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Abstract: A systematic evaluation of the isospin diffusion coefficients of symmetric and S-stable nuclear matter in
the low-temperature limit is presented within the Abrikosov—Khalatnikov framework. Key microscopic inputs, in-
cluding the susceptibility, effective mass, and in-medium differential cross sections, are obtained self-consistently
within the Brueckner—Hartree—Fock approach using the realistic Av18 potential, with and without a microscopic
three-body force. The inclusion of three-body forces suppresses the effective in-medium cross sections and con-
sequently enhances the diffusion coefficient. Compared with the exact Abrikosov—Khalatnikov results, the
neutron—proton total cross-section approximation, which retains only the neutron—proton contribution, provides a
comparatively robust description, highlighting the dominant role of the neutron—proton channel. Furthermore, the de-
pendence of the diffusion coefficient on the isospin asymmetry # deviates significantly from the quadratic form
(1-2) and exhibits a symmetric double-peaked structure. This behavior arises primarily from the # dependence of
mixing effects associated with the effective mass, in-medium scattering, and Fermi-momentum splitting, in addition
to the contribution from the susceptibility. These results provide useful microscopic input for transport simulations

and constraints on the nuclear symmetry energy.
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I. INTRODUCTION

The transport properties of nuclear matter, such as
shear viscosity, thermal conductivity, and diffusion coef-
ficients, play a fundamental role in both nuclear reaction
dynamics [1-3] and astrophysical phenomena [4, 5]. In
heavy-ion collisions, transport coefficients enter dynam-
ical simulations explicitly and affect the extraction of the
EOS [6, 7]. In neutron stars, they influence thermal evol-
ution [8] and r-mode oscillations [9]. A reliable micro-
scopic determination of transport coefficients is therefore
essential for interpreting data from both terrestrial experi-
ments and astronomical observations.

Among these quantities, the isospin diffusion coeffi-
cient characterizes the relaxation of composition gradi-
ents and is closely related to the nuclear symmetry en-
ergy, the part of the EOS that quantifies the energy cost
of isospin asymmetry [10—12]. In heavy-ion collisions,
isospin diffusion has been identified as one of the most
sensitive probes of the density dependence of the sym-
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metry energy [2, 3, 13, 14]. The significance of the sym-
metry energy stems from its important role in understand-
ing many aspects of nuclear physics, including nuclear
structure, reaction dynamics, neutron star physics, and -
process nucleosynthesis [15—20]. However, its density
dependence, particularly away from saturation density,
remains one of the major uncertainties in the EOS
[21-27]. Since the extraction of symmetry-energy con-
straints from reaction observables depends sensitively on
the transport coefficients adopted in simulations, a quant-
itatively reliable determination of the isospin diffusion
coefficient is indispensable. In addition, isospin diffusion
provides information on nuclear stopping power and tests
the assumption of global equilibrium commonly em-
ployed in statistical multifragmentation models [1, 7].
The theoretical framework for calculating transport
coefficients in degenerate Fermi systems was established
by Abrikosov and Khalatnikov (AK) within Landau
Fermi-liquid theory [28]. Exact solutions for single-com-
ponent systems were later obtained by Brooker and Sykes
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[29] and by Hejgaard Jensen et al. [30]. Flowers and Itoh
[5] pioneered the extension to multicomponent Fermi li-
quids, and Anderson [31] subsequently formulated exact
integral equations for the multicomponent case. In nucle-
ar matter applications, early calculations were based on
free-space nucleon—nucleon scattering amplitudes [5],
thereby neglecting medium and many-body effects. Me-
dium modifications were later incorporated using correl-
ated basis function (CBF) methods [32, 33] and the
Brueckner—Hartree—Fock (BHF) approach [34-37]. A
comparison between CBF and BHF G-matrix calcula-
tions in pure neutron matter showed overall consistency
[38], although it was later pointed out [39] that a numer-
ical factor was missing in Ref. [38]. In general, existing
calculations of transport coefficients in nuclear matter
agree at the order-of-magnitude level but exhibit notice-
able quantitative differences. These discrepancies may
arise from several sources: incomplete numerical factors
in the AK formalism, approximate treatments of the kin-
etic equation (such as retaining only the leading term in
the series expansion), and simplified treatments of medi-
um effects, for example, modeling in-medium cross sec-
tions solely through effective-mass scaling. Recent devel-
opments in ab initio approaches [40], together with in-
creasingly microscopic determinations of in-medium
cross sections [41], provide more reliable inputs for trans-
port coefficients and may help reduce the uncertainties
associated with medium effects. Additional variations
stem from differences in the underlying nuclear interac-
tions, particularly in the implementation of three-body
forces. Although the leading-term approximation has
been shown to be reliable for shear viscosity and thermal
conductivity [36, 39], its validity for the diffusion coefti-
cient remains to be clarified. Moreover, the isospin-asym-
metry dependence of the diffusion coefficient is often as-
sumed to follow a simple quadratic form [13], the reliab-
ility of which requires further scrutiny.

In view of these issues, and given the important role
of the isospin diffusion coefficient in heavy-ion collision
simulations and in constraining the nuclear symmetry en-
ergy, we perform a systematic and self-consistent invest-
igation of the isospin diffusion coefficients within the AK
framework. The key microscopic inputs, including the
susceptibility, effective masses, and in-medium differen-
tial cross sections, are calculated consistently within the
BHF approach using the Argonne v18 interaction, with
and without the inclusion of a microscopic three-body
force (3BF) [42—44].

The paper is organized as follows. In Sec. II, we out-
line the theoretical formalism for diffusion coefficients in
binary Fermi liquids and the microscopic inputs within
the BHF approach. Section III presents the numerical res-
ults and discussion. A summary is given in Sec. V.

Io. FORMALISM

The transport properties of normal Fermi liquids in
the low-temperature limit are well described by the AK
theory of Landau Fermi liquids [45]. The formalism for a
one-component system was first derived by Abrikosov
and Khalatnikov [28]. Its extension to multicomponent
systems was developed in Refs. [5, 31]. In the following,
we closely follow the formalism of Refs. [5, 31] and
briefly outline the expressions required to obtain the dif-
fusion coefficient.

