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Abstract: We study the inelastic charmonium (J/¢, ¥(2S)) and bottomonium (Y'(nS)) photoproduction and frag-
mentation processes in p-p and Pb-Pb collisions at LHC energies, where the ultra-incoherent photon emission is in-

cluded. Using the NRQCD factorization approach, an exact treatment is developed. This approach recovers the
Weizsicker-Williams approximation (WWA) near the 02 ~ 0 region, where the Martin-Ryskin and BCCKL meth-
ods are used to avoid double counting. We calculated the Q?, y, z, /s, and pr dependent and total cross sections.

Inelastic photoproduction and fragmentation were observed to contribute to heavy quarkonium production, particu-
larly at large pr. In addition, the contribution of the ultra-incoherent photon channel, which increases rapidly with
quarkonium mass, is significant and begins to dominate the photoproduction processes for large pr. We also ob-

tained the complete WWA validity scopes of inelastic heavy quarkonium photoproduction in heavy-ion collisions.

The WWA had high accuracy at high energies and for Pb-Pb collisions. However, current photon spectra are de-

rived beyond the WWA scope, and double counting can occur when considering different channels simultaneously.
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I. INTRODUCTION

The study of heavy quarkonium has yielded valuable
insights into the nature of the strong interaction, where
Q0 bound states act as a good platform for probing per-
turbative and nonperturbative QCD. In recent times, the
study of the heavy vector meson produced by photon-in-
duced interactions at hadronic colliders has been strongly
motivated by the possibility of constraining the dynamics
of the strong interactions at high energies [1—5]. It also
sheds light on the low-x physics and helps constrain nuc-
lear parton distributions [6—9]. It is well known that this
type of mechanism can be theoretically studied using the
Weizsidcker-Williams approximation (WWA) [10-12].
The central idea of the WWA is that the moving electro-
magnetic field of charged particles can be treated as a
flux of photons. In an ultrarelativistic ion collider, these
photons can interact with the target nucleus in the oppos-
ite beam (photoproduction) or with the photons of the op-
posite beam (two-photon reactions). At CERN Large

Received 14 March 2025; Accepted 5 June 2025; Published online 6 June 2025

CSTR: 32044.14.ChinesePhysicsC.49103103

Hadron Collider (LHC) energies, the intense heavy-ion
beams represent a prolific source of quasireal photons,
thus enabling extensive studies of photon-induced phys-
ics. In the calculations, an important function is the
photon flux function, which has different forms for differ-
ent charged sources.

Although considerable progress has been achieved,
the features of the WWA in inelastic heavy quarkonium
photoproduction in heavy-ion collisions are rarely no-
ticed. The WWA is usually employed beyond its applic-
able scopes, and imprecise statements pertaining to the
advantages of the WWA are provided [13—28]. For in-
stance, the WWA is usually adopted in electroproduction
reactions or exclusive processes, where the virtuality Q?
of the photon is very small and depends on m, or the co-
herence condition. However, when the WWA is used in
hadronic collisions, Q* depends on the nucleus mass my,
and the validity of the WWA is not evident in this case.
Particularly in the ultrarelativistic heavy-ion collisions at
LHC energies, the influence of the WWA becomes signi-
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ficant to the accuracy of describing photoproduction pro-
cesses, since photon flux function scales as
fy o Z*In +/s/m, in which the collision energy +/s and the
squared nuclear charge Z? turn into very large enhance-
ment factors to the cross sections. Thus, heavy-ion colli-
sions have a considerable flux advantage over the proton.
For these reasons, it is necessary to present a compre-
hensive analysis of the WWA in inelastic heavy
quarkonium photoproduction in heavy-ion collisions and
to estimate the important inaccuracies appearing in its ap-
plication.

Different channels contribute to heavy quarkonium
production. From the beam side, multiple photon sources
must be considered [29]: coherent-photon emission
(coh.), ordinary-incoherent photonemission (OIC), and
ultra-incoherent photon emission (UIC). For coh., virtual
photons are emitted coherently by the whole nucleus, and
it remains intact after photon radiation. During OIC and
UIC photon emission, virtual photons are emitted inco-
herently by the protons and quarks inside nucleus, re-
spectively, and the nucleus dissociates after photon radi-
ation. Hence, in this study, elastic" and "inelastic" refer to
cases where the target nucleus remains intact or dissoci-
ates after scattering with photons, respectively. When
these different photon sources are considered simultan-
eously, their relative contributions must be calculated in
order to avoid double counting. Meanwhile, the final state
has two types of inelastic productions: direct and frag-
mentation contributions [30—32]. The fragmentation pro-
cess is described by fragmentation functions that specify
the probability of the final partons (gluons or quarks)
hadronizing into quarkonia bound states. The fragmenta-
tion contribution originates from the large p; region,
where one encounters large logarithms of p7/mj, such
large logs are resummed into the fragmentation functions.
Thus, the fragmentation mechanism can be only used in
the large pr region, and one cannot naively add the dir-
ect and fragmentation contributions, as this would lead to
double counting [32—34]. This double counting is present
in most literature, and the fragmentation formalism is em-
ployed beyond its validity range [14—22].

Although numerous studies have addressesd these
processes, the application of UIC, to the best of our
knowledge, has received limited attention in the study of
inelastic heavy quarkonium photoproduction. For in-
stance, Gongalves et al. systematically studied the exclus-
ive production of vector mesons in hadronic collisions
considering different phenomenological models [35, 36].
Machado et al. studied the inelastic and exclusive heavy
quarkonium photoproductions within the color dipole
formalism [37, 38]. In Refs. [39—41], Klein and Nys-
trand studied exclusive vector meson production via
photon-Pomeron or photon-meson interactions, and dis-
cussed the interlay between photoproduction and two-
photon interaction [42]. Ducati et al. investigated exclus-

ive J/¢ photoproduction and the radially excited y(2S)
state of nucleons in p-p collisions according to the light-
cone dipole formalism [43]. Although numerous related
studies have been published, they all consider coherent
photon emission and neglect incoherent-photon emission.
Furthermore, the UIC photoproduction, which is best
treated as an inclusive process, can provide additional
corrections to central collisions. For instance, the authors
of Refs. [18—20] investigated inelastic dilepton, photon,
and light vector meson productions at LHC energies.
They demonstrated that UIC photoproduction enhances
the contribution of massless and light final-state particles
in central collisions. However, this correction remains un-
clear for heavy quarkonium due to its large mass.

To address the gaps discussed above, we investigate
the inelastic photoproduction of charmonium (J/y,
¥(25)) and bottomonium (Y'(nS)) in p-p and Pb-Pb colli-
sions at LHC energies. An exact treatment that recovers
the WWA near the Q* ~0 domain is performed. This
treatment can be considered as the generalization of
leptoproduction [44]. Full kinematical relations that
match the exact treatment are also obtained. We present a
consistent analysis of the features of the WWA in heavy-
ion collisions by comparing the results of the approxima-
tion with the exact results. We also investigate the issue
of double counting. Finally, we estimate the contribution
of the ultra-incoherent channel to inelastic heavy quarko-
nia photoproduction.

We should mention that Wangmei Zha et al. have ad-
dressed similar challenges in determining the validity
range of the WWA [45]. Using the QED approach,
Wangmei Zha et al. developed a spatially-dependent
photon flux distribution and established a more precise
relationship between the photon transverse momentum
distribution and impact parameters of collisions. They
justified the inadequacy of the WWA model in describ-
ing the photon flux of electron-ion collisions and noted
that the QED approach provides a more realistic basis for
calculating the impact parameter dependence of photo-
production processes in electron-ion collisions. Within
this refined method, they explored the potential of utiliz-
ing nuetron tagging from Coulomb excitation of nuclei to
effectively determine the centrality of exclusive photo-
production in electron-ion collisions. Their study offers a
new methodology for exploring the spatial and mo-
mentum structure of gluons in nuclei and provides novel
insights for experimental design and data analysis.

This paper is organized as follows. Sec. II presents
the formalism of the exact treatment of inelastic heavy
quarkonium photoproduction in heavy-ion collisions.
Based on the Martin-Ryskin method, we consider the
coh., OIC, and UIC processes simultaneously. Following
the BCCKL method, we match the fixed order and frag-
mentation contributions. In Sec. III, we convert the accur-
ate formula into a WWA one near the region Q* ~0 and
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study several widely utilized photon fluxes. In Sec. IV,
we numerically calculate the Q% y, z, /s, and p; de-
pendent differential cross sections, along with the total
cross sections at LHC energies. Finally, in Sec. V, we
summarize the paper.

