
 

Z3

A novel realization of linear seesaw model in a non-invertible selection rule
with the assistance of  symmetry*

Hiroshi Okada1†    Yutaro Shoji2,3‡

1Department of Physics, Henan Normal University, Xinxiang 453007, China
2Jôzef Stefan Institute, Jamova 39, 1000 Ljubljana, Slovenia

3Centre For Cosmology and Science Popularization (CCSP), SGT University, Gurugram, Delhi-NCR, Haryana 122505, India

Z3

Abstract: We propose a novel realization of the linear seesaw model with a non-invertible selection rule, assisted
by  symmetry. In our framework, Dirac mass matrices are generated at the one-loop level,  breaking the non-in-
vertible symmetry, while the symmetry remains intact at tree level. In addition to active neutrino masses, the model
exhibits rich and testable phenomenology, including non-unitarity constraints, lepton flavor violation, lepton anom-
alous magnetic moments, and a dark matter candidate. After describing our model, we carry out a numerical analys-
is and present results for our physical parameters.
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I.  INTRODUCTION

NR NL

The  existence  of  tiny  but  nonzero  active  neutrino
masses provides a clear hint of physics beyond the Stand-
ard Model  (BSM),  and  extensive  literature  has  been  de-
voted  to  explaining  the  smallness  of  neutrino  masses.
Along these lines, the Linear Seesaw (LSS) [1–3] and the
Inverse Seesaw (ISS) [1, 4] are well-known testable scen-
arios that generate tiny neutrino masses at the TeV scale,
predicting tiny Majorana mass matrices for sterile neutral
fermions.  The  smallness  of  these  masses  is  protected  by
an  approximate  lepton-number  symmetry,  since  lepton-
number violation induces the tiny active neutrino masses.
This  type of  mechanism for  explaining small  parameters
is  referred  to  as  technical  naturalness  in  the  't  Hooft
sense.  The  model  includes  right-handed  and  left-handed
neutral fermions,  and , respectively. After spontan-
eous  electroweak  symmetry  breaking,  one  generally
writes the following mass terms: 

mDNRνL+m′DN
C
LνL +MN NRNL +µRNRNC

R +µLN
C
L NL+ c.c. ,

(1)

mD ≡ ydv/
√

2 m′D ≡ y′dv/
√

2where  and .  Here, v is the  va-

⟨H⟩ ≡ [0,v/
√

2]T

[νCL ,NR,NC
L ]T

cuum expectation value (VEV) of the SM Higgs boson H,
denoted  by .  The  mass  matrix  for  the
neutral fermions in the basis  is given by Ü

0 mD m′D
mT

D µR MT
N

m′TD MN µL

ê
. (2)

If we impose the mass hierarchies as 

µL, µR≪ mD, m′D < MN , (3)

One finds the following active neutrino mass matrix: 

mν = m′D(MT
N)−1mT

D+mDM−1
N m′TD (4)

 

−mDM−1
N µL(MT

N)−1mT
D−m′D(MT

N)−1µRM−1
N m′TD . (5)

If  the  first  two  terms  dominate,  the  model  is  called  the
LSS;  if  the  last  two terms dominate,  the  model  is  called
the ISS. Given that the active neutrinos mix with moder-
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ϵ ≡ m′∗D(M†N)−1M−1
N m′TD +m∗D(M∗N)−1(MT

N)−1mT
D

ately heavy neutral fermions, non-unitarity constraints be-
come relevant. One must take into account several experi-
mental results,  such as the effective Weinberg angle,  the
SM W boson  mass,  several  ratios  of Z boson  fermionic
decays,  the  invisible  decay  of  the Z boson,  electroweak
universality,  measurements  of  the  quark  mixing  matrix,
and  lepton  flavor  violation  (LFV).  The  constraints  are
summarized  in  terms  of

 [5]: 

|ϵ| ≲

 4.08×10−5 1.65×10−5 5.19×10−5

1.65×10−5 3.85×10−5 5.04×10−5

5.19×10−5 5.04×10−5 1.12×10−4

 , (6)

|ϵ|
mD m′D

MN

where  denotes the  absolute  values  of  the  matrix  ele-
ments. These constraints require the scales of  and 
to be much smaller than that of : 

||mD||, ||m′D|| ≪ ||MN ||. (7)

However, from a theoretical perspective, there is no satis-
factory  explanation  as  long  as  one  remains  within  the
simplest model.

