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Abstract: The triangle singularity interpretation of the a;(1420) observed by the COMPASS Collaboration has
been widely accepted. In this work, we investigate the triangle mechanism in the decay B’ — D~ n*ay(980)(n"n),
where the 4((980) is treated as a dynamically generated state. The K*°-K*-K~ triangle loop originates from the de-
cay B’ — D K*K**, which has been observed by the Belle Collaboration, followed by the subsequent decay

K*® — K~n*. The triangle amplitude develops a pronounced peak around 1420 MeV, which is reflected in the invari-

ant mass spectrum of the 7a((980) system. The differential decay width is calculated and exhibits a narrow peak

around 980 MeV in the 7% invariant mass distribution. Furthermore, the invariant mass distribution of the n*n%

system shows a clear peak around 1420 MeV, which further confirms the triangle singularity explanation of the
a;(1420). We expect that the proposed B® decay mode could provide a potential platform for further exploring the
triangle-singularity nature of the @,(1420) and could be tested in future experiments such as LHCb, BESIII, and

Belle I1.
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I. INTRODUCTION

Over the past few decades, significant progress has
been made in studies of the hadron spectrum, driven by
the observation of numerous exotic states [1]. Although
many of these exotic states can be interpreted as multi-
quark states or hadronic molecules, some observed struc-
tures may not correspond to poles of the S-matrix but
may instead arise from kinematic singularities [2—4].
Among such kinematic effects, the triangle singularity
(TS), first proposed by Landau in 1959 [5, 6], has attrac-
ted increasing interest. A triangle mechanism originates
from the following sequential process: an initial particle
A decays into two internal particles, labeled 1 and 2,
which move back-to-back in the rest frame of 4. Particle
2 subsequently decays into an internal particle 3 and an
external particle B, with particle 3 moving in the same
direction as particle 1. The two internal particles 1 and 3
then undergo rescattering and form an external particle C.
According to the Coleman-Norton theorem [7], the emer-
gence of a TS depends on whether the above processes
can be interpreted as a classical scattering process and
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whether all three internal particles can simultaneously go
on shell and become collinear in the rest frame of the de-
caying particle [5]. In reality, the internal particles have
finite widths, which smear the singular behavior and
transform the TS into a finite peak that can be observed
experimentally.

Phenomenological studies have successfully applied
the TS mechanism to explain a variety of long-standing
puzzles in hadron physics. The anomalously large isospin
violation observed in the decay J/y — yn(1405/
1475) — yn°£5(980) — y3r, reported by the BESIIT Col-
laboration [8], was interpreted in terms of the TS in Ref.
[9]. This mechanism has contributed to a better under-
standing of the nature of the two nearby states 1(1405)
and 7(1475), as well as the mixing between the a((980)
and f,(980) resonances, which has been further investig-
ated in a series of subsequent works [10—14]. Meanwhile,
the triangle mechanism has also been employed to inter-
pret the properties of heavy exotic hadronic states, such
as the Y(4260), Z.(3900), Z,(10610), and Z,(10650), in
various processes [15—23]. A milestone in the develop-
ment of the triangle mechanism was achieved in Ref.
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[24], where a detailed analysis of the singularities in a tri-
angle loop integral was presented and a compact formula
was derived for evaluating the TS on the physical bound-
ary. This formalism was successfully applied to the de-
cay A, — J/yK p through a A*-charmonium-proton tri-
angle loop. Thereafter, the triangle mechanism involving
an f,(980) or a¢(980) final state was further explored in a
variety of processes [25—31]. In Ref. [26], the authors
identified two nonresonant peaks associated with the TS
at approximately 2850 and 3000 MeV in the invariant
mass distributions of the 7Dy, and nD;; systems, respect-
ively. That work also demonstrated the relation between
the structure of the triangle amplitude and the finite
widths of the internal particles in the loop. A compre-
hensive review of threshold cusps and various TS struc-
tures in hadronic reactions can be found in Ref. [32],
where their roles in phenomena related to exotic hadron
candidates are systematically summarized.

