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Confinement order parameters in QCD: a view from Schwinger—Dyson
equations and related low energy QCD models
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Abstract: Confinement and dynamical chiral symmetry breaking are two emergent non-perturbative phenomena of
quantum chromodynamics (QCD) that are responsible for the nature of hadron spectra. While it is well known that
the chiral condensate —(y) is an order parameter for the chiral transition, the Polyakov loop is the associated ap-
proximate order parameter for the confinement—deconfinement transition in the pure gauge sector with center sym-
metry. Nevertheless, this quantity cannot be derived from functional methods, and other quantities have therefore
been proposed as order parameters for this transition. In the current investigation, we review and compare several
proposed parameters that have been used to describe the confinement/deconfinement transition in QCD and related
quantum field theories in the framework of Schwinger—Dyson equations.
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I. INTRODUCTION

Quantum Chromodynamics (QCD) is a theory of col-
or forces among quarks and gluons. It exhibits two dis-
tinct features in opposite energy regimes. On the one
hand, it exhibits asymptotic freedom [1, 2] in the high-en-
ergy domain, where perturbative methods based on Feyn-
man diagrams are useful for describing strong interac-
tions [3]. At low energies, on the other hand, QCD be-
comes highly non-linear because the strong coupling «;
rightfully deserves its name (see, for instance, Ref. [4]
and references therein), rendering any perturbative at-
tempt to describe strong interactions ineffective in this re-
gime. Non-perturbative tools such as lattice QCD [5] (see
also references therein), Schwinger-Dyson equations
(SDEs) [6] (see references therein), and other effective
approaches [7] are required to properly account for the
hadronization of the fundamental degrees of freedom of
the theory. The latter is a process that depends strongly
on the properties of the quark and gluon environment,
namely temperature, density, and the influence of extern-
al magnetic fields, for instance. The vanishing of the dy-
namical component of the quark masses at small or van-
ishing baryon chemical potential and at temperatures
around 150—170 MeV, corresponding to chiral symmetry
restoration, can be studied from the behavior of the chiral

CSTR: 32044.14.ChinesePhysicsC.50113102

condensate in lattice QCD [8] and continuum studies
[9-12]. Nevertheless, the melting of hadrons into the
quark—gluon plasma (see, for instance, Refs. [13—15] and
references therein) —corresponding to a cross-over
between the confinement and deconfinement phases of
quark matter with physical current quark mass— has com-
monly been studied in lattice simulations through the be-
havior of the Polyakov loop (PL) [16]. The quark—anti-
quark condensate is an exact order parameter for chiral
symmetry breaking/restoration in the chiral limit (m — 0
where m represents the current quark mass). At finite
temperature 7, the chiral transition is of second order for
the light quark flavors Ny =2 in the chiral limit, whereas
it is first order for two light and one heavy quark flavors
Ny =2+1. Here, the chiral condensate serves as a genu-
ine order parameter. In lattice QCD, the confinement/de-
confinement phase transition in the chiral limit can be
characterized by the Polyakov loop. The Polyakov loop is
a fundamental lattice gauge theory operator used to probe
the deconfinement transition in finite-temperature QCD,
especially in the pure gauge sector, where it serves as an
order parameter for confinement under the Z(N,) center
symmetry [17, 18]. Its logarithm is proportional to the
negative of the static-quark free energy in units of tem-
perature. Since the Polyakov loop is not invariant under
Z(N,) transformations, it vanishes below the transition
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temperature (static-quark free energy diverges) and be-
comes finite above the transition temperature 7. due to
color screening [18, 19]. Thus, the deconfinement trans-
ition is tied to the onset of screening. In full QCD, sea
quarks explicitly break center symmetry: when a string
between a color charge pair breaks, a light quark—anti-
quark pair is created, giving the Polyakov loop a small,
positive expectation value in the confined phase and com-
plicating its role as a strict order parameter. Con-
sequently, deconfinement in QCD is often discussed
through fluctuations of conserved charges rather than
solely via the Polyakov loop [19].