A. Isospin diffusion coefficient in the AK framework of
Landau Fermi liquid theory

For nuclear matter with neutron number density p,
and proton number density p,, the relevant flux for the
relative diffusion of neutrons and protons is the number
current,

Jo=> viony, (M)
po

with 7=n,p representing neutrons and protons, 6n,, =
nye —nY), measures the deviation of the perturbed distribu-

tion n, from the equilibrium distribution nf =

(1 +e¢;7w)_l. The summation over ¢ contributes only a
factor of 2 arising from spin degeneracy. Moreover,
v. = p./m} is the velocity, where m? denotes the effective
mass of nucleons with isospin 7. Although spin polariza-
tion of about 1%~2% may occur in intermediate-energy
heavy-ion collisions [46], the present work focuses ex-
clusively on isospin diffusion. Note that this particle flux
generally contains contributions from both diffusion and
bulk motion. Consequently, the bulk-motion contribution
must be subtracted to evaluate diffusion. The current res-
ulting from diffusion can be defined as

(T = J+ —Vpr, 2

where ¥ is an average velocity corresponding to the bulk
motion. In general, ¥ can be chosen so that the diffusive
particle flux vanishes, ie, J,+J,—-vp=0, where
0 =pn+p, 1s the total number density. For isospin diffu-
sion, only the difference (J,)ar —(J,)ar i relevant, and
one obtains,

Jaig = (Jair — (T pa = Z ve(sr = B)ony.. 3)

pT

Here, ¢, =+1, ¢,=-1, and B=(p,—p,)/p denotes the
isospin asymmetry. The small quantity én,, is crucial for
determining the transport coefficients, which are ob-
tained from the linearized Landau kinetic equation.
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Here, Xi.(x;,p;) is the driving term and x = (€, — )/
(kgT). Note that the integration limits for x; and x, are
taken from —oo to co. This choice is justified in the low-
temperature limit, where small deviations of €, from the
Fermi surface lead to large variations in the variable x.
Moreover, in the low-temperature limit, all quasiparticles
can be placed on the Fermi surface wherever possible.
Quantities such as the scattering momentum, the effect-
ive mass, and the velocity in the flux expression (1) are
all restricted to the vicinity of the Fermi surface. Indices 1
and 2 (3 and 4) denote incident (outgoing) particles. For
convenience, 1 and 3 (2 and 4) can be assumed to belong
to the same component, ie., |pi|=|psl=p. (p2l=
|psl = pr), with p, (p.) being the Fermi momentum for
isospin 7 (7). Wer =3, ., Wrr denotes the differential
transition rate, where w,,. is the transition probability for
the two quasiparticles to scatter from the initial state
|p303psoy) into the final state |pyo pros). Wor is directly
related to the differential nucleon—nucleon cross section
and depends on the AK angles € and ¢ (dQ = sin6d6dg),
where 6 is the angle between p; and p,, and ¢ is the angle
between the p,-p, and p;-p, planes. ¢, is the azimuthal
angle of p, with respect to p;. For 7 =1', ¢, becomes the
scattering angle in the center-of-mass (c.m.) frame, while
e = P /(P2 + P2 +2p.prcosO)/? reduces to the well-
known result [2cos(6/2)]7!. The factor (1+8,.)"' ac-
counts for double counting of the final states for like
particles.

Isospin diffusion in nuclear matter is primarily driven
by chemical-potential gradients under constant pressure
and temperature. According to the Gibbs—Duhem rela-
tion,

VP — kST = p, Vit +p, Vi, = 0, 5)

where S is the entropy per unit volume and u, (u,) is the
chemical potential of neutrons (protons). Therefore, the
chemical-potential gradient is

V/'Lr = (g'r _ﬁ)Vh’ (6)

where h = (u,—pu,)/2 is the isospin chemical potential.
Therefore, the driving term on the left-hand side of the
Landau kinetic Eq. (4) takes the form

Xo(x, p) = v - Ve [ (kpT) = (60 =) vep- Vh/(ksT),  (7)

with the Fermi velocity defined as v, = p./m. In the lin-
ear response to the driving term, dn,, is expected to have
a similar form and can therefore be expressed as

5y = — e (X)p-Vh (8)
pr — ax Y 14 .

The key to obtaining the transport coefficients lies in
solving for the function y.(x) using the Landau kinetic
equation. By substituting Egs. (7) and (8) into Eq. (4),
one obtains the following transport equation satisfied by
¥-(0):

(sc=B)ve  _ mksT)? [
4cosh?(x, /2)ksT 84 }
X1 — X3

Scosh(xl/Z) cosh(xz/2)sinh[(x; — x3)/2]

dQ WTT’a'TT
xZ ; / Tr Tag e+ Pro()Pilcoso)

—yr<x3>Pz<cos91>—y,/<x3>P,<cos0;>]. ©)

Here, P denotes the evenness or oddness of the driving
term as a function of x;, and P; is the Legendre function.
For isospin diffusion, P=+1 and /=1. 6] and 6 are the
angles between p; and p;, and between p, and p,, re-
spectively. Note that, in the integrals over x; and x; on
the right-hand side of Eq. (4), the replacement
v (x5 + x4 — x1) > y.(—x3) leaves the integrals unchanged.
Furthermore, y.(-x;) and y,(x;) can be transformed into
v.(=x3) and y.(x3), respectively, by a simple interchange
of integration variables. These properties are used to ob-
tain Eq. (9).

To obtain y,(x) by solving the transport equation (9),
one can introduce the new variables

=[] o (O
and

ro=[mpso] "5 25800 an
with
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ve(x) =

kT) 2+ dQ W
m(B ) X T Z *2/ Qppr. (12)

CSES A7 1+ 6.

Consequently, the transport equation (9) reduces to the
following simple form:

2

EILEN

< dx, X1
e L = sion — gy 7O (19

F,(x1)=(1+

where

(kBT)Z * *2 dQ
/l'r‘r_ WTT’ ST
16n2h°v,(0) Z 4o e &

(kBT)"‘(nun,,)”2 aQ
1672187, (0)7, (0)

. (14)

T£T

T —

2
7‘.’5:17’
Pv

Using the relations among the scattering momenta p,,
P2, p3, and p,, for isospin diffusion we obtain &,, =
Ep=1,  &p=[(pycosd+p,) +p,sin®Ocosd] /(p +pp+
2ppPnc0s0), &y = [(pp+ pacost)? + p?sin’Ocos ] /(p2+
pa+2pppacost), and &, =&, = p,p,sin’O(1 —cosg)/
(P + P +2pypacosh). Because ooy Vp/pr = aver/pi/p:
and W., = W,.., it follows that A, = A,,. Thus, the mat-
rix with elements A, is real and symmetric and can be
diagonalized by an orthogonal transformation.