II. GENERAL FORMALISM OF EXACT
TREATMENT

For heavy quarkonium production and decay, an ef-
fective field theory known as nonrelativistic QCD (NR-
QCD), has been proposed to explain the huge discrep-
ancy between the theoretical predictions and experiment-
al measurements of the transverse momentum distribu-
tion of J/y production at the Tevatron. This scheme has
proven to be highly successful in numerous applications
[46]. In this section, we employ this scheme to describe
the inelastic heavy quarkonium photoproduction. The
NRQCD scheme is based on a double expansion in «;
and v (the heavy-quark relative velocity in quarkonium
rest frame), and its inelastic quarkonium H production
form is

doasponix = Z d0—A+B~>QQ[|vg] [n]+x<0ﬁ,gj (). €))

n

Here, doa,p-00,,4mx are the process-dependent short-dis-
tance coefficients (SDCs), which can be computed in per-
turbative QCD by expansion in «, and correspond to the
production of a heavy quark-antiquark pair QQy, g[n] in a
specific color and angular momentum state n=>*' L\,
(O{{qg] [n]) denotes the NRQCD long-distance matrix ele-
ments (LDMEs), which describe the probability of had-
ronization and have a well-defined scaling with v
(v=0.08 and 0.25 for bottomonia and charmonia, re-
spectively). Since the color-singlet LDME for quarkoni-
um production (0“[3S{"]) is related to the color-singlet
LDME for quarkonium decay, it can be determined from
potential models or the v decay rates into lepton pairs in
lattice QCD [33]. In contrast, an algorithm for computing
the color-octet production LDMEs from first principles
remains unknown, and they are usually determined by fit-
ting experimental data. Notably, if NRQCD factorization
holds, the LDMEs should be universal.

For 17~ quarkonia production, J/y, ¢(2S), and
T (nS), the sum over n truncated at order v*, involves four
LDMEs [46]: (O"PS{"]y, (O"*S®1), O"['sP]y, and
(o" [3P(f)]). Due to their lengthy expressions, we sum-
marize them in Appendix A.

A. Accurate cross section for the general inelastic
photoproduction process ab — aHX

The exact treatment of inelastic heavy quarkonium
photoproduction in heavy-ion collisions can be con-

sidered as proceeding in two steps. In the first step, the
density matrix of virtual photons should be expanded in
terms of polarization operators, since photons radiated
from a projectile are off mass shell and no longer trans-
versely polarized. In the second step, the square of the
electric form factor D(Q*) must be adopted as the
weighting factor (WF) for different charged sources to
avoid double counting.

By comprehensively analyzing the terms neglected in
transiting from the exact formula of Fig. 1(a) to the
WWA one, we can naturally estimate the WWA features
in heavy-ion collisions. In our case, the details of the res-
ult mainly depend on the characteristic behavior exhib-
ited by the photoprocess amplitudes as the photon moves
off mass shell. In the first step of the exact treatment, we
should derive the general form of the cross section of in-
elastic heavy quarkonium photoproduction shown in

Fig. 1(a):
do(@+B—-a+H+X)

= Z/dxbfb/g (xp ) do(@+b > a+H+d), (2)
b

where x, = p,/pp 1s the momentum fraction of the mass-
less parton b struck by the virtual photon, and the distri-
bution function of parton & in nucleus B is

fo (x.1%) =Rp (x,1%) Zp (x,1%) + Nn (x,uz)] , 3

where Ry (x, yz) is the nuclear modification factor [47], Z
is the proton number, and N is the neutron number.
p(x,1?) and n(x,u?) are the parton distributions of the

a 5 g 5

Y

(b)
(a): General inelastic heavy quarkonium photopro-
duction. The virtual photon emitted from a interacts with par-
ton b of nucleus B; a can be the nucleus or its charged parton
(protons or quarks). (b): real photoabsorption.

Fig. 1.

103103-3



Zhi-Lei Ma, Zhun Lu, Hao Liu et al.

Chin. Phys. C 49, 103103 (2025)

proton and neutron, respectively. According to the NR-
QCD scheme, the partonic cross section in Eq. (2) can be
written as

do(a+b— a+H+d)

=Y (Ofiglnldo (e +b— a+Q0usnl+d). (4)

Denoting the virtual photo-absorption amplitude by
M*, we obtain the SDCs in the parton level

do (@+b— a+ Q0 s[nl+d)

— 47Te§/0/5m M#M*Vp dBPZt
0’ W (2m)32E;,

" @2n)*6* (po+py—pl,—k) dIl

47/ (pa - pp)* —m2m;

where e, is the charge of o, a., is the electromagnetic
coupling constant, E, is the energy of o', and II is the
phase space volume of the produced particle system (with
total momentum k). Considering that photons may be
emitted by various particles, we derive a generalized
density matrix of the virtual photon:

®)

1 ’ v
P = 5T (Bt ma) I (5, +m) )

= <_gW+ q:]g”) c(0)

(2P, —q)* (2P, —q)"
()

(6)

where C(Q?) and D(Q?) are the general form factor
notations for a. Note that p*” is non-diagonal, indicating
that the virtual photons are polarized. Eq. (5) is formu-
lated to naturally introduce terminology that is suitable
for the WWA. Namely, instead of discussing nucleus-
nucleus collisions [Fig. 1(a)], one can refer to the colli-
sions of a virtual photon with the nucleus [Fig. 1(b)].

Next, we use Eq. (5) to determine the Q*- and y-de-
pendent differential cross sections of inelastic heavy
quarkonium photoproduction. It is more convenient to
perform the calculations in the rest frame of a, where |q| =
pol=r, Q*=—¢"=Po—pu) =2m, (\/FF+mi-m,),
d’p;, = r*drdcos6de, and y=(q-pp)/ (Pa-pPp) =
(g0 —Ip,Ircos6/E,) /m, (which measures the relative en-
ergy loss of a in the lab-system). By performing the
transformation

dcosOdr = JdQ?dy = | ————=|dQ"dy, (7)

‘D(r,cos@)
D(Q%y)

the differential cross section of Eq. (5) can be written as
(the details of J are given in Appendix B)

do (a'+b - a+ QQ_[Lg][l’l] +d)
dQdy

_Calem -
= 4JTQ2'0’WM M f (Sap» Pem» $, Pom)
27)* 6* (o + pp — p/, — k) dII
X( ) (P . Db Apa ) , (8)
4pem ‘/E
and
S (Sap, oM 8, Pem)
N = 22
_ Pcm \/E Sab — My, — My, )

- ’
Pem VSab \/(sab —m2 =)’ — dm2m?

where s, = (p, + pp)* and § = (g + p,)* are the squared en-
ergies in the a-b and y*-b partonic processes, respect-
ively. pcy and pcy are the corresponding momenta. De-
tails of these terms are presented in Appendix B.

By integrating over the phase space volume I1, Eq. (8)
includes the term

1
W = 5 / M*M™ 2n)* 6* (g + p, — k)dI1, (10)

where W*” is the absorptive part of the yb amplitude [Fig.
1(b)] and is connected to the cross section in the usual
way. The tensors according to which W*” is expanded can
be constructed only from ¢, p;,, and g"’. Considering the
gauge invariance ¢"W* = ¢"W*” =0, the following trans-
verse and longitudinal polarization operators become
convenient for use [48]:

&g (¢'Py+Pha")  Phphd
o _

q-py (q-pp)*’
, 1 q q
€ == (Q”—p" ) (qv—pv ) (11)
q q-Po q-Pp

which satisfy the relations g,€;” = g,€/” =0, €, = -2, and
€, = —1. Furthermore,

T'q

GyV:Eé{V-i-GILN:_gHV'i‘ q2 s (12)

is the polarization tensor of an unpolarized spin-one bo-
son with mass ¢*. Having expanded W*” in these tensors,
we obtain

W = €' Wr (Q%.q-py) + €' WL (Q%.q-ps) - (13)
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The Lorentz scalar functions Wy and W, are connected
with the transverse and longitudinal photon absorption
cross sections ot and o, respectively:

Wi =2pou Vsor (' +b — H+d),

Wi =2pcu Vo (' +b — H+d). (14)

Substituting Egs. (13) and (14) into Eq. (8), we obtain

do (a+b— a+ Q0 s[nl+d)
dQ?dy

[ZPHO'T (7* +b — 00y 5(n] +d) +p"

_ eltem
T 4nQ?
xo (¥ +b— Q0ug[nl+d)] f(Sap» Pems 3, Pem)

++

QZ

62 aem

der[n] Ty[n] = p Ly[n]| f (Saps Poms $s Pom) s

(15)

where the relations doy/df = Fu[n]T,[n] and do,/df =
—20Q%F,[n]L,[n] are employed. F,[n], T,[n], and L,[n] are
functions of the Mandelstam variables 3, , #, and Q?,
which are detailed in Ref. [26]. The coefficients p® are
the elements of the density matrix in Eq. (6) in the yb-
helicity basis:

. 4(-y) Amg
= = |12 - od e (@),
2 2
PO = = yzy) D(Q%)-C(0%). (16)

We can now derive the second step of the exact treat-
ment. The details of the form factors in Eq. (16) must be
distinguished in each photon emission channel. In the
Martin-Ryskin method [49], the probability or WF of the
coherent-photon emission is given by the square of the
electric form factor in p-p collisions: wey, = G} (Q?) =
1/(1+0*/0.71 GCV)4, where the effect of the magnetic
form factor is neglected. We adopt this central idea to
deal with the scenario of heavy-ion collisions, where the
magnetic form factor is also included. For coherent-
photon emission, the photon emitter « is the nucleus, and
thus, the general notations C(Q?) and D(Q?) in Eq. (16)
are the elastic nucleus form factors. In p-p collisions, a
presents the proton. Hence, C(Q%) and D (Q?) become
Sachs combinations [22]:

" 4m? +1.780
D (@) =61 (@) Ty

Co (0°) =13G3 (2°), (17)

where p, =2.79 is the magnetic dipole moment. In Pb-Pb
collisions, a is the lead ion; thus, C(Q?) and D(Q?) are

Dith (¢°) =272, (€°).