The triangle mechanism has been extensively dis-
cussed in a wide range of hadronic decays involving char-
monium [33—39], the A baryon family [40—46], and the
D-meson sector [47-50]. In addition, decays of the B-
meson family provide a promising platform for probing
this mechanism, such as B~ — Dz n*n (n°n) [26],
B~ — K n°X(3872) [51], B~ — K~ X(3872) with X(3872) —
’n*n [52], B~ — K D}y, [53], BY — J/y¢K* [54],
B* — J/yr*n°K®and B* — J/yn*n~ K* [55],B* —» D" Din*
and B° — D°D*n~ [56], B’ — J/WK® £,(980)(a(980)) [31],
B - ya K n* [57], B— (J/yn*n)Kn [58], B? — J/yn°
f0(980) [29], and B.— Bsrrr [59]. Beyond hadronic de-
cays, the triangle mechanism has also been explored in a
variety of other processes, including semileptonic -
lepton decays [60—62], photon-proton collisions [63, 64],
electron-positron annihilation [65, 66], and proton-pro-
ton collisions [67, 68]. Furthermore, an interesting study
[69] discussed the structure of TS involving new-physics
particles at high-energy colliders. In addition, numerous
other investigations have been devoted to the triangle
mechanism and its phenomenological implications
[70-81].

In particular, the TS explanation for the observation
of the a,(1420) reported by the COMPASS Collaboration
[82, 83] has been widely accepted. In this mechanism, the
a;(1260) first decays into K*K, with K* — nK, after
which the KK pair fuses to form the f,(980), giving the
observed 7f,(980) decay mode. In addition, it has also
been studied in various processes [28, 29, 37, 40, 60, 84].
Based on previous studies, in this work we explore the
physical effects of the TS and identify its contribution to
the B° — D 7*ag(980) decay. The observation of the
weak decay B° — D K*K™ by the Belle Collaboration
[85], together with the cascade decay K** — K-n*, al-
lows the construction of a K*°-K-K triangle loop. As we
will show, the invariant mass of the K*°K* system in the
B° decay allows the production of the a((980) in the re-

gion where the TS condition is satisfied. This leads to a
pronounced peak structure in the n*ap(980) invariant
mass spectrum around 1420 MeV. In the above calcula-
tion, the triangle amplitude is evaluated following the
analytical formulations developed in Refs. [24, 32]. Fur-
thermore, within the chiral unitary approach, the a,(980)
can be regarded as a dynamically generated state arising
from meson-meson interactions [86—88]. An enhance-
ment around 980 MeV is expected to be reproduced in the
7%y invariant mass distribution. Consequently, the
B® — D n*ay(980)(n°n) decay provides a potential plat-
form to investigate both the TS structure associated with
the K*°-K-K triangle loop and the nature of the @((980)
resonance.

The paper is organized as follows. In Sec. II, we
present the theoretical formalism and detail the kinemat-
ic conditions for the K*°-K-K triangle loop considered
here. In Sec. III, the weak decay mechanism for B —
D~ K*K* is described, and the effective coupling strength
is extracted from current experimental measurements. In
Sec. IV, we formulate the B® — D~ a(980) decay by in-
corporating the triangle mechanism and provide the de-
tails of the derivation. The a¢(980) is further treated as a
dynamically generated state, and the sequential process
B° — D 7*ay(980) with ay(980) — n°n is analyzed. In
Sec. V, we present the numerical results for these pro-
cesses. The peaks around 1420 and 980 MeV are repro-
duced in the invariant mass distributions of the ma, and
7'y systems, respectively. Finally, a brief summary is
provided in Sec. VI.

II. FORMALISM

In this section, we show that a peak structure around
1420 MeV, induced by the TS, can be generated in the
B° — D 7*ay(980) decay. The Feynman diagram is
shown in the left panel of Fig. 1. In this process, the B°
first decays into D~K*°K*, after which the K** decays in-
to K~ and n*. The K* and K~ move in the same direc-
tion, with the K~ moving faster than the K*, allowing the
K*K~ pair to fuse into the a@;(980). The channel
BY — D~K°K** has not yet been observed experimentally.
Therefore, the contribution of the K**-K°-K° triangle
loop from the B — D~K°K** decay is not considered in
the present work. Furthermore, the a¢(980) can be inter-
preted as a dynamically generated state with isospin
I =1, arising from the coupled channels n%;, K*K~, and
K°K® within the chiral unitary approach [87, 88]. The de-
cay of ay(980) is shown in the right panel of Fig. 1.