To solve the set of coupled integral equations (13),
they must be transformed into the eigenbasis, which can
be obtained using the following transformation matrix,

cosg —sing
v={ 3 2| (1s)
smi cosi

where cos¢ = (A — App) /[y — ,p)* + 4/lﬁp] and sin{ =
2,p [ [(Awn = Ap)* + 44, 1. Using this orthogonal matrix U,

A Apn A 0
U pr “p U= p i (16)
/lnp /1nn 0 /ln
where A, denote the eigenvalues [31]. The transport equa-

tion then becomes a decoupled set of equations similar in
form to those for single-component Fermi liquids:

Fon)=(1+ ;—i)i(m

« d)Cz X1 — X .
_AT L, ?mrr(m (17)

where F.(x)=> .U F.(x) and T,(x)=3, U T(x).
Details on obtaining I';(x) can be found in [28, 29, 31].
For isospin diffusion, it satisfies the following properties,

/ b osh(r/2) Z U 7..(0) ] PR

with

c, =1 Z 4i+3
Ty Qi+ DG+ D[QRi+ D+ 1) =2,

i=0,1,2...

(19)

This infinite series C, exhibits third-order conver-
gence as i — oco. For A, ¢ {(2i+ 1)(i+1)]|i=0,1,2,...}, the
series is well defined and absolutely convergent because
its summand behaves as O() for large i, ensuring con-
vergence by comparison with 3,i7. In the present work,
the summation is truncated at i = 10*, which ensures a rel-
ative numerical accuracy better than 107°.

By substituting the solution T';(x), or equivalently
v.(x), into the expression (3) for the isospin diffusion
flux, one obtains

Jdlﬂ _Zv‘r Sr— 6}’11,-,-
dQ
=—ksT Y N-(O)ve (s —B) / el A

. _ -1/2 _r'r’ ()C)
<o) e fans o

=" % 3 VN0V ON Oy Oy,

T

X (60=B) (57 ~B) Urw Cy, U7 Vh. 20)

Here, N.(0)=m:p./(n°h’) denotes the density of
states at the Fermi surface. This factor, together with the
integration over x, arises from the summation over the
momentum p. é represents the unit vector along VA. The
diffusion coefficient probes the response along the gradi-
ent direction of #4; therefore, the velocity v, should be
projected onto &, yielding a factor p-é (¥, = p). In the an-
gular integration over €,, it is convenient to choose & as
the polar axis. The factor 1/3 arises from the integration
of (p-&)* over Q,. Because the diffusion coefficient
relates currents to concentration gradients, the final step
is to express Vh in terms of V(p,—p,). Under constant-
pressure conditions, these quantities are related by

V(ou~py) = xpVh, 1)
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where yp =20(p, —p,)/d(u, —u,) denotes the generalized
susceptibility of the two-component system at constant
pressure. The diffusion current is then given by

Jairr = —DV(p, —Pp), (22)

with the isospin diffusion coefficient

|
D=4 3 VNV ON O Oy

't

X (S‘r _,3) (S': _:3) U Co, Uz (23)

B. Susceptibility of nuclear matter within
BHF approach

To obtain the susceptibility of nuclear matter, one re-
quires the free-energy density f = gp—kpS, which is cal-
culated using the BHF approach in the present work.
Here, ¢ denotes the binding energy per nucleon. The de-
tails of the BHF approach are described elsewhere
[47-50]. Here, we briefly summarize only the main
points.

The starting point in Brueckner theory is the effective
reaction matrix G, which satisfies the generalized Bethe-
Goldstone equation,

(12G (w)I1727) =(12|V [1'2') + Z(lZIVﬁ/Il”Z">
172"
% QTT'
w-e(1")— e (2")

(1"2"1G v (w)12').
24

Here, @ denotes the starting energy; in the calcula-
tions of the potential and the cross sections, it is taken as
the sum of the single-particle energies of the two
particles. V' is the adopted Argonne Vi3 (Av18) potential
[51], supplemented with an effective two-body force de-
rived from a microscopic three-body force (3BF)
[42—44]. Here, 1 =(k;,0), etc., denote the momentum
wave vector and spin-z component. The spin-up and spin-
down states are degenerate in spin-unpolarized nuclear
matter; therefore, we omit the spin index for convenience
hereafter. Q.. =(1-nf)(1-n).) is the Pauli operator,
which prevents intermediate nucleons from scattering in-
to occupied states. The single-particle (s.p.) energy in the
BHF approach is given by

27,2

nk
k) ==

+ U, (k) (25)

where U.(k) is the auxiliary potential, defined as the real

part of the on-shell antisymmetrized G matrix

Ur(k)=> 1l Re(kK'|G o (€x: + €c)|KK Y, (26)

k't

for all momenta. In this context, the auxiliary potential
acts as a mean field experienced by each nucleon during
its propagation between two successive scatterings. After
several self-consistent iterations of Eqs. (24), (25), and
(26), the effective interaction matrix G is obtained. Using
this G matrix, the binding energy per nucleon can be ex-
pressed as follows:

1 o WK
ETA L ey

kt

1 ’ ’
toq > nfnf Rk |G (€€ kK )a. (27)

ktk't

In the low-temperature limit, the free energy density f
can be replaced by the internal energy density o of the
system. In addition, owing to the isospin symmetry of
nuclear matter, the binding energy per nucleon can be ac-
curately expressed as

8(p,B) = €o(p) + £,(p)B’, (28)

with the binding energy per nucleon of symmetric nucle-
ar matter, £y(p), and the nuclear matter symmetry energy,

1 &(p.B)
8s(,0) - 5 Py ﬁ
arising from the nucleons under constant-pressure condi-
tions, it follows that

oo’ From the variation in the pressure

dP =d

I _yptee) 0ok

ap ap

deop) | AFeop) |, desp)
=(2 2

{p op P op? TP op B

2
+p2 0°g,(p)
dp

ﬁz} dp+ [2132 386“—[()'0)/3} =0, (29

together with variations in the isospin chemical potential

h

de(p.p) _
B

R0

dh=d
op

ﬁ} dp+ 28@)} . (30)

The generalized susceptibility of nuclear matter at
constant pressure can be expressed as
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XYp = a(pn _pp)
r Oh
4[]
{sz dFo(ﬂ) pz 9 Fu(ﬂ) [sz dg4(p) +p 9 ;;)(/7)]’3
2e,
+ 87('0)} (31)
Jo

It should be noted that, although the leptonic contri-
bution must be included when calculating the pressure of
neutron-star matter in £ equilibrium, variations in the
lepton pressure need not be considered under the con-
stant-pressure constraint because the relaxation timescale
for nuclear-matter diffusion is much shorter than the f-
equilibration timescale.