The clear physical interpretation of the Polyakov loop
as the free energy of a single quark makes it a preferred
order parameter for coupling to effective models based on
the Nambu—Jona-Lasinio (NJL) [20] model, which lacks
confinement, forming PNJL models in which chiral dy-
namics is coupled to a Polyakov loop potential to mimic
confinement [21]. Between the chiral and infinite quark
mass limits, there is a crossover region where neither the
quark condensate nor the Polyakov loop is an exact order
parameter; thus, they signal only smooth transitions. Nev-
ertheless, both quantities remain interesting objects of in-
vestigation. Numerical simulations in lattice QCD indic-
ate that the critical temperature 7. is the same for both
transitions (chiral symmetry restoration and deconfine-
ment). Thus, it is widely believed that there must be a
mechanism linking the two phenomena [22]. However, so
far, there is no generally accepted picture for such a link.
The dressed Polyakov loop, often denoted X, is a related
"dual" observable that combines the usual Polyakov loop
with information from the Dirac operator spectrum. It
acts as a novel order parameter for the deconfinement
transition and connects to chiral symmetry breaking (see
[22—-25]) and is expected to be useful in functional ap-
proaches. A new approach to relating Dirac eigenvalues
to confinement was proposed [22], showing that the
Polyakov loop can be written as a linear combination of
spectral sums of Dirac eigenvalues computed with differ-
ent fermionic boundary conditions. In the quenched limit,
the Polyakov loop is an order parameter for confinement,
vanishing in the confined phase and acquiring a nonzero
expectation value above 7. in the deconfinement phase.
The proposed framework suggests that the distinction
between phases may arise from the differential response
of the Dirac spectrum to changes in the boundary condi-
tions [22].

Functional approaches, including renormalization-
group equations (RG) and Schwinger—Dyson equation
methods, do not directly or readily yield confinement/de-
confinement order parameters. Ref. [26] introduced a pro-
cedure to test confinement by deriving the Polyakov-loop
potential, suggesting its use as an order parameter for the
transition. Meanwhile, the dressed Polyakov loop (also
known as the dual quark condensate) has been proposed

as an order parameter for the confinement—deconfine-
ment transition within the Schwinger—Dyson formalism
[27-30].

However, a natural way to understand the character-
istics of confinement is provided by the infrared behavior
of Green functions of quarks and gluons [31]. The analyt-
ic properties of these propagators have been used in sev-
eral ways to test confinement-deconfinement in QCD [32,
33]; they remain valid tools, and these properties can nat-
urally be explored in other QCD-like theories as well. A
symmetry-preserving contact interaction (CI) model for
quarks [34] is based on a momentum-independent trunca-
tion of the Schwinger-Dyson equations, with a regulariza-
tion scheme that ensures that the quark propagator re-
mains free of real or complex poles. In this context, con-
finement is achieved by introducing an infrared cutoff
7;r = 1/A,, 1n addition to an ultraviolet cutoff 7,, = 1/A,,
[35]. The infrared cutoff serves to eliminate unphysical
thresholds and plays a crucial role in enforcing confine-
ment. The absence of poles in the quark propagator is in-
dicative of a confined excitation within the framework of
axiomatic field theory [35]. This approach maintains the
symmetry of the system while ensuring the physical con-
sistency of the model. The CI (or NJL) model does not
account for gauge boson mediation, so there is no center
symmetry and one cannot associate the Polyakov or
dressed Polyakov loops [36]. Therefore, arguments for
confinement based on the vacuum expectation values of
these quantities are not applicable in this scenario. The
confinement scale (7;, at zero and finite 7, at density , in
background fields, and under screening from a large num-
ber of light quark flavors N;) can serve as an order para-
meter for the confinement-deconfinement transition
[37—44]. 1t is worth noting that, in the chiral limit, the
confinement length scale remains finite, indicating con-
finement, up to the critical temperature T.; above this
temperature, the model transitions to the ordinary NJL
model, resulting in the emergence of poles in the propag-
ator and an anticipated deconfinement transition [37—44].
In the confined phase, the quark propagator does not ex-
hibit pole singularities, whereas in the deconfined phase,
there may be multiple or even a single pole singularity, as
indicated by a study of the non-local NJL model [45].

While lattice QCD provides a first-principles numer-
ical approach, the functional methods discussed here of-
fer a unique window into the analytic structure of the the-
ory. It is important to distinguish between indicators that
are theoretically fundamental, such as the Polyakov loop
in the pure-gauge limit, and those that serve as model-de-
pendent proxies, such as the infrared regularization scales
in contact interaction models.