Ciom (Q7) = 3, F 2y (2°) (18)
where
Fon (Q7) = (QR 7 [sin(QR,)
—QR4cos(QR4)] 1720 (19)

is the electromagnetic form factor parameterization from
the STARlight MC generator [50], where R, =1.1A!/3
fm, a=0.7 fm and Q = V2.

For ordinary- and ultra-incoherent photon emissions,
the contributions must be multiplied by the 'remaining'
probability, 1—w.y, to avoid double counting [49]. For
ordinary-incoherent photon emission in Pb-Pb collisions,
o represents the protons within the lead ion, and the cor-
responding D(Q?) and C(Q?) are

Di, (Q7) =
Chom (Q7) =

[1-Fa (2)] Dy (27).
[1-Fa. (@) (). @0

For ultra-incoherent photon emission, a represents the in-
dividual quarks within the nucleus. The corresponding
C(Q% and D(Q* in p-p collisions have the following
form

DU (0%) = CU(QY) = 1 - GL(QY). 1)

In Pb-Pb collisions, since the neutron cannot emit coher-
ent photons, the WFs for the protons and neutrons inside
the lead ion are different

DUS1,(0%) = Coi1,(0%) = [1 - F2(OM)]1[1 - GE(Q™)],

Dipspla(0%) = Cpp (0 = [1 = F2,.(07)].
(22)

B. (7’ and y distributions of heavy quarkonium
production

We now apply the general expression [Eq. (15)] to
each specific channel involved in inelastic photoproduc-
tion processes in heavy-ion collisions. In the initial state,
the processes may be direct or resolved, and both are
sensitive to the gluon distribution in the nucleus [4]. The
photons emitted from the projectile can interact either dir-
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ectly with the quarks participating in the hard-scattering
process (direct photoproduction) or via their quark and
gluon content (resolved photoproduction). Thus, both the
direct and resolved channels contribute to the y*b —
H+X process. Both contributions are formally on the
same order in the perturbative expansion and must be in-
cluded [51]. However, as is always the case with photons,
the situation is highly complex. Along with the types of
photon emissions mentioned in Sec. I, the complete de-
scription of heavy quarkonium production requires the
calculation of six classes of processes [Figs. 2—3]: coher-
ent-direct (coh.dir.), coherent-resolved (coh.res.), ordin-
ary-incoherent direct (OIC dir.), ordinary-incoherent re-
solved (OIC res.), ultra-incoherent direct (UIC dir.), and
ultra-incoherent resolved (UIC res.) processes (these ab-
breviations will be used in the rest of the paper).

For direct photoproduction [Fig. 2], the correspond-
ing differential cross sections are

d coh.dir.
Teohdic (4 L By A+ H+X)

4oy
= 22 /dxhdffh/B (xlnﬂz) Z<Oﬁ»8] [I’l]>
b n

do

Xm(A+b—)A+QQ_[1’8][ﬂ]+d), (23)

dooic dir.

dQ?dy

= 2ZP}7 Z/dxbdfﬁ,/B (_xh,#z) Z<Oﬁ’8] [n]>
b n

y do
dydQ2df

A+B-o>X,+H+X)

(p+b— p+005[nl+d). (24)

Fig. 2. (a): Coherent-direct process in which the virtual
photon emitted by the whole incident nucleus A4 interacts with
parton b of the target nucleus B via y*-g Compton scattering
and y*-g fusion, and 4 remains intact after a photon is emit-
ted. (b): Incoherent-direct process in which the virtual photon
emitted from the quark a within nucleus A4 interacts with par-
ton b, and nucleus 4 is allowed to break up after a photon is
emitted. Here, photon emitter a represents a proton and quark
for ordinary-incoherent photon emission (OIC) and ultra-inco-
herent photon emission (UIC), respectively.

Fig. 3.
of a hadron-like photon emitted from nucleus 4 interacts with

(a): Coherent-resolved process in which the parton o’

parton b of the target B via g-g Compton scattering, g-g anni-
hilation, and g-g fusion. (b): Incoherent-resolved process in
which the parton « inside nucleus 4 emits a resolved virtual
photon and parton «’ of the resolved photon interacts with par-
ton b inside target B in manner analogous to a hadron. After
emmiting the photon, nucleus A4 breaks up. In the process,
photon emitter a represents a proton and quark for ordinary-
incoherent photon emission (OIC) and ultra-incoherent photon
emission (UIC), respectively.

doyic dir

dQ?dy
=2%" / dx, dxpdifon (Xant?) fom (o) D _(Off g
a,b n

y do
dydQ2df

(A+B—->X,+H+X)

(Cl +b —a+ QQ_[I,XJ[n] +d) .
(25)

where the factor of two arises because both nuclei emit
photons and thus serve as targets. The partonic cross sec-
tion can be derived from Eq. (15) with m, =m, =0 and
e, = e,, Where e, is the charge of massless quark a.

In the resolved photoproduction [Fig. 3], the corres-
ponding differential cross sections are

do—cohmcs.
—— (A+B—-A+H+X
0%y ( - )

= ZZ Z/dx;;dza’dfﬁ;/g (X},,/,lz) fa’/y (Zu/,llz)

do—a’b%QQ’“vgJ [nld

Xem CO|
b YP o Z(()U gln i , (26)
dO—OIC res.
—— A+B-o> X, +H+X
dQ2dy ( — A4 )
=270 3 [ ddeaifs (i) o )
aem ypO[C do—a'hHQQ[l,sl [n)d

o —_— 27
- Z< Ll —— 27)
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do—UlC res.

d@*dy
= 222/dxadxbdza/dffam (xa,ﬂz)
ab o

be/B (xb’MZ) fa’/y (Za/,ll ) ezC;em prUZIC

Aoy 500, 5in1d

XZ<O[18][ ])T (28)

A+B->X,+H+X)

where 7, = p,/q and f, (zar,uz) denote the parton's mo-
mentum fraction and the parton distribution function of
the resolved photon [52], respectively. The involved par-
tonic cross sections can be found in Ref. [51].

C. pr and z distributions of heavy quarkonium
production

The distributions of py and inelastic variable
z=(pu-py»)/(g-py) can be obtained using the Jacobian
transformation. In the final state, we must classify the two
types of inelastic photoproductions. In the first type,
heavy quarkonium is directly produced via the y-g fusion,
annihilation, and Compton scattering of partons. In the
second type, heavy quarkonium is produced by the final
fragmentation of a parton. These aspects are considered
in the subsequent discussion.

1. Direct heavy quarkonium photoproduction

Before performing the transformation, the Mandel-
stam variables in the y*-b parton level should be ex-
pressed as

2
§= (MT coshy, + \/coshzy,M% +m}— M,%) ,

A~

=M}, — Q> —2My (E, coshy, — pey sinhy, ) ,
it =M}, — 2M; (E, coshy, + pey sinhy, ) , (29)

where y, is the rapidity, M; = \/M?% +pT is the trans-
verse mass of heavy quarkonium, Ey, E,, and pcy are the
corresponding energies and momentum. Details of these
parameters are summarized in Appendix B.
For direct-photon processes, x, and 7 should be trans-
formed as

D (x1.1)

didx, = gdy,d _—
Xy =Jdydpr = DOy pr)

dy,dpr, (30)

and the corresponding differential cross sections are

do—coh.dir
dp Tdy r

“A+B—>A+H+X)

= ZZ/szdeb/B (xb,/vlz)jz«)ﬁﬂ] (1)
b n

do

XW(A"'[?_’A"‘QQ[LS][H]*‘CZ), €2))

dooic dgir.
dp T dy r

=220, 3" [ 4Gy fun (304) T 5 OfL )
b n

y do
dQ2dydf

A+B->X,+H+X)

(p+b— p+00usnl+d), (32)

doyic dir

dedyr
= ZZ /szdydxaﬁl/A (xa’ﬂz) ﬁi/B (xh’/lz) j

X Z«)ll gn)

A+B->X,+H+X)

de T (a+b—>a+QQU,81[n]+d).

(33)

For resolved processes, #*

similar transformation

and z, are chosen for the

o D (Z ﬁk)
dr'dzy = Jdy,dpr = | ————|dy,dpr, (34)
D( Yrs P T)

and the corresponding differential cross sections are

d con.res.
Teahtes (A v B> A+ H+X)
dprdy,
=233 [ a0t (sea) 5 )T
Gem ypco 4o 00,1
P;,T : Z@u 81 ”DTM, (35)
m(A+B—>XA+H+X)
dedyr

=2Zp, Z Z / dQdydx, fiys (x5.1%) £y (2w42°)

do—a”’-’QQn,sﬂnld

a’em ypOlC

e g T
d res.

QTUCres (A4 B X, +H+X)

dprdy,

=23 Y / dQ*dydx,dx, fa (Xau 1)
ab a
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++
> @em YPuIC

2 Q2
dowb06, < in
X Z(Oﬁg] [n])w -

X for (Xp. %) £ (2 8%) Te
df ’

where the Mandelstam variables of resolved photopro-
ductions are the same as those in Eq. (29) with Q> = 0.