C. Transition probability
Within the BHF approach, the G matrix replaces the T

matrix; consequently, the transition rate is determined by
the corresponding G-matrix elements, i.e.,

WTT = Z Wep = Z

o ,
000 0200

2 2
% ‘ Q2|Gr(WI1'2)| =4W,r, (32)

with the averaged transition probability w,,», commonly
used in Fermi-liquid theory [45], given by

w1 Y 2
= (120G @i12)] (33)

o
102070

Wey

We emphasize that, when performing the calculation,
care must be taken with the factor of 4 appearing in Eq.
(32). Similarly, within the BHF approach, the differential
in-medium cross section for unpolarized scatterers in the
c.m. frame can be defined as

do, m2 1 2
= 12IGr(Wem )12, (34)
254 4 '<

1 2

with the reduced effective mass m}, =2mim [(mi+
mZ,) describing the modification of the in-medium phase
space. For the transport coefficient, these effective
masses m;: should be evaluated at the Fermi momentum,
1 1 ds,
> omi B

to the wave number k by p = hk). Consequently, the aver-
aged transition probability is related to the in-medium
differential cross section by the relation,

ie., ——lp=p. (note that the momentum p is related

167°0 dot,
mZ dQem

TT

(35)

Wep =

To obtain the differential cross section, the scattering
amplitude (12|G.-(w)|[1’2’) need to be expanded in the
partial-wave representation; that is,

(2IG (W)1'2') ={qo102|G v (K, w)lg o7 07)

=460 Y D (4G (K.0.q))
JST I m,m;

1 1 1,1,
X(EO-I50—2|Sms><smslml|-]m!><§0—150-2|Sms>

x(SmIm\Im)Y" (@)Y, (@)]. (36)

It should be emphasized that, for collisions of like
particles, an additional symmetrization factor 1+6§,, =2
must be included in the scattering amplitude in Eq. (36).
Here, K = |k, + ky| = |k} + k)| is the magnitude of the total
momentum, while ¢=(k;—ky)/2 (¢g=Iq|) and ¢ =
(k} —k5)/2 (¢’ =1q’|) are the relative momenta in the final
and initial states, respectively. The in-medium scattering
process depends on the state of motion of the colliding
pair relative to the medium; therefore, the G matrix also
depends on the total momentum K [49, 50, 52]. /, J, S,
and 7 are the orbital angular momentum, total angular
momentum, total spin, and total isospin of the two scat-
tering nucleons, respectively. m;, m,, and m; are the z-
components of /, S, and J, respectively. Primed quantum
numbers denote the initial state, while unprimed quantum
numbers denote the final state. The spherical harmonic
function is represented by Y". G%.(K,q.q') are the ele-
ments of the G matrix in the partial-wave basis, which is
defined as

|lﬁ'Snl’JT> ]l(kr)Z<Sm lm1|Jm1>Y’n’(r)X”17 (37)

mgmy

where j; denotes the spherical Bessel function and y5* is
the spin wave function.

When the scattering amplitude (36) is used to evalu-
ate the differential cross section, the incident momentum
direction in the c.m. frame, §’, is conventionally chosen
as the reference axis. The differential cross section is then
expressed as a function of the scattering angle 6. ,, in the
c.m. frame, defined as the angle between ¢’ and gq.
With  this  convention, [¥,'(@)] = [Ylm 0,0)] =
mém;o, i.e., it is nonzero only for m;=0.
Therefore, after summation over the spin index, the dif-
ferential cross section is given by

do,.
Qe

M, . (K, q,&m) (3%)

- 167r2h4

Smgm

with
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Mismi (Ka Q7 Hc.m)

20+ 1,
=146 > @4m ) = —i""Glsr(K.q.9)

JT

XS mlm’.—mg|Jm’ }(S m;lOIJm;)Ylmg_m‘v(Gc‘m., @), (39)

where ¢, is the azimuthal angle of ¢, which does not ap-
pear in the final expression (38) for the differential cross
section.

In the low-temperature limit, the scattering process is
restricted to the Fermi momentum sphere, with both the
initial and final momenta equal to the Fermi momentum.
Accordingly, the relationship among K, ¢, 0., and the
AK angles 8 and ¢ in the differential cross section (38)
can be derived as follows:

K= \/p$+p3, +2p.pr €OSH,

1
q= 5 \/ P2+ P =2p.pucos,

2 _ p2 )2 +4p2p? sin® O cos
cosf,, = PrPr) +app: ¢

. 40
(p2+ p2)* —4p2p? sin’ fcos (40

We emphasize that, consistent with the linearized
Landau kinetic equation 4, the cross sections can be ap-
proximated by their zero-temperature values in the low-
temperature limit. In addition, both the susceptibility and
the effective mass are evaluated at zero temperature.
Therefore, the results presented in this work are valid

p3
2ka '

Since the differential cross section relevant to the
transport coefficients arises from variations with respect
to the Fermi-momentum direction, we define the effect-
ive total in-medium cross section, as a rough estimate, as

only in the regime T <« T, with Tr =

(0,9), (41)

‘c.m.

1 do
= in 6d6d
T T s, /(4”) sin0dods 56

where the factor preceding the integral accounts for the
double counting of final states in the case of identical
particles.