The TS occurs when the kinematic variables of the in-
ternal particles satisfy the following condition
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Fig. 1.
and B — D 7*ay(980),a,(980) — n’n processes involving a

K*-K-K triangle loop are shown in the left and right panels,

The Feynman diagrams for the B° — D~ n*ay(980)

respectively.
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where ¢°" denotes the on-shell three-momentum of K* in
the center-of-mass frame (COM) of the K**K* system.
The quantity mi,,(may) is the invariant mass of the K*°K*
system, and A(x,y,z) = x* +y* + 72— 2xy—2yz—2xz is the
Kaéllén function. Meanwhile, ¢* is given by

g% =y(VEg- — px-)—ie, ()

with the definitions

k 1 E.,
V= . ’y = = N
an V 1 - V2 mllo
1
.oom . A2(md  my,my)
Ej =—° Pk-=——F—> 3)

2my,

where Er- and pj- are the energy and momentum of the
K~ meson in the rest frame of a,. v and y denote the velo-
city of the K*K~ system and the Lorentz boost factor, re-
spectively. Eq. (1) implies that all three particles in the
loop are on shell and that K* in the rest frame of a((980)
and a((980) in the COM frame of 7ay(980) move in the
same direction. The formation of a((980) through K*K~
fusion further requires that the momentum of K* in the
COM frame of may be smaller than that of K~ in the rest
frame of K*°. Equivalently, Eq. (1) can be understood as
the condition that ¢ and ¢$" represent the singularities of
the triangle loop function in the upper and lower halves
of the complex-q plane, respectively. The integration con-
tour of the loop function in Eq. (21) is then pinched
between ¢* and ¢°" at the same point on the real axis.
Consequently, solving Eq. (1) yields a TS around 1420
MeV in the my, (may) invariant mass distribution. When
the finite width of the K*° is taken into account by repla-
cing mgo — mgo —ilgo/2 with Tgo =47 MeV, the TS
moves into the complex plane, yielding 1420.7-
128.0 MeV.

III. THE B’ - D K*K** DECAY

To evaluate the amplitude shown in Fig. 1, the effect-
ive coupling strength of the B® — D~K*K* vertex is re-
quired. The B° meson can decay into the D-K*K** final
state through the weak decay of the b quark, as illus-
trated in Fig. 2. At the quark level, the b quark undergoes
a weak transition into a ¢ quark through the emission of a
W boson and hadronizes into the D~ meson. The emitted
W boson subsequently decays into a ud pair, which com-
bines with an additional ¢g pair from the vacuum to form
the K*°K* final state.

B K0

S
( ]
Q

w

B

K+

-

Fig. 2.  (color online) The quark-level and hadron-level
Feynman diagrams for the decay B’ — D~K*K*? are shown in
the left and right panels, respectively.
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u

The interaction of the effective vertex in Fig. 2 can be
constructed using the P-wave interaction. Following the
convention adopted in Refs. [28, 53], we write

—itg_pxio = —1Céw - Pp, 4)

where & and p), are the polarization vector of the K*
and the momentum of the D~, respectively. Below, we
present the details of the calculation of the vertex coup-
ling strength C. By solving Eq. (1), a TS around
1420 MeV is obtained. The three-momentum of the K*° in
the 7ag rest frame is approximately 135.66 MeV, which is
smaller than the K*° mass of 895.81 MeV. Therefore, the
time component € of the K** polarization vector can be
safely neglected. We take the polarization sum for the
I_{*() as

ka*oﬂfk*ov ~ ka*oifk*Uj = dij;
JI8% iJ

U=i, u=j; i,j=1,2,3. (5)
The decay width for the process B — DKK™ is given by

s pkieo :/dminv(l_(*OK+)

