-chain  alignment  rotations.  The  trade-off  is
that the  building  blocks  written  in  the  lab  frame  gener-
ally  involve  explicit  Wigner  rotations  induced  by  non-
collinear  boosts,  and  such  rotation  factors  may  reappear
at multiple steps in the cascade construction. 

B.    Covariant cascade decay
In this  subsection,  we  primarily  discuss  the  applica-

tion  of  covariant  approaches  to  cascade  decays.  Here,
“covariant” means  that  the  amplitude  expression  can  be
written  directly  in  any  frame,  without  additional  input
from the  two-body COM frame.  In  our  previous  discus-
sion,  the  covariant  amplitude  includes  the canonical-
spinor  amplitude and  the covariant  tensor  amplitude
(GS scheme).

Furthermore,  in  these  constructions,  the  final-state
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particles  are  described  using  a  common  choice  of  spin
quantization axis. Therefore, once a specific frame is se-
lected in a cascade decay, for example the lab frame, the
quantization  axes  for  all  two-body  decays  are  taken  to
point in the same direction, such as the z-axis. As a result,
these amplitudes allow for a unified treatment in cascade
decays. In the following, we refer to this procedure as the
covariant cascade decay.

In the covariant cascade decay, when the lab frame is
chosen as the reference frame, the spin quantization axes
of all two-body decay amplitudes are fixed to be the z-ax-
is  of  this  lab  frame.  Therefore,  for  a  given  decay  chain,
the two-body decay amplitude in which the intermediate
particle  appears  as  a  daughter  and  the  two-body amp-
litude  in  which  it  appears  as  a  parent  can  be  combined
directly by summing over its spin index σ. Moreover, for
different  decay  chains,  one  can  directly  add  the  chain
amplitudes computed in the same lab frame to obtain the
total cascade amplitude. This shows that, in this construc-
tion,  no  complicated  alignment  procedure  is  required,  in
contrast to the non-covariant treatment.

X→ 3+Y 3→ 1+2
As  a  concrete  example,  consider  the  cascade  decay

process ,  followed  by .  In  the  lab
frame, its cascade amplitude can be written as 

Aσ1σ2σY
σX

(pX , p1, p2, pY )

=
∑
σ3

Aσ3σY
σX

(pX , p3, pY )P3Aσ1σ2
σ3

(p3, p1, p2), (494)

P3where  is  the  resonant  propagator  of  the  intermediate
particle-3.  Each  two-body decay  amplitude  can  be  writ-
ten as 

Aσ3σY
σX

(pX , p3, pY ) =
∑
L1S 1

Aσ3σY
σX

(pX , p3, pY ; L1,S 1),

Aσ1σ2
σ3

(p3, p1, p2) =
∑
L2S 2

Aσ1σ2
σ3

(p3, p1, p2; L2,S 2), (495)

(L1,S 1) (L2,S 2) LSwhere  and  denote the possible  partial
wave combinations for the two two-body decays.

pX p1 p2 pY p3 = p1+ p2

{pX , p1, p2, p3, pY }

In the lab frame, the particle momenta are denoted by
, , , ,  and .  For  each  two-body de-

cay, we directly substitute these momenta into the corres-
ponding two-body amplitude. In this way, the cascade de-
cay  amplitude  can  be  obtained  directly.  The  lab  frame
momenta  shown in Fig. 12 can be used
directly.

For processes  with  multiple  decay  chains,  the  amp-
litude for each chain can be obtained using the above pro-
cedure,  without  any  additional  boosts  to  intermediate
COM  frames  and  alignment  rotations.  As  a  result,  the
total amplitude  is  simply  the  coherent  sum  of  the  amp-
litudes from all decay chains. As an explicit example, we

consider two decay chains,
 

X→ 3+Y 3→ 1+2● Decay chain-1: , followed by .
 

X→ 4+2 4→ 1+Y● Decay chain-2: , followed by .
 

The total amplitude can be written as 

Aσ1σ2σY
σX

(pX , p1, p2, pY ) =Aσ1σ2σY
σX

(pX , p1, p2, pY ;3)

+Aσ1σ2σY
σX

(pX , p1, p2, pY ;4), (496)

3
4

where the  two terms denote  the  covariant  cascade decay
amplitudes associated with the two distinct resonances 
and .

When more decay chains are present, one only needs
to compute the amplitude for each chain in the lab frame
and then add them directly to obtain the total  amplitude.
This  shows that  using covariant  decay amplitudes  as  the
basic building blocks for cascade decays leads to a more
streamlined approach and is well-suited for handling cas-
cade processes with multiple decay chains. 

Λ+c → Λπ+π0VI.  THE CASCADE DECAY OF 

Λ+c → Λπ+π0
To validate and compare different PWA schemes, the

cascade  decay  is used  as  a  benchmark  pro-
cess, and fits are performed using different schemes. This
cascade decay can proceed via several possible intermedi-
ate resonant states, with each resonance corresponding to
a distinct decay chain.

gLS

5σ
ρ(770)+ Σ(1385)+ Σ(1385)0 Σ(1670)+ Σ(1670)0

In this work, the main objective is to test whether the
coefficients  in  front  of  each  partial  wave, ,  and  the
resulting physical  observables  are  consistent  across  dif-
ferent PWA schemes. For this reason, only the intermedi-
ate  states  listed  in  Ref.  [85]  with  statistical  significance
larger than  are included. The selected components are
the , , , , ,

 

X→ 3+Y
3→ 1+2
pX , p1, p2, p3, pY

Fig.  12.    Geometry  of  the  cascade  decay ,
 in  the  lab  frame.  The five  lab  frame four-momenta

 are used as the direct inputs for the two-body
amplitudes.
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Σ(1750)+ Σ(1750)0

(NR1− )
,  and  states,  as  well  as  the  non-reson-

ant  component. These selected components can be
organized into three distinct topological structures of de-
cay chains, namely:
 

ρ+ Λ+c → ΛR R→ π+π0

Λ→ pπ−
● Topology  I ( -type): , ,

,
π+π0

ρ(770)+ JP = 1−

NR1−

where R is  a  meson  resonance  decaying  into .
The  dominant  contributions  in  this  topology  come  from
the  and the non-resonant  component, de-
noted as .
 

Σ∗+ Λ+c → Σ∗+π0 Σ∗+→ Λπ+
Λ→ pπ−

● Topology  II ( -type): , ,
,
Σ∗+

Σ(1385)+ Σ(1670)+ Σ(1750)+
where  is an excited baryon resonance. This topo-

logy  includes  the , ,  and 
states.
 

Σ∗0 Λ+c → Σ∗0π+ Σ∗0→ Λπ0

Λ→ pπ−
● Topology  III ( -type): , ,

,
Σ∗0

Σ(1385)0 Σ(1670)0 Σ(1750)0
where  is  another  excited  baryon  resonance.  This

topology  includes  the , ,  and 
states.
 

gLS

To  analyze  these  decay  channels,  the  open-source
package TF-PWA [86] is used to generate events with the

 values  provided  in  Ref.  [85].  The  generated  events

are then fitted using different partial wave amplitudes for
comparison. Since only the consistency among the form-
alisms is  of  interest,  the  generated  samples  do  not  in-
clude  background  contributions  or  detector  acceptance
and efficiency effects. 

A.    Calculate amplitudes in different ways
LSIn practice, we performed fits using the traditional-

amplitude,  the  canonical-spinor amplitude,  and  the  heli-
city amplitude, and found that they provide mutually con-
sistent results.  Therefore,  for  the  components  whose  fi-
nal-state  quantum  numbers  are  defined  in  the  canonical
basis,  we  use  our  canonical-spinor amplitude  as  an  ex-
ample  and compare  it  with  the  helicity  amplitude  that  is
predominantly used in TF-PWA.

3→ 1+2
m3 m1 m2

Next,  we  present  several  useful  relations  associated
with  the  orbital  angular  momentum L.  We  consider  the
decay  process ,  where  the  particle  masses  are

, , and . The magnitude of the momentum in the
COM frame can be written as 

q =

√
((m3+m2)2−m2

1)((m3+m1)2−m2
2)

2m3
. (497)

B′L(q,q0,d)The Blatt-Weisskopf barrier factor  is given by
[16]

 

B′0(q,q0,d) = 1,

B′1(q,q0,d) =

 
1+ (q0d)2

1+ (qd)2
,

B′2(q,q0,d) =

 
9+3(q0d)2+ (q0d)4

9+3(qd)2+ (qd)4
,

B′3(q,q0,d) =

 
225+45(q0d)2+6(q0d)4+ (q0d)6

225+45(qd)2+6(qd)4+ (qd)6
,

B′4(q,q0,d) =

 
11025+1575(q0d)2+135(q0d)4+10(q0d)6+ (q0d)8

11025+1575(qd)2+135(qd)4+10(qd)6+ (qd)8
. (498)

d = 0.73 fm

These  functions  effectively  suppress  the  amplitude  at
high L,  preventing  the  unphysical  growth  of  high-L par-
tial waves. The parameter d is a hadronic scale that char-
acterizes  the  size  of  the  interaction  region.  In  this  work,
the  radius  parameter  is  fixed  at ,  following
Ref. [87]. 

1.    Helicity scheme

For  the helicity  scheme,  the  amplitude  of  each  two-
body decay in the COM frame is given by Eq. (75). In the
cascade decay, each intermediate resonance is associated

Pρ(m) PΣ∗+ (m)
PΣ∗0 (m) PNR1− (m) PΛ(m)
with a propagator, denoted generically by , ,

, , and .

