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I. INTRODUCTION

Recently, novel chiral and spin effects have attracted
significant attention in relativistic heavy-ion collisions,
such as the chiral magnetic effect [1-3], chiral vortical ef-
fect [4—7], global polarization [8—14], spin alignment
[15-17], and so on. These various chiral and-spin effects
have greatly stimulated theoretical research, especially in
the context of quantum kinetic theory. In recent years,
quantum kinetic theory has been developed in various
directions, including extensions from massless [18-32] to
massive fermions [33—41], from Abelian to non-Abelian
frameworks [26, 42—45], from first- to second-order for-
mulations [29, 46-51], from flat to curved spacetime [48,
52-54], from collisionless to collisional dynamics [24,
55-65], and from fermions to gauge bosons [54, 66—70].
Recent reviews on quantum kinetic theory can be found
in Refs. [71-76].

In quantum kinetic theory, distribution functions can
exhibit nontrivial dependence on the frame in which they
are defined. For instance, in chiral kinetic theory (CKT)
for massless fermions, the chiral distribution functions
depend on the choice of frame [23, 24]. When transform-
ing the distribution function from one frame to another, a
nontrivial side-jump term must be included to preserve
Lorentz invariance. In our previous work [41], a general-
ized chiral kinetic theory (GCKT) for fermions of arbit-
rary mass was derived. This framework provides a con-
venient formalism for describing the quantum transport of
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arbitrary-mass fermions and ensures a smooth transition
between massive and massless cases. However, in [41],
the transformation rules for distribution functions across
different frames were not examined. Moreover, the glob-
al-equilibrium solutions were not uniquely determined,
leading to differing results in [41] and [33]. In the present
work, we devote special attention to the frame-depend-
ence transformation rules for distribution functions with-
in the GCKT. Based on the derived transformation rules,
we analytically obtain the global-equilibrium solution in
the presence of vorticity and electromagnetic (EM) fields.
Our results demonstrate that, under the assumption of
varying EM fields, these equilibrium solutions can be
uniquely determined.

In Section II, we provide a brief review of the Wign-
er function formalism for massive Dirac fermions. Sec-
tion III presents the main results of the GCKT. In Sec-
tion IV, we derive the transformation rules governing the
frame dependence of the distribution functions. Section V
is devoted to determining the Wigner functions in global
equilibrium under the influence of vorticity and EM
fields. In Section VI, we demonstrate that these equilibri-
um Wigner functions can be uniquely determined under
varying EM fields. Finally, a summary of our findings is
given in Section VI

Throughout this work, we employ the Minkowski
metric convention g = diag(1,—1,—1,-1) and Levi-Civ-
ita tensor convention €”'?=1. We adopt natural units
with 7 = ¢ = 1 unless otherwise stated.
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II. WIGNER FUNCTIONS AND EQUATIONS

In the Wigner function framework [77-80], the Wign-
er function W(x,p) for Dirac fermions in a background
EM field is defined as the ensemble average of the gauge-
invariant Wigner operator:

d* R
W(x,p) = / L PG U e W),
(2m)
where x, = x+y/2 and U denotes the Wilson line.

1
U(x+ X,) = e—iy“f0 dsA,,(x—%y-#sy)

which ensures gauge invariance. The electric charge has
been absorbed into the gauge potential A,. The Wigner
function is a matrix in spinor space and can be decom-
posed as

1 1
W= (T + Y P+ YV + 30" S ).

In chiral kinetic theory (CKT), or its generalized version
GCKT, chiral Wigner functions are introduced as

= %(w +sl"),

where s== denotes right-/left-handed chirality. With
these functions, the Wigner equations can be organized
into two groups. Group 1 reads

1
Hﬂjsﬂ = Emﬁ, (1)
—hV, 7t =ms?, (2
h(VE 7=V 7)) =25€" 11, 7, = mS", 3)

and Group 2 reads

1 v
VT + ShY,.7" = mz TH, 4
1 UV
W2+ 1V, 7" =0, )
WV, P =21.S, =2m> s JF, (©)
hv,F =211, =0, (7

where .7* = &%.7,,/2. In the background-field approx-
imation, the operators V# and IT* are given by

V=0 — j, (%ha” : ax) F*or,

1

1
IV =p’ - >hjy <§h[)‘” : ax> FoP,

where jy(z) and j,(z) are spherical Bessel functions, and
d, acts only on the field strength tensor, not on the Wign-
er function. To prepare for the semiclassical expansion in
the next section, we have restored the explicit depend-
ence on 7 in the 'Wigner equations and operator defini-
tions. In the chiral limit, Group 1 decouples from Group 2
and gives rise to the chiral kinetic equation [29].