2 2
1 |PD||17,3*0| th ol (6)
T a2 B—DKK*1 »
pol

2n)?  4mi
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where m, (K*°K™) is the invariant mass of the K*°K* sys-
tem. Here, PK o and §p denote the three-momenta of the
K in the K*°K* COM frame and of the D~ in the B° rest
frame, respectively. They are given by

A2 (n, ny (ROK?), nid)

|Ppl = 2mg s
1
N 12 K*0K+ , m2, mZ_*
|I~7'12*0| = ( mV( —) £ KO) (7
2miny (KOK*)

After squaring the amplitude tz_,pxz0 and applying the
polarization sum in Eq. (5), we obtain

Z |tBaDKIZ*0|2 = C2|ﬁD|2, (®)

pol

where ), is the three-momentum of the D~ in the COM
frame of the K*°K* system.

1
A2 (mB, m?, (KK"), mD)
2miny (K*OK*)

1Pyl = )

From recent measurements [1, 85], the partial decay
branching fraction is given by Br(B® —» D"K*K*°) =(7.7+
0.6) x 10~*. Combining Eq. (6) with Eq. (8), we obtain

c: Br(B” —» D"K*K") (10)
Ty - 1 1BollBial 5
d . K*0K+ K* 2
[t %%34%|M

IV. THE B° — D 7" ay(980) DECAY

The amplitude for the B° — D 7%a(980) decay (left
panel of Fig. 1) can be written as

itg_.px k-0
—it — Dra =i
B=brao Z/(Zﬂ)“q —m% +ie
5 ltK*OK—”-v- it[(+Kfa0
(P—q)? —my., +ie (P—q—k)? —mg +ie’
(11)

in the COM frame of the may system, where the n* ori-
ginates from the K** decay. In Eq. (11), the amplitude
tp_pxi-o Was calculated in the previous section (Sec. III).
The amplitude tz-x-,+ can be calculated using the chiral-
invariant Lagrangian with local hidden symmetry [89, 90]
and is given by

-EVPP = _1g<V#[P»a/JP]>» (12)

where bracket (---) denotes the SU(3) trace, and the coup-
ling constant is given by g = my/2f,, with my = 800 MeV
and f; =93 MeV, within the local hidden gauge formal-
ism. P and V* represent the pseudoscalar and vector
meson octets, respectively, which are given by

778
—+ = n* K*
\/_ V6
p=| o _ELM
V2 V6 5 ’
K- KO —%T]g
P w
7_{_7 + K*+
i vt
V= . P w 0 . (13)
0 -4+ = k
V2 V2
K*— K’*O ¢

Then, the amplitude for the decay K*® — K~n* can be
written as

—itgog-+ = —1g€gw0 - (Por — Pr-)- (14)

As in Eq. (8), we neglect the time component of the
polarization vector in Eq. (14) and employ the polariza-
tion sum given in Eq. (5). Here, .. and py- denote the
three-momenta of the #* and K~ in the COM frame of the
may system, respectively. The momentum p.. is given by

1

N S A2 (md (mag), m2, m2

|| = K| = ( ) . (15)
Zminv(nao)

As discussed in Sec. II, the a((980) is considered to
be a dynamically generated state. The amplitude x+x-,,
can be written directly as

Ik+K-a9 = K*K-ay- (16)

Above, we set gx+x-o, = 3875 MeV [87]. Thus, the
amplitude expression in Eq. (11) can be simplified to

[B—>D7mo(980) _ng+K aOgCZ/ (27'[)4

pol

& Pp & (Pr — i)
q* —mi +ie (P—q)* —m., +ie
1
X s 17
(P—q—k?—m% +ie a7
where j.. is given in Eq. (15). The quantity 7}, is the mo-

mentum of the D~ in the COM frame of na,, which ori-
ginates from the B decay.
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N =

2 2 2
|»; | = A (mB’ minv(ﬂaO)’ mD)
2minv(na0)

(18)

Equation (5) is used to perform the polarization sum in
Eq. (17), yielding

. d*q
1B Drag(980) =18k +k-a)8C ()
« 1 Pp-k+q)
q* —my +ie (P—q)? —mp., +ie

1
X s
(P-q—kP?-mk +ie

(19)

where Pr —Pg- =k—(-k=§)=2k+G. P isthe mo-
mentum of the 7a, system in its rest frame.