This review aims to provide a pedagogical overview
for both experts and non-experts, focusing on the trans-
ition between different regimes of QCD. By comparing
continuum functional methods with effective models, we
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highlight the strengths and inherent limitations of various
confinement indicators. In this work, we present a survey
of different parameters that have been used to test con-
finement through the analytic properties of the quark
propagator in QCD and various effective models. We de-
scribe how these parameters have been extended to finite
temperature and other environments with some degree of
success. We have organized the work as follows: We re-
view the basics of QCD in Sec. II, with particular atten-
tion to the analytic structure of the quark propagator. We
then review some of the more successful models that
have been employed within the SDEs framework to de-
scribe chiral symmetry breaking and confinement in QCD
in Sec. IIl. The axiom of reflection positivity and its im-
plications for confinement are presented in Sec. IV, and
the dressed Polyakov loop (dPL) is discussed in Sec. V.
The summary and perspectives are finally presented in
Sec. VIIL.

II. QCD LAGRANGIAN AND
SCHWINGER-DYSON EQUATIONS

A. QCD lagrangian
Quantum chromodynamics (QCD) is a well-estab-
lished theory of strong color interactions in the Standard
Model of particle physics. On the basis of gauge-sym-
metry arguments, the corresponding Lagrangian is ex-
pressed as [3]:

3 Ny
~ -4 /. 1
Loco =Y ¥ (i'Du=—ma) ¥y = 7 Fp,F*. (1)
a=1 A=1

The first term in Eq. (1) represents the quark sector,
where y and ¢ denote the quark and antiquark fields, re-
spectively. Each of the N, flavors has current quark mass
my, and a denotes a color index. The second term repres-
ents the gauge sector, with

F;stv =0,G, - avGZ - &:fuG, G, 2)

uTvo

corresponding to the gauge field strength tensor, defined
in terms of the covariant derivative

igs
D =0 + %GL(A’)W//,‘,‘ 3)

as the commutator
a

A
[D[J’DV] :_igs F

5o @

In this context, g, denotes the QCD coupling, while A*

denotes the Gell-Mann matrices, with internal indices
s,t,u running from 1 to 8. These matrices satisfy the
SU(3) Lie algebra

[/lm/lt] = Ziftm/lu’ (5)

where f;, denote the SU(3) structure constants,

f123 = 17
1
f147 = _flS6 = f246 = f257 = f345 = _f367 = 5,
V3
f458 = f678 = 7, (6)

whereas the remaining f;,. that are not related to those
above by permutations vanish.

In the real world, there are eight gluon fields, de-
noted by G,,, and six flavors of quarks, each of which ex-
ists in three color states: red, green, or blue. The QCD
Lagrangian retains the flavor symmetries of a free-quark
model, with nondegenerate quark masses as the only
source of symmetry breaking. It is also invariant under
charge conjugation and space inversion. In this work, we
focus on the chiral symmetry of the Lagrangian. This
chiral symmetry is described by the special unitary group
SU2)®SUQ2)x. Introducing the left- and right-handed
fermion fields through the projectors ¥; = (1 -y°)¢/2 and

r=1+y)/2, for Ny =2, the Dirac part of the QCD
Lagrangian in Eq. (1) can be written as:

Laco =0 (D" + 95" (D)
— G (M) U =W (maa) W 7)

For massless up and down quarks (m, = m,; = my =0),
the Lagrangian is invariant under the following gauge
transformations:

Wr — Exp[—id - Oldr, ¥ — Exp[-id-G 1. (8)

When m, =m, =m, #0, the QCD Lagrangian is no
longer chirally symmetric because the mass term ym, g
explicitly breaks chiral symmetry. In the vacuum, the
chiral symmetry SU(2),®SU(2); is also spontaneously
broken by a nonzero quark—antiquark condensate,
—(ypy #+ 0, generated by nonperturbative dynamics. This
breaking leaves the isospin subgroup SU(2)y unbroken.
The resulting Nambu—Goldstone bosons (the pions) arise
from the three broken generators. Accordingly, an effect-
ive theory describing QCD bound states, such as baryons
and mesons, must incorporate mass terms for the con-
stituent quarks, despite the apparent tension with an un-
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broken chiral symmetry. This chiral-symmetry breaking
accounts for the majority of hadron masses, including
those of nucleons, which constitute most of the mass of
visible matter.