Z3

Z3

mD m′D
MN

g−2

In this paper, we propose a theoretical explanation for
Eq. (7) by introducing a non-invertible symmetry known
as the  Tambara-Yamagami fusion rule 1), assisted by a
discrete  Abelian  symmetry  and  new particles  beyond
the Standard Model  (BSM).  In  our  framework,  the  mass
terms  and  arise  at  the  one-loop  level  as  leading
contributions2),  whereas  is  allowed  at  the  tree  level.
This  setup  leads  to  rich  and  verifiable  phenomenology,
such  as  LFVs,  the  anomalous  magnetic  moments  of
leptons (lepton ), and a dark matter (DM) candidate.
We perform  numerical  analyses  incorporating  all  relev-
ant phenomenological  constraints  and  present  the  al-
lowed parameter space of our model for both the normal
hierarchy  (NH)  and  inverted  hierarchy  (IH)  of  active
neutrino masses.

g−2

This  paper  is  organized as  follows.  In  Section II,  we
present our setup and formulate the neutral-fermion mass
matrices, discuss LFVs and lepton , and describe the
dark matter candidate and its cross section relevant to the
observed relic  density.  In  Section  III,  we  perform  a  nu-
merical analysis  to  search  for  the  allowed  parameter  re-

Z3

gions and illustrate the resulting physical trends. Finally,
we  devote  Section  IV  to  the  summary  and  conclusion.
We also provide a review of the  TY fusion rule in Ap-
pendix A. 

II.  MODEL
 

A.    Setup

NR NL XR X′R
η(≡ [η+,η0]T )

S 0

NL NR

XR, X′R η, S 0

mD m′D

H ≡ [w+, (v+h+ iz)/
√

2]T w+

W+ Z0

Z3

1l
S 0

Here,  we  review  our  model.  In  addition  to  the  SM
fields, we introduce neutral fermions , , , and ,
an  inert  doublet  boson ,  and  a  singlet  inert
boson , with all neutral fermions assumed to have three
families  for  simplicity.  Here,  and  are  relevant  to
our  linear  seesaw  model,  whereas ,  play  a
role in generating the Dirac mass matrices  and  at
the one-loop level  after  the TY rule is  violated.  The SM
Higgs  is  denoted  by ,  where 
and z are absorbed by the SM gauge bosons  and ,
respectively. We assign TY and  charges to these fields
in order to realize the desired model structure. Their field
contents  and  charge  assignments  are  summarized  in Ta-
ble  1.  Since H is  assigned  to  under  TY  and  the  other
bosons, η and ,  have  vanishing  VEVs,  TY  is  not
broken spontaneously. However, the TY rule is not a pro-
tected symmetry and is broken explicitly at the loop level.
Under  these  symmetries,  the  Lagrangian  in  the  lepton
sector has the following renormalizable terms: 

yℓi LLi HℓRi +MNi NLi NRi + yηiαLLi η̃XRα (8)

 

+ y′RaαN
C
Ra

X′RαS 0+ yR
aαN

C
Ra

XRαS
∗
0+ y′LaαNLa X′RαS 0

+ yL
aαNLa XRαS

∗
0+MXαX

C
RαX

′
Rα +h.c., (9)

η̃ ≡ iσ2η
∗ σ2

yℓ, MN , MX

where , with  denoting the second Pauli mat-
rix.  Here,  we  take  to  be  diagonal  matrices
without  loss  of  generality3) The  scalar  potential  contains
an  important  term  that  induces  small  Dirac  mass
matrices: 

µ[(η†H)S 0+ c.c.]. (10)

yηiα MXα yR
aα (yL

aα)This term, together with , , and , generates

Hiroshi Okada, Yutaro Shoji Chin. Phys. C 50, (2026)

1) See the Appendix for details. Along similar lines, several ideas have recently been applied to phenomenology [6–28].
2) Similar ideas have appeared in refs. [29–36].