III. GENERALIZED CHIRAL KINETIC THEORY

This section reviews the derivation of the GCKT to
first order in /& and presents the derivation in greater de-
tail and in a more stepwise manner than Ref.[41]. The
Wigner functions can be expanded in powers of 7 as

Jh= /K(O)u +h /S(l)# +1? /s@)ﬂ e,

with analogous expansions for the other Wigner func-
tions, .#, &, and .#,,. To first order, the operators V*
and IT* reduce to

\EE T N G

To disentangle the Wigner equations, we introduce a
timelike 4-vector n* normalized as n* = 1. For simplicity,
n* is taken to be constant and independent of x and p. In
Section VI, we will show that the GCKT formulated with
a general n* can be recovered through the frame-depend-
ent transformation of the distribution functions. Using n*,
any 4-vector X* can be decomposed as X* = X,n* +X*,
where X,=X-n and X*=A*"X, with A® =g —nn’.
Similarly, the antisymmetric tensors F** and .** can be
expressed in terms of the electric and magnetic fields, and
in terms of the electric-moment distribution function J#*
and the magnetic-moment distribution function .Z*, re-
spectively:

F* =E*n’ — E'n* — " B,,

yﬂv :%an - %Vnﬂ - Eywr%o" (8)

where we have defined the purely spatial antisymmetric
tensor €, = €,qsn" . The inverse relations are given by
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E¥ =F"n,,

A =Sn,,

B =F"n,,
MY = Sn,,

where F* = ¢"*#F,;/2. By substituting these expansions
into the Wigner equation and extracting the terms order
by order, we can derive the Wigner equations at each or-
der. Note that, to obtain the GCKT to first order, we re-
quire the Wigner equations up to second order.

A. Wigner equations at zeroth order

At zeroth order, using the decomposition in terms of
n*, Group 1 can be rewritten as

pn/(O) +[3;4 jg(O)u - %mg‘(())’ (9)
0=msP??, (10)
2 ( © pnj«))u) motl O, (11)
2s (V%(O)V_ﬁV%(O)ﬂ> — mgﬂvﬁ%(o), (12)

where the last two equations correspond to the timelike-
spacelike and spacelike-spacelike components of the
tensor equation (3) along the direction n*, respectively. In
Group 2, all equations are vector equations and can be de-
composed into timelike and spacelike components as

PO =my 7Y, (13)
PrFO=m> O, (14)
PP =0, (15)
P20 =0, (16)
AR st O, (17)
— pu " — P’ Eup )ﬁ—st/Yf), (18)
P =0, (19)
— P, + P el = 0. (20)

From Egs. (11), (13), (15), and (20), we obtain, re-
spectively,
j(o)u p" /(0) ///(O)ﬂ (21)
F0=L3" g0, (22)
e
20 =0, (23)
1
%(0) — p E @ %(O)ﬂ (24)

It is straightforward to verify that, with these equations,
Egs. (10),.(12), (14), (16), and (19) are all automatically
satisfied. Substituting Egs. (21) and (22) into Eq. (9), to-
getg)er with Eq. (17), we obtain the on-shell condition for

sn

PP —m?
Pn

© = 0.

sn

Thus, the general solution can be written as

—m?),

where J© is an arbitrary function regular at p? =m?.
Substituting Eqgs. (21) and (24) into Eq. (18), together
with Eq. (17), we obtain the on-shell condition for .#”

S0 =pT 86 (r 25)

2 2
P n®=0
Dn #

Thus, the general solution can be written as

////fo) = p,,Ml(lo)O’ (p2 - mz) , (26)

where M{ is an arbitrary function regular at p* =m*.
Using the relation (8), the antisymmetric tensor .#Ow
and its dual tensor .7 can be expressed, respectively,
as

1
y(O)w = ¢vop Pa ///ﬁ ,
n

j(o)ﬂv - i

n

(A p — ™ p"). 27)

All the equations above indicate that we can choose 7%
and ./ as the basic distribution functions, since all oth-
er Wigner functions can be expressed in terms of these
functions.
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The only remaining equation, Eq.(17), implies that
the longitudinal component of the spacelike vector . ”
in the direction of p, is not independent. Hence, we can
decompose the magnetic moments .#Z* into parts parallel
to and orthogonal to the spacelike momentum p*.

HOn = ///H(Ow +. ", (28)
A" = pMPPS(P? —m?), (29)
M = pMPS(p* =), (30)
with the relations
(0)11 > pp Z sTO, (31)
PMOES(p* —m?) = 0. (32)

Therefore, we can identify J© and M?* as the final set
of basic distribution functions. Whether we use 7 and
MP* or 7O and MO as the basic variables is a matter
of convenience, depending on the specific form of the ex-
pressions.