P = (mjny(may), 0, 0, 0). (20)

The quantity #r is defined to describe the loop integral in
Eq. (19) as
-m% +ie

tT :l/
1 1

X .
(P—q) —m%, +ie (P—q—k) —m} +ie

dq ., > 1
2n) Pp-(2k+q) pa

21)

Following Refs. [24, 32], the negative-energy part of the
K*® propagator in fr can be neglected. The integration
over dq° in t; is performed by applying the residue theor-
em and using the following formula

N P - _)']? o 7
/ &*q G f(G.k) =k / d3qcl%7f(q,k). (22)

Now, the triangle loop amplitude 7 reduces to

3 > 7
T (24Tt
(2n) Ikl

1

X S
Bwk+(§) wk-(G+k) wi(§)
1

ko—a)Kf(cf+l?)—wK*(q”)+ie
1

X N
PO — i (@) — wg+() + i€
1

PO — () — wi- (G +K) — K0 +ie
1
X >,
PO+ wi+ () + wg-(G+ k) — kO + ie

tr =Pk

X

X

X {zp%,ﬁ () + 2k wi-(§+K)
2 [wg (@) + wi- (G +R)]
X [wi @)+ wx- G+ B) + 0 (@) } :

= pp-kxir, (23)

where  wi+(§) = /My +F, @ko(@) = \/Mpo+§, and
wg-(g+ ]?) = \/mg+ (]?‘i' @?. From Eq. (20), P° = my, (nay)

is the invariant mass of the na, system. Although the in-
tegral in Eq. (23) is convergent, the chiral unitary ap-
proach naturally provides an upper limit g, [10, 13]. In
this work, we use gm.x = 600 MeV for a¢(980) production
[86, 91]. To reproduce the peak observed in experiments,
the finite width of the K** in the triangle loop must be
taken into account. This is implemented by replacing wg-
with wg: —ilg0/2 in the denominator of Eq. (23).

Finally, the differential decay width for the three-
body final state B® — D~n*a,(980) is given by

dr 201 C*8xik-a8’
dmin(rag) 3 (2n)*  8mj
x| ppll B PIRP [ . (24)

The factor 2/3 in Eq. (24) originates from the angu-
lar phase-space integration of the integrand in 7j k=
|Bplikicos6. Here, Pp denotes the momentum of the D™ in
the B° rest frame.

/l% (m%; M3_m? (ﬂao))

mv

|ﬁD| = (25)

ZmB

In addition, we further explore the possibility of ob-
serving the ay(980) through the 7% final state. Following
Ref. [53], the a¢(980) appears as an unstable resonance in
the B° decay and subsequently decays into n°;. There-
fore, we consider the corresponding four-body decay, as
illustrated in the right panel of Fig. 1. In this process, the
ay(980) resonance can be treated as an intermediate
particle, allowing us to include an additional differential
distribution with respect to the n; invariant mass in Eq.
24. The differential decay width for B° — D=x*n% is then
given by

o
iy (tag) 3 (270)° 4mi} inv 017

l b =2/ 7 bl
x (—;ImD) 8k kra| POl IKP I, (26)

with
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D= 1 , 27)

= — ——
mi () —mg, +img, Ly,

where mj,, (1) is the invariant mass of the nn system pro-
duced in the a((980) decay, and m,, is the mass of
ap(980). Eq. (26) reduces to Eq. (24) in the limit I, — 0,
where ilmD — —ix 6 (m, (7)) —m? ). Thus, Eq. (26) sim-
plifies to

11 ngz/dz( )
dmi(nag) 37 Qry 4mg | O

P2~
« 8x-k+ao POl IKP I P14, Lo,

2
[miznv(ﬂ'n) - mgo} + (maorao )2

(28)