B. Schwinger-Dyson equations

The equations of motion derived from the Lagrangi-
an density in Eq. (1) are Schwinger—Dyson equations
(SDEs), which constitute an infinite tower of interconnec-
ted integral relations among the Green functions of QCD.
The two-point function is related to the three-point func-
tion, which is in turn connected to the four-point function,
and so on. The SDE for the quark propagator is shown in
Fig. 1. Mathematically, the quark gap equation is ex-

pressed as
-1 -1
—e— - +
Fig. 1. (color online) Pictorial representation of the SDE: the

left-hand side denotes the inverse dressed quark propagator
with momentum p. On the right-hand side, the first term de-
notes the inverse bare propagator, and the second term repres-
ents the quark self-energy. This self-energy diagram contains
the dressed gluon propagator (gluon line with a red blob) with
momentum (p-—k), the dressed quark—gluon vertex (blue
blob), and the dressed quark propagator (line with a solid
green blob) with momentum £.

S7(p) =p+ma+2(p), ®

where p=iy-p, and S~'(p) denotes the inverse dressed
quark propagator:

d*k A Al
200 = [ €Dl k=P 3 1S WG TAp). (10)

The self-energy contains the dressed quark—gluon in-
teraction vertex I',(k, p) and the dressed gluon propagator
D,,(¢*), each of which satisfies its corresponding SDE.
By Lorentz covariance in QCD, the inverse dressed quark
propagator can be decomposed as:

S~ (p) =pA(p*) + B(p*), (11)

where A(p?) and B(p?) are scalar functions related to the
quark wave-function renormalization function, F(p?), and
the quark mass function, M(p?), by F(p*) = 1/A(p?), and
M(p*) = B(p*)/A(p?), respectively. The dressed propagat-
or can then be written as:

S(p) =po,(p*) + o s(p°), (12)

where the scalar and vector projections of these two-point
functions are

F(p*)
P+M(p?)

F(pH)M(p?)

2\ _ 2\ —
o(p) = ERYITOR oy(p) = 13)

Thus, the functions A(p?) and B(p?) can be obtained from
the gap equation by substituting Egs. (11), (12), (13) into
Eq. (9), and are given by:

1 .
ApH) =1+ @Tr[—l)’ -pE(PH)],

1
B(p*) =ma+ ZTr[Z(pz)]. (14)

The above equations provide the starting point for ad-
dressing chiral symmetry breaking in a given quantum
field theory.

The chiral condensate —(yu) is the order parameter
for chiral symmetry breaking. It is defined as the trace of
the quark propagator in position space at the origin;
namely,

_ d*p
—W) = N.Tr[S (x = 0)] = N, / S S (p)]
(2m)

d4
_ 4N, / S, (15)

Chiral symmetry is broken when —{Jn/) #0; in the
chiral limit, the quark—antiquark condensate is therefore
an exact order parameter. When —(yy) = 0, the system is
in a chirally symmetric phase.

C. Schwinger-Dyson equations in a medium

In a medium characterized by temperature 7 and
chemical potential u, the temporal component of the
quark four-momentum separates, k — (ko,lz). Within the
imaginary-time formalism, this separation is expressed in
terms of the Matsubara frequency ky — iw, =i[(2n+ DaT+
ip]; thus, the inverse quark propagator is

STHP.@,) = (¥ P +iyo@, + ma + (P, @,).  (16)
Accordingly, the quark propagator is written as

S(ﬁ? a)n) = (17_’}17)0%(15)2,63,) +i’y0&)no-C(ﬁ2aal)3,)
—op(P, @), (17)

where the scalar, temporal, and spatial projections of the
quark propagator are
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[A, B,CI(,@?)
PPA(P?, )+ D2CH (P, w2) + BA (P, @2)
1

0 ~2
O'A,B,c(ﬁ ,w,,) ==

respectively. The gluon propagator is given by

D35 = P, DY(F, ) + P, DX, Q) mp),  (19)

'm?

where the bosonic Matsubara frequency is Q, =2mnT,
and the one-loop Debye screening mass is [46]

4 2
mg=g§(§T2+;’—2). (20)

The operators P/, and P}, are transverse and longitudinal,
respectively, with respect to the heat bath and are given
by

L T
P/lv O 02 - PHV’
T _ 671‘67,'
P =6ij— 7
PL =0, (21)

where DTt denote the transverse and longitudinal gluon
dressing functions.