NR1−

Σ∗+ Σ∗0

The propagator P includes different models. For the Λ
and  the  non-resonant  contribution,  the  propagators
are taken to be unity. For the  and  resonances, the
Breit-Wigner formalism is used: 

PΣ∗ (m) =
1

m2
0−m2− im0Γ(m)

, (499)

m0where m is the invariant mass of the resonance and  is
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the  nominal  resonance  mass.  The  mass-dependent  width
is
 

Γ(m) = Γ0

Å
q
q0

ã2L+1 m0

m
B′2L (q,q0,d). (500)

ρ(770)+For  the  resonance,  the  Gounaris-Sakurai
model [88] is used:
 

Pρ(m) =
1+DΓ0/m0

m2
0−m2+ f (m)− im0Γ(m)

, (501)

f (m)where the  and D are defined as
 

f (m) = Γ0
m2

0

q3
0

ï
q2 [h(m)−h(m0)]+ (m2

0−m2)q2
0

dh
dm
|m0

ò
,

(502)

 

h(m) =
2q
πm

ln
Å

m+2q
2mπ

ã
, (503)

 

dh
dm
|m0 = h(m0)

[
(8q2

0)−1− (2m2
0)−1
]
+ (2πm2

0)−1, (504)

 

D =
f (0)
Γ0m0

=
3
π

m2
π

q2
0

ln
Å

m0+2q0

2mπ

ã
+

m0

2πq0
− m2

πm0

πq3
0
.

(505)

Using the  construction  of  helicity  cascade  decay  amp-
litudes  discussed  in  subsubsection  V.A.2,  the  amplitude
for each decay chain can be explicitly written as follows.

For  topology  I,  the  corresponding  helicity  amplitude
can be expressed as
 

Aλp
λΛ+c

(ρ) =
∑
λΛ ,λρ

AλΛλρ
λΛ+c

Pρ(Mπ+π0 )AλρA
λp
λΛ
, (506)

 

Aλp
λΛ+c

(NR1− ) =
∑

λΛ ,λNR1−

A
λΛλNR1−
λΛ+c

AλNR1−
Aλp
λΛ
. (507)

For  Topology  II,  the  corresponding  helicity  amplitude
can be expressed as
 

A
λ

(1)
p
λΛ+c

(Σ∗+) =
∑
λΣ∗+ ,λΛ

AλΣ∗+
λΛ+c

PΣ∗+ (MΛπ+ )A
λΛ
λΣ∗+

A
λ

(1)
p
λΛ
. (508)

For Topology III, the corresponding amplitude can be ex-
pressed as
 

A
λ

(2)
p
λΛ+c

(Σ∗0) =
∑
λ
Σ∗0 ,λΛ

A
λ
Σ∗0
λΛ+c

PΣ∗0 (MΛπ0 )AλΛ
λ
Σ∗0

A
λ

(2)
p
λΛ
. (509)

Based on the discussion in subsubsection 5.1.2, when
constructing helicity  amplitudes  for  processes  with  mul-
tiple  decay  chains,  it  is  necessary  to  choose  one  decay
chain as  a  reference and align all  the other  decay chains
accordingly. In the present analysis, we take the topology
I decay chain as the reference chain and align the remain-
ing decay chains  with  respect  to  it.  Since,  among the  fi-
nal stable particles, only the proton carries nonzero spin,
for the topology II decay chain, the helicity boost associ-
ated with the proton is given by 

S (1)
p

L−1
h (pΛ(1)

p )
−−−−−−→ S (1)

Λ

L−1
h (pΣ∗+

Λ(1))−−−−−−→ S (1)
Σ∗+

L−1
h (p

Λ+c
Σ∗+ )

−−−−−−→ S Λ+c

Lh(p
Λ+c
Λ

)
−−−−−→ S Λ

Lh(pΛp )
−−−−→ S p, (510)

and the corresponding alignment rotation is 

RΣ∗+ρ = L−1
h (pΛ(1)

p )L−1
h (pΣ∗+Λ(1))L

−1
h (pΛ

+
c
Σ∗+ )Lh(pΛ

+
c
Λ )Lh(pΛp ). (511)

For the topology III decay chain, the helicity boost of the
proton is given by 

S (2)
p

L−1
h (pΛ(2)

p )
−−−−−−→ S (2)

Λ

L−1
h (pΣ∗0

Λ(2))−−−−−−→ S (2)
Σ∗0

L−1
h (p

Λ+c
Σ∗0

)

−−−−−−→ S Λ+c

Lh(p
Λ+c
Λ

)
−−−−−→ S Λ

Lh(pΛp )
−−−−→ S p, (512)

and the corresponding alignment rotation is 

RΣ∗0ρ = L−1
h (pΛ(2)

p )L−1
h (pΣ∗0Λ(2))L

−1
h (pΛ

+
c
Σ∗0 )Lh(pΛ

+
c
Λ )Lh(pΛp ). (513)

Therefore,  after  applying  these  alignment  rotations  to
Eqs.  (508)  and  (509),  and  then  summing  them  with  the
contributions from Eqs. (506) and (507), the total helicity
amplitude for the cascade decay can be written as 

Aλp
λΛ+c
=

(
Aλp
λΛ+c

(ρ)+Aλp
λΛ+c

(NR1− )
)

+
∑
λ

(1)
p

(∑
Σ∗+

A
λ

(1)
p
λΛ+c

(Σ∗+)

)
D
λ

(1)
p ( 1

2 )∗
λp

(RΣ∗+ρ)

+
∑
λ

(2)
p

(∑
Σ∗0

A
λ

(2)
p
λΛ+c

(Σ∗0)

)
D
λ

(2)
p ( 1

2 )∗
λp

(RΣ∗0ρ). (514)

Then,  this  cascade  decay  amplitude  can  be  fitted  using
the method described in subsection II.C to determine the
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LS gLScorresponding  partial wave coefficients . 

2.    Canonical-spinor scheme

S Y

The  construction  of  the  cascade  decay  amplitude  in
the canonical-spinor  scheme is now discussed.  The  ca-
nonical-spinor  two-body decay amplitudes  used  here  are
those of Eq. (344), with the normalization factor N set to
1. The corresponding spin and orbital parts,  and , are
given in  Eqs.  (345)  and (347),  respectively.  The explicit
analytic  form  of  each  two-body  decay  amplitude  is
provided in  subsection 4.3  and can be  identified  accord-
ing to the spin assignments of the particles involved.

In  this  scheme,  the  four-momenta  of  all  particles  in
any frame are directly inserted into the corresponding ca-
nonical-spinor  two-body  decay  amplitudes  to  obtain  the
contribution  of  each  decay  chain.  The  canonical-spinor
cascade  decay  amplitudes  for  each  decay  chain  can  be
written as 

Aσp
σΛ+c

(ρ) =
∑
σΛ ,σρ

AσΛσρ
σΛ+c

Pρ(Mπ+π0 )AσρAσp
σΛ
, (515)

 

Aσp
σΛ+c

(NR1− ) =
∑

σΛ ,σNR1−

AσΛσNR1−
σΛ+c

AσNR1−
Aσp

σΛ
, (516)

 

Aσp
σΛ+c

(Σ∗+) =
∑

σΣ∗+ ,σΛ

AσΣ∗+
σΛ+c

PΣ∗+ (MΛπ+ )AσΛ
σΣ∗+
Aσp

σΛ
,

(517)

 

Aσp
σΛ+c

(Σ∗0) =
∑

σ
Σ∗0 ,σΛ

Aσ
Σ∗0

σΛ+c
PΣ∗0 (MΛπ0 )AσΛ

σ
Σ∗0
Aσp

σΛ
. (518)

The  propagators  of  the  intermediate  resonances  have
already been given in Eq. (499) and Eq. (501).

Following the discussion in subsection V.B, the total
amplitude can be written as 

Aσp
σΛ+c
=Aσp

σΛ+c
(ρ)+Aσp

σΛ+c
(NR1− )

+
∑
Σ∗+

Aσp
σΛ+c

(Σ∗+)+
∑
Σ∗0

Aσp
σΛ+c

(Σ∗0). (519)

LS

Using  this  cascade  decay  amplitude,  a  fit  is  performed
following  the  procedure  outlined  in  subsection  VI.C,
from  which  the  corresponding  partial wave  coeffi-
cients and physical observables are extracted. 

B.    Numerical implementation of the canonical-spinor
amplitude

In  practical  PWA,  canonical-spinor  amplitudes  are

calculated numerically.  Some  explicit  examples  are  giv-
en in subsection IV.C; more generally, amplitudes for ar-
bitrary spins  are  obtained  by  a  direct  numerical  imple-
mentation of Eq. (332).

(s1, s2, s3)
a,b,c

(a+ c)
δa+c εb

(· · · )

SU(2)

For the CGCs part,  the three spins  determ-
ine  the  integers  appearing in  Eq.  (334).  In  the  nu-
merical  implementation,  the  expression  in  Eq.  (334)  is
expanded into a sum of products containing  iden-
tity  tensors  and b antisymmetric  tensors . The  in-
dices of each term are first reordered to match the order-
ing used in the expression, and each group of indices en-
closed  in  is  then  symmetrized.  Multiplying  by  the
overall  prefactor  in  Eq.  (334)  finally  yields  the  CGCs
tensor with the desired set of  indices.

Y
⟨3I1 |1|3I2 ]

For  the  orbital  part ,  the  starting  point  is  the  basic
 tensor. Its explicit form can be obtained by sub-

stituting  the  canonical-spinor variables  and  can  be  writ-
ten as 

⟨3I1 |1|3I2 ] = λ α
I1

(p3)p1αα̇λ̃
α̇
I2

(p3), (520)

λ̃α̇I = ϵIJ λ̃
α̇J

Y{L1 ···L2L}
⟨3I1 |1|3I2 ]

2L
2L

where  the  momenta  are  taken  from  Eq.  (301),  and  the
spinors are defined in Eq. (316) with  between
them. For higher L,  a  new tensor  is  constructed
by taking the tensor product of L such  tensors,
which  yields  an  object  with  indices.  Symmetrizing
over all  indices and multiplying by the overall prefact-
or in Eq. (347) then gives the orbital tensor.

For the spin part with total spin-S, a tensor τ is intro-
duced. The basic tensor τ is defined in Eq. (346), and its
explicit  form  in  terms  of  canonical-spinor  variables  can
be written as 

(τ′i)
I
J(p3, pi) =

1√
2m3(Eicom+mi)

×
Ä
λIα(pi)λαJ(p3)− λ̃I

α̇(pi)λ̃α̇J(p3)
ä
, (i = 1,2).

(521)

τ2s1

2s1 τ1

τ2s2 τ2s1

τ2s2

S

The corresponding tensor  is constructed as the tensor
product  of  basic  tensors ,  followed  by  complete
symmetrization over its upper and lower indices. Particle
2  is  treated  analogously,  yielding .  The  tensors 
and  are  then  contracted  with  the  CGCs  tensor  over
the appropriate indices to form the spin tensor .

