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Abstract: Based on the similarity renormalization group (SRG) method with the relativistic mean field (RMF) the-
ory, we diagonalize the Hamiltonian incorporating the tensor coupling effect to explore pseudospin and spin sym-

metries and their evolutions in Ca isotopes. The restoration of pseudospin symmetry is governed by the competition

between H;l (the coupling of tensor and spin-orbit term) and H?W (the coupling of tensor and Darwin term) via the

SRG method. The tensor coupling effect breaks the spin symmetry, primarily driven by H}l. It is worth noting that

the decrease (increase) of single-particle energy in « <0 (k > 0) states is caused by the H}l term in the pseudospin

and spin symmetries. The tensor coupling effect drives pseudo(spin) splittings, which highlights the necessity of re-

lativistic approaches with exchange interactions. Compared with the experimental and theoretical results, the tensor
coupling effect (fitting the tensor parameters f(¢) = 3.1) induces shell effects at N = 32,34, which renders these nuc-

lei more magic than predictions by the traditional RMF model. Meanwhile, a more diffuse potential leads to the pre-

servation of PSS in exotic nuclei, as supported by analysis of the mean field potential X and its derivative X' (r).
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I. INTRODUCTION

The appearance or vanishing of ‘magic numbers has
significant impacts in various fields such as nuclear struc-
ture, nuclear interactions, astrophysics, and more. Spin
symmetry (SS) and pseudospin symmetry (PSS) have
emerged as crucial frameworks for understanding the re-
lativistic nature of nuclear interactions and the (dis)ap-
pearance of exotic phenomena [1—8]. The breaking of
spin symmetry, namely the spin-orbit splitting in the spin
doublets (n,l, j =1+ 1/2), is fundamental for studying ma-
gic numbers in nuclear physics [1, 2]. Pseudospin sym-
metry is a key concept in nuclear structure, observed in
the single-particle levels with quantum numbers
(n=1,1+2,j=1+3/2) and (n,l, j=1+1/2), which are ap-
proximately degenerate and marked as pseudospin
doublets (i=n-1,I=1+1,j=1+1/2) [3, 4]. In 1997,
Ginocchio [5] pointed out that the pseudospin symmetry
in nuclei is exactly conserved when the scalar potential
S(r) and the vector potential V(r) have the same mag-
nitude but opposite sign. Later, Meng et al. extended an
approximate condition, showing that pseudospin sym-
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metry is preserved when dX(r)/dr=0 (Z(r) =S (r)+ V(r))
[9].

The splittings of spin and pseudospin doublets are
significant for the reliable description of exotic nuclei,
particularly with the addition of tensor coupling. The ex-
perimental energy splitting values for a pair of
pseudospin doublets (17) reveal the level ordering, which
is reproduced by model calculations with tensor coupling
(tensor coupling constant is 1.3) [10]. The inclusion of p
tensor coupling leads to isospin-dependent spin-orbit
splittings, influencing the appearance of neutron halo
[11]. Contributing to the inclusion of Lorentz tensor p-N
coupling, the shell closures (58 and 92) have been elimin-
ated [12]. The Z =64 subshell was satisfactorily ex-
plained by introducing tensor coupling [13]. The relativ-
istic Hartree-Fock-Bogoliubov (RHFB) theory naturally
includes the z-meson and p-tensor couplings [14], with
the prediction of the proton bubble structure in **Si [15]
being confirmed experimentally [16]. The mechanism of
halo formation in Ce isotopes [17] successfully explains
the experimental results of neutron skin and pseudo-spin
orbital (PSO) splittings in the unstable nucleus *Ni [18].
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Based on the similarity renormalization group (SRG)
method, the tensor coupling effect enlarges (reduces) the
energy splittings of spin (pseudospin) in 2%Pb [19].
These findings clearly reveal the importance of tensor
coupling on shell evolution and relativistic symmetries.

It is known that nuclear force includes central, spin-
orbit, tensor components, and more. The tensor force is
the tensor component of nuclear force. Under the relativ-
istic scheme, Lorentz tensor couplings exist due to the ex-
change of vector mesons @ and p. Considering only the
Hartree terms of these couplings, they are a mixture of
central and spin-orbit type components, whereas consid-
ering the Fock terms, the tensor type component is auto-
matically involved. Meanwhile, the Fock terms of the
Lorentz tensor couplings, namely the z-pseudo-vector
and p-tensor components, can significantly influence nuc-
lear binding [20—25]. Note that the restoration of PSS and
SS is indeed a manifestation of nuclear binding, as de-
duced from the conservation condition.