For the z distribution, we should rewrite the Mandel-
stam variables in Eq. (29) as follows:

My, pt ,
z  z(l1-2)
~(1-2)(§+0),
i=My—z(5+0%). (38)

§=

i

Thus, we perform a similar Jacobian transformation. The
relevant cross sections in z distribution can be obtained as
follows:

do Proe d2o
7 LT _apl. 39
dz /!’? ~ dzdp} Pr (39)

The Jacobian factors J and corresponding kinematical
boundaries are summarized in Appendix B.

2. Fragmentation heavy quarkonium production

Heavy quarkonium production by fragmentation is an
important channel that is described by fragmentation
functions (FFs). This factorization theory of quarkonium
production that has been proven presents the collinear
factorization method [53]. It can be used to compute rates
at leading power (LP) or next to leading power (NLP) in
mg,/py. LP contributions can be factorized into partonic
cross sections to produce a specific single parton con-
volved with single particle FFs [30]. NLP contributions
can be factorized to produce two specific partons con-
volved with two-parton FFs [53]. The Feynman diagrams
in the cut diagram notation for these two contributions are
shown in Fig. 4. This fragmentation picture dominates all
other creation mechanisms for large pr. In particular,
gluon fragmentation represents the dominant source of
high energy prompt quarkonia at hadron colliders. Be-
cause the LP and NLP contributions represent the lead-
ing and first subleading terms in an expansion in powers
of m2Q /p%, one would not expect them to be valid unless
pr is significantly greater than m,. Fragmentation predic-
tions for charmonium differential cross sections are there-
fore unreliable for small pr. To suppress NLP contribu-
tions and ensure the validity of the fragmentation mech-
anism, Ref. [54] suggested using the criterion pr > 3M,,,
for comparing data with theory. In Refs. [32—34], the cri-
terion pr > 10 GeV was used for predictions. Similarly,

Fig. 4.
production. Left: sing-parton (here taking gluon as an ex-

pQCD factorization diagrams of heavy quarkonium

ample) fragmentation. Right: heavy quark-pair fragmentation.

fragmentation results for bottomonium production are un-
trustworthy for pr < 15 GeV [31].

In this study, we adopt the LP-factorization formal-
ism to calculate the contributions of fragmentation to
heavy quarkonium production. The calculations of these
fragmentation contributions, at any given order ina,, are
much simpler than those of full fixed-order calculations.
According to the NRQCD scheme, the inelastic quarkoni-
um H production in two-body collisions can be described
using Eq. (1), where the SDCs, dos.p-00,,myx, describe
the production of a QQ pairin color and angular mo-
mentum state n. At large transverse momentum py, one
can apply LP factorization to the SDCs in Eq. (1). The
general expression is [30, 55]

LP-frag _ A _
d0'A+B_>QQ[n]+X = Z A6 A+Bocrx ® Desspgpm)- (40)
c

where dd4,p_.,x are the parton production cross sections
(PPCSs) for producing a parton ¢, and D,_,gg;, are the
FFs of parton ¢ that fragments into a QQ pair in the
quantum state n. In LP factorization, the SDCs of Eq.
(40) for photoproduction and initial parton hard scatter-
ing (had.scat.) can be summarized by the following mas-
ter formula:

LP-frag
4o, 500y, nix

= Z Zfa/A (X0 %) ® fisa (2ar>122) ® Sy (%0 12%)

abc a

®dopex(Pe = p;/Zc’ﬂz)@’DC*QQ[Ls][n] (Zc’ﬂz) > (41)

where z. is the longitudinal momentum fraction of the
hadron relative to the fragmenting parton, f, (x,.4?) is
the PDF of parton a = g,q,g in nucleus A or the flux func-
tion of photon a =y, and fi/, (zo.4?) i8 646 (1 —2,) in the
"direct" case (since the parton a is the photon itself) or
the PDF of parton £ in the resolved photon a. The parton
distributions in the photon behave like a/a,(Q%) for large
Q*. Therefore, the additional power of @, from the "re-
solved" component is compensated for as compared to
the "direct" one. The hard PPCSs, do,_.x, and FFs are
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calculated to NLO accuracy; their expansions are in
powers of a;

2 34 (2) 3
dbypoex = a/AdO'ylHC x T addy, ¢ +0(@;),
(2)

A 39A03) 4
d6upex = @2d6 Thoex + @ 3do Thoex TO@)),

Dggin = @D o + D2 5, +0@)).  (42)

s c>00[n]

In this study, we use the LP factorization approxima-
tion for the SDCs to compute fragmentation contribu-
tions that augment the LO fixed order calculations of the
SDCs. Since direct and fragmentation contributions can-
not be added without introducing double counting, we ap-
plied a matching rule between the fixed-order and frag-
mentation contributions. This approach was developed by
Bodwin, Chao, Chung, Kim, and Lee (BCCKL) [32—-34].
Therefore, we combine the LO fixed-order calculations
with LP fragmentation corrections [Eq. (40)] according to
the formula

do = doo(@?) +do™ e (o), (43)

where we denote the LO (@) contributions to SDCs by
doo, as discussed for Eq. (5). We denote the LP frag-
mentation corrections by do*"™&  and only consider the
contributions at order a?, because Ref. [33] demon-
strated that LP fragmentation contributions of order o’
are small and have a negligible effect on the predicted
photoproduction cross section.

For do**f%¢- we combine the PPCSs and FFs of or-
der a?. The LP fragmentation process also includes the
six classes of sub-processes described in Figs. 2and 3.
According to Eq. (40), the LO SDCs [Egs. (31)—(37)] can
be replaced with the convolution of PPCSs and FFs. The
PPCSs of the direct and resolved processes have been de-
scribed in Refs. [56, 57]. We consider gluon and light-
quark fragmentations. The gluon FFs D, g, are for
'S at order a? (LO), as in Refs. [58, 59]; for 35® at or-
ders a, (LO) and o? (NLO), as in Refs. [60, 61]; and for
3PP at order o? (LO), as in Refs. [59, 60]. Because the
gluon FF for 3S{" begins at order o3 (LO), it is not con-
sidered. The light quark FF D,_,,s(n] is given for 35 at
order o? (LO), as in Refs. [61, 62], where the other light
quark FFs vanishes at order o?.

To determine p; distribution, we rewrite the Mandel-
stam variables as

S=y (sf,b—m2 —mb) Q2+mb,

~>
I

Tooshy, [Q* (e —2coshy,) —e ™3],

Y
i=—(5+0) 20;}1%, (44)

and since parton c is taken to be lightlike because its mass
is neglected, z. = p./p. =2prcoshy,/ V3. Hence, z. and
fcan be transformed as

D (z:1)

didz. = Jdy,d _
el Yo

dy.dpr. (45)

III. WEIZSACKER-WILLIAMS
APPROXIMATION

The connection between the processes in Fig. 1(a) and
(b) is evident. By Fourier-transforming the electric and
magnetic fields of an ultrarelativistic charged point-like
particle, the photoproduction process can be expressed in
terms of the real photo-absorption cross section with the
photon spectrum. This idea was originally proposed by
Fermi [10], and Weizsdcker and Williams independently
developed the idea for processes involving relativistic
collisions of charged particles, thus establishing the
WWA [11]. The advantage of the WWA is that it only re-
quires the on-shell photo-absorption cross section for cal-
culations. Details of its off-shell behavior are not essen-
tial. This section transforms the accurate expression giv-
en in Eq. (15) into its WWA form by taking Q* — Oand
discusses a number of widely employed photon spectra.
This transformation results in two simplifications: the
scalar photon contribution o is neglected and o7 is re-
placed with its on-shell value. This provides us a power-
ful approach to study the features of the WWA in inelast-
ic heavy quarkonium photoproduction in heavy-ion colli-
sions.

Taking Q%> — 0, Eq. (15) becomes

lim dO'(Q/‘f‘b—)Q’-FQQ[] 8]+d)

020
— |:€a(lem (yp++) dde2 :| o ﬁCM %
2 0> 17" ypem Vo gemo
=ordn” s (46)
02=0

where the contribution of o, and the terms proportional
to Q? are neglected in the limit 0*> — 0. In addition, the
general form of the photon spectrum f,(y), which is asso-
ciated with various particles, reads

_dn7_ szea'em e+
f"’(y)—a— 0
oem [dQ? 2(1-y) 2ym;
~tm [€ Lo+ 22202 (@)}

(47)
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For coherent-photon emission, Ref. [5] presented a
modified version of Eq. (47) for the photon flux function
of the proton. Neglecting the magnetic form factor and
adopting the dipole form of the electric form factor of the
proton C(Q%) = D(Q%) = G%(Q?) and employing the coher-
ent condition Q®<1/R; (Q2,, =0.027,ymx = 0.16), one

obtains a = 2m, /0%, and b =2m’/0.71 = 2.48,

aeln
Hup®) =5 Vla=2x+Q2x+c)di+2x+c)ds

+ Bx+c3)ds +(2x+cy)dy], (43)
where x depends on y,

M (49)

In general, various widely used photon spectra origin-
ate from the plane wave form presented in Ref. [48], giv-
en by

ey dy dQ? {yz
Y(v) = e em>J 7= |/ 2
dwy) === | 7P (@)

2_ 2
ca-n @B oo

This form is obtained from the complete form given in
Eq. (47) by setting Q2. = y*m2 /(1 —y), the LO term of the
expression

1
Onin = — zmzzx + m [(Sah +mi) (Sah - §+m(21)
[e7

~(Sap = M2) \/(Sap = S+ M2 —Asm?| . (51)

This approximation holds for m2 < 1 GeV>. However, m?
and m3, do not satisfy this condition, which produces er-
rors in the approximations of various spectra. This is par-
tuclarly the case for the lead ion spectra.