S Y

SU(2)

Finally,  and  are  contracted  with  the  external
CGCs  tensor  to  produce  the  amplitude  with  explicit

 indices.  Using  Eq.  (344),  this  amplitude  is  then
converted into the familiar form with σ indices. 

C.    Likelihood function and fit fraction
To  perform  the  amplitude  analysis,  the  TF-PWA

package is used to generate phase-space (PHSP) samples
for the multi-body final state, following the results given
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in  Ref.  [85].  These  samples  do  not  include  background
contributions  or  detector  efficiency  effects.  The  various
amplitude formalisms discussed in this work are then fit-
ted  to  these  PHSP  samples.  The  fitting  procedure  is  as
follows.

For  each  event,  the  probability  density  function  is
written as 

P(x) =
|A(x)|2∫
|A(x)|2 dΦ

, (522)

Λ+c

where x denotes a point in the final-state phase space. The
squared amplitude is averaged over the spin states of the
initial baryon  as 

|A(x)|2 = 1
2

∑
σΛ+c

,σp

∣∣∣Aσp
σΛ+c

(x)
∣∣∣2 , (523)

1/2
Λ+c

with the factor  accounting for the assumption of un-
polarized .

The  integration  is  calculated  using  a  Monte  Carlo
method with the generated PHSP samples: 

∫
|A(x)|2dΦ ≈ 1

NMC

NMC∑
i=1

|A(xi)|2, (524)

xi NMCwhere  represents the i-th phase space point, and  is
the total number of MC samples.

The  negative  log-likelihood (NLL)  is  then  construc-
ted from the data as 

− ln L = −
Ndata∑
i=1

ln P(xi), (525)

where the summation runs over all simulated data events.
Minimizing this function yields the best-fit parameters of
the model.

The parameter  error  matrix  is  calculated  as  the  in-
verse of the Hessian matrix 

V−1
i j = −

∂2 ln L
∂Xi∂X j

, (526)

Xiwhere  is the i-th floating parameter in the fit.
The fit fraction (FF) for each resonant component can

be calculated as 

FFi =

∫
|Ai(x)|2dΦ∫ ∣∣∑

k Ak(x)
∣∣2 dΦ

, (527)

Ai(x)where  is  the  amplitude  of  the i-th  component,  and

the  integration  is  performed  using  the  same  PHSP
samples.

In cases where interference between two components
i and j is relevant, the interference fraction is defined as 

FFi j =

∫
|Ai(x)+A j(x)|2dΦ∫ ∣∣∑

k Ak(x)
∣∣2 dΦ

−FFi−FF j. (528)

The  statistical  uncertainties  for  the  FFs  are  obtained
using the standard form of error propagation: 

σ2
Y =
∑

i, j

Å
∂Y
∂Xi

ã
X=µ
·Vi j ·

Å
∂Y
∂X j

ã
X=µ

, (529)

X = {Xi} Vi j

where Y is the variable whose uncertainty is to be estim-
ated,  denotes the set of floating parameters,  is
the corresponding error matrix defined in Eq. (526), and μ
is the result of the floating variables X. 

D.    Fitting result

ρ(770)+

gLS

Λ+c ρ(770)+

Σ(1385)+ Σ(1385)0

Σ∗

To simplify the PWA fit, the global factor of the total
amplitude  for  the  full  decay chain  involving the 
is fixed to have a magnitude of 1 and a phase of 0 in all
schemes.  Within  each  decay  chain,  one  of  the  partial
wave  coefficients  is likewise  fixed  to  have  a  mag-
nitude of 1 and a phase of 0. For the states , ,

,  and ,  the nominal mass and width are
taken from the corresponding world average values [89].
In  contrast,  the  resonance  parameters  of  the  other 
states  are  adopted  from  the  most  recent  measurements
[90].

Following these conventions, each scheme involves a
total of 38 floating parameters. These include 14 paramet-
ers  associated  with  the  magnitudes  and  phases  of  the
global factor of the total amplitudes for each decay chain,
and 24  parameters  corresponding  to  partial  wave  coeffi-
cients.

100

The final fit results obtained in all schemes are mutu-
ally consistent. The fitted parameters and fit fractions are
summarized  in Table  1 and Table  2.  It  is  worth  noting
that  the  FFs  here  are  defined  with  normalization  to  the
squared  total  amplitude;  therefore,  they  are  not  simple
probability  fractions.  Since  the  total  amplitude  contains
interference terms among different components, destruct-
ive interference can reduce the denominator. As a result,
the sum of the individual FFs can exceed %. The in-
terference fractions and invariant mass spectra are shown
in Table 3 and Fig. 13. 

VII.  CONCLUSION

LS

In this paper, we study covariant amplitude construc-
tions for PWA, aiming for decay amplitudes that are dir-
ectly evaluable in any frame while maintaining a clear 
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partial wave expansion.
We first review the helicity and the canonical single-

particle  states  and  the  corresponding  two-particle  states.
In the two-body COM frame, when the two-particle state
is coupled  into  a  state  with  fixed  total  angular  mo-
mentum J,  the  helicity  and  the  canonical  constructions
correspond  to  two  different  coupling  formalisms.  In  the
helicity  formalism,  the  coupling  is  performed directly  in

LS
3→ 1+2

LS

the helicity basis, whereas in the canonical formalism, the
coupling  is  realized  through  the  coupling. Con-
sequently,  for  the  two-body  decay ,  there  are
two commonly  used  partial  wave  expansions  of  the  de-
cay amplitude,  namely  the  helicity  partial  wave  expan-
sion and the  partial  wave expansion.  Although these
two  expansions  are  written  in  different  forms,  they  are
physically equivalent.  This equivalence follows from the
completeness  of  the  helicity  two-particle  states  and  the
canonical  two-particle  states,  which  allows  one  basis  to
be expanded in the other.

LS
LS

We then derive the decay amplitudes in any frame for
both the canonical formalism and the helicity formalism.
Since  the  partial  wave definitions  are  made in  the  COM
frame, any  frame  evaluation  requires  boosting  the  mo-
menta back to the COM frame. For non-collinear boosts,
the boost induces non-trivial Wigner rotations, so that the
amplitude in any frame is given by the COM frame amp-
litude accompanied by the Wigner rotations generated by
the  boost.  In  particular,  in  the  partial wave  frame-
work that is central to this work, the traditional-  coup-
ling is  defined  in  the  COM  frame.  Therefore,  the  con-
struction of  the  corresponding  partial  waves  requires  re-
turning to the COM frame, and the definition is not mani-

 

Table 1.    The numerical results of the total amplitude of dif-
ferent components and FFs. The total FF is 152.0%. Only stat-
istical uncertainties are listed.

Process Magnitude Phase ϕ (rad) FF (%)

Λρ(770)+ 1.0 (fixed) 0.0 (fixed) 58.3±2.4

Σ(1385)+π0 0.49±0.05 ±−0.11  0.11 8.6±0.5

Σ(1385)0π+ 0.42±0.05 ±3.06  0.13 9.5±0.5

Σ(1670)+π0 0.34±0.06 ±−0.81  0.16 4.0±0.5

Σ(1670)0π+ 0.35±0.05 ±2.89  0.17 2.6±0.4

Σ(1750)+π0 1.89±0.15 ±−1.71  0.08 17.7±1.8

Σ(1750)0π+ 1.96±0.17 ±1.39  0.09 19.4±1.9

Λ+NR1− 3.99±0.29 ±2.17  0.08 31.9±2.9

 

gLSTable 2.    Numerical results of the partial wave coefficients  for different resonances in the nominal fit are presented. Only statistic-
al uncertainties are listed.

1
2
+(Λ+c )→ 3

2
+(Σ(1385)+)+0−(π0) 1

2
+(Λ+c )→ 3

2
+(Σ(1385)0)+0−(π+)

Amplitude Magnitude Phase ϕ (rad) Amplitude Magnitude Phase ϕ (rad)

gΣ(1385)+

1, 3
2

1.0 (fixed) 0.0 (fixed) gΣ(1385)0

1, 3
2

1.0 (fixed) 0.0 (fixed)

gΣ(1385)+

2, 3
2

1.22±0.17 2.67±0.12 gΣ(1385)0

2, 3
2

1.61±0.26 2.47±0.13

1
2
+(Λ+c )→ 3

2
−(Σ(1670)+)+0−(π0) 1

2
+(Λ+c )→ 3

2
−(Σ(1670)0)+0−(π+)

Amplitude Magnitude Phase ϕ (rad) Amplitude Magnitude Phase ϕ (rad)

gΣ(1670)+

1, 3
2

1.0 (fixed) 0.0 (fixed) gΣ(1670)0

1, 3
2

1.0 (fixed) 0.0 (fixed)

gΣ(1670)+

2, 3
2

1.54±0.29 0.99±0.15 gΣ(1670)0

2, 3
2

1.01±0.20 0.25±0.19

1
2
+(Λ+c )→ 1

2
−(Σ(1750)+)+0−(π0) 1

2
+(Λ+c )→ 1

2
−(Σ(1750)0)+0−(π+)

Amplitude Magnitude Phase ϕ (rad) Amplitude Magnitude Phase ϕ (rad)

gΣ(1750)+

0, 1
2

1.0 (fixed) 0.0 (fixed) gΣ(1750)0

0, 1
2

1.0 (fixed) 0.0 (fixed)

gΣ(1750)+

1, 1
2

0.35±0.07 −2.26±0.15 gΣ(1750)0

1, 1
2

0.37±0.07 −1.84±0.14

1
2
+(Λ+c )→ 1

2
+(Λ)+1−(ρ(770)+) 1

2
+(Λ+c )→ 1

2
+(Λ)+1−(NR1− )

Amplitude Magnitude Phase ϕ (rad) Amplitude Magnitude Phase ϕ (rad)

gρ
0, 1

2
1.0 (fixed) 0.0 (fixed) gNR

0, 1
2

1.0 (fixed) 0.0 (fixed)

gρ
1, 1

2
0.46±0.08 −1.69±0.09 gNR

1, 1
2

1.00±0.08 −0.45±0.09

gρ
1, 3

2
0.89±0.07 0.54±0.08 gNR

1, 3
2

0.18±0.06 −3.0±0.4

gρ
2, 3

2
0.55±0.08 −0.14±0.12 gNR

2, 3
2

0.29±0.08 −2.22±0.23

1
2
+(Λ)→ 1

2
+(p)+0−(π−)

Amplitude Magnitude Phase ϕ (rad)

gΛ0, 1
2

1.0 (fixed) 0.0 (fixed)
gΛ1, 1

2
0.435376 (fixed) 0.0 (fixed)
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festly Lorentz covariant at the level of construction.