D. Simplifications and approximations for the isospin
diffusion coefficient

In a multicomponent system, there must exist an ei-
genvalue A, =1, which corresponds to the bulk motion
defined in the flux definition 1. This is because bulk mo-
tion does not contribute to isospin diffusion. Accordingly,
the corresponding driving term vanishes, X (x;,p;) =0.
As a linear response to the driving term, the function
v.(x), which characterizes the deviation of the perturbed
distribution én,,, should therefore be independent of the

energy variable x; that is, it reduces to a constant. Con-
sequently, Eq. (13) reduces to the following form:

X2 a
o=(1+2t)——7
< 7r2>200sh(x1/2)
X1 — X2 Ay

_ Z/l /Do %
- o _o 72 sinh[(x; —x;)/2] 2cosh(x,/2)

(42)

EREY .
Here, we set ¥-(x) = a; [miprvr(())] , where a, is a con-
stant. Using the integral identity,

« d)Cz X1 — X2 1
[ . 72 sinh[(x, — x,)/2] 2cosh(x2/2)
=(1+ xj) _ (43)
72/ 2cosh(x,/2)’

one obtains
> Avar =a.. (44)

This implies that the matrix with elements A, has an
eigenvalue of 1, which corresponds to bulk motion. This
property can also be inferred from the explicit expression
for A... In particular,

3 1
* N2 /v, \?2
s () () (2) a0
m; Dx Ve

This leads to the following result,

[T

1=, - /lpp) = /12 (46)

np?

which is precisely the eigenvalue equation for an eigen-
value of 1. When evaluating the diffusion coefficient [Eq.
(23)], this eigenvalue, A, = 1, must be excluded; only the
remaining eigenvalue corresponds to the diffusive mode
driven by the gradient of the chemical potential. In asym-
metric nuclear matter, the remaining eigenvalue corres-
ponds to the majority species, i.e., neutrons. In symmet-
ric nuclear matter, this distinction is absent because of
isospin symmetry. For convenience, throughout our cal-
culations we identify the remaining eigenvalue with 4, in
Eq. (16), whose value can be expressed as

(C?+1)
—c

w1 3 =
were €= (2)°(22)! ()
transformation matrix U are

/ln =1 _/lnp (47)

o=

The elements of the
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f__ ¢ gabo_ 1
cosz—m, sm2— D (48)

Consequently, the isospin diffusion coefficient for the
proton component can be expressed as

! N, N, -
D, ;%PZ Ly ve($y =BG = BUmC Uy

Yz
_X7'Cy, { Py (-1-p)
3mn’ Umiv,(0) C2+1

(o ~CCLpNL-P)

ey, O,0)] 7 C2 1
G p B L, ¢
3n2R m;V,,(O) C2+1 Cr+1
32 miv,(0) b

(49)

Notably, Eq. (49) is derived using the relation
(pp/pn)* =(1=P)/(1+p). The contribution from the neut-
ron component has an analogous form. Consequently, the
isospin diffusion coefficient can be expressed as

-1 3 2

Xp P=(s:—B)
D= D, = C, - 50
Z 37T2h3 . mivr(o) An ( )

As an approximation, we neglect the correction factor
C,, arising from the AK theory and directly relate the
isospin diffusion coefficient to the effective cross section
as follows:

5 XE N P =P
2 *2 T
3m* Y~ m; > O

(1)

Accordingly, we also approximate (m}+m:,) ~ 2m:.

III. RESULTS AND DISCUSSION

The evaluation of the isospin diffusion coefficient in
nuclear matter requires several key inputs, including the
susceptibility, effective mass, and transition probability
(or, equivalently, the differential cross section), all of
which are calculated self-consistently within the BHF ap-
proach. The formalism was introduced in the theoretical
section. Below, we present the corresponding results.

In the low-temperature limit, the susceptibility of nuc-
lear matter is determined primarily by the single-particle
binding energy e(p,8). Owing to isospin symmetry,
&(p,B) can be characterized in terms of &, and the sym-
metry energy &,. The results obtained within the BHF ap-
proach using the Av18 potential supplemented by a mi-

croscopic three-body force (3BF) [42—44] are shown in
Fig. 1. For comparison, the results obtained with the
Av18 potential alone are also displayed. Including the
three-body force yields a saturation density of 0.186fm™
and an energy per baryon at saturation of —14.5 MeV. It
should be emphasized that these saturation properties in-
clude the contribution of the total momentum K. As noted
in Ref. [49], an exact treatment of the total momentum
substantially improves the saturation properties of sym-
metric nuclear matter (SNM). To evaluate the derivatives
of & and &; with respect to p, we adopt the following
forms:

60 S T S - —

gg(p)=ap"+ep*
— | — AvI8+3BF _
= 20 --- AvIS E
wo

120 |

= | DU Threshold

p [fm?]

Fig. 1.  (color online) Binding energy per nucleon of sym-
metric nuclear matter gy(p) (upper panel), nuclear symmetry
energy &, (middle panel), and proton fraction of f—stable mat-
ter (lower panel) at zero temperature as functions of nucleon
density. The black open squares and red open circles repres-
ent the results obtained with Av18 + 3BF and Avl18 only, re-
spectively. The black solid and red short-dashed lines in the
upper and middle panels denote the corresponding fits ob-
tained from Eq. (52). The red stars indicate the saturation
points obtained from the BHF calculations. In the lower panel,
the black solid and red short-dashed lines correspond to the
results obtained with Av18 + 3BF and Av18 only, respect-
ively. The horizontal line indicates the threshold proton frac-
tion for the direct Urca (DU) neutrino emission process.
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go(p) = ap” +cp?, &,(p) = ap% +bp+cp?, (52)

to fit their density dependence. The fitted parameters, to-
gether with the corresponding standard deviations, are
presented in Table 1. For f—stable nuclear matter (BSM),
the proton fraction is fixed by the conditions of £ equilib-
rium and charge neutrality and, in practice, is determined

by the symmetry energy &,. This behavior is shown in the
lower panel of Fig. 1. The horizontal line indicates the
threshold proton fraction for the direct Urca (DU) neut-
rino-emission process. The inclusion of the three-body
force stiffens the symmetry energy, which in turn in-
creases the proton fraction, facilitates the onset of the DU
process, and may lead to more rapid cooling in NSs [53].