With these ingredients, the in-medium QCD gap
equation can be written as

2(*@)—T§:/ LI G-tant
P,wy) = — (2n)3g5 AV s=en] 27}1

-> Aa -
XS(k7wl)EFV(k’ﬁ7&’)l’&)n)' (22)
Here, Q,; = &, — @,. The above equation can be described

as a system of equations for the unknown functions 4, B,
and C:

_ 1 _
B(7*, @) =m, + ZTr[z(ﬁ{w?, 1, (23)
_ 1 _
AP, @p) = 1+ — Tr[-iy.p(P, op)] (24)
4p*

and

Tr[-iyoX(P", @))]. (25)

n

1
C 2’ ~2 1
(F (’Un) 1

n

Solutions to the gap equation in QCD and related theor-
ies are discussed below.

III. SUCCESSFUL TRUNCATION MODELS
OF THE SDE FOR THE QUARK
PROPAGATOR

For several decades, substantial efforts have been
made to bring the SDE framework to a predictive stage
thatis competitive with other nonperturbative frame-
works, such as lattice QCD and effective theories. The
dressed gluon propagator can be defined from the gauge
sector of the Lagrangian in Eq. (1). At tree level, it is giv-
en by

: sab

. 10 q.9y
1Dﬂ€(4)=?<5ﬂv_(1_‘f) le )’ (26)

where ¢ denotes the gauge parameter. Nonperturbatively,

'5ahG 2 . véab
i (q)((sw_qu )+§q#q @)

iD%(q) =
H qz qz q4

The behavior of the gluon dressing function G(g?) is
of fundamental interest for understanding aspects of con-
finement [47].

1) Lattice-QCD-Motivated Refined Gribov-Zwan-
ziger (RGZ) Model:

A modern understanding of this propagator, consist-
ent with the RGZ confinement scenario [48] and incor-
porating explicit flavor dependence in the Landau gauge,
is given in Ref. [49]

g +M;
13g3 <A? >
24

D(q*) = (28)

7' +q (Mf— )+M%m5

For this gluon dressing function, the parameters are as
follows: M? =4.85 GeV?, which is associated with the
condensate of auxiliary fields introduced to preserve the
locality of the RGZ action. gj < A} >=0.474(16.406 — N)
GeV? is related to the dimension-two gluon condensate,
and m?=1.011(9.161 -=N;)"/? GeV>. The quark mass
function and wave-function renormalization obtained us-
ing Eq. (28) are shown in Fig. 2

2) Maris-Tandy Model: The modern era of SDE
studies in hadron physics began with the well-known
Maris—Tandy model (MT), which is based on replacing
the full quark—gluon vertex and gluon propagator with
their bare counterparts, together with a model kernel of
the following form [50]

471’ Dg? ex (—q—z)
¢ exp(- 35
Qb

4 2
G - dra Dg?) =
q
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87 Ym (1 —eXp{—q—z})
4m?

2.2\
¢ log <T+(1 +(5) )

+

(29)

where m, =0.5GeV; 1=0.234 GeV; v,, =12/(33-2Ny);
Ny=4; t=¢*-1; D=093 GeV* Q=04 GeV; and
D(g*) = G(¢*)/(¢*). The solution of the SDE with the
above gap-equation kernel yields M(p*) and F(p?), as
shown in Fig. 3. This solution was obtained in the chiral
limit for light quarks in Landau gauge. The rapid genera-
tion of mass for low-momentum quarks, indicated by the
large value of the mass function in the infrared mo-
mentum domain, is due to the gluon cloud that dresses the
quarks.