LS

SO(3,1)

LS

To restore  Lorentz  covariance,  several  methods,  in-
cluding  Zemach  tensor,  covariant  tensor,  and  covariant
projection tensor  methods,  have  been  developed  to  con-
struct Lorentz covariant  tensors, in which the angular
momentum coupling  is  implemented  in  Lorentz  repres-
entations  of .  In  practice,  tensor  constructions  of

 amplitudes can  be  organized  into  two  classes,  re-
ferred to as the PS scheme and the GS scheme.

LS

● PS scheme: In the COM frame of the PS scheme,
the  partial  wave  amplitude  can  be  decomposed  into  the
covariant  coupling structure and the pure-spin part.
 

Aσ1σ2
σ3

(k3, p∗1, p
∗
2; L,S ) = Γℓ1ℓ2

ℓ3
(k3, p∗1, p

∗
2; L,S )︸                     ︷︷                     ︸

covariant LS coupling structure

×uℓ3
σ3

(k3; s3)ūσ1
ℓ1

(k1; s1)ūσ2
ℓ2

(k2; s2)︸                                   ︷︷                                   ︸
pure-spin part

,

(530)

LS
SO(3,1)

SO(3)

where  the  pure-spin  part  does  not  depend  on  the  final-
state relative momentum. As a result, the spin coupling is
equivalent  to  coupling  the  intrinsic  spins  defined  at  the
rest frames of the individual particles, and it matches the
traditional-  method.  For  the  orbital  part,  a  Lorentz
tensor structure in  is constructed, which is equi-
valent,  in  the  COM  frame,  to  the  spherical  harmonic
structure  in  the  little group  representation.  There-

 

Λ+cTable 3.    Interference fractions (I.F.) between  amplitudes in units of percentage. The uncertainties are statistical only.

I.F. Λ+NR1− Σ(1385)0π+ Σ(1385)+π0 Σ(1670)0π+ Σ(1670)+π0 Σ(1750)0π+ Σ(1750)+π0

Σ(1385)0π+ −0.17±0.28

Σ(1385)+π0 −0.57±0.28 −0.03±0.02

Σ(1670)0π+ −0.42±0.12 −0.00±0.00 −0.43±0.05

Σ(1670)+π0 −0.40±0.12 −0.42±0.06 0.00±0.00 0.03±0.01

Σ(1750)0π+ −11.0±2.2 0.03±0.01 0.36±0.04 −0.0±0.0 −0.03±0.03

Σ(1750)+π0 −9.2±2.1 0.26±0.04 −0.06±0.01 0.11±0.04 0.07±0.01 −7.1±0.7

Λρ(770)+ −7.4±2.5 −6.7±0.4 −6.73±0.33 0.56±0.24 1.55±0.25 −2.0±0.9 −2.3±0.9

 

Mπ+π0 MΛπ+ MΛπ0Fig. 13.    (color online) Projections of the fit results in the invariant mass spectra , , and  are shown. Points with error
bars denote the data, and different styles of the curves represent different components.
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LS
fore, in the PS scheme, the orbital-spin separation is con-
sistent  with  the  traditional-  method,  realizing  a  clean
separation between orbital and spin. The drawback is that
the definition still relies on the COM frame, and hence it
is not manifestly covariant at the level of construction.
 

LS
● GS  scheme: In  the  GS  scheme,  the  partial  wave

amplitude  can  be  decomposed  into  the  covariant 
coupling structure and the general-spin part. 

Cσ1σ2
σ3

(p3, p1, p2; L,S ) = Γℓ1ℓ2
ℓ3

(p3, p1, p2; L,S )︸                      ︷︷                      ︸
covariant LS coupling structure

×uℓ3
σ3

(p3; s3)ūσ1
ℓ1

(p1; s1)ūσ2
ℓ2

(p2; s2)︸                                     ︷︷                                     ︸
general-spin part

,

(531)

LS

(L,S )

LS
LS

which is  manifestly  covariant  and  can  be  evaluated  dir-
ectly  in  any frame,  without  boosting to  the COM frame.
However, when one returns to the COM frame, the gener-
al-spin part typically depends on the final-state momenta,
so  that  orbital  information  enters  the  spin  coupling,  and
the  orbital-spin  separation  is  incomplete.  Consequently,
this  construction  does  not  achieve  the  full  orbital-spin
separation of the traditional-  method, and the physical
meaning  of  the  orbital-spin  decomposition  is  modified.
As  a  result,  a  fixed  component in  the  two  defini-
tions  might  not  correspond  to  the  same  partial  wave,
which  may  lead  to  different  partial  wave  coefficients.
Only in the non-relativistic limit is the spin part  reduced
to rest  frame  spin  wave  functions,  which  are  purely  in-
trinsic-spin  objects,  and  the  tensor  constructions  of 
amplitudes in the GS scheme would have clear  separ-
ation.

LS

LS LS

Therefore,  current  tensor  constructions  of  amp-
litudes face a trade-off. It can be seen that neither scheme
simultaneously provides a manifestly covariant construc-
tion that  avoids boosts  to  the two-body COM frame and
an  separation  identical  to  the  traditional-  defini-
tion.  Additionally,  for  both  schemes,  when  massless
particles are involved, one must impose gauge invariance
constraints explicitly and select a linearly independent set
of vertex structures, which further increases the complex-
ity of practical implementations.

LS
(L,S )

LS

Motivated by this trade-off, the goal is to construct an
amplitude that satisfies the following requirements simul-
taneously.  First,  it  is  manifestly  Lorentz  covariant  at  the
level of construction and can be evaluated directly in any
frame.  Second,  it  preserves,  in  physical  meaning,  the
same  orbital-spin  separation  as  in  the  traditional-
method,  so  that  a  fixed  component  corresponds
term-by-term to the traditional-  decomposition. Third,
the construction is  given in a general  formula applicable
to  particles  of  arbitrary  spin,  including  the  case  with

massless particles.
To  achieve  this,  we  present  an  on-shell  construction

of  covariant  orbital-spin  coupling  amplitudes  referred  to
as the canonical-spinor amplitudes, which can be written
as 

A{I(1)},{I(2)}
{I(3)} (p3, p1, p2; L,S ) = YL

{I}︸︷︷︸
orbital part

S{I(1)},{I(2)}
{K} CS ,{K};L,{I}

s3 ,{I(3)}︸                   ︷︷                   ︸
spin part

.

(532)

SU(2)
SL(2,C)

LS
LS

gLS

LS

In  this  scheme,  the  canonical-spinor  variables  are
used as the basic building blocks to assemble the orbital
part and the spin part. The angular momentum coupling is
carried out in the little group  representation, while
the  canonical-spinor  variables  carry  Lorentz in-
dices,  which  ensures  the  covariance  of  the  construction.
The  resulting  canonical-spinor amplitudes  can  be  evalu-
ated  in  any  frame  by  directly  substituting  the  four-mo-
menta in that frame, without boosting each event back to
the  two-body COM  frame.  More  importantly,  when  re-
turning to the two-body COM frame, the  definition in
this construction coincides with that of the traditional-
amplitude. This guarantees that the fitted  coefficients
agree  with  the  traditional-  method  term  by  term  and
can therefore be compared directly.

In section 5,  the treatment of cascade decays in non-
covariant  and covariant  approaches is  discussed.  In  non-
covariant  approaches,  each  two-body  amplitude  is
defined in its own rest frame, so an explicit alignment of
the spin quantization axis is required when assembling a
multistep decay. In the canonical case, the spin quantiza-
tion axis is fixed to the z-axis. The two-body amplitudes
at  different  steps  can  therefore  be  aligned  to  a  common
reference z-axis,  and  different  decay  chains  can  be
summed  coherently.  In  the  non-covariant  helicity  case,
two standard treatments are used. One is to assemble the
COM helicity amplitudes step by step and contract the in-
termediate-state indices. When multiple decay chains are
present,  the  final-state  helicity  conventions  can  differ
between chains, so an additional alignment is still needed
before a coherent sum is formed. The other is to define all
helicities with respect to a single reference frame, such as
the lab, so that different chains can be added directly,  in
the same way as in the canonical  treatment.  In covariant
approaches, the two-body building blocks are already ex-
pressed in  a  common  covariant  form  and  can  be  evalu-
ated  directly  from  the  four-momenta.  In  practice,  each
chain  amplitude  is  computed  directly  from  the  four-mo-
menta,  and  the  chain  amplitudes  are  summed coherently
without additional  alignment  steps.  This  leads  to  a  sim-
pler implementation,  especially  for  processes  with  mul-
tiple decay chains.

Λ+c →
Λπ+π0

As  a  benchmark,  we  study  the  cascade  decay 
 [85]  and  implement  the  amplitudes  in  TF-PWA.
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5σ

LS

We include  the  intermediate  states  with  statistical  signi-
ficance  larger  than  and perform  fits  using  the  likeli-
hood  function,  fit  fraction,  and  interference  fraction
definitions.  The  fitted  magnitudes,  phases,  fit  fractions,
and interference fractions are consistent between the heli-
city  amplitude,  the traditional-  amplitude, and the ca-
nonical-spinor  amplitude.  This  numerical  study  supports
that the canonical-spinor amplitude is practical for PWA. 
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APPENDIX A: D-FUNCTIONS

This  appendix  summarizes  the  definition  and  basic
properties  of D-functions  used  throughout.  The D-func-
tion with spin j is defined as 

Dσ′( j)
σ (α,β,γ) = ⟨k, jσ′|U[R(α,β,γ)]|k, jσ⟩

= e−iσ′αdσ
′( j)
σ (β)e−iσγ. (A1)

Dσ′( j)
σThe matrices  are unitary and satisfy the group prop-

erty: 

∑
σ

Dσ′( j)
σ (R)Dσ′′( j)∗

σ (R) = δσ
′

σ′′ , (A2)

 

Dσ′( j)
σ′′ (R2R1) =

∑
σ

Dσ′( j)
σ (R2)Dσ( j)

σ′′ (R1). (A3)

dσ
′( j)
σ (β)The functions  can be expressed as [91]. 

dσ
′( j)
σ (β) =

∑
t

(−1)t [( j+σ′)!( j−σ′)!( j+σ)!( j−σ)!]
1
2

t!( j+σ′− t)!( j−σ− t)!(t+σ−σ′)!