L′L, ℓ
′
R,N

′
L,R,χ

(′)
R

L′Ly′ℓℓ′RH+N′L M′N N′R +χ
C
R M′Xχ

′
R,

y′ℓ, M′N , M′X
L′L→ LL ≡ VeLL′L, ℓ

′
R→ ℓR ≡ VRℓ

′
R, N′L,R→ NL,R ≡ UL,RN′L,R, χ

(′)
R → XR ≡Wχ(′)

R

LL(V†Ly′ℓVR)ℓRH+NL(U†L M′NUR)NR +XC
R (WT M′XW′)X′R = LLyℓℓRH+NL MN NR +XC

R MX X′R,

V†Ly′ℓVR = yℓ U†L M′NUR = MN WT M′XW′ = MX VLV†L = UL,RU†L,R =WW† = 13×3

3) The matrices can be diagonalized as follows. We start from the following Lagrangian, with the flavor eigenstates denoted by .
                                 
where  are general complex three-by-three matrices. These matrices can, in general, be diagonalized by bi-unitary transformations. In fact, by performing
the rotations , the diagonal basis can be obtained as follows:
                             
where , , , and .
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mD (m′D)

1l⊗1l⊗ c(∗) , 1l

the  Dirac  mass  terms  at  the  one-loop  level,  as
shown  in Fig.  1.  Note  that  each  tree-level  interaction  is
invariant under the TY rule. However, the TY rule is not
protected  at  the  loop  level  and  is  explicitly  broken  by
these one-loop diagrams; .

yℓ, yη, µ

It  is  worth  noting  that,  at  the  two-loop level,  we  ob-
tain a  correction to the charged-lepton Yukawa coupling
arising  from  the  three  terms .  This  correction  is
finite and can therefore be safely neglected.

The TY fusion rule plays an essential role in structur-
ing our linear seesaw model. Below, we list the terms for-
bidden by the TY rule that would spoil our mass genera-
tion mechanism: 

LLH̃NR, LLH̃NC
L , LLH̃XR, LLH̃X′R, LLη̃NR,

LLη̃NC
L ,

(11)

 

NC
R NR, NC

R NRS (∗)
0 , NC

L NL, NLNLS (∗)
0 , XC

R XRS (∗)
0 ,

X′CR X′RS (∗)
0 ,

(12)

 

XC
R X′RS (∗)

0 , S 0, S 3
0, (η†η)(η†H). (13)

However, the  TY fusion  rules  still  allow the  follow-
ing terms: 

S 2
0, (η†H)2, (H†η)S 0, XC

R XR, X′CR X′R, LLη̃X′R. (14)

Z3 Z3

(η†H)2 XC
R XR

yηiαLLi η̃XRα

LLη̃X′R S 2
0

Why is  needed?  symmetry plays  a  role  in  for-
bidding all  the  terms  in  Eq.  (14).  This  is  important  be-
cause these terms generate larger neutrino masses through
conventional radiative seesaw mechanisms, thereby spoil-
ing  our  model.  For  example,  and ,  together
with , generate neutrino masses at the one-loop
level.  Another  example1) is  and  with

MXαX
C
RαX

′
Rα (η†H)S 0 yηiαLLi η̃XRα

Z3

, ,  and ,  which  also  gives  a
one-loop contribution. Note here that this  remains un-
broken, unlike the symmetry associated with the TY rule.