Table 1. Fitted functional parametrizations of the binding energy per nucleon in symmetric nuclear matter and of the nuclear sym-
metry energy as functions of nucleon density, together with their standard deviations.

a b c d o
£o(p) with Av18+3BF —50.6542 0.592213 345.452 2.61383 0.018251
£o(p) With Av18 —71.8258 0.694666 147.214 1.90246 0.020589
£,(p) with Av18+3BF 142.048 —92.3655 361.866 2.70684 0.190923
£,(p) with Av18 159.937 —145.965 98.3314 1.71881 0.068027

For the effective mass, BHF results at various densit-
ies, isospin asymmetries, and temperatures, along with a
parameterization, have been reported in [50]. We employ
the same results here. The remaining key ingredient is the
in-medium differential cross section, which plays a cent-
ral role in determining transport properties. Figure 2
shows the differential neutron—neutron and neutron—pro-
ton cross sections in symmetric nuclear matter and
f—stable nuclear matter. Because the differential cross
section depends on the total momentum of the two scat-
tering nucleons, we set the total momentum to K = 0; that
is, the result is evaluated in the c.m. frame. For comparis-
on, Fig. 2 also shows the free-space differential cross sec-
tion and the result obtained from Eq. (38) using Av18 +
3BF with m*/m = 1. The free-space differential cross sec-
tion is in good agreement with the experimental data
[54—-56]. For symmetric nuclear matter, the results ob-
tained with Av18 alone in the neutron—neutron channel
agree with those of Refs. [9, 39]. When 3BF [43]is in-
cluded, the trend remains similar, but the magnitude in-
creases by roughly a factor of 1.6 because of differences
in the three-body force. This difference is also reflected
in the proton fraction. Neglecting medium effects on the
scattering phase space (i.e., setting m*/m=1) leads to a
substantial increase in the cross section. This indicates
that the medium modifies the nucleon—nucleon scattering
cross section primarily by reducing the available scatter-
ing phase space. In f-stable nuclear matter, the
neutron—neutron differential cross section exhibits essen-
tially the same angular distribution as in symmetric nuc-
lear matter, with only an overall change in magnitude.
For the neutron—proton differential cross section, three-
body forces are found to enhance the forward-backward
scattering asymmetry. As in neutron—neutron scattering,

neutron—proton scattering in f—stable nuclear matter ex-
hibits behavior very similar to that in symmetric nuclear
matter.

According to the approximate expression in Eq. (51),
the isospin diffusion coefficient is inversely proportional
to the effective total cross section o*. To gain a qualitat-
ive understanding of the behavior of the total cross sec-

—
(]

L 4 R A AR R
d
1]
I

— Av18+3BF
- -=-=-Avl8
—- = free

=]

— m'm=1 .

-

do,,"/dQ[mbarn] do,,"/dQ [mbarn]

(]

0.0 0.5 1.0 1.5 2.0 2,5 0.0 0.5 1.0 1.5 2.0 25
0. . [rad]

Fig. 2. (color online) Differential cross sections as functions
of the center-of-mass (c.m.) scattering angle at a density of
p=035fm™ and a c.m. energy of E., =75MeV. The left
(right) panels correspond to symmetric nuclear matter
(p—stable nuclear matter), whereas the upper (lower) panels
show the neutron—neutron (neutron—proton) channel. The
thick solid, thick short-dashed, and thick short-dash-dotted
lines denote the results obtained with Av18 + 3BF, Av18 only,
and in free space, respectively. The thin solid lines show the
results calculated from Eq. (38) using Av18 + 3BF with

m'/m=1.
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tion, we show its density dependence in symmetric nucle-
ar matter and in f—stable nuclear matter in Fig. 3. In sym-
metric nuclear matter, the effective neutron—proton cross
section o, is much larger than the effective neutron—
neutron and proton—proton cross sections, o7, and o

respectively. This indicates that the neutron—proton chaprpl—
nel provides the dominant contribution to the diffusion
coefficient. This conclusion also holds for f—stable nucle-
ar matter with Av18+3BF. However, when only the Av18
two-body potential is adopted, the situation becomes un-
expected: the effective proton—proton total cross section
a7, becomes more pronounced than the neutron—neutron
and neutron—proton total cross sections, o, and o,,. This
behavior may be attributed to the fact that, when only the
Av18 potential is considered, the cross section in the c.m.
frame decreases monotonically with increasing incident
momentum ¢ (equivalently, the c.m. energy, E.. =
1?q*/m). Meanwhile, the effective total cross section
defined in Eq. (41) is dominated by contributions from
the cross section evaluated at the Fermi surface. In
[—stable matter, the proton Fermi momentum is much
smaller than the neutron Fermi momentum, which makes
the corresponding effective total cross section more pro-
nounced. By contrast, when 3BF is included, the E.,, (q)
dependence of the cross section is no longer monotonic.

T T  REREEE Y I RERAREN RARRLL T
i — o,, with AvI8+3BF ]

* with Av18+3BF |
* with AvI8+3BF ]

np

—_ - e
= T v

= 100 | N — o withavis | =
= F ‘~\ """" G,y With AV18 (=
E \‘N G,, With Av18 7
*

e}

10 |

=
= 100 3 3 =
= 1%
.é 1~
b
10 ¢
3
p Ifm?]
Fig. 3. (color online) Effective total cross sections, o*, as

functions of density for symmetric nuclear matter (upper pan-
el) and f—stable nuclear matter (lower panel). The black solid,
blue short-dashed, and red short-dash-dotted lines denote the
proton—proton and neutron—proton scattering results. The
thick and thin lines indicate the results obtained with Av18 +
3BF and Av18 only, respectively.

However, when only the Av18 potential is taken into ac-
count for f—stable matter, the effective neutron—proton
and proton—proton total cross sections, o, and o7, ,, are
of comparable magnitude.

Based on the key input quantities discussed above, we
present the isospin diffusion coefficients, with the tem-
perature dependence factored out, for symmetric and
[—stable nuclear matter, as shown in Fig. 4. The black
solid lines denote the exact results obtained from Eq.
(50). In general, the density dependence of the diffusion
coefficient is inversely proportional to the effective total
cross section ¢*. The inclusion of three-body forces sup-
presses the nucleon—nucleon scattering cross sections,
thereby enhancing the diffusion coefficient. To establish
a more direct connection with the cross sections, we also
show in Fig. 4 the results of the effective total cross sec-
tion approximation (ETCSA), obtained from Eq. (51) and
indicated by the red dashed lines. Given the importance
of the neutron—proton cross section, as illustrated in Fig.
3, we further present the results of the neutron—proton
cross section approximation (NPCSA), represented by the
blue short-dashed lines. This approximation is obtained
from Eq. (51) by retaining only the term o7, and neglect-
ing the contributions from o7, and o;,,. For comparison,
we also show the results of the total cross section approx-
imation (TCSA), denoted by the dash-dotted lines in Fig.
4. In this case, Eq. (51) is evaluated with o* replaced by

1 / do?,
F T
O = dQe . (K.q,0cm.), (53)
T 146 (4m) dQc .
_ Av18+3BF Av18
".'m F T T T T T T
NE i
)
N% 1F + is
= 14
:m 01F --- NPCSA E 3
E —-- TCSA
o 1E I ]
E i i ]
S 0.1 E -+ E
o 3 E
Z o01f 1 1z
~ i 1R
& 0.001F I ]
=
[=) 1E-4 but 1 1 1 1 1

0.1 0.2 03 04 0.5 0.6 0.1 0.2 0.3 04 0.5 0.6
p [fm?]