3) Lei-Chang et al. [51] proposed a simplified ver-
sion of the MT model, given by:

0.5

0.4}

T 0.3F

0.2f

0.1

0

'100-5 0.(501 o.'1 10
p* (GeV?)
1.1
1.0F
0.9
< 0.8F
L 0.7F
0.6F
0.5F

0.4 . . .
1078 0.001 0.1 10

p* (GeV?)
Fig. 2.  (color online) Behavior of the dressed-quark mass
function M(p*) and wave-function renormalization F(p?) for
the RGZ-model truncation of the SDE in the chiral limit.
These plots show that the dressed-quark mass decreases as the

momentum increases. In the low-momentum region, p? <1
(M(0) ~ 0.5 GeV), the dressed mass is large because of dy-
namical chiral symmetry breaking. Conversely, at large mo-
mentum, p? >> 1, the dressed-quark mass vanishes in the chir-
ally symmetric state. In this limit, the quark wave-function
renormalization F(p?) approaches unity.

dna(q®) _ 4m*Dq’ exp(— ;1722)
qz - Qb >

(30)

where y=12/(33-2N;), N;=4, t=é—1, D=093
GeV?, Q=04 GeV, and D(¢*) = G(¢*)/(¢%). This para-
metrization provides the most up-to-date and best-per-
forming proposal for predicting hadron spectra within the
SDE formalism. Solving the SDE with the above gap
equation and the Lei—~Cheng model yields the mass func-
tion and quark wave-function renormalization shown in
Fig. 4. This solution was obtained in the chiral limit in the
Landau gauge.

More recent attempts to fully describe dynamical
mass generation, including for heavy quarks, have con-
sidered the Gaussian term in the Lei-Chang model, Eq.
(31), complemented by an ansatz for the dressed quark-
gluon vertex of the form [51]

T, (k. p) = TE(k, p) + T*"(k, p) , 31)
where

0.5

04}
— 03}
= o2f

0.1F

0.0
0.001 0.010  0.100 1 10 100

p* (GeV?)

1.1
1.0f
0.9
< 0.8F
L 0.7¢
0.6F
0.5

04
0.001 0.010  0.100 1 10 100
p* (GeV?)

Fig. 3. (color online) The quark mass function M(p?) and
wave-function renormalization F(p?) are shown for the Mar-
is—Tandy (MT) model. These quantities illustrate the model’s
general behavior in the chiral limit, in which “gluon-cloud”
dressing generates a large constituent-like mass from mass-
less current quarks. This infrared behavior is a prerequisite for
describing the observed hadron spectrum.
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M(p?)

0.0 - .
1073 0.001 0.1 10
»
1.2
1.1
1.0
& 0.9
3
~ 0.8}
0.7
0.6
0.5 . . .
1073 0.001 0.1 10
P
Fig. 4. (color online) Mass function M(p*) and wavefunc-

tion renormalization F(p?) for the Lei—-Chang model. This fig-
ure shows that, even with a simplified interaction kernel, the
SDE framework consistently yields the non-perturbative mass
enhancement required to account for the majority of visible
mass in the universe through hadronization.

LPC(k, p) =124 (K, p*)y, + 2L, [iy - 1M (K2, ) + Ap(K2, p?)]
(32)

is the Ball-Chiu vertex [52], which is constructed to sat-
isfy the Ward—Takahashi identity. The notation used here
is

1
oy p) = 5 [0+ ()]
1
A¢(P]2r,l7?) = W [(b(P?r) —(15(17,?)] ) (33)

and /= (k+p)/2. The transverse vertex accounts for the
fact that, if quarks dynamically acquire substantial
masses, they should also possess an anomalous chromo-
magnetic moment

Lk, p) = T ™ (k, p) + T (k, p) (34)
with

L™k, p) = [y -q+iy, olugp] Tatk.p) . (35)

where the coefficient

1-2n
Mg

74k, p) = F(2) Ag(k, p*) = A (K, p*) (36)

is defined as F(2)=(-e79)/z, where z=(k*+p>-
2M%)/A%, Ay =1, and Mg denotes the Euclidean con-
stituent quark mass. Furthermore,

L™k, p) = 0wgytstk, p.q) (37)

with

7s(k, p,q) = nAg(k*, p*) . (38)

4) Qin-Chang version of the MT model: Qin and
Chang [53] proposed an alternative approximation to the
MT model that differs from the Maris—Tandy model be-
cause it saturates in the infrared rather than dropping to
zero. By contrast, the MT model produces a kernel for the
gap equation that has a zero at a small timelike value of
¢* and rapidly becomes large and negative as the mag-
nitude of the timelike momentum increases. The Qin-
Chang version of the MT model is more consistent with
current results from lattice QCD simulations and is given
by:

8n*Dexp(— q—z)
o2
o
2

q
81 (1 —exp{— pe })

+ FION
q*log <T+(1 +(ﬁ)) )

The mass and quark wavefunction renormalization plots
obtained using this approximation are shown in Fig. 5.