B. Wigner equations at first order

At first order, using the decomposition with respect to
n*, Group 1 can be rewritten as

1
P S+ oS = Gm T, (33)
_Vu /S(O)ﬂ — ms@(l), (34)
2s([)" (1) pn/(l)ﬂ)+eﬂpffv /(O) _m%(l)u (35)
2s(p“/(l)" —V/(l)#)+E#VPnfT(V (0) /(0))
— mépvﬁ%(l),
(36)

and Group 2 can be decomposed into timelike and space-
like components as

1
pnﬁ(l) + Enﬂyﬁﬂ(m’” — mz S(nl)’ (37)

P FO 4 A“

y(O)/Iv _ mz f(l)u (38)

2?0+ %nﬂvyﬁow =0, (39)
PP+ %Aﬂﬁvvﬁwv =0 (40)
W'V, 20425 MO =2my s 7L, (41)
VPO = 2p, M ~ 28,55 X =2m> s FV,

S (42)
V7O +2p" " =0, (43)
U, 70 —2p, " + 28,55 M = 0. (44)

From Egs. (35), (37), (39), and (44), we obtain, respect-
ively,

>

Fu P gy Sy S awey 70
S Sy, 2p, P
(45)
FZO = ﬁz m_ 1y pomw (46)
pn sn 2pn HTY 4
1 .
PN = _gnﬂvvy@)w, (47)
1 1
%(]) = ;Euaﬁp(y%(l)ﬁ+ gAﬂ/lv/zy(o). (48)
From Eq.(41), we obtain
> (49)

A ARES mZ s
s

where we have used Eq. (23). Substituting Eq. (47) into
Eq. (34) and using Egs. (21) and (27) yields

(0)

o (2

n

) 2 2E HOm, (50)

which is the generalized chiral kinetic equation (GCKE)
for 7. Similarly, by substituting Eq. (47) into Eq. (40)
and using Eq. (24) or Eq. (27), one obtains the GCKE for
///(0);1.
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///(0)

n

v (22)=(Zr )

Inserting Egs. (45) and (46) into Eq. (33) and using Egs.
(49), (21), and (27), we obtain

le(YB >

P —m?

a2 P 7 (0) .
Pn f

O 52
fxﬂ 217" ( )

From Egs. (25) and (26), we obtain the following general
expression for _#{1:
I3 = paT ) 6(p* —m?)

S
- 2EE, (ppj(o) Mjf)) 5P —mP). (53)

Substituting Eqs. (45) and (48) into Eq. (42) and using
Egs. (49), (21), and (22), we obtain

2 2
pom oy Mo - 1 o
pn % B an GHPO'Fp ; (pn n > ) (54)
From Eq. (25), we obtain the general expression
<%;1(1> - pnMLI)(S (pZ _mZ)
(55)

- %EMWF’”’ 3 IO ().

s

From the relations (8), the antisymmetric tensor .** and
the dual tensor .*” are, to first order, given by

1 I
— " pa///; )+

Pn

j(l)uv —

SO vu — 1, 9)FO,

(J//(l)u v ///(I)VPU)+ E“VPV 6‘(0)

n

(56)

From the constraint (49), .#"* can be decomposed into
components parallel and orthogonal to the momentum p*:

M = "+l (57)

with the transverse constraint j,.#." = 0. From the con-

straint (49) and the expression 53, the parallel and ortho-
gonal parts are given, respectively, by

B :
A = p MO ) = D TS (),

M = pMPS(p —m?)=mBL Y TS (pP i),
(58)

with the relations

M = (59)

m _
S s

PMDS(p* —m*) = 0. (60)

Under this decomposition, we obtain the GCKE for the
transverse distribution function .2

O)u 0)
oY, M N\ m_Pn B Z on
DPn P’ Pn

s

- (—p 'ﬁf# EV+Z:"V”B(,)
p

Note that we define the transverse electric and magnetic
fields relative to the momentum j.

M io)
v
Pn

(61)

7

py
i

El = E' - B‘iEB”—?B«p.

C. Second-order equations
To obtain the GCKE for the first-order distribution
functions 7’ and .#\", we require the second-order
Wigner equations. Fortunately, it suffices to consider
only the following relevant equations:

v, I = —ms P, (62)

pn?? + %nﬂvyﬁlw =0 (63)
1 ~

PP+ EA"AVVY“W =0. (64)

Substituting Eq. (63) into Eq. (62) and using Egs.
(45), (50), and (51) yields

/(l))__ S &P (O F 0)
. )i @GF )0} 7

(0)

so 2

+ Bl -

27 (65)

S o
38" B

which is the GCKE for 7. Substituting Eq.(63) into
Eq.(64) and using either Eq.(48) or Eq.(56) yields

AR P WAL
pvvv ( ) ( p Ev —uvaBa) v
pI’L pn Pn

1
—uvp 0)
- ﬁfy IEVpr

n

1
e (o F Vp)aﬁfi o (66)
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This is the GCKE for .# ¥, from which the GCKE for
the transverse part at first order can be obtained.

va( - :_1_72 Eﬁzsi

Pn Pn

; M)
- (p—z FE + E’”“Bn) Ly
2 P

Ps
2p?