Drees and Zeppenfeld (DZ) proposed another widely
used photon distribution function for the proton [15-21].
This function is the approximate analytic form of Eq.
(50). Assuming Q2 — o, C(02)=D(C%) = GXQ.
and Q*- Q% ~ 0%, they obtained

dem 1+(1 _y)2
2r y

13 3 1
MA— — 42— > 4~ 52
X(n 6 "4 2A2+3A3)’ (52)

fgz(Y) =

where A= (1+0.71 GeV*/Q%,,). f3, has the appropriate

proton electric form factor for describing the proton as a
photon emitter. Because the WWA is often used in elec-

troproduction processes, obtaining the proton spectrum
from the electron spectrum by replacing m, with m,
would overestimate the cross section. In Ref. [23], Drees,
Ellis, and Zeppenfeld (DEZ) calculated the lead ion spec-
trum. Assuming y<1, Q% ~o, Cp(0?) =0, and

2
Dpy, (Q?) = exp (—%) , they obtained
0

v v Qem [ exp(=05i,/Q0)
Joez(¥) = . { 7}}

+ <i+M§y>r(o, éz%ﬂ (53)

where Q2 = m2,)?, and I'(@, 0p;,/ Q5) = [ 1*'e™dt is the
incomplete Gamma Function. It should be noted that
y <1 means Q% ~ 0, which contradicts the assumption
thnax ~ 00,

Based on Eq. (52), Nystrand derived a modified
photon spectrum for the proton that includes the Q2

term in Eq. (50) [25]:

Tem 1+(1 _y)2
2n y
A+3 17 4 1

Ao T3 T e

RO =

(54

Kniehl estimated the effect of including the magnetic
form factor of the proton; the final expression fX"(y) (Eq.
(3.11) in Ref. [22]) is too long to include here but is dis-
cussed later in this paper.

Another important approach for modeling the coher-
ent photon spectrum is the semiclassical impact paramet-
er description, which excludes hadronic interactions eas-
ily. The calculation of the semiclassical photon spectrum
for electric dipole excitation (E1) is discussed in Ref.
[63], yielding

fsyc()’) =

22;"6‘" (£) ’ i {§Ko(§)K1 ©
+§ (%)2 (K3 - Ki(©)] } (55)

where v is the velocity of the point charge Ze, Ky(x) and
Ki(x) are the modified Bessel functions, and & = wby;,/
YV = bminmay/v. Although the semi-classical photon
spectrum is Q*-independent, the boundary of y should be
constrained by the coherence condition [3].

Ref. [64] presented the photon spectrum inside a
quark using Eq. (50) for ultra-incoherent photon emis-
sion. Neglecting the weighting factor in Egs. (21) and
(22) and setting Q2. =1GeV? and Q2 = §/4,one ob-
tains
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2
max

5 -
Qmin

@ 1+ (1-y)

fZ(Y) — ta 271, y ln (56)

Finally, Brodsky, Kinoshita, and Terazawa calculated an-
other important incoherent photon spectrum in Ref. [65],
originally derived for e-p scattering:

2
€, Tem

e ()

(2 -2) 1] £ 5 (222))

(57)

ngT(Y) =

Y
+7
2

In high-energy physics, the WWA is often used in
studying hadronic interactions and heavy-ion collisions:
Wangmei Zha et al. generalized the WWA to calculate
the cross section and p; distribution of the Breit-Wheel-
er process in relativistic heavy-ion collisions and their de-
pendence on the collision impact parameter (b) [66].
Based on the WWA, these author also analyzed gluon
shadowing in heavy nuclei via the Bayesian Reweighting
of coherent J/y photoproduction in UPCs [67]. The AT-
LAS collaboration studied exclusive muon pair produc-
tion in the two-photon process [68]. d'Enterria and Sil-
veira [69] proposed using equivalent photons from collid-
ing lead ions to observe light-by-light scattering experi-
mentally, and direct observations were made by the AT-
LAS [70] and CMS [71] collaborations using lead-lead
collisions. Monte-Carlo event generators, such as Pythia
[72] and STARIight [40], also utilize the WWA. Gener-
ally, particle production in hadronic collisions is modeled
using the WWA [40, 42]. Although significant develop-
ment has been achieved, the properties of the WWA in
inelastic heavy quarkonium photoproduction in heavy-ion
collisions has not been extensively studied, resulting in
imprecise descriptions [13—28]. In particular, for ul-
trarelativistic heavy-ion collisions at LHC energies, the

WWA becomes deterministic to the accuracy of describ-
ing photoproductions, since f, o« Z?In v/s/m, /s, and Z*
are significant factors at these energies. Therefore, we
analyze the WWA for heavy-ion collisions at LHC ener-
gies and estimate the inaccuracies in the above spectra.

IV. NUMERICAL RESULTS

We can now present the numerical results. For the
calculations, we adopted the approximation m, = My/2
for the quark mass, where My is the mass of heavy
quarkonium. All the masses were obtained from PDG
[73]. We used m,=0.938GeV, a.ny=1/137.036, and
Prmin = My and the two-loop QCD coupling constant «;
with ny =3 and A =0.2GeV [74]. We used the MSHT20
LO (NLO) set for PDFs with ny =3 [75], and the factor-
ization scale was u = \/M% + Q?. The LDMEs and com-
pleted kinematical relations are summarized in the Ap-
pendices.

As an example, we used J/y to evaluate the proper-
ties of the WWA in inelastic heavy quarkonium photo-
production in heavy-ion collisions. Hence, distributions
in 0%, y, z, and +/s are plotted in Figs. 5—8, where all the
results are the sum of direct and resolved contributions
and do not include fragmentation contributions. The left
panels of Figs. 5—8 show the relative errors with respect
to the exact results and the central and right panels show
the exact cross sections in p-p and Pb-Pb collisions, re-
spectively.

In Fig. 5, panel (a)has a single curve since coh., OIC,
and UIC produce coinciding curves. We observe that the
relative error is negligible for small Q?, non-negligible
for Q%> 1GeV?, and grows rapidly for large Q>. At
0?=1GeV?, the relative error is about 7%; at
0> =10GeV?, the error reaches 86%. Therefore, the
WWA has good accuracy for very small Q?, where the
exact treatment recovers the WWA. For large Q?, the
WWA becomes inapplicable, with prominent deviation

10* 108 g

\ ) ey Ty oy —r-rry -'&b) 1011 =T T T oy T i A T "V(C)A
10°F 10°F J/w pp 1 jo0b J/w Pb-Pb ]
10%F 15 10tk sV =7 TeV & jgob s'% = 2.76 TeV |
_ 10'F 1% 10k 13 St ]
T o100k 12 Q10
g ok 15 10°¢ i 9107k E
510 S 0 F" """t A 1.5 b "7 T es
£ 102k 1= < = 00F o 3
=107} 1S 19 3 ‘\\ 1% 10°F- ‘.?-\ ]
& 10 B0t o 3‘_)104' E
= 0 1 gt A §103 F coh. N 3
=< . 9
10°¢ {1 g10°F coh. R 3R () SR 0IC S
1077 < 101 --- UIC 1 @ 10'f ---UIC : N3
1078 ual - i ~ i - i - i " i al sl i - ) 1075 - i - i - i - i - i - i al uad l - ) 0 = al - i al - al - i - sl iad i - )
107107107°10107°1072107 10° 10" 10 10° 1071075107°1010°1072107 10° 10" 10 10° 107101010107 1072107" 10° 10! 10% 10°
Q* [GeV?] Q% [GeV?] Q% [GeV?]
Fig. 5. (color online) Q? distribution of the J/y photoproduction at LHC energies. (a): Relative error of the WWA with respect to the
g p p g p

exact calculations. (b), (c): Exact results of the 0*>-dependent differential cross sections in p-p and Pb-Pb collisions, respectively. Black
solid line — coherent-photon emission [coh.(dir.tres.)]. Red dashed line — ultra-incoherent photon emission [UIC (dir.+res.)]. Blue dot-

ted line — ordinary-incoherent photon emission [OIC (dir.tres.)].
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Fig. 6. (color online) Same as Fig. 5 but for y distribution.
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Fig. 7. (color online) (a): Relative error of the WWA result with respect to the exact calculations. (b), (c): Exact results of do/dz in p-

p and Pb-Pb collisions. Black solid and dark cyan dot-dashed lines denote the coherent-direct and resolved photon emissions, respect-

ively. Red dashed and magenta dot-dot dashed lines denote the ultra-incoherent direct and resolved photon emissions, respectively.

Blue dotted and dark yellow short dashed lines denote the ordinary-incoherent direct and resolved photon emissions, respectively.

10! T T 10?