Tensor coupling originates in meson exchanges
between nucleons in the relativistic framework. Introdu-
cing the tensor coupling between the @ meson and the
nucleon, the nature of the spin-orbit force is examined in
finite nuclei [26]. Including tensor couplings of the @ and
p mesons, the nucleon spectra of shell models have been
improved with the relativistic Hartree approach [27]. The
tensor coupling noticeably decreases the PSO splittings,
particularly for single-particle levels near the Fermi sur-
face [10]. The tensor interaction can also strongly affect
spin symmetry [28]. In Ref. [19], the authors explored the
effect of tensor coupling on relativistic symmetries with a
focus on single-particle energy.

In (=0 [5] or d>(r)/dr=0 [9], there are no
bound states, and pseudospin symmetry is always broken
in realistic nuclei. Therefore, it is more meaningful to in-
vestigate the approximate conservation of pseudospin
symmetry in realistic nuclei and the origin of PSS and its
breaking mechanism. In Refs. [10, 29], the contribution
of tensor coupling to spin and pseudospin symmetry is
analyzed by transforming the Dirac Hamiltonian into a
Schrodinger-like form. However, calculating the contri-
bution of each component to pseudospin splittings inevit-
ably encountered singularity (the effective mass
M_(r)=0 at ry) and the coupling between the operator
and its eigenenergy when solving the Schrodinger-like
equation for the lower component of the Dirac spinor.
Recently, the Dirac Hamiltonian has been transformed in-
to a diagonal form by the SRG method to avoid these de-
fects [30—34]. With the reconstituted SRG method, per-
forming the nonrelativistic expansion of the Dirac equa-
tion up to the 1/M* order, single-particle energies and
densities are faster convergence than the conventional
one [35].

The contribution of each term to pseudospin sym-
metry and their correlations with the potential shape are

examined for all the selected pseudospin doublets [30].
Combining the SRG technique, supersymmetry quantum
mechanics, and perturbation theory, the origin of PSS and
its breaking mechanism were quantitatively investigated
[36, 37]. The origin of relativistic symmetries has been
extended in axially deformed nuclei [31, 32]. The role of
Coulomb and p potentials in the isospin asymmetry of
pseudospin splittings has been further investigated [38].
Combining SRG into the relativistic mean field of meson
exchange (RMF) and point-coupling (RMFPC) models,
the relativistic symmetries depending on isospin and dif-
ferent point-coupling interactions are explored, respect-
ively [33, 34]. Recently, the origin and breaking mechan-
isms of PSS and SS at new subshells N = 14,16,32, and
34 isotones are explored by SRG in conjunction with the
RMFPC model [39, 40]. The application of the SRG
method is very similar to the well-known Foldy-
Wouthuysen (FW) transformation [41—43]. Using a nov-
el expansion of the inverse of the Dirac effective mass,
the flow equations are solved in the SRG framework in
Refs. [44, 45]. Using the similarity renormalization
group, Ding et al. provide a first-principles explanation
for the origin of magic numbers and pseudospin sym-
metry [46]. The encouraging progress of such work of-
fers a significant way to explore the origin and breaking
mechanisms of relativistic symmetries using the SRG
method.

With a complete filling of the Z = 20 shell, the calci-
um isotopes have shown extreme sensitivity to changes in
neutron numbers related to the nuclear shell structure.
Signatures of magicity have been observed at N = 20,28
[47-49]. Considering the recently predicted N =16 [15,
50, 51], and discovered N =32 and 34 neutron (sub)shell
closures [52—56], along with the controversial one at
N =40 [57-61], the Ca isotopes exhibit more identified
magic nuclei in a single isotopic chain.

The high excitation energy of the first 1* and 2*
states in *¢Ca, as well as the large neutron-removal spec-
troscopic factors, indicate a significant gap at N =16
[50]. The N = 32,34 shell closures in 323*Ca have been
claimed from a series of observations relying on the first
2* excitation energy [62—64], transition probability [65],
mass measurements [52, 53, 66], and neutron knockout
cross-section measurements [55]. The measurement of
the 39 Tj excitation energies supports the structure of the
potentially doubly magic nucleus ®Ca [67].

Theoretically, the N =16 shell gap in 3*Ca and O
are of similar amplitude according to shell model analys-
is with comparisons to results from two-neutron transfer
reactions [51]. Theoretical calculations, including the ab
initio method [68], the coupled-cluster method [69], shell
model [54, 62], and density functional theory [70, 71],
also support the emergence of N =32,34. With available
experimental data, results from data-driven method con-
clude that °Ca is doubly magic at a similar level to ®*Ni
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[58]. Conversely, the possibility for a doubly magic *°Ca
is doubted based on shell model calculations [59, 60].
Notably, the RHFB theory naturally includes the z-meson
and p-tensor couplings and explains the different origins
of two successive magic numbers from the perspective of
PSS (SS) [56]: the N =32 subshell is related to a v2p SO
(spin-orbit) splitting, while the persistent subshell of
N =34 can be related to the v1d PSO splitting. This mo-
tivates us to clarify the origin and breaking mechanisms
of relativistic symmetries by combining the tensor coup-
ling effect, as well as exploring the possibility of magi-
city in calcium isotopes.