=V =Upo =0 =uvo l
(p'e"” — e )Vv(fvpy“”).

N

+

Let us now summarize the full set of elements in the
GCKT up to first order. The zeroth-order GCKEs are
presented in Egs. (50) and (51), subject to the constraint
(17) and with the explicit forms given by (25) and (26).
The remaining zeroth-order Wigner functions are determ-
ined through relations (21)-(24) and (27). Alternatively,
the zeroth-order GCKEs may be expressed equivalently
as Egs. (50) and (61), using expressions (25) and (58),
while the other Wigner functions follow from relations
(21)-(24) and (27), together with (31). At first order, the
GCKEs are given by Egs. (65) and (66), constrained by
(49) and with the functional forms specified in (53) and
(55). The corresponding first-order Wigner functions are
obtained from relations (45)-(48) and (56). An equivalent
formulation of the first-order GCKEs is provided by Egs.
(65) and (67), along with expressions (53) and (58). In
this case, the remaining first-order Wigner functions are
derived from relations (45)-(48) and (56), in'combination
with (59).

IV. FRAME DEPENDENCE IN THE GCKT

In the GCKT, the basic distribution functions _Z,
and .#* are defined with respect to the auxiliary timelike
vector n* and consequently depend on this timelike vec-
tor n*. Since the normalized timelike vector n* can be
identified as the four-velocity of a reference frame, it is
important to discuss how these distribution functions
transform between different frames. We assume that the
distribution functions are defined in two different frames,
n, and nj,. Then the Wigner functions 7 and .7 (or
#") should not depend on the choice of n, or n,. This
condition determines the frame dependence of the distri-
bution functions.

At zeroth order, the independence of the Wigner func-
tions 7% from the choice of n, or n/,, together with the
expression (21), yields

P IO smd ™ pr 7O smod O

sn

Pn 2pn Pw zpn'

E}

where the subscript # or n’ has been attached to specify

the vector with respect to which the magnetic-moment
distribution is defined. The independence of the Wigner
functions .7 from the choice of n, or n/, together
with the expression in Eq. (27), yields

///n(ompv ~ //ln(owpp _ ///;fhupv ~ ///rfp)vpﬂ
Pn Pn P Pr

Contracting both sides of the two equations above with a
four-vector n*, and assuming 7- p # 0, we can divide both
sides by 7 p and obtain, respectively,

& _smly M) _ ) smGn4,)
P 2p.(n-p)  pw 2py(m-p) °
N R AN A R )

Dn p(n-p) pw pw@p)

These  relations express the frame dependence of the
zeroth-order distribution functions _#” and .Z”* in the
GCKT.

At first order, the independence of the first-order
Wigner functions _# ™ and .#"* from the choice of n,
or n,,, together with the expressions (45) and (56), leads
to, respectively,

QY] yayees
p* sm s n
2 AL sm 27///’51)# + Tyvpffao)
Pn Pn

Pn
1

P sm e S€TH, ©

D 2p , n 2p , P SO0
n n n
(1) (1)
M A P N e“‘”pnaV 20

Pn Pn 2pn "
(D Ly

z‘%n’ pv _ %n’ pIJ + e/w'vpn;_ Vp{g‘(o).
DPw D 2py

As in the zeroth-order case, contracting both sides with
n* and dividing by - p leads to the frame dependence of
the first-order distribution functions #" and .Z"™ in
the GCKT:

S _sm- M)

Y
se"n,n, o

Pn 2pa(-p)  2pa(m-p) P77
S s
pe 2p0(-p)  2pu(n-p) P77
MM P D) ST,

Pn p(n-p)  2pa(n-p) ”°
R U W P
pw pe@ep) 2pe(mep) T

It might seem confusing that, to discuss the frame de-
pendence associated with the auxiliary vector n#, we have
introduced another auxiliary vector n*. In fact, we can
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avoid this complexity by choosing n* = p*, p* =n*, or
7 =n*. When we choose n# = p*, the p* term contrib-
utes m? to the denominator and leads to a nontrivial chir-
al limit at m =0, which would undermine the advantage
of the GCKT. We therefore choose an arbitrary vector n*,
which is treated symmetrically with respect to both »*
and n*. When we choose * = n*, the zeroth-order trans-
formation rules for the frame dependence are given by

(0) (0)

oo = S g, (68)
P Pn 2pn’pn
///(,0)“ M On P 0
=) (69)
Pw DPn DPw Pn

and the first-order transformation rules are given as fol-
lows:

/s(nl’) _ s(nl) __sm (1)_wap(r”u”/v ()
P Po 20wpn " 2pupn 0T
(70)
My _P L g €T 2o
Pw Pn DPwDn " 2pwpi
(71)