Fig. 4. (color online) Isospin diffusion coefficients obtained
under different approximations in symmetric and f-stable
nuclear matter. The black solid, red dashed, blue short-dashed,
and magenta dash-dotted lines denote the exact result, the ef-
fective total cross-section approximation (ETCSA), the neut-
ron—proton cross-section approximation (NPCSA), and the
total cross-section approximation (TCSA), respectively.
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where K =0 and g = |p; — p~|/(2h) in the c.m. frame. The
quantity o, corresponds to the total cross section evalu-
ated at the c.m. energy E.., = h*q*/m. Overall, although
these approximations reproduce the order of magnitude
and the general density dependence of the exact results,
substantial quantitative deviations remain. In particular,
within ETCSA, the diffusion coefficients for SNM with
Av18+3BF, SNM with Av18, BSM with Av18+3BF, and
BSM with Av18 exceed the corresponding exact results
by factors of approximately 1.12, 1.21, 1.38, and 2.54, re-
spectively. For TCSA, the corresponding ratios are ap-
proximately 0.85, 0.62, 1.34, and 1.63, respectively. Part
of the discrepancy between the approximations and the
exact results arises because the approximate formula (51)
does not incorporate the correction factor C, that ap-
pears in the AK theory. Given the strong density depend-
ence of C,,, its magnitude varies substantially in f—stable
nuclear matter, ranging from 1.4 to 2.2 with 3BF, and
from 2.0 to 2.7 without 3BF. Consequently, the devi-
ations of the ETCSA and TCSA results from the exact
solution cannot be eliminated by introducing a simple
universal renormalization factor. However, it is worth
emphasizing that NPCSA provides a relatively better ap-
proximation and exhibits a certain degree of universality.
Regardless of whether three-body forces are included, the
approximate diffusion coefficients deviate from the cor-
responding exact results by factors of roughly 0.82 and
1.2 for SNM and BSM, respectively. This seemingly sur-
prising success of NPCSA may originate from the under-
lying mechanism of isospin diffusion. Physically, isospin
diffusion is governed by relative transport between neut-
rons and protons. Although nn and pp collisions primar-
ily redistribute momentum within each species, they do
not directly change the isospin composition. In contrast,
np scattering directly modifies the distributions of the two
components and thus dominates the equilibration of
isospin asymmetry. As a result, retaining only the np
channel already captures the leading mechanism of the
diffusion process, explaining why the approximation
works well. This feature is expected to be largely inde-
pendent of the specific interaction used.

Notably, in BSM with Av18 alone, the proton—proton
cross section o7, is slightly larger than the neutron—pro-
ton cross section Top- Consequently, for the proton diffu-
sion coefficient D,, the two channels make approxim-
ately comparable contributions, each accounting for
roughly one half. Moreover, owing to the presence of the
(1+p)* factor in the expression for D, [in contrast to
(1-p)* for D,], the proton component becomes much
more significant in the total diffusion coefficient. As a
result, the o, channel contributes about one half of the
total D. However, the AK correction factor C,, takes val-
ues in the range 2—2.7, which largely compensates for the
deviation introduced by adopting only o,,. Nevertheless,

for BSM with Av18 alone, the corresponding NPCSA

results still deviate slightly more from the exact values
than the NPCSA results in the other cases.
Experimentally measured isospin diffusion observ-
ables in heavy-ion collisions have been widely used to
constrain the density dependence of the symmetry en-
ergy [3, 7, 57]. In this context, it is useful to clarify the
connection between the microscopic diffusion coefficient
calculated in uniform nuclear matter and experimentally
accessible observables, such as the isospin transport ratio
R;[57]. Intransport simulations [e.g., Boltzmann—Uehling—
Uhlenbeck (BUU) or Quantum Molecular Dynamics
(QMD) transport models], the equilibration of the neut-
ron—proton asymmetry arises dynamically from the com-
bined effects of mean fields and nucleon—nucleon colli-
sions. Although these models do not explicitly introduce
a diffusion coefficient, the underlying transport process
can be approximated, in the linear response regime near
local equilibrium, by a diffusion equation for the isospin
asymmetry. In this limit, the diffusion coefficient D may
provide an effective characterization of local transport
properties, reflecting both the symmetry energy and in-
medium scattering cross sections. Thus, although D is not
directly measurable, it can serve as a useful intermediate
quantity that connects microscopic transport properties to
the dynamics underlying macroscopic observables, such
as R;, which are used to constrain the symmetry energy.
A reliable interpretation of such observables may re-
quire a clear understanding of the isospin dependence of
the diffusion coefficient in nuclear matter. We therefore
show the isospin dependence of the diffusion coefficient
as a function of the isospin asymmetry f in Fig. 5. In gen-
eral, the § dependence of the diffusion coefficient devi-
ates significantly from the simple (1-/3%) parameteriza-
tion adopted in Ref. [13]. Instead, it exhibits a more in-
tricate functional behavior characterized by a symmetric
double-peaked structure ("M"-shaped structure). Specific-
ally, once the system departs from symmetric nuclear
matter, the diffusion coefficient initially increases with
increasing f, reaches a maximum at a certain value of £,
and then decreases at larger asymmetries. For the
Av18+3BF calculations, the peaks are located at |8 ~ 0.2
and |8~ 0.26 for densities p=0.17 fm™ and 0.34 fm™>,
respectively. In contrast, for the calculation with the
Av18 interaction alone, the corresponding maxima ap-
pear at |3/~ 0.12 and || ~0.31. The  dependence of D
arises from four factors: yp, pi(s,—p)*, m:, and v,. Al-
though the # dependence of yp is explicitly given by Eq.
(31), the other three contributions are intertwined. To
analyze the § dependence of the isospin diffusion coeffi-
cient more clearly, we also present the f dependence of
Dyp in Fig. 5. The S dependence of Dy, displays a pro-
nounced double-peaked structure. The locations of the
peaks are nearly independent of the density and the inter-
action, remaining around |3 = 0.35. These results indic-
ate that the symmetric double-peaked structure of the dif-
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Fig. 5. (color online) Isospin dependence of the diffusion

coefficient D (upper panel) and Dy, (lower panel) at densit-
ies of 0.17 fm™ and 0.34 fm™>. The black open squares and red
open circles represent the results obtained using Av18 + 3BF
and Av18 alone, respectively. The black solid and red short-
dashed lines in the lower panel denote the corresponding fits
obtained from Eq. (54).