y′L,R = 0

µL,R

y′L,R = 0 MX = 0
X′L X′R

MX

y′L,R = 0

In addition, we set  in the following analysis.
Phenomenologically, these terms are harmless since they
only generate  in Eq. (2) at the one-loop level, giving
higher-order corrections to the active neutrino mass mat-
rix,  as  we  will  explain  below.  Theoretically,  however,
these one-loop diagrams are divergent  and require coun-
terterms.  Since  such  counterterms  are  forbidden  by  the
TY rule, our model would be spoiled. This problem is re-
solved by the following argument. If  and ,

 and  decouple  from  the  theory,  and  an  additional
symmetry  is  restored.  Since  is a  dimensionful  para-
meter, it can be generated by a soft breaking of the sym-
metry in an extended model while maintaining 2).

 

S U(2)L ⊗U(1)Y ⊗TY⊗Z3Table 1.    Field content and charge assignments under the .

Fields
Fermions Bosons

LL ℓR NR NL XR X′R H η S 0

S U(2)L 2 1l 1l 1l 1l 1l 2 2 1l

U(1)Y − 1
2

−1 0 0 0 0 1
2

1
2

0

TY 1l 1l c c n n 1l n n

Z3 1 1 1 1 ω ω2 1 ω ω

 

mD

m′D

1l⊗1l⊗ c(c∗) , 1l

Fig. 1.    One-loop diagrams for the Dirac mass matrices, 
(up) and  (bottom). Although the tree-level interactions are
invariant under the TY rule, these diagrams are not invariant,
since .

A novel realization of linear seesaw model in a non-invertible selection rule with the... Chin. Phys. C 50, (2026)

1) In fact, we found six different types of diagrams that contribute to the neutrino masses at the one-loop level.
2) One can always describe the theory around the symmetric point, where the symmetry is unbroken at any scale. Thus, no symmetry-breaking dimensionless coup-

lings can appear after spontaneous symmetry breaking.
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y′L,R = 0This  structure  also  guarantees  that,  once  we  set 
in our model, they are not generated by quantum correc-
tions.

y′L,R

δµRab NC
Ra

NRb δµLab NLa NC
Lb

Setting aside  the  theoretical  discussion above for  the
moment, let us consider the case in which small  are
generated at a cutoff scale Λ due to some uncontrollable
effects, such as gravitational effects. Since these Yukawa
couplings  are  technically  natural,  they  remain  small  at  a
low  energy  scale μ,  where  we  renormalize  the  theory.
These  Yukawa  couplings  generate  the  mass  terms

 and  at the one-loop level, which
are given by 

δµRab ≃ −
y′RaαMXαy

R
bα

(4π)2
F(rS ,rXα ),

δµLab ≃ −
yL

aαMXαy
′L
bα

(4π)2
F(rS ,rXα ), (15)

 

F(rS ,rXα ) ≡
ï−rS (1− rXα ) ln(rS )+ rXα (1− rS ) ln(rXα )

(rXα − rS )(1− rXα )

ò
,

(16)

rS ≡ m2
S /µ

2 rXα ≡ M2
Xα/µ

2

1/(16π2)3

1/(16π2)2

where , .  These  mass  terms  then
generate neutrino masses suppressed by  via the
inverse seesaw  mechanism.  Therefore,  they  are  negli-
gible  compared  with  the  linear  seesaw  contributions,
which are suppressed by . 