The last term on the right-hand side of Eq. (70) is pre-
cisely the side-jump term in the CKT. In the GCKT, the
first term on the right-hand side of Eq. (70) is an addi-
tional term due to finite mass. Such additional terms
already exist in Eq. (68) at zeroth order. We can regard
the last term on the right-hand side of Eq. (71) as the
side-jump term for the distribution function .#™M*. Tt
should be noted that, although the auxiliary vector n, was
assumed to be constant from the beginning, the trans-
formation rules between n, and n, given in this section
remain valid for an arbitrary »* that may depend on
spacetime, since we have not applied any derivative oper-
ator to n, or n,. This point will be exploited to derive the
GCKT with a varying vector and to determine the Wign-
er functions in global equilibrium.

V. WIGNER FUNCTIONS IN GLOBAL EQUILIB-
RIUM

In this section, we apply the results given in Section
1T to find the solutions for the Wigner functions in glob-
al equilibrium in the presence of vorticity and EM fields.
The zeroth-order Wigner function is obtained from free
quantum field theory and is taken as a given input. For an
unpolarized system, the fundamental distribution func-
tions in GCKT read

0(—po —m)
1+ePBri |’

1 [0(po—m)
1+ ePrn

I = (72)

473

MP¥ =0, (73)

where B =u*/T and f=u/T, with temperature 7, fluid
velocity w*, and chemical potential 1. Note that, while we
keep the chirality index s, the distribution function J©
has no dependence on chirality in an unpolarized system.
These expressions are the specific solutions of the GCKT
at zeroth order if the following constraints in global equi-
librium are satisfied under a varying F*”:

4.8, +0,8,=0, 0,a+F,pB =0. (74)
The first constraint implies that the thermal vorticity (The
definition differs from the conventional one by a minus
sign here)

1
qu = E(ayﬁv - avﬂu)~

is a constant tensor, i.e., 4,Q,, =0, in global equilibrium
[47]. For the second constraint, applying the partial deriv-
ative 9, to both sides and using the commutativity of par-
tial derivatives leads to the following integrability condi-
tion:

F/J/IQ\;l _FV/IQ; = _ﬂ/l(a/lFuv)s
Contracting both sides with €”/2 yields

Fa/lfzﬁ/l _FﬂAle - Fva /{Qﬁl _ﬁvﬂ /lle

75
=B (OFP). 7

where we introduce the dual tensor Q2 = €7 Q,, /2 as-
sociated with the vorticity tensor. The derivative terms
survive only for varying EM fields and vanish for con-
stant ones. As will be demonstrated, a global equilibrium
solution can be uniquely determined only when varying
EM fields are present --- a condition not met in the con-
stant-field case.

We determine the first-order solutions in global equi-
librium by first using the frame dependence, followed by
the kinetic equations.

A. Determination by frame dependence

Substituting the specific zeroth-order results (72) and
(73), together with the first-order expressions (53) and
(55), into the transformation rules (70) and (71), we ob-
tain
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(T —TW)6(p* —m*)

K n o n
_ 2 uwvap v F (0)6/ 22
26 pu <17n/ pn) aﬁj;n (P m )
= —mn-Mfll,)é(pz —mz)
2P,

sm2e By n’
_ H Y (0) 6/
aﬁj (P -m )
2P0y
se”Vp‘Tn# VV

(0)
oLl el

(MP = MD) 6(p* - m)

—me"” (”— - ﬁ) FopJ ) (p* = m?)
pn’ pn

pﬂn M(l)é(p -m?)

mp e Pn,n

u aﬁjgg)&(l? —-m )

Pw Pn

e Pn,n’

_ o V j(g)é‘ p2 _ m2
Pr' Pn [ S ( )]

Under the global equilibrium constraints in (74), we can
verify the following results.

ogY

VIO =T, T =
P s ‘pA S a(ﬁp)

Together with the identity
p/leyvpa' +pu€vpcr/l +pv€pa'/l/1 +pp€o'/l,uv 4+ pa'E/luvp _ 0
the transformation rules can reduce to

(TS -T8)6(p* —m?)

sm m ~
= (MO Tt g0 ) 6 (2 )
Pn n

_s (’Lﬂ _ ’Lﬂ) Fp TV (pr—m)
2 D Pn
(M({)”—M(')“) 6(p2—m2)

=P (-
Pn

n/
+m (—V
Pw

It is evident that, if we redefine the distribution functions,

20 )6 (=)

n

) %) QT8 (p* =)

M _ gy 4 (0)
jsn ‘Isn an Pv”l jsn ,’
MO —pgon - M Gy Oy
n + ; n/ljm 5
n

Then the new distribution functions J¢ and M{"* trans-
form as

—mn'Mf,})é(pz —-m?)

n

(I =T 8(p* —m?) = (76)

(M= M) 6(p* - m) = L
2

n

-MPs(p* - m?) (77)

These are identical to the zeroth-order transformation
rules (68) and (69). Taking the trivial solution J = 0 and
M D =0, which satisfies these transformation rules, we
obtain the following specific first-order solutions:

M _ > v
jﬂl 2

n

0
pvn/ljin)’

m ~
A (0)7
_ Q” n/ljsn

n

M = (78)

In, the following section, we will demonstrate that these
solutions are fully consistent with the GCKT. In Section
VI, we will show that they are, in fact, unique.