×
Å

cos
β

2

ã2( j−t)+σ′−σÅ
sin

β

2

ã2t+σ−σ′

.

(A4)

The sum is taken over all  values of t which lead to non-
negative factorials.

dσ
′( j)
σ (β)The  functions  have  the  following  symmetry

properties: 

dσ
′( j)
σ (β) = (−1)σ

′−σdσ( j)
σ′ (β) = (−1)σ

′−σdσ
′( j)
σ (−β), (A5)

 

dσ
′( j)
σ (β) = (−1)σ

′−σd−σ
′( j)

−σ (β), (A6)

 

dσ
′( j)
σ (π−β) = (−1) j+σ′dσ

′( j)
−σ (β), (A7)

 

dσ
′( j)
σ (π) = (−1) j−σδσ

′
−σ. (A8)

Using Eq. (A7), the D-functions have 

Dσ′( j)∗
σ (R) = Dσ( j)

σ′ (R−1) = (−1)σ
′−σD−σ

′( j)
−σ (R). (A9)

Using the identity 

R(π+α,π−β,π−γ) = R(α,β,γ)R(0,π,0), (A10)

one obtains the corresponding relation for D-functions: 

Dσ′( j)
σ (π+α,π−β,π−γ) = (−1) j−σDσ′( j)

−σ (α,β,γ), (A11)

and 

Dσ′( j)
σ (π+ϕ,π− θ,0) = (−1) jDσ′( j)

−σ (ϕ,θ,0). (A12)

YL
σL

(ϕ,θ)The  spherical  harmonics  are  related  to  the D-
functions via 

DσL( j)∗
0 (ϕ,θ,0) =

…
4π

2L+1
YL
σL

(θ,ϕ). (A13)

The D-functions satisfy the following coupling rule: 

D
σ′1( j1)
σ1 D

σ′2( j2)
σ2 =

∑
j3

C
j1 ,σ′1; j2 ,σ′2
j3 ,σ′3

C j3 ,σ3
j1 ,σ1; j2σ2

D
σ′3( j3)
σ3 , (A14)

where 

| j1− j2| ≤ j3 ≤ j1+ j2, σ3 =σ1+σ2, σ′3 =σ
′
1+σ

′
2. (A15)

Or, equivalently, 

D
σ′1( j1)
σ1 D

σ′3( j3)∗
σ3 =

∑
j2

2 j2+1
2 j3+1

C
j1 ,σ′1; j2 ,σ′2
j3 ,σ′3

C j3 ,σ3
j1 ,σ1; j2σ2

D
σ′2( j2)∗
σ2 ,

(A16)

where
The action of a rotation on a particle state is given by: 

| j1− j3| ≤ j2 ≤ j1+ j3, σ2 =σ3−σ1, σ′2 =σ
′
3−σ′1. (A17) 

U(R)| jσ⟩ =
∑
σ′

Dσ′( j)
σ (R)| jσ′⟩, (A18)
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or 

⟨ jσ|U†(R) =
∑
σ′

Dσ′( j)∗
σ (R)⟨ jσ′| =

∑
σ′

Dσ( j)
σ′ (R−1)⟨ jσ′|.

(A19)
 

APPENDIX B: NORMALIZATION OF ONE- AND
TWO-PARTICLE STATES

|p, jσ⟩ |p, jλ⟩One-particle momentum eigenstates  and 
are normalized as 

⟨p′, j′σ′|p, jσ⟩ = δ̃(p′−p)δ j j′δσσ′ ,

⟨p′, j′λ′|p, jλ⟩ = δ̃(p′−p)δ j j′δλλ′ , (B1)

where the Lorentz invariant δ-function is given by 

δ̃(p′−p) = (2π)3(2E)δ(3)(p′−p), (B2)

and the invariant volume element is defined by 

d̃p =
d3p

(2π)3 2E
. (B3)

With  these  conventions,  the  completeness  relations  take
the form: 

∑
j,σ

∫
d̃p |p, jσ⟩⟨p, jσ| = I,

∑
j,λ

∫
d̃p |p, jλ⟩⟨p, jλ| = I,

(B4)

where I denotes the identity operator.

|p⟩

For  the  discussion  of  two-particle  kinematics  in  this
appendix, only spinless particles are considered. The spin
label is therefore suppressed, and the notation  is used
for one-particle states. Two-particle states are defined by 

|p1p2⟩ ≡ |p1⟩|p2⟩, (B5)

and satisfy the normalization 

⟨p′1p′2|p1p2⟩ = δ̃(p′1−p1)δ̃(p′2−p2). (B6)

p1 p2A two-particle  system with  four-momenta  and 
can  be  equivalently  described  by  the  total  four-mo-
mentum 

p = p1+ p2, (B7)

and by the orientation Ω of the relative three-momentum
in the COM frame. The invariant mass of the two-particle
system is denoted by 

m = E1com+E2com, (B8)

and  the  magnitude  of  the  three-momentum  in  the  COM
frame is denoted by q, such that 

p∗1 = −p∗2, q = |p∗1| = |p∗2|. (B9)

Two-particle  states  labeled  by  the  total  four-mo-
mentum p and the  solid  angle  Ω  of  the  relative  mo-
mentum are introduced as 

|p,Ω⟩ = N |p1p2⟩, (B10)

where N is the  normalization  constant.  The  desired  nor-
malization of these states is 

⟨p′,Ω′|p,Ω⟩ = (2π)4δ(4)(p′− p)δ(2)(Ω′−Ω), (B11)

δ(2)(Ω′−Ω)where  denotes  the  delta  function  on  the  unit
sphere, normalized according to ∫

dΩδ(2)(Ω′−Ω) = 1. (B12)

|p1p2⟩ |p,Ω⟩The  relation  between  and  is  determined  by
the  two-body  phase-space  measure.  In  the  COM  frame,
the two-body phase space is defined by 

dΦ = (2π)4δ(4)(p1+ p2− p)d̃p1 d̃p2

=
1

(4π)2

q
m

dΩ. (B13)

δ(2)(Ω′−Ω)Combining  this  with  and  integrating  over
these variables gives: ∫

δ(2)(Ω′−Ω)dΦ =
∫
δ(2)(Ω′−Ω)

1
(4π)2

q
m

dΩ

=
1

(4π)2

q
m
. (B14)

d p̃1 dp̃2

Multiplying  Eqs.  (B6)  and  (B11)  by  the  invariant
volume element , Eq. (B6) integrates to 1. For Eq.
(B11),  using  Eqs.  (B10),  (B13)  and  (B14),  one  obtains
the normalization constant. 

N =
1

4π

…
q
m
. (B15)
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APPENDIX C: CLEBSCH-GORDAN COEFFI-

CIENTS
 

C.1.    CGCs calculation

|s1σ1⟩ |s2σ2⟩Consider  two canonical  states  and .  Our
goal is to couple these two states into a total spin-S, such
that
 

|s1− s2| ≤ S ≤ s1+ s2. (C1)

The states are related by a linear relation given by
 

|Sσ⟩ =
∑
σ1σ2

C s1 ,σ1;s2 ,σ2
S ,σ |s1σ1⟩|s2σ2⟩, (C2)

C s1 ,σ1;s2 ,σ2
S ,σ

σ = σ1+σ2

where  the  coefficients  are  called  CGCs.  We
have .  An expression  for  the  CG coefficients
was also derived by Wigner [91]
 

C s1 ,σ1;s2 ,σ2
S ,σ = δσ1+σ2

σ

×
ï
(2S +1)

(S + s1− s2)!(S − s1+ s2)!(s1+ s2−S )!(S +σ)!(S −σ)!
(S + s1+ s2+1)!(s1−σ1)!(s1+σ1)!(s2−σ2)!(s2+σ2)!

ò 1
2

×
∑

t

(−1)t+S+σ

t!
(S +σ1+ s2− t)!(s1−σ1+ t)!

S − (s1+ s2− t)!(S +σ− t)!(t+ s1− s2−σ)!
.

(C3)

The sum is taken over all values of t that lead to non-neg-
ative factorials. Using the orthogonality relations, we can
derive the inverse relations as
 

|s1σ1⟩|s2σ2⟩ =
∑

S

CS ,σ
s1 ,σ1;s2 ,σ2

|Sσ⟩. (C4)

The CGCs have the following symmetry properties:
 

C s1 ,σ1;s2 ,σ2
S ,σ = (−1)s1+s2−S C s1 ,−σ1;s2 ,−σ2

S ,−σ , (C5)

 

C s1 ,σ1;s2 ,σ2
S ,σ = (−1)s1+s2−S C s2 ,σ2;s1 ,σ1

S ,σ , (C6)

 

C s1 ,σ1;s2 ,σ2
S ,σ = (−1)s1−σ1

ï
2S +1
2s2+1

ò 1
2

C s1 ,σ1;S ,−σ
s2 ,−σ2

. (C7)

 

C.2.    Examples of SU(2) CGCs calculation

We first present some examples of SU(2) CGC calcu-
lations. The SU(2) CGCs are
 

C s1 ,{I};s2 ,{K}
s,{J} ≡

 
(a+b)!(b+ c)!(a+ c+1)!

b!(a+b+ c+1)!a!c!