B.    The Dirac mass matrices and active neutrino mass
matrix

mD m′DHere, we discuss the Dirac mass matrices  and ,
which  are  generated  at  the  one-loop level  by  the  dia-
grams in Fig 1. The resulting contributions are given by 

(mD)i j =
∑
α

µ∗vMXα

16
√

2π2
yηiαF(MXα ,mη0 ,mS 0 )yR

jα, (17)

 

(m′D)i j =
∑
α

µ∗vMXα

16
√

2π2
yηiαF(MXα ,mη0 ,mS 0 )yL

jα, (18)

 

F(m1,m2,m3) ≈ 1
m2

3−m2
2

ï
m2

3

m2
3−m2

1
ln
Å

m2
3

m2
1

ã
− m2

2

m2
2−m2

1
ln
Å

m2
2

m2
1

ãò
. (19)

The active  neutrino  mass  matrix  is  then  generated  at
the two-loop level through the linear seesaw terms in Eq.
(4): 

mν = m′DM−1
N mT

D+mDM−1
N m′TD , (20)

Uν
(D1,D2,D3) = U†νmνU

∗
ν

which  is  diagonalized  by  a  unitary  matrix  as
.

Let us impose the following condition for simplicity: 

y ≡ yL = yR, (21)

mD = m′D
NC

R ↔ NL

which leads  to . This  can be realized by impos-
ing a  reflection symmetry, .  We can then apply
the Casas-Ibarra parametrization [37] and use the follow-
ing expression: 

mD =
1√
2

UD1/2
ν OM1/2

N , (22)

O
OTO = OOT = 1

U ≡ UPMNS = Uν UPMNS

where  is  a  three-by-three  orthogonal  mixing  matrix
with complex entries; .  Since we work in
the diagonal basis for the charged-lepton mass matrix, we
have ,  where  is  the  Pontecorvo–
Maki–Nakagawa–Sakata  (PMNS)  matrix  [38]  with  the
standard parametrization.

yηThis enables us to solve for  as 

yηiα =
16π2

µ∗v
(UνD1/2

ν OM1/2
N (yT )−1)iα

MXαF(MXα ,mη0 ,mS 0 )
, (23)

|yη| ≲
√

4π
where  it  is  required  to  satisfy  the  perturbative  limit

. ∑
i Di

∑
Di ≤

The  sum  of  the  neutrino  masses  has  an  upper
bound  of  120  meV [39, 40], assuming  the  minimal  cos-
mological model.  Meanwhile,  the recent constraint  with-
in  ΛCDM is  72  meV [41], obtained by  combin-
ing DESI and CMB data.

mee

The  effective  neutrino  mass  for  neutrinoless  double
beta decay, denoted by , is given by 

mee =
∣∣D1c2

12c2
13+D2s2

12c2
13eiα+D3s2

13ei(β−2δCP)
∣∣ . (24)

(28−122)
Current  KamLAND-Zen  data  place  upper  bounds  of

 meV on it at the 90% confidence level [42]. On
the other hand, the effective electron antineutrino mass is
defined by 

mνe ≡
∑

i

D2
i |Uν1i |2 = D2

1c2
12c2

13+D2
2s2

12c2
13+D2

3s2
13. (25)

It is bounded by a global analysis of oscillation data,
in combination with the KATRIN experiment, at 95% CL
[43]: 

Hiroshi Okada, Yutaro Shoji Chin. Phys. C 50, (2026)
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NH : 0.85meV ≤ mνe ≤ 400meV, (26)

 

IH : 48meV ≤ mνe ≤ 400meV. (27)

 

g−2C.    LFVs and lepton 
yη

g−2
ℓi→ ℓ jγ

The coupling  between the charged leptons and the
new particles induces contributions to lepton flavor-viol-
ating (LFV) processes and lepton . The branching ra-
tios for  are calculated as 

BR(ℓi→ ℓ jγ)
BR(ℓi→ νiν̄ jℓ j)

≈ 3αem

16πGF
2

∣∣∣∣∣∑
α

yηjαy
η∗
iαG(MXα ,mη+ )

∣∣∣∣∣
2

,

(28)

 

G(m1,m2) ≃
2m6

1+3m4
1m2

2−6m2
1m4

2+m6
2+6m4

1m2
2 ln
Å

m2
2

m2
1

ã
12(m2

1−m2
2)4

,

(29)

αem ≈ 1/137
BR(ℓi→ νiν̄ jℓ j) ≈ (1,0.1784,0.1736)