Although the RMF theory has successfully described
the ground state properties of nuclei and reiterated tradi-
tional magic numbers, the pure RMF model insuffi-
ciently predicts shell gaps for the new magic numbers
N = 32,34, contradicting recent experimental evidence for
calcium isotopes. This discrepancy highlights the need
for a self-consistent framework that combines other coup-
ling effects. Our study addresses this issue by combining
SRG with RMF and the tensor coupling effect on relativ-
istic symmetries. In this paper, we utilize the RMF mod-
el with the SRG method, termed the RMF-SRG method.
The paper is structured as follows: Section II introduces
the theoretical formalism. Section III presents detailed
discussions on the contribution of the tensor coupling ef-
fect to shell evolution and relativistic symmetries. Sec-
tion IV provides a brief summary.

II. THE SRG METHOD

The most popular RMF model is based on the finite-
range meson-exchange representation, according to
which nucleons are viewed as Dirac particles interacting
via the exchange of various mesons and photons. The
connection between the pseudospin symmetry and RMF
theory [72—75] was first identified to approximately ex-
plain such a special ratio between the strengths of the
spin-orbit and orbit-orbit interactions [76]. By analyzing
Ca isotopes, it is shown, in particular, that an enhance-
ment of the new magic numbers may be predicted within
mean field calculations by including more elaborate nuc-
lear effective interactions, like the tensor coupling effect
[10]. The following Lagrangian density can be written as
[19,27]

£:£T+£]’ (1)

where L7 is the Lagrangian density for free nucleons,
mesons (o, w, and p), and photons,

Ly =g(iy"0, - My + 6#06”0' %m o’

@)

Here, M is the nucleon mass. The field tensors for the
vector mesons and photons are defined as follows:
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The interaction between nucleons via the exchange of
mesons and photons can be expressed in the Lagrangian

density L7, which takes the following form:
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Here, ¥ = 5[7’“ »¥"1. 7 is the isospin operator of the nuc-

leon and 753 is its third component. g,,g,.8,, and
e?/4n =1/137 are the coupling strengths for the o,w,p
mesons and for the photon, respectively. f,, and f, are the
tensor-coupling strengths of vector mesons w and p, re-
spectively. m,,m,, and m, are the masses of the corres-
ponding mesons. In the interaction Lagrangian density
Eq. (4), we consider the Lorentz o-scalar, w-vector, p-
vector, p-tensor, w-tensor, and photon-vector couplings.

In terms of the classical variation principle, one can
derive the Euler-Lagrange equation.
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9L oL
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By taking ¢ = ¢ and considering the mean field approx-
imation, the meson fields are static, and only the time-like
component is considered. Therefore, we have the follow-
ing:
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From the above equation, the Dirac Hamiltonian is ob-
tained as

1-
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Here, 7 and p are fundamentally different: the former
acts on the single particle states while the latter is sup-
posed to act on the propagators in the meson fields (wo
and py). These correspond to the single particle mo-
mentum and momentum transfer, respectively. For sim-
plicity, the above Hamiltonian can be written as

H:o?-ﬁ+V+,8(M+S)+%ﬁo?-(1;u), ®)

where V, S, and u are the vector, scalar [72, 74], and
tensor potentials [19], respectively. Here, the vector
mesons we are considering are the isoscalar w mesons
and isovector vector p mesons. Therefore, the Lorentz w-
tensor and p-tensor are introduced. The tensor force com-
ponents carried by the z-pseudo-vector couplings can sig-
nificantly change the evolution of the single-particle or-
bits [56, 77], which is not considered here.

S = g()'o-’

1-7
V = guwo + 138,00 +€T3Ao,

©

U= f,wo+T13fppP0.

fo and f, are the tensor-coupling strengths of vector

. Jo _ S
mesons. Assuming ~— =
8w )

= fi, the tensor component
simplifies to:

U= f(8uWo +T38p00)- (10)

For the neutron (7; = 1), u = f; V. For the spherical nuclei,
the Dirac spinor has the following form:

1
w=<
-

iF(r)lem(ﬁ’Qa)
_G(r)inm(ﬂv QO)

1 -1
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Then, the Dirac equation can be expressed as
U «
;/+S+Aé _E_M-F; F(r)
4. kY V-S-M G(r)
dr r M
F
—e T, (12)
G(r)

du
where U = I
SRG [78], the H operator transforms into a diagonal

Utilizing Wegner's formulation of the

form. The initial Hamiltonian H is transformed by the
unitary operator U(l) according to