B. Determination by kinetic equations

In this section, we determine the first-order solution
from the first-order kinetic equations. As given in Egs.
(53) and (58), the first-order GCKEs take the form:

P, [Jii)cs(pz —m?) - =—= T (p* —m?)

AH
s p
2p, P =

_(B-p)

s(B-p)
DPn
[S'ji,l,zé(pz —m?)

T (P~ 2)} + M S(p? = m?)

m 4
- B > TP - m2>}

n
5

s 1
- Egﬂf’”vﬂ {Evp [PeTS(p* —m?)] } , (79)

PV, [ Ws(p? —m*)— Zf“)é'(pz—m%]
_ (% p“EV+E’”"Ba) [ML6(p* —m?)

m
—pBMZJﬁié’(pz—mz)] PP gy

(B-p)

p
7 I

[s’ﬂi&‘;é(pz —m’) = =08 (!
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s ~ ~
v zupor vo 1 + == E, (p"Q"p, - P> m TV s(p* —m?)
35 L (5 - ) p, V{pVPE:[jgg)é(pz_mz)]}_ 2 (P Q7 Py = PP T () 6(p
! ; S =1l R YV ’
(80) *o,, GoaP B g 6(pt —m?).
Let us first consider the GCKE for J(). Moving the ~ Using the identity

second term in the square brackets in the first line of
Eq.(79) to the right-hand side yields

AN ED]
l Z j(l)+M(1)u] 6(p2—m2)

2pn
m*s ,
~oE B)ZJSB«S (P —m?)

— @ EN, [pe T 08 - m)]

2 2
P, {S(B p)jgg)é( 2 2)}
3 O T )],

Acting with the operator V, on the distribution functions
and using Maxwell's equation d,F* = 0, we obtain

PV [Tt —m?)]
ms mp* r (D) (D 2 2
ng# > Zsjs,n+/\/(l o(p”—m”)

E, ("9 pyn,— p* ¥y

+ N
2p;
+pnf2#v _v) jég)/é(l?z - m2)

ST =2

p“vy P TN 8(p* —m?)
2 20 (p“QM py + pa¥ ) m T W s(p* —m?)

+ %% P B n, T S —md),
D

With a little rearrangement, we obtain

PTG ~6T) 6(p* —m?)]
ms mp ,
=25 B | 7 2

Z; E, [M® = s MI¥] 5(p> - mP),

Ton—0T0) | 6(p* —m*)

+

where we have defined

2oy P

pvn )ZJ’ES)’.

oMM =5 (@, -

S RN (82)

S ’
5, BB T 6" — ).
2pn

Using the constraint equation (75), we obtain

B'0\B, = —&,o B Q" 1, — E"ALQY,,.
Together with the decomposition

V.=08,-E,f,, +n,E"0. —&,,B'®,
we can write the kinetic equation as

PV [T 6 —m?)

2p, "

ms mp ,
= T | ST M )
v

Similarly, let us consider the GCKE for M. Moving
the second term inside the square brackets in the first line
of Eq.(80) to the right-hand side of the equation yields

PV [MOS(p =)

(81) - (%[}“EV+ E’”"B,,) MUS(p* —m?)

mp ,
- 1_72" E* Z s TV s(p* —m?)

m prp’ ~ a ’
- —E p; fp Q,+A10,) Y " TV s(p? - m?)

2p,
mE p pﬂpv 0)7 2 2
(2%, - Qn,) Yy JW's(p* —m*)
2p; P Z
Mmpg, log —0 ’
2”f o187~ P70, ST )

From the constraint equation (81), we obtain
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PV, [MP¥s(p* —m?)]
(3P E+ @ BIMUS( =)

mPn

E" Zs TVs(p?> —m?)

_mE- ~ ,
2[) p(p;pp va QyV)nVngg) 6(p2 _mZ)
mB @ —uva p por —0va\ ) 4
2 @ %e ), T S(p? —m).
Using the identity

. mny ~,., P'x
vV, | — Q" - —
p > (

5P > TS -m)
m ~
= F(E P, Zji,?”é(pz -m’)

2 (Epp+p’iE)QM Zj§2>'5(p2—m2)

5

€ Py BaQY Py Y TN 6(p” —m’)

+
2p,p?