(a) ®) /v po 107t (¢) J/y Pb-Pb
s =7 Tev s!2 = 2.76 TeV
s A J 108 A
, -~ Pb-Pb 10 P 0 -
10 P -
n o f’ SN
I, c Py = 10 3
g = 100 L E
& g .5 I
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210 6 . g 10
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Fig. 8. (color online) Same as Fig. 5 but for the total cross sections as a function of +/s.

for 0% > 1 GeV>.

In panels (b) and (c), the coherent and ultra-incoher-
ent photon emissions dominate the small and large Q* re-
gions, respectively. They become comparable at
0?>=10" and 1072 GeV” in p-p and Pb-Pb collisions, re-
spectively. We notice that, except for the region
102 < Q% < 107! GeV?, the contribution of ordinary-inco-
herent photon emission is negligible compared with the
contributions of the other two channels. According to
panel (a), the WWA is useful for coherent and ordinary
incoherent-photon emissions. Notably, in Pb-Pb colli-

sions, the WWA has a much higher accuracy for the co-
herent process, which approaches zero before
0> =102 GeV?, effectively avoiding errors due to the
WWA. However, the WWA is not valid for ultra-incoher-
ent photon emission, which is in the large Q* domain,
where the WWA has prominent errors.

In Fig. 6, the results are expressed as a function of y.
In panel (a), the curves of coh. and OIC share the same
trend, and are consistent with each other in the large y do-
main. We find that y=0.1 is a key point: when y < 0.1,
the WWA results agree with the exact calculations for
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both channels, and the WWA has a better accuracy in the
coherent process than in the OIC process (at y=107%,
with deviations of about 1.6%0 and 6.7%o in each case, re-
spectively). However, when y > 0.1, the relative errors
become prominent, with a pronounced peak near y =1.
Therefore, the WWA is only effective when y < 0.1 and
has evident errors for large y. Additionally, the relative
error is large for the UIC process (about 0.3—0.6) for all y
regions.

In panels (b) and (c), the coherent processes domin-
ate the very small y regions, this behaviour guarantees the
accuracy of WWA. Conversely, the UIC contributions are
predominantly from the regions y>10~" and y > 107 in
p-p and Pb-Pb collisions, respectively. Panel (a) demon-
strates that the validity range of the WWA is compatible
with the coh. and OIC processes. Notably, in Pb-Pb colli-
sions, the WWA has a better accuracy for the coherent
process since its contribution diminishes more rapidly.
However, for the UIC process, the WWA is inapplicable
for all y.

In Fig. 7, we provide the cross section do/dz Vs z.
Panel (a) shows us that the WWA is applicable for the
coh. and OIC processes in the entire z range and has the
highest accuracy for the coh. process (with deviations of
about 1.1 %0—4.7 %0). In contrast, the deviations for the
UIC process reach up to 153%—268% in the entire z
range. Panels (b) and (c) show that the channels have dif-
ferent z behaviours. First, the resolved contributions dom-
inate the lower z region and become smaller than those of
the direct contributions when z > 0.3; this feature agrees
with the traditional perspective that the resolved process
has significant contributions only for z<0.3 [76].
Second, the results are divergent near the endpoint z =1,
mainly owing to the color-octet 'S, and *P; processes.
This is because, in the region z < 1, where diffractive pro-
duction occurs, the NRQCD prediction breaks down, and
the color-octet channels exhibit collinear singularities. To
screen the collinear singularities and suppress elastic pro-
duction, traditional methods impose the following con-
straints: z<0.9, My >10 GeV and py >1GeV or My,
(actually, if prmin #0, zZmex Will naturally less than one).
Elastic production at z< lcan also be suppressed by
choosing a sufficiently large Q* [26]. However, the bulk
of the inelastic contribution would be sacrificed. Finally,
the coherent contributions are larger than those of the
UIC processes in the entire z range. In particular, for Pb-
Pb collisions, the coherent contribution dominates the en-
tire z region, exceeding the contributions of the other
channels by approximately an order of magnitude. This
dominance is becuase the equivalent photon flux scales as
7?, which significantly enhances the cross section.

Figure 8 shows the total cross section distributions in
terms of +/s. In panel (a), the curves of coh. and OIC are
consistent with each other. We do not show the curve of
the UIC process, where the deviation is 0.38—0.49 in the

whole +/s range. The curves increase significantly
for 4/s <400 and 1400 GeV in p-p and Pb-Pb collisions,
respectively, and decrease slowly with +/s. The curves
exhibit a trend similar to that reported by Kniehl [22].
Therefore, the WWA has significant errors for small /s
(RHIC energies) and has good accuracy at high energies
(LHC energies). In panels (b) and (c), the coherent pro-
cess is slightly smaller than the UIC one in p-p collisions.
The opposite is observed for Pb-Pb collisions, where the
coherent process becomes critical (it is about one and two
orders of magnitude larger than the OIC and UIC pro-
cesses, respectively). This is because the coherent pro-
cess scales with Z2, whereas the OIC and UIC processes
scale approximately with Z and N,, respectively. For
Z > 1, the coherent part dominates the production pro-
cesses. Based on observations from the left panel and pre-
vious discussions, we can deduce that the WWA can have
high accuracy in the high energy range and in Pb-Pb col-
lisions, where the UIC contribution is significantly sup-
pressed; however, it is not a good approximation in p-p
collisions, where the UIC contribution is comparable the
coherent contribution.

In the discussions of [Figs. 58], we obtained the
validity range of the WWA. These discussions suggest
that kinematical boundaries are crucial for accuracy when
deriving equivalent photon spectra based on the
WWA . Tables 1-3 list the total cross sections and allow
us to discuss the accuracies of the WWA and sources of
errors for the widely employed photon spectra mentioned
in Section III. In p-p collisions [Table 1], the relative er-
ror of fJ, is the largest because integration is performed
in the entire kinematical range that is allowed: Q% = oo
and yn. = 1. From Figs. 5 and 6, the Q> >1GeV? and
y>0.1 domains can produce large fictitious contribu-
tions. The fi, spectrum has visibly less deviations than
the f3, spectrum because it includes the Q. term in Eq.
(50) and 13, does not. This term is inversely proportional
to O* and has a noticeable effect in the small Q* region
that cannot be neglected when calculating the photon
spectra; this perspective agrees with the findings of
Kniehl [22]. The relative error of f7. is higher than that
of A, but lower than that of f3, because the proton mag-
netic form factor is included, and its effects are notice-
able in the large Q* range and should be essentially ex-
cluded [56]. Finally, the modified proton spectra fp
agrees well with the exact results (6~ 1%). This is
becuase of two reasons: fip is derived from the com-
plete form Eq. (47) that includes the Q2. term and prop-
erly excludes the effects of the magnetic form factor. It
adopts the coherence condition, where the wavelength of
the photon is larger than the size of the nucleus, and the
charged constituents inside the nucleus are coherent. This
condition effectively reduces errors in the WWA. There
are also other limitations that can achieve such high ac-
curacy. However, the key point is that, in most physic-
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Table 1. J/¢ photoproduction in the coherent-photon emission channel in p-p collisions [7 TeV].
coh.(dir.+res.) Exact 13z f&’y fs 1 S
o /nb 22.4241 43.3561 35.1059 39.9058 20.3327 22.6512
0 (%) 0.00 93.35 56.55 77.96 9.33 1.01

Relative error with respect to the exact result: § = |07/ 0Exact — 1].

Table 2. Same as Table 1 but in Pb-Pb collisions [2.76 TeV].

coh.(dir.+res.) Exact L. fic
o /mb 2.4854 18.9783 1.9274
(%) 0.00 663.59 22.45

Table 3. Same as Table 1 but for ultra-incoherent photon
emission in p-p [7 TeV] and Pb-Pb [2.76 TeV] collisions.

OUIC (dir-+res.). Exact 17 fer
o pp/nb 24.2773 39.2290 101.3291
Opp(%) 0.00 61.59 317.38

O ppph/Mb 0.2494 0.6023 0.7254
Opbpb (%) 0.00 141.51 190.87

ally interesting cases, a dynamical cutoff exists, causing
the photo-absorption cross sections to differ slightly from
their values on the mass shell. Further details can be
found in Ref. [48].

In Pb-Pb collisions [Table 2], the deviation of f3.,
reaches up to 680.19%, since f., is constructed on a
contradictory assumption: Q2 ~ oo and y < 1 (actually,

max ~ 0 1S equivalent to yn. ~1). The fJ. spectrum
roughly agrees with the exact results obtained in both the
p-p and Pb-Pb collisions. However, it has deviations that
are non-negligible. This is because fJ is calculated from
the semiclassical impact parameter description, where the
coherence condition is assumed. For fJ., setting yma = 1
causes errors in the results.

For ultra-incoherent photon emission [Table 3], the
deviations are prominent and become serious in Pb-Pb
collisions. This quantitatively verifies the inapplicability
of the WWA for the UIC process. In particular, fi; has
the largest errors because it was originally derived from
e-p scattering but is expanded to describe the probability
of finding a photon in any relativistic fermion [20—22],
which causes the overestimation of the cross sections.
Therefore, the UIC process should be treated with the ex-
act approach, and the results in Refs. [13—28] are not suf-
ficiently accurate, where the mentioned spectra are adop-
ted and serious double counting is present.