H() = UHU'(l), H(0)=H, (13)

where / is a flow parameter. By differentiating Equation
(13), the flow equation is defined as:

d
EH(Z): [U(l),H(l)}, (14)
with the generator
dU(l
no="Lu 0= 0. (15)

l

Based on Wegner's theory, the form n(/) = [H (1), H(])] is
asuitable choice, where H,(/) is the diagonal part of H(/)
[78]. Therefore, it is appropriate to further select
n(l) = [BM,H(l)] [79]. The Hamiltonian H(l) can be ex-
pressed as a sum of an even operator (/) and an odd op-
erator o(/):

H(l) = e(l) + o(l). (16)
Following the commutation relations of the operators, the
evenness or oddness of e(/) and o(l) can be defined by
e(l)B =Be(l) and o()B = —Bo(l), respectively. Then, put-
ting Eqgs. (15) and (16) into Eq. (14) gives

de(])
dl

do(l)
i =2MpBlo(),e()].

= 4MBo*(1),

(17

Eq. (17) can be solved by perturbation within 1/M. For
simplicity, we introduce a dimensionless flow parameter
A=IM? to diagonalize the Hamiltonian. Beginning with
the zeroth-order term, the expansion of &(1)/M in a series
of 1/M results in the following equations:

1 1
7 = ; . (18)
The expansion of 0(1)/M starts with the first order.
1 =1
170D = 21: TG (19)
=

Differentiation Egs. (18) and (19) yields the equations:
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de, (1)
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The solutions of the above equations are obtained as:

A n—1
aw=w/d12ﬁuwmwwwm
0 k=1

A n-1
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0 k=1

+0,(0)e™*.

0,() = 2‘36_4/1
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Combining with the present Hamiltonian system, the ini-
tial condition is presented as:

£0(0) = B,£1(0) = S +V,€,(0) = 0(n = 2),

01(0)=a- p,0,(0) =0(n > 2). (22)
From the above equations, we can acquire
go(d) =P,
e(D)=pS+V,
01() = 01(0)e™, (23)

and o,(4) exponentially goes to zero.as' A — co. Thus, the
diagonalized Dirac operator becomes

£(00) = Meo(o9) + 4(60) + - x(e)
+ L63(00) + L64(00) +...

M? M3

3 Hp+M 0
0 —HS-M

Hp=H0+HT.

(24)

where

(25)

Hy is an operator describing the Dirac particle without a
tensor coupling.

Ho=H,+H;,+H.+H,+H,, (26)

where the expressions for these five Hermitian compon-
ents are

2

H,=x(n+2,
oM
. (Sp*-s'4 +S(Sp2—25/%)
4= 2M? 2M3 ’
Kk A
H. =28 —M)-——,
( )r4M3
4
p
H, =—
k 8M35
/2 ’ ’ "
Y ¥ —2YA +4S3%
He=p 16M? 27

H, represents the operator describing a Dirac particle in
the nonrelativistic limit. H; and H, correspond to the dy-
namical effect and the spin-orbit interaction, respectively.
H, reflects the relativistic modification of kinetic energy.
H, denotes the Darwin term. The operator Hp describes a
& kk+1)
good quantum number defined as x = +(j+1/2). HS (for
Dirac antiparticles d[27, 80]) is the charge-conjugation of

. ) k(k—1)

Hp with p°= et T X(r)=S(r)+V(r) and
A(r) = S(r)-V(r) denote the combinations of the scalar
potential S(r) and the vector potential V(r). The primes
and double primes in Hp denote the first-order and
second-order derivatives with respect to r, respectively.
The singularity vanishes in every component of Eq. (25),
and all the terms are Hermitian in Hp. The total tensor
coupling operator Hr can be separated into the coupling
of the tensor and spin-orbit term Hj' and the Darwin term

H{", respectively.

Dirac particle with p* = , where x is a

Hr = Hy + H}", (28)
where
Uk SUk
sl _
Hr == 29)
QMU' =25 U’ +2U* +N'U
H = . (30)

4M>3

In Ref. [19], spin symmetry is exact for a Dirac particle
when A’ =0 and U = 0. Unlike the Dirac Hamiltonian in
Ref. [79], the Hi and H%" terms originate from the tensor
coupling.

III. NUMERICAL DETAILS AND RESULTS

To explore the origin and broken mechanism of re-
lativistic symmetries in shell evolution, the energy split-
tings for (pseudo)spin doublets in selected even-even cal-
cium isotopes are shown with(out) the tensor coupling ef-
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fect by the RMF-SRG method. Here, 34048525460Ca are
considered as dual magic nuclei, despite questions about
the robustness of N =40 in ®Ca [60]. The energy split-
tings contributed by H, are independent of the tensor
coupling, and every component from H, has a similar
contribution to PSS (SS) as discussed in Refs. [30—33].