The decay width I',, is calculated by considering the
ay — n°n decay
1 Sam

T 8r m?_(7n)

A (29)

ao

where |4,/ denotes the magnitude of the # momentum in
the rest frame of 4¢(980) and is given by

=

A2 (ml, (), m2, mi)

2’ninv(ﬂ-r])

|l = (30)

By substituting Eq. (29) into Eq. (28), we obtain

v _ 1 g¢ /dm2 ()
dminv(ﬂ'ao) _(271')5 24m% iny 7177

2
Lo e 2 1l
X kI |tr|" ———

|PollPpl 1kl 27| ()

2 2
maogK*K‘faogaUm]

G

d .
[m2 (am) —m2,]” + (mg Lo, )2

Meanwhile, the amplitude for the K"K~ — np process
mediated by exchange of the @,(980) resonance can be
written as

2 2
gK’K*aggu()m]

= |tK+K’—>7m 2' (32)

[m2, (o) =12, ] + (g, Ty 2

In contrast, when the a((980) is treated as a dynamically
generated state, the amplitude #x+x-_,, can be calculated
by solving the Bethe—Salpeter (BS) equation within the
chiral unitary approach. The BS equation is given by

T=[1-VGI''V. (33)

Here, G denotes the loop function for two meson propag-
ators [86].

G(s) / d*q 1 1
s)=1 ,
Q2m* (P—g)* —m? +ie g2 —m3 +ie

(34

and is regularized by a cutoff g..x as

1 s+A s—A
G(s)—@ o | arctan y +arctan y

o4 oA

(1 +/ll)Qmax + (1 +/l2)qmaxj| }
n; n '

- {(HA)IH (s=A)In

with

le—7

—— Re(tp)
- Im(Er)
|72 107

1.2F

1.30 135 1.40 145 1.50 1.55 1.60

minv(r[ao)(GeV)

le—7

—_— Re(&)
- Im(#)
|Er|2*107

1.2F

1.30 135 1.40 145 1.50 1.55 1.60

minv(r[ao)(GeV)

le—7

—_— Re(ﬁ)
- Im(Er)
[Er[2*107

1.2F

1.30 135 1.40 1.45 1.50 1.55 1.60

Miny(mag)(GeV)

Fig. 3. (color online) The K*°K*K~ triangle amplitudes 7;
for gm. = 600,800,1000 MeV are shown from top to bottom,
respectively. We set m,, =980 MeV, and 7 is multiplied by
107.
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le—7 le—7

—— Re(ty)
1.2 -=-= Im(Er) 12F
[£r|?* 107

— Re(fy) — Re(tr)

- Im(fr) 1.6 - Im(fr)
|Erl?* 107

IErf2* 107

1.30 1.35 1.40 1.45 1.50 1.55 1.60 1.30 1.35 1.40

Miny(Mag)(GeVv)
Fig. 4.
2 2411/2
o= [—(s—(m+m)*)(s—(m —m)*)] ",
2 2
A=mi-m3, 4= 1+—— 1+$.

max qmax

A value of gm.x =600 MeV is used to reproduce the
ay(980) around 980 MeV. The meson-meson interaction
potentials for the case I = 1 are given as follows [86]:

1 1
Viik-skek- = _ZTCZS’ Vi+rk-Sk0g0 = —rfzs,
-3 8 1
VK+K7‘>7(07] = Tf;rz ( S— gmi - gmzzr —mi) ,
1 m?
Vgogokogo = _szs’ |Z——— _37;2’
VKUROHHU'I = _VK+K’*>7(07]' (35)

Finally, the double-differential distribution of the B°
decay can be written as

l d21—v B C2 g2
T g0 ditiny (mao)dminy (n17) ~ To (27)°
\Boll B2k,
12m3,

b 2
7 X g+ k- —sn|”-

(36)