×δ(I1 ···Ia
(J1 ···Ja

εIa+1 ···Ia+b),(K1 ···KbδKb+1 ···Kb+c)
Ja+1 ···Ja+c) , (C8)

with 

a = s1+ s− s2,

b = s1+ s2− s,

c = s2+ s− s1,

εI1 ···Ib ,K1 ···Kb = εI1K1 · · ·εIbKb . (C9)

s =
1
2

s1 =
1
2 s2 = 0 a = 1 b = 0 c = 01. , ,  with , , .  The

CGC is 

C
1
2 ,{I1};0
1
2 ,{J1}

= δI1
J1
. (C10)

s = 1 s1 = 1 s2 = 0 a = 2 b = 0 c = 02. , ,  with , , .  The
CGC is 

C1,{I1 I2};0
1,{J1 J2} = δ

(I1 I2)
(J1 J2) =

1
2

(δI1
J1
δI2

J2
+δI2

J1
δI1

J2
). (C11)

s =
3
2
, s1 =

3
2
, s2 = 0 a = 3,b = 0,c = 03.  with .  The

CGC is 

C
3
2 ,{I1 I2 I3};0
3
2 ,{J1 J2 J3}

= δ(I1 I2 I3)
(J1 J2 J3) =

1
6

(δI1
J1
δI2

J2
δI3

J3
+δI1

J1
δI3

J2
δI2

J3

+δI2
J1
δI1

J2
δI3

J3
+δI2

J1
δI3

J2
δI1

J3
+δI3

J1
δI1

J2
δI2

J3
+δI3

J1
δI2

J2
δI1

J3
).

(C12)

s =
1
2
, s1 =

1
2
, s2 = 1 a = 0,b = 1,c = 14.  with .  The

CGC is 

C
1
2 ,{I1};1,{K1K2}
1
2 ,{J1}

=

…
2
3
εI1(K1δK2)

J1

=
1
2

…
2
3
(
εI1K1δK2

J1
+εI1K2δK1

J1

)
. (C13)

s =
3
2
, s1 =

1
2
, s2 = 1 a = 1,b = 0,c = 25.  for  with .  The

CGC is 

C
1
2 ,{I1};1,{K1K2}
3
2 ,{J1 J2 J3}

= δI1(K1K2)
(J1 J2 J3) =

1
6

(δI1
J1
δK1

J2
δK2

J3
+δI1

J1
δK1

J3
δK2

J2

+δI1
J2
δK1

J1
δK2

J3
+δI1

J2
δK1

J3
δK2

J1
+δI1

J3
δK1

J1
δK2

J2

+δI1
J3
δK1

J2
δK2

J1
). (C14)

s =
1
2
, s1 =

3
2
, s2 = 16.  The  given  values  are  with
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a = 1,b = 2,c = 0. The CGC is 

C
3
2 ,{I1 I2 I3};1,{K1K2}
1
2 ,{J1}

=

…
1
2
δ(I1

J1
εI2 I3),(K1K2)

=
1
6

…
1
2

(δI1
J1
εI2K1εI3K2 +δI1

J1
εI3K1εI2K2

+δI2
J1
εI1K1εI3K2 +δI2

J1
εI3K1εI1K2

+δI3
J1
εI1K1εI2K2 +δI3

J1
εI2K1εI1K2 . (C15)

s = 1 s1 = 1 s2 = 1 a = 1 b = 1 c = 17. , , ,  with , ,  and .
The CGC is 

C1,{I1 I2};1,{K1K2}
1,{J1 J2} = δ(I1

(J1
εI2)(K1δK2)

J2)

=
1
8

(δI1
J1
εI2K1δK2

J2
+δI1

J1
εI2K2δK1

J2
+δI2

J1
εI1K1δK2

J2

+δI2
J1
εI1K2δK1

J2
+δI1

J2
εI2K1δK2

J1
+δI1

J2
εI2K2δK1

J1

+δI2
J2
εI1K1δK2

J1
+δI2

J2
εI1K2δK1

J1
).

(C16)
 

APPENDIX D: NUMERICAL BASES-TRANS-
FORMATION

LS

In  this  appendix,  numerical  procedures  for  relating
different  partial  wave  bases  are  summarized.  Although
amplitudes  may  take  different  explicit  forms  depending
on the  chosen  basis,  the  underlying  physical  content  re-
mains the same.  In  particular,  the  same scattering or  de-
cay  process  can  be  described  in  different  schemes,  such
as the helicity basis or the traditional-  basis.

CLS HL′S ′

tLS ;L′S ′

Consider two coupling bases  with  partial  wave amp-
litudes denoted by  and ,  respectively.  They are
connected  by  a  linear  transformation  with  basis-change
coefficients , 

CLS =
∑
L′S ′

tLS ;L′S ′ HL′S ′ , (D1)

tLS ;L′S ′

HL′S ′ CLS

tLS ;L′S ′

LS

where  is  the  transformation  matrix  element  from
the  basis to the  basis. In practical calculations,
one possible method to determine the transformation mat-
rix  is through sampling in phase space. If there are
N independent  combinations, one can select N sets of
kinematically  allowed momenta  from the  physical  phase
space, denoted as: 

{p1
3 p1

1 p1
2}, {p2

3 p2
1 p2

2}, · · · , {pN
3 pN

1 pN
2 }. (D2)

tLS ;L′S ′

By calculating  each  amplitude  at  these  sampled  mo-
mentum points,  one can construct  and solve a  system of
linear equations to extract the numerical values of .
Since  the  physical  amplitude A is  basis-independent,  it
can be equivalently written in either representation: 

A =
∑

LS

gLS CLS =
∑
L′S ′

gL′S ′HL′S ′ , (D3)

gL,S gL′S ′

gLS

CLS

gL′S ′ HL′S ′

where  and  are  the  energy-dependent coeffi-
cients  in  their  respective  bases.  Assuming  that  are
known in  the  basis, one  can  straightforwardly  com-
pute  the  transformed  coefficients  in  the  basis
via: 

g′L′S ′ =
∑

LS

gLS tLS ;L′S ′ . (D4)

This transformation  ensures  that  the  physical  amp-
litude  remains  invariant  under  the  change  of  basis,
thereby guaranteeing  the  consistency  of  physical  predic-
tions such as decay widths, angular distributions, and dif-
ferential cross sections.

 

 

References 

 S. U. Chung, SPIN FORMALISMS[1]
 J.  D.  Richman, An  Experimenter’s  Guide  to  the  Helicity
Formalism

[2]

 H.  E.  Haber, Spin  formalism  and  applications  to  new
physics searches, in 21st Annual SLAC Summer Institute on
Particle  Physics:  Spin  Structure  in  High-energy  Processes
(School: 26 Jul - 3 Aug, Topical Conference: 4-6 Aug) (SSI
93), pp. 231-272, 4, 1994, arXiv: hep-ph/9405376

[3]

 K.  J.  Peters, Int.  J.  Mod.  Phys.  A 21, 5618 (2006),  arXiv:
hep-ph/0412069

[4]

 C.  W.  Salgado  and  D.  P.  Weygand, Phys.  Rept. 537, 1
(2014), arXiv: 1310.7498

[5]

 M. Jacob and G. C. Wick, Annals Phys. 7, 404 (1959)[6]
 S. M. Berman and M. Jacob, Phys. Rev. 139, B1023 (1965)[7]

 G. C. Wick, Annals Phys. 18, 65 (1962)[8]
 F. Boudjema and R. K. Singh, JHEP 07, 028 (2009), arXiv:
0903.4705

[9]

 Y.  Gao,  A.  V.  Gritsan,  Z.  Guo et  al., Phys.  Rev.  D 81,
075022 (2010), arXiv: 1001.3396

[10]

 J. A. Aguilar-Saavedra and R. V. Herrero-Hahn, Phys. Lett.
B 718, 983 (2013), arXiv: 1208.6006

[11]

 J.  Gratrex,  M.  Hopfer,  and  R.  Zwicky, Phys.  Rev.  D 93,
054008 (2016), arXiv: 1506.03970

[12]

 V.  Arunprasath,  R.  M.  Godbole,  and  R.  K.  Singh, Phys.
Rev. D 95, 076012 (2017), arXiv: 1612.03803

[13]

 Z.  J.  Ajaltouni  and  E.  Di  Salvo, Eur.  Phys.  J.  C 79, 989
(2019), arXiv: 1904.02442

[14]

 S. Y. Choi,  J.  H. Jeong, and J.  H. Song, Eur.  Phys.  J.  Plus
135, 210 (2020), arXiv: 1903.00166

[15]

 F. Von Hippel and C. Quigg, Phys. Rev. D 5, 624 (1972)[16]

Covariant canonical-spinor amplitudes for partial wave analysis Chin. Phys. C 50, 093110 (2026)

093110-75

https://arxiv.org/abs/9405376
https://arxiv.org/abs/9405376
https://arxiv.org/abs/9405376
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://doi.org/10.1142/S0217751X06034811
https://arxiv.org/abs/0412069
https://arxiv.org/abs/0412069
https://arxiv.org/abs/0412069
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://doi.org/10.1016/j.physrep.2013.11.005
https://arxiv.org/abs/1310.7498
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1103/PhysRev.139.B1023
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1016/0003-4916(62)90059-3
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://doi.org/10.1088/1126-6708/2009/07/028
https://arxiv.org/abs/0903.4705
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://doi.org/10.1103/PhysRevD.81.075022
https://arxiv.org/abs/1001.3396
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://doi.org/10.1016/j.physletb.2012.11.031
https://arxiv.org/abs/1208.6006
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://doi.org/10.1103/PhysRevD.93.054008
https://arxiv.org/abs/1506.03970
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://doi.org/10.1103/PhysRevD.95.076012
https://arxiv.org/abs/1612.03803
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://doi.org/10.1140/epjc/s10052-019-7506-9
https://arxiv.org/abs/1904.02442
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://doi.org/10.1140/epjp/s13360-020-00132-1
https://arxiv.org/abs/1903.00166
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624
https://doi.org/10.1103/PhysRevD.5.624


 N.  L.  Harshman  and  N.  Licata, Annals  Phys. 317, 182
(2005), arXiv: hep-ph/0407299

[17]

 M. Mikhasenko et al. (JPAC Collaboration), Eur. Phys. J. C
78, 229 (2018), arXiv: 1712.02815

[18]

 A.  Pilloni et  al.  (JPAC Collaboration), Eur.  Phys.  J.  C 78,
727 (2018), arXiv: 1805.02113

[19]