A. Pseudospin symmetry in Ca isotopes with tensor

coupling effect

In Refs. [51, 81], 3*Ca may be a better closed-sub-
shell nucleus at N =16, which is related to the
pseudospin energy splitting of the v1p (v2sy, vldsp)
doublet. With the inclusion of the tensor coupling effect
H; (including the coupling between the tensor and Dar-
win term H%", and the spin-orbit term H3) added to the
Hy term, the total pseudospin energy splitting term
(Ho+Hy) changes monotonically for doublets v1p and
vlid (v2psp, v1fsp) as they vary with the strength of
tensor coupling f(¢) in Figs. 1 and 2. By tuning f(¢) up to
one, Hy and H{" become comparable to the spin-orbit
coupling or the dynamical effect [19]. In Fig. 1, the res-
toration of pseudospin symmetry depends on the competi-
tion between Hj and H{". Due to the near cancellation
between Hj' and H$” in Fig. 1, the tiny contribution is
smaller for the N =16 subshell [51]. Although single-

o

Pseudospin energy splitting [MeV]

00 02 04 06 08 00 02 04 06 08
f(t)

(Color online) Variations of energy splittings with

1.0

Fig. 1.
the tensor coupling strength f(r) for neutron pseudospin
doublet (v2s12, vldsn) in selected Ca isotones. The black
(solid), red (dashed), green (dash-dot), and blue (dash-dot-dot)
lines in each subfigure represent the splittings contributed by
the term describing the Dirac particle: without tensor coup-
ling Ho, the coupling between the spin-orbit and the tensor
Hy, the coupling between the Darwin term and the tensor
HY, and the total tensor coupling term Hy, respectively. The
cyan (short-dash-dot) line denotes the total pseudospin energy
splitting term Ho+Hr. The magenta (dashed) line represents
the experimental values for 4048 Ca [48, 82—-86)].

particle energies are difficult to determine experiment-
ally, state-of-the-art shell model calculations underestim-
ate the size of the N = 16 gap in 3*Ca by 840 keV [51]. In
the present model, the tensor coupling effect alone is in-
sufficient to provide an enhancement of the N =16 gap.
Incorporating additional interactions may help improve
the agreement with the experimental observations [51].
40Ca is a spin saturated nucleus and is famous as the
LS doubly closed nucleus. Comparing with the experi-
mental data [82—85], the negative energy splitting term
H, with the destructive behavior of H; for *°Ca is shown
in Fig. 1. The v2s,,, orbit lies below its PSS partner
vld;), and it may-go up-and down because of the unoccu-
pied mlds;, orbitin Ref. [87], which indicates a change in
energy splitting. As the splitting energy is negative [87],
the Hy term may theoretically have a destructive behavi-
or for this doublet. For ¥Ca in Fig. 1, there is an inver-
sion (v2sy,2, v1ds;) in the Hp term. The energy splitting
for the H; term shows a distinct enhancement of 1.33
MeV at f(r) =1 in Ca in Fig. 1. H} and H%" terms give
opposite contributions to v1j pseudospin splittings with
different amplitudes; therefore, the total tensor coupling
term H; plays a detrimental role in ®¥Ca when compared
with the corresponding experimental and theoretical
single-particle energies [48, 86, 88]. For >*Ca, the Hy
term causes slight changes in energy splittings. For the
nuclei **%Ca, the energy splittings obtained with and
without the tensor effect coupling are nearly identical, so
the tensor coupling effect is not active here. It is noted
that Hj for the x <0 states is negative, but for the x>0
states is positive. Therefore, Hj is always negative in the
energy splittings of all selected pseudospin doublets.
Compared with the v1p doublet, another pseudospin

o b O N 4SO o
o
7

T
W

Pseudospin energy splitting [MeV]
N

|
1
o}
-1
2
-3
4 v2p,,vify,
00 02 04 06 08 00 02 04 06 08 1.0
f(t)
Fig. 2. (Color online) The same as Fig. 1, but for the neut-

ron pseudospin doublet (v2p3/2, v1f5,2). The gray (dashed) line
represents the experimental values also for 4048 Ca [83—85, 89,
90].



Significance of tensor coupling effect on shell evolutions and relativistic symmetries...

Chin. Phys. C 50, (2026)

doublet v1d (v2ps,, and v1fs;,) with higher orbital angu-
lar momentum shows the variation of energy splittings
with the tensor coupling coefficient f(¢) in Fig. 2. In
%Ca, the H{" term presents tiny contributions to Hr,
meaning that the Hj term primarily governs the total
tensor coupling term Hr, resulting in a maximum in
pseudospin energy splittings. Compared with the single
particle data for v1d in “°Ca [83—85, 89, 90], the tensor
coupling effect should be included for PSS. For the vid
doublet of ¥Ca, the H? and H$' terms have approxim-
ately equal magnitude and opposite sign with the tensor
coupling coefficient f(f). Consequently, the net tensor
coupling effect is almost invisible. However, the energy
splittings of vld cannot support the appearance of
N =32,34 subshells in Fig. 2. One can notice that the
shell evolutions are also related to the spin doublet v2p in
Fig. 3. Compared with other isotopes, the pseudospin en-
ergy splitting in ®°Ca is small, and the tensor coupling ef-
fect enlarges the splitting value, a trend that aligns with
results from the SKX functional [58] as the tensor coup-
ling strength f(¢) increases. Notably, the HY term is neg-
ative and further enhances its magnitude, as illustrated in
Fig. 2.