Next, in Table 4, we estimate the contributions of the
UIC channel to heavy quarkonium photoproduction, and
discuss the double counting encountered in most studies
when different photon emissions are considered simultan-
eously. In p-p collisions, the outcomes of the UIC pro-

cess are comparable to those of coh. process for J/y and
become about twice those of the coh. process for T(1S).
In Pb-Pb collisions, the ratio of UIC to coh. is about 10%
for J/y and about 29% for Y(1S). Therefore, the UIC
channel plays an important role in p-p collisions and
meaningfully contributes to Pb-Pb collisions. In addition,
the relative contribution of the UIC channel to inelastic
heavy quarkonium photoproduction becomes much more
obvious for increasing quarkonium mass.

In contrast,Table 4 shows that double counting is a
serious issue. The total results with no weighting factor
(NWF) are much larger than those of the exact treatment.
These large fictitious contributions are mainly from the
region with low Q2. Traditionally, these unphysical res-
ults are excluded using the cutoff Q% > 1 GeV? when cal-
culating the equivalent photon spectra. As in calculating
17 [Eq. (56)], the cutoff is adopted to replace the remain-
ing probability factor "1 —w.y." However, the corres-
ponding errors in Table 3 remain significant. Therefore,
when different photon emissions are considered simultan-
eously, each channel should be multiplied by the probab-
ility or weighting factor to avoid double counting.

Now, we study the contribution of photoproduction
processes to the heavy quarkonium production in p-p and
Pb-Pb collisions at LHC energies. Before the discussion,
one critical issue must be addressed: heavy quarkonium
production in hadronic collisions (especially Pb-Pb) are
spatially limited, with a collision parameter range within
2R, (where R, =A'31.2fm is the size of the nucleus).
When considering the contribution of photonproduction
to the hadronic process, the equivalent photon flux should
be integrated to b, = 2R4. Integrating to infinity artifi-
cially enhances the cross section by including unphysical
contributions from non-overlapping nuclei at large, viol-
ating the spatial constraints of the collision geometry.
However, in this study, we performed the calculations
and developed our formalism based on the parameterized
form factor method, which do not explicitly include im-
pact parameter b (where the form factor is derived from
the Fourier transform of the charge density p of the nucle-
us, and approximate plane waves are used). For the con-
sistency of our formalism, we adopted the empirical ap-
proximation to include these truncation effects, similar to
the approach in literature [3, 4, 63]. The effect of setting
bmax = 2R41s evident in the Q2. cut; details are given in
Appendix B. The strict method to incorporate b is the
semiclassical impact parameter description, which is bet-
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Table 4. Exact results of the J/¢ and T(1S) photoproductions in p-p [7 TeV] and Pb-Pb [2.76 TeV] collisions. All the results are the
sum of the direct and resolved contributions and do not include fragmentation contributions.
Exact Quarkonium coh. UIC Total Total (NWF)
0 pp/nb JIy 22.4241 24.2773 46.7014 103.9845
O ppph/mb Jly 2.4854 0.2494 2.7348 3.1055
0 pp/Pb T(LS) 13.6794 26.9652 40.6446 82.6189
O pbpb/Ub T(S) 0.7345 0.2113 0.9458 1.1262

ter applicable for calculations with heavy ion collisions
and is often used in the study of UPCs (recently, Wang-
mei Zhang et al. developed a spatially-dependent photon
flux distribution and established a more precise relation-
ship between the photon transverse momentum distribu-
tion and collision impact parameter [45]).

In Figs. 9 and 10, we adopt the exact treatment to plot
the pr distributions of charmonium (J/y, ¥(2S)) and bot-
tomonium (Y (nS)) photoproduction, respectively. The
results are the sum of the direct and resolved photon con-
tributions. To visualize the photoproduction contribution
and study the prbehaviour of each photon source, we plot
Figs. 9 and 10 in different p; ranges that complement
each other. In Fig. 9, we plot the py distribution of char-
monium in the range of 2 GeV < pr <20 GeV. Fragment-
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Fig. 9.

ation mechanism is unreliable for this p; range because
the LP and NLP contributions are significant for py > my
(authors in Ref. [32, 34] have shown that the NLO LP
SDCs are different from the accurate NLO fixed-order
SDCs for small pr; they have suggested the criterion
pr >3M,;,, ~10GeV to ensure the validity of the frag-
mentation mechanism and suppress NLP contributions).
To consider the NLO effects, the LO results are multi-
plied by the K factor from Ref. [77]. We choose K =1.8
and 1.3 for direct and resolved contributions, respect-
ively. The spectra of photoproductions are compared to
the hard scattering of initial partons. In panels (a) and (c),
we compare the results with data from the CMS Collabor-
ation [78]. At very small p, the color-singlet and color-
octet distributions are corrupted by collinear divergences
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(color online) pr distribution of J/y and y(2S) photoproductions in p-p and Pb-Pb collisions. The red dashed line represents

the initial parton hard scattering (had.scat.). The magenta dot-dashed line is for coherent-photon emissions [coh.(dir.+res.)]. The blue
dot-dashed line represents ultra-incoherent photon emissions [UIC (dir.+res.)]. The dark yellow dotted line represents the ordinary-in-
coherent photon emissions [OIC (dir.+res.)]. The black solid line is for the sum of had.scat. and photoproduction processes. The J/y
and (25) data are from the CMS collaboration [78]. The rapidity y, is integrated over the experimental range |y,| < 1.2.
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Fig. 10. (color online) Same as Fig 9 but for (nS) production. All the results are the sum of direct and fragmentation Y(nS) produc-

tions. The branching fractions are B,(Y(1S) — u*u~) =2.48%, B,(Y(2S) — u*u™) =1.93%, and B.(T(3S) - u*u~) =2.18%. The T(nS) data
are from the CMS collaboration [79]. The rapidity y, is integrated over the experimental range |y,| < 1.2.

and soft gluon effects [31]. Since the intrinsic motion of
incident partons renders the differential cross section un-
certain for pr <2 GeV, our predictions only concern the
range pr > 2 GeV.

In p-p collisions [panels (a), (c)], the UIC processes
have greater contributions than the coh. processes, which
confirms the significance of the UIC channel in p-p colli-
sions. However, the coh. contributions are still compar-
able with the UIC contributions (do g /doyic ~0.18—
0.13 in the py ranges considered). This differs from the
results in Ref. [18], where the coh. contributions are neg-
lected. In Pb-Pb collisions [panels (b), (d)], the coh. con-
tributions are larger than the UIC contributions because
the former contributions scale with Z%, whereas the latter
contributions scale with N,. We disagree with the results
in Refs. [20, 21], where the observation is opposite to that
of ours: the UIC contributions are approximately an or-
der of magnitude larger than the coh. contributions. Fi-
nally, we notice that the charmonium photoproduction
processes provide valuable corrections to had.scat. when
pr >4 GeV. These corrections become more evident with
increasing pr. The corrections are more pronounced in
Pb-Pb collisions than in p-p collisions. This is also differ-
ent to the the results in Refs. [20, 21], where the contribu-
tion of photoproduction is even larger than that of the
hadronic process. This is because they did not use the cut
bmax = 2R4, which artificially enhances the cross section

by including unphysical contributions from non-overlap-
ping nuclei at large. This cut excludes the large contribu-
tion from the small Q? region [see Fig. 5], making the co-
herent contribution much smaller (for the incoherent
channel, this cut has only small effects).

Figure 10 shows the plots of the exact results of bot-
tomonium (Y (nS)) photoproduction and fragmentation.
To avoid double counting, we adopt the BCCKL method,
where a matching rule is applied between the fixed-order
and fragmentation [32—34]. Since fragmentation bot-
tomonium production is unreliable in the pr <15 GeV
range [31], to suppress the next to leading power (NLP)
contributions, our theoretical predictions were for
pr >20 GeV. In the top panels, the exact results are com-
pared to the CMS data [79]. For p-p collisions [panels
(a)-(c)], the differences between the UIC and coh. pro-
cesses become much larger than those of J/y produc-
tions in Fig. 9. For Pb-Pb collisions [panels (d)-(f)], the
UIC channel becomes larger than the coh. channel at suf-
ficiently large pr values. This observation is opposite to
that in panels (b) and (d) in Fig. 9. We disagree with the
results in Ref. [21], where the UIC contributions are
much larger than the coh. contributions in the entirepy
range; moreover, the fragmentation formalism is used
beyond its validity scope, and double counting is present.
Thus, the relative contribution of the UIC channel to
heavy quarkonium photoproduction increases with the
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quarkonium mass. The UIC process begins to dominate
the photoproduction processes at large pr values. Finally,
we find that the contributions of the photoproduction and
fragmentation processes are still non-negligible in bot-
tomonium production.