—vap =

B.Qun" > T s(p* - m?),

we can write the equation as

PV, (M= MDH) 5(p* =m?)]

- (112 P'E,+ E‘”"Ba> ML —MD] 6(p* —m?)

mPn

ELY s (T -6T0) 8(p* —m?).

)

We decompose the distribution functions as follows:

TG =T0) +6T8), (84)
M= MO 4 SMPH, (85)
We can obtain the kinetic equations for J) and M.
PV, I s(p? —m?)]
msE, mp* L o s o
= o %js Tont MU =), (86)

PV, [MPs(p* —m?)]

= — 2 ey + @ BYM S )
p

Pn E" ZSJ(I)(S(p —m?) (87)
If we choose the trivial solution
J) =0, MM =0, (88)
We obtain the specific solutions for J() and M.
m_ 5 Oy
jm 2pn pvn jm >
mn ~ 0 ,
= PX-FQp) Y T (89)

R

These results are fully consistent with those derived from
frame dependence, as shown in (78). It is remarkable that
the results in (78), obtained from frame dependence,
automatically satisfy the GCKT. Determining the solu-
tions from frame dependence is considerably simpler than
deriving them directly from the kinetic equations.

It follows that all other Wigner functions can be cal-
culated directly:

I = = S p, T 8(p* —m?)
i sF’”inf?é’ (v )
M = %fwm > g
-
—mF*'n, ZJ O (p* —m?),

¢Sﬂ(])yv _ mQ”VJ(O)'(S(pZ _ mZ)

sn

—2mF* JO§ (p* —m?),

P — mﬂ“ngg)’cS(pz —-m?)
=2mF* J 8 (pF = m?),
20 =,
F =0,

We note that the Wigner functions ¢#M¢, #Mw  and
SO are all independent of the auxiliary vector n*, as
expected.

VI. GENERAL SOLUTION

In the previous section, we chose the specific solu-
tion (88) or (89). It is important to investigate whether
other solutions are possible and what the general solution
is. To this end, we must express the functions J¢ and
MM in terms of all possible vectors or tensors involved
in the problem, such as »*, u*, F*', Q*, and their derivat-
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ives. Thus, it would be convenient to identify n* with u*.
However, we cannot naively replace n* with w* because
r* has been assumed to be a constant vector from the out-
set, whereas the fluid velocity u* varies in space and
time. We can circumvent this issue by exploiting the
frame dependence of the distribution functions, since the
transformation rules are valid for arbitrarily varying vec-
tors n* and u*, as mentioned at the end of Section IV.
These transformation rules can then be used to obtain the
relations between the distributions defined with respect to
the constant n# and the varying w*. Since the Wigner
equations for constant »* have already been derived, the
equations for varying u* can be obtained from these rela-
tions.

We can directly use the transformation rules (76) and
(77) and set n’* = u*:

J36(p* = m?)

sm(u-M")
= J\)s(p* —m*) - Té(p2 -m?), (90)
MM 5(p* —m?)
MO
= mvop -y D e ey o)

u

Since the solutions (89) automatically satisfy the con-
straint (49), the distribution functions J{\ and M(”” must
also satisfy this constraint. It follows that M " is related
to J and M"* by

(e _ MPy )
M, = 7 EE:&jlu
 _ 0
Z s -2 u- M,
upu
which lead to the relations
E N %u M)
sm2(py — pan- 1)
_ u s JO.
2p l—’z ; S n
" m
MZIJ_)H Migj# + M . zlj
p pLI
mpy {(pn —pult: M)pﬁ
p* P*-p;

+(W'n-u—n") ] Z sT0.

s

For simplicity, the on-shell delta function &(p? —m?) has
been omitted from both sides of the above three equa-
tions. Then, using these relations together with the kinet-

ic equations (86) and (87), it is straightforward to derive

the following equations for J) and M_*:

PV, [15326(172 -m’)]
sm _pv uﬂ)

u

(Ma)

PV, (MY 5(p* —m?))]

m u v
= - TR B = A p (V)] Zs1<°>6<p2—m2)

JL‘&) S(p* —m?), (92)

p
X M,(lll)vd(p - mz),

(93)
where we define the transverse projector
v Hv 1 —[ =V
A=A - szﬂp
p
In general, J{) and M{* can be expressed as

JO = S w0 XD+ %Fﬂvpﬂuyx;, (94)

u u

MO —

ul

~ ~ m ~ ~
> Agm P Xy + S NFY B XY
m =2 _ = Q/lv M
DB (P O - p, PA) u, X
+ —_—

352
u

+

(ﬁ21:"“v—[751:"”p1) u, Xy, (95)

Without loss of generality, we can assume that all X are
functions of

z=B-p—i, Z=B-p+a, m=m/T.