B. Spin symmetry in Ca isotopes with tensor coupling
effect

The wvariations of spin energy splittings with the
strength of the tensor coupling f(¢) for all selected neut-
ron spin doublets are displayed in‘Figs. 3.and 5~ 7. The
position of the spin doublet v2p is close to the Fermi sur-
face in Fig. 3. The total energy splitting term (Ho+Hy)
with f(r) exhibits a trend similar to Hy. It is noticed that
the coupling of the tensor and Darwin term HZ" is sensit-
ive to the tensor coefficient f(f) in 3¢*°Ca, indicating that
these two terms (Hj and H¢") largely cancel each other

2.0
1.5
1.0 e HoHH,
0.5

0.0fmmmmrnmzis Sl e TR T TI T TI T T U
2.0
1.5
1.0
05 o -

0.0b=mmmom o ST Locemmm T T T
2.0
1.5
1.0
0.5
0.0p-=r=
00 02 04 06 08 00 02 04 06 08
f(t)
Fig. 3. (Color online) The same as Fig. 1, but for the neut-
ron spin doublet (v2pi,2, v2p32).

40Ca

Spin energy splitting [MeV]

out, unlike the other isotopes in Fig. 3. This suggests the
minimal significance of the H{" term in the #8525460Ca
isotopes, where the Hj' term plays an important role,
rather than the H$" term. Such a tensor coupling contri-
bution is expected to induce an increase in the spin en-
ergy splittings of the 2p doublet, and the single-particle
gaps obtained for “**8Ca are close to the experimental
values (2 MeV) [83—85, 89, 90]. Meanwhile, the theoret-
ical predictions for ®°Ca are approaching 2 MeV [58, 60].

With the increasing neutron number, the spin energy
splittings from H, decrease from **Ca to “¥Ca in Fig. 3.
The discontinuity of the isospin effect suggests that there
may be new magic numbers related to the spin doublet
v2p in 2Ca.. A single neutron excitation across the
N =32 subshell closure (v2p;;, — v2p;,) is mainly re-
sponsible for the first excited 2* state in 3>Ca. An en-
hancement of the magicity of >Ca may be predicted by
including the like-particle contribution generated by the
tensor. force [71]. The experimental evidence for the
N =32 closure is compelling (approximately 2.6 MeV)
[64, 91]. The magnitude of the N =32 subshell is well
documented by shell-model calculations performed in the
sdpf model space using the SDPF-MU effective interac-
tion (approximately 2.4 MeV) [62].

Although one cannot perfectly reproduce the gap
value of the new magic number N =32 inthe experi-
ments [64, 91], the gap in 2Ca is related to the large spin
splittings of the v2p orbits [56], and calculations with
beyond mean field theory also support the opening of the
N =32 subshell in Ca isotopes [92]. For v2p doublets in
Fig. 3, the total energy splitting in >>Ca is 2.06 MeV with
a tensor coupling coefficient f(f) = 1. According to Ref.
[56], the effect of the Lorentz PV and T couplings in 2Ca
is shown to be dominant in RHFB theory (2.72 MeV is
obtained in RHFB-PKA1) [56]. Comparing the experi-
mental data with the theoretical calculation of the v2p SO
splitting (N =32),2.06 MeV seems insufficient to pre-
dict the new magic number N = 32 in Fig. 3. Therefore, a
stronger tensor coupling effect is required to accurately
reproduce single-particle evolutions. For ®Ca, the two
terms (Hp, Ho+Hy) remain smaller, indicating that bet-
ter spin symmetry tends to be preserved in exotic nuclei
close to the Fermi surface.

As shown in Fig. 4, the global enhancements of the
single particle levels and gaps are visible due to the
tensor coupling effect. However, the increases in 1d;,
2pip, and 1fs5), are greater than their comparators, as can
be seen from the non-parallel dashed line slopes. For the
pseudospin doublet v1p, the H' term acts in opposite dir-
ections on the 2s, state (k=-1) and ldspn (k=2).
Meanwhile, the H{" term in 2s,,, is larger than that of
1ds),, implying that the tensor coupling effect alone is not
able to adequately reproduce the N = 16 gap in Fig. 4(a).