(i, j) = (µ,e), (τ,e), (τ,µ)
GF ≈ 1.17×10−5 −2

where  is  the  fine-structure  constant,
 gives  the  branching

ratios  for ,  respectively,  and
 GeV  is the Fermi constant.

g−2The contributions  to  the  electron and muon  are
given by 

∆aii ≈ −
m2

i

8π2

∑
α

(yηiα(y
η)†αi)G(MXα ,mη+ ). (30)

 

D.    Dark matter candidate
XR X′R η

0

S 0 Z3

XR

χR mχ
yη

Dark matter  candidates  in  our  model  are , , ,
and ,  whose  stability  is  guaranteed  by  the  sym-
metry.  Here,  we  regard  the  lightest  state  as  the  DM
candidate,  denoted by ,  with  mass .  This  case  is  of
particular  interest  since  it  interacts  only  via ,  and  thus
the dark matter relic abundance is related to the neutrino
mass generation mechanism. The cross section for the rel-
ic density in the thermal freeze-out scenario is given by 

(σvrel) ≈
m2
χ

48π

3∑
i, j=1

 m4
χ+m4

η0

(m2
χ+m2

η0
)4

∣∣∣∣∣ 3∑
a,b=1

U†iayηa1(yη)†1bUb j

∣∣∣∣∣
2

+
m4
χ+m4

η+

(m2
χ+m2

η+ )4

∣∣yηi1(yη)†1 j

∣∣2
ô

v2
rel

≡
m2
χ

48π
|yη†yη|211

ñ
m4
χ+m4

η0

(m2
χ+m2

η0
)4
+

m4
χ+m4

η+

(m2
χ+m2

η+ )4

ô
v2

rel, (31)

v2
rel ≈ 0.2∑

i j |(U†yη)i1(U†yη) j1| =
∑

i j

∣∣yηi1(yη)†1 j

∣∣2 ≡ |yη†yη|211

2σ
0.118 ≲Ωh2 ≲ 0.122

where we expand the cross  section in terms of  the relat-
ive  velocity,  [48],  and  have  used  the  following
relation: .
To  satisfy  the  observed  relic  density  at  [40],

, the cross section must lie within the
range of 

1.71×10−9 [GeV−2] ≲ (σvrel) ≲ 2.03×10−9 [GeV−2]. (32)
 

III.  NUMERICAL ANALYSES

XR

In this  section,  we  perform  numerical  analyses  con-
sidering all the constraints discussed above and show the
allowed region.  Specifically,  we consider  neutrino  oscil-
lation data, non-unitarity bounds, the sum of the neutrino
masses,  lepton  flavor  violation  constraints,  anomalous
magnetic  dipole  moments  of  leptons,  and  dark  matter
with the correct relic density, assuming that one of the 
fields has the lightest mass among the DM candidates.

For the  analysis,  we  randomly  scan  our  input  para-
meters within the following ranges: 

|yaα| = [10−3,
√

4π], |θ̃12,13,23| = [10−1,10],

(α,β) = [−π,π], (33)

 

MX1 (≡ mχ) = [102,104][GeV],

(MX2 ,mη,mS 0 ,MN1 ) = [1.2×mχ,105][GeV], (34)

 

MX3 = [1.2×MX2 ,105][GeV],

MN2 = [1.2×MN1 ,105][GeV], (35)
 

 

ℓα→ ℓβγ g−2Table 2.    Summary of the experimental bounds on the LFV processes  and the lepton .