V. RESULTS

In Fig. 3, we first present the triangle amplitudes 77,
Im(7;), Re(77), and |f7|> x 107 as functions of the invariant
mass miy(mag), with the ay(980) mass fixed at
mg, =980 MeV. The results for |77[> exhibit a clear peak
around 1420 MeV, consistent with the condition in Eq.
(1). The peaks of Im(7;) and Re(?;) appear at 1440 MeV
and 1390 MeV, respectively, arising from the TS and the
K*°K* threshold. From top to bottom, the results corres-
pond to the cutoff parameters g,z =600, 800 and
1000 MeV, respectively. As gn.x increases, the peak posi-
tions in Im(#;), Re(fr), and |#7|* remain unchanged, while

1.45 1.50 1.55 1.60 1.30 1.35 1.40 1.45 1.50 1.55 1.60

Miny(nag)(GeV)

Miny(rag)(GeV)

(color online) As in Fig. 3, the triangle amplitudes for m,, = 983, 985, and 987 MeV with g,,,x = 600 MeV are shown.

le—7

1.38 1.40 1.42 1.44

minv(nao)(GeV)

1.38 1.40 1.42 1.44

minv(nao)(GeV)

Fig. S.
litude Re(7;) and Im(7;) on the widths of the internal particles

(color online) The dependence of the triangle amp-

is shown in the upper and lower panels, respectively. We set
mg, =990 MeV, which is slightly larger than the K K*
threshold, and use I'z«/2 =€=0.1, 0.3, 0.5, and 0.7 MeV.

their magnitudes generally increase. The triangle amp-
litudes for different masses of ay(980) are shown in
Fig. 4. The results indicate that the peaks remain near
1420 MeV, while the strength of the triangle amplitude
increases as m,, increases. Next, we examine the behavi-
or of the triangle amplitudes Im(7;) and Re(7r) as func-
tions of the internal particle width.

Following Ref. [53], Fig. 5 illustrates the develop-
ment of the TS by fixing I'k:/2 = € at different finite val-
ues close to zero. The formation of the TS in the K*0-K-K
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le-7
—— My, =980 MeV
2.0} ~=- Mg, =985 MeV
m,, =987 MeV
=5 Ma, = 988 MeV
|
>
o 15
=
S
NEERS
5[z
€
S
“l® 05
1.30 1.35 1.40 1.45 1.50 1.55 1.60
Minv(Mao)(GeV)
le—10
—— Mminy(nao) = 1400 MeV/
& - Min/(nag) = 1410 MeV
! f Miny(1ag) = 1420 MeV
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=
=
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0
E
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£
S
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0.95 1.00 1.05
minv(”n)(GeV)

Fig. 6. (color online) The upper and lower panels show, re-
(Eq. 24) as a
Minv(rag)

function of the invariant mass m;,,(7a,) and the double differ-

. . . . d21—v
ential distribution r—mm (Eq. 36) as a func-

tion of the invariant masses m,, (rap) and my,, (7).

spectively, the differential distribution

triangle loop requires the a¢(980) mass to be slightly
above the K K* threshold; therefore, we take
mg, =990 MeV. The distinct origins of the peaks in Re(#r)
and Im(#7) indicate that these two components exhibit dif-
ferent behaviors, as shown in the upper and lower panels
of Fig. 5. Specifically, Re(7;) exhibits a cusp at the K*'K
threshold around 1390 MeV, followed by a sharp de-
crease near the TS at 1420 MeV. In contrast, Im(7;) devel-
ops a narrow peak at 1420 MeV, directly reflecting the
emergence of the triangle singularity. Fig. 5 also shows
that, as ¢ decreases, the decrease in Re(7;) near 1420 MeV
becomes steeper, the cusp near 1390 MeV becomes more
pronounced, and the peak in Im(7;) becomes increasingly
sharp. In the limit T'x-/2 = € = 0, the peak of Im(#;) devel-

ops into a genuine singularity.
dar’
In Fig. 6, the differential distributions I Eq.