Recently, the underlying mechanism of the new magi-
city N =32,34 can be explained by the strong couplings
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Fig. 4. (Color online) Variation of single-particle energy

with the tensor coupling strength f(r) = 0,1,3.1. Subfigures (a),
(b), and (c) represent N = 16,32,34 subshells, respectivelyB

between the "Dirac inversion partners" [77]. In Figs. 4(b)
and (c), it is obvious that the stronger enhancement of the
subshell gaps is obtained in °>°*Ca. Under the assump-
tion of vector dominance, there exist constraints of nucle-
on electromagnetic form factors on the value f, (f(z)) in
free space. Therefore, smaller values of f, (f(r)) are
favored. However, the mean field parameters obtained
from fitting to finite nuclei can be very different from the
free space [26]. In Ref. [26], the range of f, (f(¢)) is O to
3.0. Thus, to achieve satisfactory results with experiment-
al and theoretical outcomes [56, 62, 64, 91], the tensor
coupling coefficient needs to reach f(rf)=3.1 to repro-
duce the N =32 gap in Fig. 4. In fact, the H" term con-
tributes similarly to 2p,,, and 2ps,, states, while the H
term is negative for 2p;, in 32Ca. Therefore, increasing
the coupling strength to 3.1 can appropriately describe the
energy gap, which is in good agreement with the results
obtained from RHFB-PKA1 [56].

From the measurement of the 27 state, the excitation
energy in >*Ca was found to be only ~ 500 keV below
that in 52Ca [54], supporting a possible new N = 34 shell
closure that is appearing between v2p;, (k=1) and
vlfs;, (k=3) states. Compared with the x and H3 term
for 1fs,, its partner 2p, ), has smaller x and Hj terms. As
f(® increases, the N =34 subshell is significantly en-
hanced. Fitting f(r)=3.1, the energy gap for N =34 is
1.91 MeV. Hagen et al. predicted the excitation energy of
2} in %Ca at 1.9 MeV [69], and Steppenbeck et al. [54]
observed 2043(19) keV in 3 Ca. The gaps increase from
1.66 to 2.73 MeV for *2Ca and from 0.83 to 1.91 MeV
for 3*Ca, reinforcing the magic character for the two iso-
topes and demonstrating that the inclusion of the tensor
effect in single-particle energy shifts the predicted gaps
toward the experimental results. However, it is noted that
the possible N =34 magic number is less marked in the
neighboring isotopes like 2Ca in Fig. 4. This situation
also occurs with RHFB-PKAI, due to the near cancella-

tion between the central and the rank-2 tensor compon-
ents of the Lorentz PV and T couplings [56].

In Figs. 3 and 5, the energy splittings contributed by
H3' in the same nuclei are more sensitive to f(¢) for the
spin doublets with smaller main quantum number n.
These lead to a pattern of total spin energy splitting that is
similar to that of Hj'. Except for **Ca in Figs. 5~ 7, the
Hr term increases faster for the doublets with larger or-
bital angular momentum in the same nuclei with main
quantum number n=1. The experimental spin energy
splitting for “°Ca is only 3 MeV [85], so the tensor coup-
ling effect should not be considered in this nucleus in Fig.
5. The amplitude-of the H; term in v1d (vlds), vlds,) is
comparable to that in the v1f (vlfs;, v1fy2), suggesting
a new subshell is about to appear in *Ca involving a pair
of spin doublets.

In Fig. 6, the largest spin energy splitting of 8.12
MeV is observed in 3 Ca, favoring the single-particle en-
ergy predicted by the shell model with the sdpf —u—mix
interaction [51]. The v1d spin doublet is related to the oc-
currence of new subshells N = 14,16, which predict the
next shell closure of the Ca isotopes in the doubly magic
and unbound 3*Ca [51]. When the tensor coupling effect
is included in the H, term, the total energy splitting of
the doublet vid adds up to 7.2 MeV in “°Ca, which is
close to the experimental value [86]. However, compared
with experimental [84—86] and theoretical values (the
correlations beyond the mean field) [93], the spin energy
splitting of the doublet v1f in *°Ca is too large with the
tensor coupling. Notice that we only take the experiment-
al data as a reference due to the limits of mean field the-
ory. In the present calculations, the correlations beyond
the mean field [92-94], such as the particle-vibration
couplings [93, 95], are not taken into account.