Process (i, j) Experimental bounds References

µ−→ e−γ (µ,e) BR(µ→ eγ) < 4.2×10−13  (90% CL) [44]

τ−→ e−γ (τ,e) BR(τ→ eγ) < 3.3×10−8  (90% CL) [45]

τ−→ µ−γ (τ,µ) BR(τ→ µγ) < 4.4×10−8  (90% CL) [45]

∆ae (e,e) (3.41±1.64)×10−13 1σ ( ) [46]

∆aµ (µ,µ) (39±64)×10−11 1σ ( ) [47]

A novel realization of linear seesaw model in a non-invertible selection rule with the... Chin. Phys. C 50, (2026)
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MN3 = [1.2×MN2 ,105][GeV], µ = [10−3,103][GeV],

(36)

 

Dν1(3) = [0.1,100][meV] for NH(IH), (37)

mη ≡ mη+ = mη0

α,β
[1,eiα/2,eiβ/2]

θ̃12,13,23

O
UPMNS

where we take  to conservatively evade the
constraints  from the oblique parameters,  and  are the
Majorana  phases  defined  by  diag .  Here,

 are  the  complex  mixing  angles  of  the  orthogonal
matrix  in  Eq.(23),  using  the  same  parametrization  as
that for .  Note that once the lightest neutrino mass
is chosen, all  neutrino mass eigenvalues are fixed by the
experimental  values of  the neutrino mass-squared differ-
ences.  We use the best-fit values of  the neutrino oscilla-
tion data from NuFIT 6.0 [43] for NH and IH. 

A.    NH
mη mS 0

<
∑

i Di ≤ 200 ∑
i Di ≤ 120

mS 0

mη
104

In Fig. 2, we show the allowed region in the –
plane.  Red  points  indicate  parameter  sets  satisfying  120
meV  meV. Blue points represent parameter
sets  satisfying  the  stronger  condition  meV.
We see that  is scattered over the entire region, where-
as  appears  to  have  an  upper  bound of  approximately

 GeV.

BR(µ→ eγ)
BR(µ→ eγ) ≤ 6×10−14

BR(τ→ µγ) ≃ 10−14

BR(µ→ eγ)
µ→ eγ

mχ ≲ 500

In Fig.  3,  we  show  the  LFV  branching  ratios  for  a
given  DM mass.  The  figure  suggests  that  many  allowed
points  lie  close  to  the  experimental  upper  limit  for

. The horizontal dotted line represents the fu-
ture sensitivity of  [49],  indicating
that  a  significant  portion  of  the  parameter  space  in  our
model  could  be  ruled  out.  On  the  other  hand,

 is favored due to its stronger correla-
tion with . Lower values of the DM mass are
disfavored by LFV constraints, in particular from ,
excluding  a  large  number  of  model  points  for 
GeV.

g−2

g−2

In Fig. 4, we show the lepton  results for a given
DM  mass.  The  contributions  to  both  the  electron  and
muon  are  well  within  the  current  experimental
bounds.

mνe∑
i Di∑

i Di ≤ 72∑
i Di ≤ 120

mνe
mνe

mee

D1

mee

∑
i Di ≤ 120 mee = 28

mee
∑

i Di

∑
i Di ≤ 72

In Fig. 5, we show the plots related to active neutrino
masses.  The  left  panel  shows  the  scatter  plot  in  the 
and  plane. The vertical magenta dashed line repres-
ents the upper bound from the combination of DESI and
CMB,  meV,  while  the  vertical  black  line
shows  meV.  The  horizontal  black  dashed
line indicates the lower bound on  (0.85 meV). Since

 does not depend on phases, the scatter points are dis-
tributed along a narrow line. The middle panel shows the
scatter  plot  in  the  and  lightest  active  neutrino  mass

 plane.  The  horizontal  black  dashed line  indicates  the
most stringent upper bound on  (28 meV). The yellow
region represents the parameter space consistent with the
NuFIT  6.0  global  fit,  excluding  other  constraints.  This
figure  suggests  that  almost  all  the  blue  points  satisfying

 meV lie below  meV. The right pan-
el  shows the scatter  plot  in the  and  plane.  All
lines  and  yellow  regions  are  the  same  as  in  the  middle
panel.  This  figure  implies  that  many  points  satisfy

 meV. 