1 d2]"’ inv(ragp)
(@4): a0 G Grag i, ()
functions of the invariant masses m,,(ay) and m,, (1) in
theupperandlowerpanels, respectively. Intheupperpanel of
Fig. 6, the differential mass distribution for the
B® — D n*ay(980) decay with respect to myy(wag) is

Eq. (36), are shown as

—— Am =30 MeV
-=== Ap =50 MeV
Ap =100 MeV

-
5

Ay =150 MeV

[MeV~1]

dr’
g dminy(nao)

0.5F

1

1.30 1.35 1.40 1.45 1.50 1.55 1.60

minv(r[ao)(GeV)

le—8

—— Dm=30 MeV

———~ Am=50 MeV
A =100 MeV

5k . Ap =150 MeV

[MeV—1]

dr’
Tgo dminy(nao)
"

1

1.30 1.35 1.40 1.45 1.50 1.55 1.60

minv(r[ao)(GeV)
le—8
3| —— Dy =30 MeV
~--= Ay =50 MeV
—_ Ap =100 MeV
n Ap =150 MeV
>
()
= ?r
5%
£
St
e

1.40 1.45 1.50 1.55 1.60

minv(r[ao)(GeV)

1.30 135

Fig. 7. (color online) The differential decay width
1 darr

T g0 diin, (o) dmin, ()

ant mass my,(may), integrated over my, (nn) € [980 MeV—

A, 980 MeV +A,,]. From top to bottom, the curves corres-

pond to g, = 600,800 and 1000 MeV, respectively.

is shown as a function of the invari-

shown for fixed values my, (1) =980,985,987 and
988 MeV with g.x =600 MeV. It is evident that increas-
ing m,, enhances the decay width of B°, while the
peak position remains at the TS, my,, (7ag) ~ 1420 MeV.
In the lower panel of Fig. 6, the dependence of
1 darr
[0 diminy () dtin, (707)
values mj,, (ay) = 1400, 1410,1420 and 1440 MeV around
the TS. A pronounced peak appears around 980 MeV, in-
dicating that the main contribution to the decay width
comes from the region m,, (7)) ~ 980 MeV. Moreover, the
peak for my,(mag) = 1420 MeV, close to the TS, is signi-

on my,(mn) is shown for fixed
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ficantly sharper than those at the other values. Therefore,

when focusing on the a((980) region, we can inztegrate the
da’r

T dimin, (7o) i, (77)

double differential distribution

over m, (nn) around my,, (mn) =980 MeV. In Fig. 7, we
present the results obtained by integrating over
M () € [980 MeV — A, 980 MeV +A,,] with A, =30,
50, 100 and 150 MeV. The results show a clear peak at
1420 MeV when the a((980) is considered a dynamically
generated state, consistent with the results in Fig. 6. A
comparison of the subfigures for g¢u. =600,800 and
1000 MeV shows that the decay width exhibits a slight
enhancement as the cutoff parameter increases.

VI. SUMMARY

In this work, we investigate the triangle mechanism in
the B® — D 7*a((980)(n";) decay and explore the nature
of a¢(980) as a dynamically generated state arising from
meson-meson interactions. The K**-K*-K~ triangle loop
originates from the weak decay B — D-K*K*, followed

by K** — n*K~ and the subsequent rescattering of K*K-
to form a¢(980). We provide analytical expressions for

dr
the differential decay widths —————= and
dminy (7o)
T di he three-body and
Aoy (tg) Aty (77) corresponding to the three-body an

four-body final states, respectively, including the K*°-K*-
K~ triangle loop amplitude. The triangle amplitude pro-
duces a pronounced peak near 1420 MeV in the 7a((980)
invariant mass distribution, which can be interpreted as a
TS signal. The dependence of the TS on the internal K*°
width is also investigated. The K*K~ rescattering gener-
ates a pronounced peak near 980 MeV in the 7% invari-
ant mass distribution, reflecting the formation of the
a9(980). Meanwhile, the invariant mass spectrum of the
n*n%n system exhibits a peak around 1420 MeV, consist-
ent with the results obtained from the three-body final
state. Based on the current observations and analyses by
the COMPASS Collaboration, we expect that B’ decays
can serve as a potential platform for further confirming
the TS nature of the a,(1420) in future experiments.
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