By substituting the expressions (94) and (95) into the kin-

etic equations (92) and (93) and requiring that the equa-
tions be satisfied, we obtain

Xi=0, X¥=0, X¥=0.

The necessity of these conditions arises from an imbal-
ance: the field-derivative terms on the left-hand side have
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no counterparts on the right-hand side with which to can-
cel. Note that the assumption of a varying EM field is es-
sential for this simple conclusion, since the derivative
terms automatically vanish for a constant EM field. Now
let us determine the remaining terms associated with the
vorticity tensor from the kinetic equations in global equi-
librium.
PV |0 X =)
sm 2
2 2 2

+2p* Q0" pau, X3 6(p* —m?)

[E, = p'(Vaw)| [(PPQ = P'Q ) u, Xe
;’"3 [ — P (V)] 8 p,XUS(p i),

After applying the operator p'V, to the following terms,
together with the decomposition

TQW = Wyl — Wyl + €4ypr U7,
and combining like terms, we obtain
0=C(E-p)w-p)S(p* —m?)
+Ca(w- E)S(p* —m?)

+Cs(g- p)w- p)S(p°=m”)
+Cy(e- w)3(p* —m’)

I _
uT 95(P2 - mz)
m2 v Yy M
2p Te,lﬂvp eHE X S(p* —m?), (96)

where the coefficients C;, C,, C3, and C,4 are given by

1 2p. OXL P
1= i 1228 2 )|
1
Cz:?(XQ 22XQ)
m_[10Xg T owm M}
=T {?%‘ﬁ” X“ﬁx
C,= mr (2XJ—XM—_—2)”<M)
4_2pu @ o P% e)

Given that the first four terms are linearly independent,
we obtain the following constraints:

C1=0, C2=0, C3=0, C4=0,

which lead to

Xb = 2 ZXQ, Xo = X4, a;\’j =0, %L_J 0.
Once these relations are satisfied, Eq. (96) becomes
0 1T Eyn D' W' B'XL6(p* —m?)
2p 2T EywD e E" XM S(p* —mP) (98)
Using the constraint (75)
Enpett’ (’E7 - B7) = —uvuﬂadﬁw
Substituting it into Eq. (98), we obtain
—Tuvp"ua(ﬁ/lﬁw)/\’éé(pz -m*) =0 (99)

u

Evidently, for an arbitrarily varying EM field, the only
solution satisfying Eqs. (97) and (99) is

X,=0, X4=0, X=0

These results demonstrate that the particular solution (89)
is unique. We have therefore uniquely determined the
GCKT under global equilibrium conditions. The essen-
tial point is the introduction of a varying EM field.
Without it, Eq. (99) would be automatically satisfied for a
constant field, thereby allowing all terms compatible with
the relations (97). This explains the discrepancy between
our previous results in [41] and those in [33], where a
constant EM field was assumed. It is thus remarkable that
the quantum kinetic equations determine the Wigner
functions at global equilibrium; in particular, the pres-
ence of a varying EM field uniquely fixes their form up to
first order in 7.

The uniqueness in the varying-field case arises be-
cause the gradient terms associated with the EM field in-
troduce additional constraints that eliminate the zero
modes of the kinetic operator. These constraints originate
from the integrability conditions of global equilibrium,
which involve derivatives of the electromagnetic field
and are associated with nonzero modes. They imply a
coupling between zero modes and nonzero modes, impos-
ing additional restrictions that force the coefficients of the
homogeneous solutions to vanish. Physically, this means
that spacetime-dependent fields introduce additional
““source" terms that break the degeneracy of the kinetic
operator, thereby leading to a unique solution.
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VII. SUMMARY

In this work, we have systematically investigated the
frame dependence of distribution functions within the
GCKT. Motivated by the ambiguities associated with
transforming distribution functions across different
frames and the non-uniqueness of global equilibrium
solutions reported in prior studies, we derived explicit
transformation rules governing this frame dependence.
By applying these rules and allowing for a varying EM
field, we were able to uniquely determine the Wigner
functions describing fermions of arbitrary mass in global
equilibrium under the influence of vorticity and EM
fields. By incorporating the previously neglected frame
dependence, our results resolve the ambiguities en-
countered previously and establish a self-consistent theor-

etical framework for describing quantum transport phe-
nomena. This framework thus provides a novel method
for determining transport properties in global equilibrium
directly from quantum kinetic theory.

Recently, several spin-related puzzles have emerged
in the study of spin physics in heavy-ion collisions. The-
oretical predictions in this context rely heavily on distri-
bution functions. However, when spin degrees of free-
dom are taken into account, distribution functions may
exhibit nontrivial frame dependence. Whether such frame
dependence can affect theoretical predictions is therefore
an important question. Our current work establishes a
self-consistent theoretical framework that addresses this
issue, providing a solid foundation for future applications
in relativistic heavy-ion collisions and other related
fields.
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