B.    IH

g−2

Figs. 6, 7, 8, and 9 show the corresponding results for
the  IH case,  as  in Figs.  2, 3, 4,  and 5,  respectively.  The
trends observed in LFV and lepton  discussed above
also appear in the IH case. However, we observe a slight

 

mη mS 0

<
∑

i Di ≤ 200∑
i Di ≤ 120

Fig. 2.    (color online) Allowed regions of  and  satis-
fying  all  the  conditions  discussed  above.  Red  points  indicate
parameter  sets  satisfying  120  meV  meV.  Blue
points  represent  the  subset  satisfying  the  stronger  condition

 meV.

 

µ→ eγ) ≤ 6×10−14

Fig. 3.    (color online) Values of LFV observables for a given DM mass. The color legend is the same as that in Fig. 2. The horizontal
dotted line represents the projected future sensitivity, BR(  [49].
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D3 ≲ 16(54)
∑

i Di ≲ 120(200)

100 meV ≲
∑

i Di mee

shift  in  the  preferred  region  in  the  neutrino  sector:  the
lightest  neutrino  mass  shifts  to  smaller  values,

 meV  for  meV;  the  lower
bound  on  the  sum  of  the  neutrino  masses  becomes
stronger, ;  and  develops  a  lower

18 meV ≲ mee D3∑
i Di

bound, ,  with  a  weaker  dependence  on 
and . 

IV.  SUMMARY AND DISCUSSION

Z3

Z3

We  have  proposed  a  novel  realization  of  the  linear
seesaw  mechanism  based  on  a  Tambara-Yamagami
fusion rule (TY) with the assistance of a  symmetry. In
this framework, the mass hierarchies of Eq. (7) are theor-
etically  explained  via  loop  suppression.  It  is  noteworthy
that the TY symmetry is broken to generate the hierarch-
ical  structure,  while  it  controls  the  interaction  terms
needed to realize the structure of the linear seesaw. Ow-
ing to this structure, the active neutrino masses are gener-
ated  at  the  two-loop  level,  which  naturally  predicts  new
particles around the TeV scale. In addition to the masses
and mixings  of  the  active  neutrinos,  we  have  also  con-

 

g−2Fig. 4.    (color online) Plots of the lepton  for a fixed DM mass. The color legend is the same as that in Fig. 2.

 

Fig. 5.    (color online) Plots of active neutrino masses, with the same color legend as in Fig. 2. The yellow region represents the para-
meter space consistent with the NuFIT 6.0 global fit.

 

Fig. 6.    Same as Fig. 2, but for the inverted hierarchy.

 

Fig. 7.    (color online) The same as Fig. 3, but for the inverted hierarchy.
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g−2

g−2

sidered  lepton  flavor  violation,  lepton ,  and  dark
matter.  In  particular,  we  focus  on  the  case  in  which  the
lightest  Majorana  fermion  explains  the  dark  matter  relic
abundance.  In  our  numerical  analysis,  we  have  searched
for allowed  regions  satisfying  all  the  constraints:  neut-
rino  oscillation  data,  non-unitarity  bounds,  three  lepton
flavor-violating  processes,  muon/electron ,  and  the
observed relic  density  of  dark  matter.  We  have  demon-
strated  that  the  model  has  a  large  parameter  space  and
identified some tendencies of the observables for NH and
IH.
 

Z3APPENDIX A: FUSION RULE OF  OF TAM-
BARA-YAMAGAMI FUSUION RULE

Z3

{⊮,c,c∗,n}[
n⊗n = 1l⊕ c⊕ c∗ , c⊗ c∗ = 1l , c⊗ c = c∗ ,

c∗⊗ c∗ = c , c∗⊗n = c∗ , c⊗n = c .

]
Here, we present the multiplication rules for the Tam-

bara-Yamagami  fusion  rule  associated  with  (TY),
where  TY  consists  of  four  commuting  generators,

Note  that n is  a  self-conjugate generator  and  has  no  in-
verse generator.
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