The v1f doublet is related to the persistence of tradi-
tional magic numbers N = 28 (the N = 28 gap is driven by

48 “Ca
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Fig. 5. (Color online) The same as Fig. 1, but for the neut-
ron spin doublet (v1pi,2, vips.2).
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Fig. 6. (Color online) The same as Fig. 1, but for the neut-

ron spin doublet (v1ds 2, v1ds),).

the shell gap between the v2p;, and v1f;), states) and the
new subshells N =32,34 in Fig. 7. These strongly en-
large the energy splittings in the v1f spin doublet among
other spin doublets in *5234Ca. The value of 8.75 MeV
(f(©)=1) in “®Ca provides the correct behavior with ‘re-
spect to the experimental value of 8.7 MeV [83, 84, §9]
in vlf, also supporting the traditional number N =28.
With the tensor coupling effect on shell evolution, the
trend of energy splittings of this spin doublet with in-
creasing neutron numbers is basically consistent with
those of RHFB-PKAI [56]. Mainly caused by Hj in
Figs. 3,5~7, the total tensor coupling always destroys
the spin symmetry with the selected calcium isotopes.
The Hy term for the «x <0 states is negative and for the
k>0 states is positive, resulting in a positive value for
the energy splittings of all selected spin doublets. Al-
though a sizable energy splitting exists in ®*Ca near the
Fermi surface [94], the minimal energy splittings (~ 7
MeV in Fig. 7) occur in ®“Ca among other isotopes, in-
dicating that better spin symmetry is preserved in neut-
ron-rich nuclei. In this case, the tensor coupling effect
cannot be ignored when involving relativistic symmetries.

C. The PSS conservation in Ca isotopes

To elucidate the mechanism underlying the improved
PSS in exotic nuclei, we examine the mean field poten-
tial () and its derivative ¥'(r). The pseudospin-orbit po-
tential depends on the derivative of the sum of the scalar
and vector potentials, which has the PSS conservation in
real nuclei, namely d(V+S)/dr =0 [9], as shown in Fig.
8. In Fig. 8(a), the mean field potentials of all selected
isotopes tend to decrease in absolute value, resulting in
their potential derivative ¥'(r) being positive in Fig. 8(b).
The potential of *Ca is the deepest among other isotopes,
and its potential derivative is also larger near the nuclear
surface, corresponding to the worse PSS in Figs. 1 and 2,
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Fig. 7. (Color online) The same as Fig. 1, but for the neut-

ron spin doublet (v1f5)2, v1f72).
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Fig. 8. (Color online) The mean field potential =(r) (a) and

its derivative '(r) (b) with respect to r for the selected neut-
ron isotopes.

indicating the possibility of an N =16 subshell. ¥'(r)
reaches a maximum near the nuclear surface in Fig. 8(b),
showing that the larger pseudospin energy splitting exists
in 32Ca. With the increasing of r, the neutron potential for
Ca is central-flat, leading to a smaller derivative and
implying a well-preserved PSS in °Ca. These results
demonstrate that better pseudospin symmetry is more
likely to be conserved in exotic nuclei. Meanwhile, ¥'(r)
of all examined calcium isotopes becomes small (~ 0)
and its peak shifts from left to right with increasing r.
This phenomenon is due to the fact that the improvement
of PSS is favored to retain in a more diffuse potential.

IV. SUMMARY

Utilizing the similarity renormalization group with
the RMF theory, the tensor coupling effect has been sys-
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tematically examined on relativistic symmetries for calci-
um isotopes. The Dirac Hamiltonian with tensor coup-
ling has been transformed into a diagonal form, and the
operator reflecting the tensor coupling can be expressed
as the coupling of the tensor and spin-orbit term H3' and
Darwin term H%".

For all the selected pseudospin doublets in Ca iso-
topes, the restoration of PSS is governed by the competi-
tion between Hy and H%", which are comparable to those
from the spin-orbit coupling or the dynamical effect. The
Hy term is always negative among the examined
pseudospin splittings, leading to reduced (increased)
single particle energy for xk <0 («x > 0) states. The magic
number N = 16 is closely associated with the largest en-
ergy splitting in the v1d doublet of **Ca. The restoration
(broken) of PSS at ®Ca (*52Ca) is correlated with the
self-consistent mean field potentials X(r), along with
their derivative X' (r). As the peak of X’ () diminishes and
shifts rightward, the potential X(r) broadens and dis-
perses, and the enhanced preservation of PSS is more

likely to occur in exotic nuclei with highly diffuse poten-
tials.

The tensor coupling effect predominantly breaks spin
symmetry, with the primary contribution stemming from
the H term. The HY term is always positive among the
examined spin doublets for the same reason as for PSS.
As the main quantum number » increases, the total
(tensor) spin splittings become smaller in the same nuclei.
Improved SS is more frequently observed in exotic nuc-
lei, particularly for single particle states near the Fermi
surface. Comparing with the experimental and theoretic-
al results, it is found that the tensor coupling effect plays
an important role in, shell evolutions, especially in re-
gions involving the pf shell. Due to a stronger tensor
coupling effect f(¢) = 3.1, the shell gaps at N =32,34 are
more closely with the experimental and theoretical res-
ults. ‘This underscores that the tensor coupling effect
plays a significant role in shaping relativistic symmetries
and shell evolutions, particularly in exotic nuclei.
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