fusion coefficient originates from Dy, and that the loca-
tions of the peaks may be determined by the susceptibil-
ity xp. To quantify the f dependence of Dyyp, we further
fit Dy, with the following functional form:

Dyp =a+b \/n+ﬁ2+6< \/n+ﬂ2>2+d( JW)3

4

ve( VirR) - (54)

The fitted parameters, together with their correspond-
ing standard deviations, are presented in Table 2. The
parameter # is introduced as a small regulator to ensure
continuity at 8=0. Although the linear dependence of
Dy on f is numerically important, isospin symmetry re-
quires Dy to be an even function of f. In practical ap-
plications, we adopt 1 =0.012. We note that the domin-
ance of the coefficient multiplying the term +/n+ 832, rel-
ative to that multiplying the term n+p2, leads to an ap-

proximately symmetric, quasi-linear dependence of Dy
on f at small isospin asymmetry. In practice, for
|8l < 0.15, Dyyp is well approximated by the form a + b|3].

Although the diffusion coefficient obtained in the
present work is, in principle, restricted to the low-temper-
ature limit, the isospin dependence (the "M"-shaped struc-
ture) derived here is expected to remain relevant for stud-
ies of isospin diffusion. In typical heavy-ion collision
scenarios for isospin-diffusion studies [2, 3, 6, 7], the cor-
responding effective temperatures are on the order of 5
MeV and thus remain relatively low compared with the
Fermi energy of nuclear matter. As a result, key input
quantities, such as the susceptibility, effective mass, and
in-medium differential cross section, are not expected to
differ significantly from their zero-temperature values.
More importantly, their isospin dependence is expected to
remain largely unchanged as temperature increases.
Therefore, the f dependence of the diffusion coefficient
obtained in the present work is expected to be robust in
applications to isospin-diffusion studies.

IV. SUMMARY AND OUTLOOK

In this work, we have presented a systematic evalu-
ation of the isospin diffusion coefficients of symmetric
and f—stable nuclear matter in the low-temperature limit
within the Abrikosov—Khalatnikov framework. All key
microscopic inputs, including the susceptibility, effective
mass, and in-medium differential cross sections, are ob-
tained self-consistently within the BHF approach, using
the realistic Av18 potential with and without the inclu-
sion of the microscopic three-body force [42, 43]. The
resulting diffusion coefficients therefore provide a con-
sistent and comprehensive description of nuclear matter
dynamics across a broad range of densities and isospin
asymmetries.

We find that the inclusion of three-body forces modi-
fies the in-medium nucleon—nucleon scattering proper-
ties and generally suppresses the effective cross sections,
thereby enhancing the diffusion coefficient. We also
compare the diffusion coefficients obtained under vari-
ous approximations with the exact results of the AK the-
ory. Although these approximate treatments can repro-
duce the correct order of magnitude and the overall dens-

Table 2. Fitted parameters and standard deviations of the functions for the diffusion coefficient multiplied by the generalized suscept-

ibility, i.e., Dyp.

a b c d e o
p =0.17 with AvI8+3BF 5.378 8.406 0.0554 -31.976 17.945 0.0163
p=0.17 with Av18 4.400 7.660 —5.252 —16.806 9.760 0.0262
p =0.34 with Av18+3BF 34.895 51.844 —6.114 —177.896 95.601 0.0508
p =0.34 with Av18 27.049 49.802 —17.498 —117.045 56.502 0.0596
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ity dependence of the diffusion coefficient, sizable quant-
itative deviations remain. Among the approximations
considered, the neutron—proton cross-section approxima-
tion (NPCSA), derived from Eq. (51) and retaining only
the contribution of the neutron—proton effective total
cross section o,,, unexpectedly provides a more reliable
and comparatively universal description over the density
range studied. This finding highlights the dominant role
of the neutron—proton scattering channel in governing
isospin diffusion in nuclear matter.

In addition, the § dependence of the diffusion coeffi-
cient is found to deviate significantly from the previously
adopted quadratic parameterization (1—;?) [13]. Instead,
it exhibits a symmetric double-peaked ("M"-shaped)
structure. As the system departs from the symmetric case,
the diffusion coefficient first increases, reaches a maxim-
um at a certain asymmetry, and then decreases at larger
|8l. The peak location depends sensitively on both the
density and the underlying potential, and it is shifted by
the inclusion of three-body forces. A detailed analysis in-
dicates that this symmetric double-peaked structure arises
primarily from the f dependence of Dy, which reflects
the combined effects of the effective masses, in-medium
cross sections, and Fermi momenta. However, the loca-
tion of the peak is governed by the susceptibility. At
small isospin asymmetry, Dyp exhibits a linear depend-
ence on . A simple parameterization, a-+b(n+ %"+
c(n+B)+dm+p2"? +e(m+p52)?, is further introduced to
characterize the § dependence of Dyyp, providing a trans-

parent representation of both the symmetric double-
peaked structure and the linear behavior in the low-f re-
gime.

The present results are useful for interpreting isospin
diffusion observables in heavy-ion collisions and for con-
straining the density dependence of the nuclear sym-
metry energy. However, direct comparisons with experi-
mental isospin-diffusion data may require transport simu-
lations, such as BUU or QMD models. Since the present
work focuses mainly on the microscopic determination of
the diffusion coefficient in uniform nuclear matter, such
comparisons are beyond its scope and are left for future
studies. Nevertheless, because transport coefficients enter
dynamical simulations explicitly, an accurate description
of their isospin and density dependence is essential for re-
liably constraining the symmetry energy. In this context,
it should be noted that the sensitivity of the diffusion
coefficient to different microscopic nuclear interactions,
particularly those derived from chiral effective field the-
ory [58—60], has not yet been systematically investigated.
Such an investigation would help clarify how different
nucleon—nucleon interaction mechanisms influence
isospin transport properties. In addition, finite-temperat-
ure effects on the isospin diffusion coefficient have not
been systematically examined. Furthermore, nucleon—
nucleon correlations [61], such as Fermi surface deple-
tion, are not included in the present calculation. Incorpor-
ating these effects will be important in future work to
achieve a more comprehensive understanding of the dif-
fusion coefficient.
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