V. SUMMARY AND CONCLUSION

Using the NRQCD framework, we studied the pro-
duction of heavy quarkonium originating from inelastic
photoproduction and fragmentation processes in p-p and
Pb-Pb collisions at LHC energies. We derived an exact
treatment by performing a consistent analysis of the terms
neglected in transiting from the exact formula to the
WWA one, where the Martin-Ryskin method is adopted
to weight the different photon sources, and the BCCKL
method is adopted to match the fixed-order and fragment-
ation contributions. The full partonic kinematics matched
with the exact treatment were also given. Through a com-
prehensive discussion of the Q%-, y-, z-, and +/s-depend-
ence behaviours of cross sections, we obtained the fea-
tures of the WWA in inelastic heavy quarkonium photo-
productions in heavy-ion collisions. To estimate errors in
the widely employed photon spectra, we calculated their
total cross sections. Meanwhile, double counting prob-
lems and the relative contributions of the ultra-incoher-
ent channel were also discussed. Finally, we calculated
pr-dependent cross sections to discuss the contributions
of photoproduction and fragmentation processes to in-
elastic heavy quarkonium production.

The inelastic photoproduction and fragmentation pro-
cesses provide valuable contributions to heavy quarkoni-
um production, especially in the large pr range. While ul-
tra-incoherent photon emission plays an essential role in
p-p collisions and can provide meaningful contributions
in Pb-Pb collisions, its relative contribution to inelastic
heavy quarkonium photoproduction rapidly increases
with the quarkonium mass and begins to dominate the
photoproduction process at large pr ranges.

The validity scopes of the WWA in the processes dis-
cussed in this study are highly restricted and are compat-
ible with the characteristics of the coh. and OIC pro-
cesses. They are accurate only in the ranges of Q%<
1GeV?, y<0.1,Z> 1, and +/s > 400 and 1400 GeV in p-
p and Pb-Pb collisions, respectively. In particular, the
WWA has a much higher accuracy in Pb-Pb collisions,
where the coh. process is enhanced by Z;, and the UIC
process is greatly suppressed. Conversely, the kinematic
behavior of the UIC process contradicts that of the
WWA, as it is concentrated in regions where the WWA
exhibits significant errors. Therefore, the WWA is not a
suitable approximation in p-p collisions, where UIC con-
tributions become dominant. Furthermore, we found that
the aforementioned equivalent photon spectra are gener-
ally derived beyond the applicable scope of the WWA,

and considering different channels simultaneously causes
serious double counting. Indeed, the exact treatment is
necessary to accurately address inelastic heavy quarkoni-
um photoproduction in p-p and Pb-Pb collisions at LHC
energies.

It should be noted that, when considering the contri-
bution of photonproduction to the hadronic process, the
equivalent photon flux should be integrated to by = 2Ry4.
Integrating to infinity artificially enhances the cross sec-
tion by including unphysical contributions from non-
overlapping nuclei at large. In this study, we adopt an
empirical approximation to account for the truncation ef-
fect. The proper method to incorporate b is the semiclas-
sical impact parameter description (Glauber model),
which is more appropriate for calculating heavy ion colli-
sions (recent study, see Ref. [45]). In future studies, we
shall conduct investigations within a b-dependent frame-
work.

APPENDIX A. LONG-DISTANCE MATRIX
ELEMENTS OF HEAVY
QUARKONIUM

For the reader's convenience and for completeness,
this section lists the involved LDMEs. The masses of
heavy quarkonia are M, =3.097 GeV,
3.686 GeV, Mys) = 9.460 GeV, Mgy = 10.023 GeV, and
Mysy =10.355 GeV [73]. The LDMEs of the charmoni-
um are given by [77—81]

Myes) =

(O""s V1) = 1.32 GeV?,

©'1'sP1) = (4.50+0.72) x 1072 GeV°,

(O'Ps® =(3.12+£0.93) x 107> GeV?,

(O"PPP]) = (-1.21£0.35)x 1072 GeV°, (A1)

(0" DYy = 0.76 GeV?,

(0"®['s By = (0.0080 +0.0067) Ge V>,

(0"935®1y = (0.00330 +0.00021) Ge V>,

(O PP = (0.0080+0.0067 32 GeVe. (A2)

The LDMEs of the bottomonium [81] are

(©O"PS ]y =9.28 GeV?,

(O"'s By = (13.60£2.43) X 1072 GeV?,
(O"IPS®]) = (0.61£0.24) x 1072 GeV?,

(O PPPY = (-0.93+£0.5)m2 x 1072 GeV?,  (A3)
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(O sy = 4.63 GeV?,

(O[S = (0.62+1.98) x 1072 GeV?,
(O"CIPS Py = (2.22£0.24)x 1072 GeV?,

(O "PPPYY = (-0.13+0.43)m2 x 1072 Ge V>,

(A4)
(0"IPS ")) =3.54 GeV?,
(O"I's®]) = (1.45+1.16)x 1072 GeV?,
(OS] = (1.32+0.20) x 1072 Ge V>,
(O IPPPYY = (-0.27+£0.25)m2 x 1072 Ge V>,
(AS)
The multiplicity relations
©"PPPY) = 27+ 1XO"T PP, (A6)

are used, where m, and m, are the charm quark and bot-
tom quark masses, respectively.

APPENDIX B. FULL KINEMATICAL
RELATIONS

We provide a detailed treatment of the partonic kin-
ematics, which is consistent with the exact formulation.
The energy and momentum in the a-b parton level are

(s(,b +ml2Y)
2/Sap ’

(05 —m2)
2w

(Sab =113

Pcm = 27\/%,

E,=
Ebz

(B1)

where the s,;, expressions for each photon emission are

2, X 2 2
Sableoh, = My + N (S_mA _mB) >
B

b
Sabloic =mf,+N N (s—mf,—mfg),
ALVB
XaXp
Sapluic = m. + N" (s—my—m3), (B2)
ALYB

where s = (ps+ ps)* = (Ns + Np)* syy/4 is the squared en-
ergy in the 4-B process, while the energy and momentum
at the y*-b parton level are

L _(-®) , _(e)
Y SV
A 2 S_ M2

pou= L) M) )

25 o =T

The Mandelstam variables involved in direct photo-
production are

§=(q+pp)’ =y (sap—m}) - O,

f=(@-pn)’=-(1-2(5+0%),
i=(py—pn)’ =My-z(5+0%), (B4)

while those for resolved photoproduction are

§ = (P + 16 = V2w (Sap—m2),
#=ps—pn)=-1-2)5,
= (py—pu)’ = M} —z5". (BS)

The kinematical boundaries of the mentioned distri-
butions are given in Table B1 and Table B2. When we
calculate the contribution of photoproduction to the had-
ronic process in Figs. 9 and 10, the cut b, = 2R, must
be used to avoid unphysical contributions from non-over-
lapping nuclei at large. Using the central ideas of Refs.
[3, 63], the squared transverse momentum of the photon
can be written as

X2 1
= -0 (-1 ) ~ 5
-2 2.2
0 = Dipax + X711,
min l_x

(B6)

where bug = 2Ry (Ry = AV31.2 fm).
Finally, we determine the Jacobian determinant J for
each distribution. For the @ and y distributions, we have

217 |p,) _ 2r?

j - ’
Ea/Eb /(1’2 + mi) (B7)

while those for the z distribution are

X _ Za
Jdlr._z(l_z)s jre& Z(I—Z)’ (B8)
and that of the p; distribution is
( $2 4 02 \/g)
J= (B9)

y (Sab|xbmax - m{zl) ( ‘/E— COShy,AmT)
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Table B1. Kinematical boundaries of the 9 and y distributions. 3y = 55, = (7 + prmin)®, p3 = 130+ Q*ME)/(5+ Q).

Variables Coherent direct UIC direct Coherent resolved UIC resolved

Zmin [(M,Zi +5)- \/(v—Mﬁ,)z——ztgﬂms] /23)

Zmax [(M,Z, +5+ \/(v—Mg,)Z——4pszms] /(28)

Fmin ~(1 = Zmin)($ + Q%) —(1 = zmin)$”*

inax ~(1=zmax)(3+ Q%) =(1 = zmax)$"

Za'min \ \ Y (Sap —m2)] 85 in/ VXaXpSNN)
Za’max \ \ 1 1

Xbmin Grmin + 0P/ 1Y (Sablxpa —M3)] Gumin + 01/ (xaSNN) 8 i/ 1S xpumax — 131 8 in/ OXasnN)
Xbmax

Xamin \ Gmin +0%)/(VsnN) \ Stnin/ O'SNN)
Xamax \ 1 \ 1

Ymin Bmin + 0D/ (Sablxypma —M2) 8% i/ (Sablxpmax — M%)

imax [/ + 0~ 0] ramd)

o, =208+ [ (St 4 1205 = §+ 12 = (5o =2) /ety = § + 22— s | [(2500)

0%ax Y(Sablxymex — M) = Smin

Table B2. Kinematical boundaries of the pr and z distributions, where x; = §/s,5,. Other boundaries are the same as those of Table
BI.
Variables Coherent direct UIC direct Coherent resolved UIC resolved

Onin 2m2 /(1= x)

02« 1/R% (I=x1)snn 1/R? (I=x1)syn
1Vrmas] In[Gimax + M2 + 1/ Gmax = M3)? = 4p% Smax) e + M3 = \/ Gimax = M3)2 = 4p2 5ina)1'/2

Pain M

Phnax (1=2) [2Sablypg —m2) — M3 |

for the coherent-direct process. The relations between Eq.
(B9) and the rest of the cases are Jincondi =.J/Xas

Jcohres. = j/xb: and Jincoh.res, =

/x.xy. For the fragment-

ation processes, J = (§ + Q2) / (coshy, \/5) .
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