 C. Zemach, Phys. Rev. 133, B1201 (1964)[20]
 C. Zemach, Phys. Rev. 140, B97 (1965)[21]
 D.  Marangotto, Adv.  High  Energy  Phys. 2020, 6674595
(2020), arXiv: 1911.10025

[22]

 K.  Habermann  and  M.  Mikhasenko, Phys.  Rev.  D 111,
056015 (2025), arXiv: 2409.06913

[23]

 H. Chen and R. G. Ping, Phys.  Rev.  D 95, 076010 (2017),
arXiv: 1704.05184

[24]

 M. Mikhasenko et  al.  (JPAC Collaboration), Phys.  Rev.  D
101, 034033 (2020), arXiv: 1910.04566

[25]

 M. Wang, Y. Jiang, Y. Liu et al., Chin. Phys. C 45, 063103
(2021), arXiv: 2012.03699

[26]

 Y. Gao, T. Rong, Z. Yang et al., Chin. Phys. C 48, 053001
(2024), arXiv: 2302.13862

[27]

 S. U. Chung, Phys. Rev. D 48, 1225 (1993)[28]
 S. U. Chung, Phys. Rev. D 57, 431 (1998)[29]
 S.  U.  Chung  and  J.  Friedrich, Phys.  Rev.  D 78, 074027
(2008), arXiv: 0711.3143

[30]

 V. Filippini, A. Fontana, and A. Rotondi, Phys. Rev. D 51,
2247 (1995)

[31]

 B. S. Zou and D. V. Bugg, Eur. Phys. J. A 16, 537 (2003),
arXiv: hep-ph/0211457

[32]

 B. S. Zou and F. Hussain, Phys. Rev. C 67, 015204 (2003),
arXiv: hep-ph/0210164

[33]

 M. Ablikim et  al.  (BESIII  Collaboration), Phys.  Rev.  Lett.
132, 181901 (2024), arXiv: 2312.05324

[34]

 M.  Ablikim et  al.  (BESIII  Collaboration), Phys.  Rev.  D
108, L111101 (2023), arXiv: 2310.10452

[35]

 M.  Ablikim et  al.  (BESIII  Collaboration), JHEP 01, 180
(2024), arXiv: 2309.13883

[36]

 M. Ablikim et  al.  (BESIII  Collaboration), Phys.  Rev.  Lett.
132, 131903 (2024), arXiv: 2309.05760

[37]

 J. J. Zhu and M. L. Yan, Covariant amplitudes for mesons,
arXiv: hep-ph/9903349

[38]

 A. V.  Anisovich,  V.  V.  Anisovich,  V.  N.  Markov et  al., J.
Phys. G 28, 15 (2002), arXiv: hep-ph/0105330

[39]

 A. Anisovich, E. Klempt,  A. Sarantsev et al., Eur.  Phys.  J.
A 24, 111 (2005), arXiv: hep-ph/0407211

[40]

 S.  Dulat  and  B.  S.  Zou, Eur.  Phys.  J.  A 26, 125 (2005),
arXiv: hep-ph/0508087

[41]

 A.  V.  Anisovich  and  A.  V.  Sarantsev, Eur.  Phys.  J.  A 30,
427 (2006), arXiv: hep-ph/0605135

[42]

 S. Dulat, J. J. Wu, and B. S. Zou, Phys. Rev. D 83, 094032
(2011), arXiv: 1103.5810

[43]

 M.  A.  Matveev,  A.  V.  Sarantsev,  K.  M.  Semenov-Tian-
Shansky et  al., Eur.  Phys.  J.  A 54, 108 (2018),  arXiv:
1802.07999

[44]

 X.  Dong,  K.  Su,  H.  Cai et  al., Universe 10, 376 (2024),
arXiv: 2012.10913

[45]

 X. y.  Li,  X.  K.  Dong,  and H.  J.  Jing, Nucl.  Phys.  A 1040,
122761 (2023), arXiv: 2212.06417

[46]

 A. V. Anisovich, K. V. Nikonov, and A. V. Sarantsev, Phys.
Atom. Nucl. 87, 498 (2024), arXiv: 2406.01172

[47]

 H. J.  Jing,  D.  Ben,  S.  M. Wu et  al., JHEP 06, 039 (2023),
arXiv: 2301.01575

[48]

 H.  J.  Jing,  S.  M.  Wu,  and  J.  J.  Wu, Phys.  Rev.  D 110,
016014 (2024), arXiv: 2405.06576

[49]

 M. Benmerrouche,  N.  C.  Mukhopadhyay,  and J.  F.  Zhang,
Phys. Rev. D 51, 3237 (1995), arXiv: hep-ph/9412248

[50]

 M. Benmerrouche,  N.  C.  Mukhopadhyay,  and J.  F.  Zhang,
Phys. Rev. Lett. 77, 4716 (1996), arXiv: nucl-th/9611032

[51]

 V. Pascalutsa, Hadronic J. Suppl. 16, 1 (2001)[52]
 M. F.  M.  Lutz  and E.  E.  Kolomeitsev, Nucl.  Phys.  A 730,
392 (2004), arXiv: nucl-th/0307039

[53]

 K. Nakayama, J. Speth, and T. S. H. Lee, Phys. Rev. C 65,
045210 (2002), arXiv: nucl-th/0202012

[54]

 W. H. Liang, P. N. Shen, J. X. Wang et al., J.  Phys. G 28,
333 (2002)

[55]

 S.  J.  Parke  and  T.  R.  Taylor, Phys.  Rev.  Lett. 56, 2459
(1986)

[56]

 Z. Bern, L. J. Dixon, and D. A. Kosower, Ann. Rev. Nucl.
Part. Sci. 46, 109 (1996), arXiv: hep-ph/9602280

[57]

 L. J. Dixon, Calculating scattering amplitudes efficiently, in
Theoretical Advanced Study Institute in Elementary Particle
Physics (TASI 95): QCD and Beyond, pp. 539-584, 1, 1996,
arXiv: hep-ph/9601359

[58]

 H.  Elvang  and  Y.  t.  Huang, Scattering  Amplitudes,  arXiv:
1308.1697

[59]

 C.  Cheung,  TASI  lectures  on  scattering  amplitudes,  in
Theoretical Advanced Study Institute in Elementary Particle
Physics:  Anticipating  the  Next  Discoveries  in  Particle
Physics, pp. 571-623, 2018, arXiv: 1708.03872

[60]

 G.  Travaglini et  al., J.  Phys.  A 55, 443001 (2022),  arXiv:
2203.13011

[61]

 S.  Badger,  J.  Henn,  J.  C.  Plefka  and  S.  Zoia, Scattering
Amplitudes  in  Quantum  Field  Theory, Lect.  Notes  Phys.
1021 (2024), arXiv: 2306.05976

[62]

 P.  Benincasa  and  F.  Cachazo, Consistency  Conditions  on
the S-Matrix of Massless Particles, arXiv: 0705.4305

[63]

 E.  Witten, Commun.  Math.  Phys. 252, 189 (2004),  arXiv:
hep-th/0312171

[64]

 R. Britto, F. Cachazo, and B. Feng, Nucl. Phys. B 715, 499
(2005), arXiv: hep-th/0412308

[65]

 R.  Britto,  F.  Cachazo,  B.  Feng et  al., Phys.  Rev.  Lett. 94,
181602 (2005), arXiv: hep-th/0501052

[66]

 Y. Ema, T. Gao, W. Ke et al., JHEP 01, 069 (2026), arXiv:
2506.02106

[67]

 Y. H. Ni, C. Wu, and J. H. Yu, Massless-Massive Amplitude
Correspondence  II:  Constructive  Massive  Amplitudes  in
Standard Model, arXiv: 2601.10622

[68]

 R. Kleiss and W. J. Stirling, Nucl. Phys. B 262, 235 (1985)[69]
 K.  Hagiwara  and  D.  Zeppenfeld, Nucl.  Phys.  B 274, 1
(1986)

[70]

 R. Kleiss and W. J. Stirling, Z. Phys. C 40, 419 (1988)[71]
 S. Dittmaier, Phys.  Rev. D 59, 016007 (1998),  arXiv: hep-
ph/9805445

[72]

 C. Schwinn and S. Weinzierl, JHEP 05, 006 (2005), arXiv:
hep-th/0503015

[73]

 C. Schwinn and S. Weinzierl, JHEP 03, 030 (2006), arXiv:
hep-th/0602012

[74]

 S. D. Badger, E. W. N. Glover, and V. V. Khoze, JHEP 01,
066 (2006), arXiv: hep-th/0507161

[75]

 S.  D.  Badger,  E.  W.  N.  Glover,  V.  V.  Khoze et  al., JHEP
07, 025 (2005), arXiv: hep-th/0504159

[76]

 E.  Conde  and  A.  Marzolla, JHEP 09, 041 (2016),  arXiv:
1601.08113

[77]

 E.  Conde,  E.  Joung,  and  K.  Mkrtchyan, JHEP 08, 040
(2016), arXiv: 1605.07402

[78]

 T. Basile, E. Joung, K. Mkrtchyan et al., Phys. Rev. D 109,
125003 (2024), arXiv: 2401.02007

[79]

Hong Huang, Yi-Ning Wang, Jiang-Hao Yu Chin. Phys. C 50, 093110 (2026)

093110-76

https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://doi.org/10.1016/j.aop.2004.11.013
https://arxiv.org/abs/0407299
https://arxiv.org/abs/0407299
https://arxiv.org/abs/0407299
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://doi.org/10.1140/epjc/s10052-018-5670-y
https://arxiv.org/abs/1712.02815
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://doi.org/10.1140/epjc/s10052-018-6177-2
https://arxiv.org/abs/1805.02113
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.133.B1201
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1103/PhysRev.140.B97
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://doi.org/10.1155/2020/6674595
https://arxiv.org/abs/1911.10025
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://doi.org/10.1103/PhysRevD.111.056015
https://arxiv.org/abs/2409.06913
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://doi.org/10.1103/PhysRevD.95.076010
https://arxiv.org/abs/1704.05184
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://doi.org/10.1103/PhysRevD.101.034033
https://arxiv.org/abs/1910.04566
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://doi.org/10.1088/1674-1137/abf139
https://arxiv.org/abs/2012.03699
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://doi.org/10.1088/1674-1137/ad2674
https://arxiv.org/abs/2302.13862
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.48.1225
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.57.431
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://doi.org/10.1103/PhysRevD.78.074027
https://arxiv.org/abs/0711.3143
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1103/PhysRevD.51.2247
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://doi.org/10.1140/epja/i2002-10135-4
https://arxiv.org/abs/0211457
https://arxiv.org/abs/0211457
https://arxiv.org/abs/0211457
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://doi.org/10.1103/PhysRevC.67.015204
https://arxiv.org/abs/0210164
https://arxiv.org/abs/0210164
https://arxiv.org/abs/0210164
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://doi.org/10.1103/PhysRevLett.132.181901
https://arxiv.org/abs/2312.05324
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://doi.org/10.1103/PhysRevD.108.L111101
https://arxiv.org/abs/2310.10452
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://doi.org/10.1007/JHEP01(2024)180
https://arxiv.org/abs/2309.13883
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://doi.org/10.1103/PhysRevLett.132.131903
https://arxiv.org/abs/2309.05760
https://arxiv.org/abs/9903349
https://arxiv.org/abs/9903349
https://arxiv.org/abs/9903349
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://doi.org/10.1088/0954-3899/28/1/302
https://arxiv.org/abs/0105330
https://arxiv.org/abs/0105330
https://arxiv.org/abs/0105330
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://doi.org/10.1140/epja/i2004-10125-6
https://arxiv.org/abs/0407211
https://arxiv.org/abs/0407211
https://arxiv.org/abs/0407211
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://doi.org/10.1140/epja/i2005-10140-1
https://arxiv.org/abs/0508087
https://arxiv.org/abs/0508087
https://arxiv.org/abs/0508087
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://doi.org/10.1140/epja/i2006-10102-1
https://arxiv.org/abs/0605135
https://arxiv.org/abs/0605135
https://arxiv.org/abs/0605135
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://doi.org/10.1103/PhysRevD.83.094032
https://arxiv.org/abs/1103.5810
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://doi.org/10.1140/epja/i2018-12539-9
https://arxiv.org/abs/1802.07999
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://doi.org/10.3390/universe10090376
https://arxiv.org/abs/2012.10913
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://doi.org/10.1016/j.nuclphysa.2023.122761
https://arxiv.org/abs/2212.06417
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://doi.org/10.1134/S1063778824700467
https://arxiv.org/abs/2406.01172
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://doi.org/10.1007/JHEP06(2023)039
https://arxiv.org/abs/2301.01575
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://doi.org/10.1103/PhysRevD.110.016014
https://arxiv.org/abs/2405.06576
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://doi.org/10.1103/PhysRevD.51.3237
https://arxiv.org/abs/9412248
https://arxiv.org/abs/9412248
https://arxiv.org/abs/9412248
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://doi.org/10.1103/PhysRevLett.77.4716
https://arxiv.org/abs/9611032
https://arxiv.org/abs/9611032
https://arxiv.org/abs/9611032
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://doi.org/10.1016/j.nuclphysa.2003.11.009
https://arxiv.org/abs/0307039
https://arxiv.org/abs/0307039
https://arxiv.org/abs/0307039
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://doi.org/10.1103/PhysRevC.65.045210
https://arxiv.org/abs/0202012
https://arxiv.org/abs/0202012
https://arxiv.org/abs/0202012
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1088/0954-3899/28/2/311
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://doi.org/10.1146/annurev.nucl.46.1.109
https://arxiv.org/abs/9602280
https://arxiv.org/abs/9602280
https://arxiv.org/abs/9602280
https://arxiv.org/abs/9601359
https://arxiv.org/abs/9601359
https://arxiv.org/abs/9601359
https://arxiv.org/abs/1308.1697
https://arxiv.org/abs/1708.03872
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://doi.org/10.1088/1751-8121/ac8380
https://arxiv.org/abs/2203.13011
http://dx.doi.org/10.1007/978-3-031-46987-9
http://dx.doi.org/10.1007/978-3-031-46987-9
https://arxiv.org/abs/2306.05976
https://arxiv.org/abs/0705.4305
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://arxiv.org/abs/0312171
https://arxiv.org/abs/0312171
https://arxiv.org/abs/0312171
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://doi.org/10.1016/j.nuclphysb.2005.02.030
https://arxiv.org/abs/0412308
https://arxiv.org/abs/0412308
https://arxiv.org/abs/0412308
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1103/PhysRevLett.94.181602
https://arxiv.org/abs/0501052
https://arxiv.org/abs/0501052
https://arxiv.org/abs/0501052
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://doi.org/10.1007/JHEP01(2026)069
https://arxiv.org/abs/2506.02106
https://arxiv.org/abs/2601.10622
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1016/0550-3213(86)90615-2
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1007/BF01548856
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://doi.org/10.1103/PhysRevD.59.016007
https://arxiv.org/abs/9805445
https://arxiv.org/abs/9805445
https://arxiv.org/abs/9805445
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://arxiv.org/abs/0503015
https://arxiv.org/abs/0503015
https://arxiv.org/abs/0503015
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://doi.org/10.1088/1126-6708/2006/03/030
https://arxiv.org/abs/0602012
https://arxiv.org/abs/0602012
https://arxiv.org/abs/0602012
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://doi.org/10.1088/1126-6708/2006/01/066
https://arxiv.org/abs/0507161
https://arxiv.org/abs/0507161
https://arxiv.org/abs/0507161
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://doi.org/10.1088/1126-6708/2005/07/025
https://arxiv.org/abs/0504159
https://arxiv.org/abs/0504159
https://arxiv.org/abs/0504159
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://doi.org/10.1007/JHEP09(2016)041
https://arxiv.org/abs/1601.08113
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://doi.org/10.1007/JHEP08(2016)040
https://arxiv.org/abs/1605.07402
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://doi.org/10.1103/PhysRevD.109.125003
https://arxiv.org/abs/2401.02007


 N. Arkani-Hamed, T. C. Huang, and Y. t. Huang, JHEP 11,
070 (2021), arXiv: 1709.04891

[80]

 E. P. Wigner, Annals Math. 40, 149 (1939)[81]
 E.  Gourgoulhon, Special  Relativity  in  General  Frames,
Graduate  Texts  in  Physics,  (Springer,  Berlin,  Heidelberg,
2013)

[82]

 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941)[83]
 S.  Weinberg, The  Quantum  Theory  of  Fields.  (Cambridge
University Press, 1995)

[84]

 M.  Ablikim et  al.  (BESIII  Collaboration), JHEP 12, 033
(2022), arXiv: 2209.08464

[85]

 Y. Jiang et  al., Open-source  framework  TF-PWA package,[86]

GitHub link: https://github.com/jiangyi15/tf-pwa (2020)
 M.  Ablikim et  al.  (BESIII  Collaboration), Phys.  Rev.  D
101, 032008 (2020)

[87]

 G.  J.  Gounaris  and  J.  J.  Sakurai, Phys.  Rev.  Lett. 21, 244
(1968)

[88]

 P. A. Zyla et al. (Particle Data Group), PTEP 2020, 083C01
(2020)

[89]

 A.  V.  Sarantsev,  M.  Matveev,  V.  A.  Nikonov et  al., Eur.
Phys. J. A 55, 180 (2019), arXiv: 1907.13387

[90]

 M.  E.  Rose, Elementary  Theory  of  Angular  Momentum,
(Dover Publications, 1995)

[91]

Covariant canonical-spinor amplitudes for partial wave analysis Chin. Phys. C 50, 093110 (2026)

093110-77

https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.1007/JHEP11(2021)070
https://arxiv.org/abs/1709.04891
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
https://doi.org/10.2307/1968551
http://doi.org/10.1007/978-3-642-37276-6
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1103/PhysRev.60.61
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://doi.org/10.1007/JHEP12(2022)033
https://arxiv.org/abs/2209.08464
https://github.com/jiangyi15/tf-pwa
https://github.com/jiangyi15/tf-pwa
https://github.com/jiangyi15/tf-pwa
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevD.101.032008
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://doi.org/10.1140/epja/i2019-12880-5
https://arxiv.org/abs/1907.13387

	I INTRODUCTION
	II HELICITY AND CANONICAL STATES AND AMPLITUDES
	A Description of single-particle and two-particle states
	1 Single-particle state
	2 Construction of two-particle states

	B Basic amplitudes for two-body decay
	1 Canonical and helicity decay amplitudes and their equivalence
	2 Example of helicity amplitude calculation
	3 Two-body decay amplitude in any frame


	III COVARIANT ZEMACH AND PROJECTION TENSOR AMPLITUDES
	A Covariant tensor amplitudes
	1 Zemach tensor method
	2 Covariant tensor method

	B Covariant projection tensor method
	1 Covariant projection tensor method in the GS scheme
	2 Covariant projection tensor method in the PS scheme

	<i>CCalculationsandcomparisonsofdifferent</i><i>LS</i><i>amplitudes</i>

	IV ON-SHELL CONSTRUCTION OF COVARIANT ORBITAL-SPIN COUPLING AMPLITUDE
	A Spinorial construction
	B Comparison with the covariant projection tensor method
	C Examples of canonical-spinor amplitude calculation

	V GENERAL ANALYSIS OF CASCADE DECAY
	A Non-covariant cascade decay
	1 Canonical cascade decay
	2 Helicity cascade decay

	B Covariant cascade decay

	VITHECASCADEDECAYOFΛ+c\toΛπ+π0
	A Calculate amplitudes in different ways
	1 Helicity scheme
	2 Canonical-spinor scheme

	B Numerical implementation of the canonical-spinor amplitude
	C Likelihood function and fit fraction
	D Fitting result

	VII CONCLUSION
	ACKNOWLEDGMENTS
	APPENDIX A: D-FUNCTIONS
	APPENDIX B: NORMALIZATION OF ONE- AND TWO-PARTICLE STATES
	APPENDIX C: CLEBSCH-GORDAN COEFFICIENTS
	C.1 CGCs calculation
	C.2 Examples of SU(2) CGCs calculation

	APPENDIX D: NUMERICAL BASES-TRANSFORMATION
	REFERENCES