The above proposal and several other proposals [54]
are currently of interest.

dra(q?) ) 2
7 :=4na D(q°) =

(39)

5) Contact Interaction Model: Another successful
truncation of the Schwinger-Dyson equation is based on a
momentum-independent gluon propagator together with
the bare-vertex approximation. This approach also de-
scribes confinement properties and provides an alternat-
ive to the momentum-independent NJL model [20],
which does not account for confinement. In the CI, this
confinement feature can alternatively be introduced by
eliminating the appearance of poles in the quark propag-
ator [34]. This contact interaction model has been effect-
ive in studying the static properties of low-energy mesons
and baryons. It also preserves the axial-vector
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0.6

0.5
0.4f
2 03}
0.2f

0.1F

0.0
107° 0.001

0.100 10
p* (GeV?)

1.1
1.0
0.9F
< 0.8F
w07k
0.6f
0.5F

0.4
107° 0.001

0.100 10

p* (GeV?)

Fig. 5. (color online) The mass function M(p*) and wave-
function renormalization F(p?) are shown for the Qin—Chang
version of the MT model. This comparison highlights how dif-
ferent infrared saturation profiles affect the propagator. The
stability of the infrared mass scale across models suggests that
dynamical mass generation is a robust emergent feature of
QCD, independent of specific truncation details.

Ward-Takahashi identity when the solution to the gap
equation is used in the Bethe-Salpeter equation. The mod-
el has been extended to finite temperature and density and
to the presence of background fields [30, 37—44, 55].
From the perspective of SDE, this model can be seen as a
representation in which quarks interact through a contact
interaction [34] rather than through massless vector-bo-
son exchange:

dra
gzD/zv(qz) = 6;1;/72112 = ,uvaeff, (40)
mg

where ap = 0.9371 represents the infrared-enhanced inter-
action strength, consistent with current estimates of the
zero-momentum value of the running coupling in QCD
[56—59]. The gluon mass scale mg =800 MeV is typic-
ally associated with the one-loop renormalization-group-
improved interaction presented in [53, 60].

The model is supplemented by the rainbow-ladder as-
sumption for the vertex, I',(k, p) = y,, which yields a trivi-
al wave-function renormalization, A(p*) =1, and a mo-
mentum-independent quark mass function, B(p?)=
M(p*) = M. After performing the angular integration, M

is determined self-consistently from

agM [ s
M=my+—— ds——. 41
T3 /0 Ve @1

The novel regularization is as follows: first, we exponen-
tiate the denominator of the integrand and then regularize
it using the confining proper-time regularization [35]

2
1 & Tir
— dre M) dTe—‘r(s+M2)
s+ M? 0 72,

ef‘rfv(HM?‘) _ efT’Zr(HMZ)

= . 42

s+ M? (42)

The infrared cutoff, denoted by 7., =A;, corres-
ponds to the confinement scale, whereas 7;!, = A,, rep-

resents an ultraviolet dynamical cutoff introduced be-
cause the model is nonrenormalizable. This procedure en-
sures that the quark propagator has no real or complex
poles. Such a poleless structure is consistent with quark
confinement [35], because an excitation described by a
poleless propagator cannot reach its mass shell. The final
form of the gap equation is then expressed as:

My 2.2 2.2
M=mo+ [M(-1,M*2)-T(-1,M*72)],  (43)
32
where
INa,x) = / 1 le™ds, (44)

is the incomplete gamma function. In Ref. [61], the para-
meters s = 5.739%x 1075 MeV~™2, 71, = (240 MeV)™', and
T, = (905 MeV)~! were fitted to study the properties of
pions and rho mesons. With the ingredients discussed so
far, we can now discuss parameters associated with con-
finement.

The flavor-dependent contact interaction (FCI) mod-
el was proposed in [41] to investigate chiral symmetry
breaking and restoration for large N,. Ref. [41] intro-
duced a modification to the effective coupling a., which
enables solutions of the gap equation for larger numbers
of flavors. Consequently, the critical number of flavors,
N¢, associated with chiral symmetry breaking and con-
finement can be determined. The coupling in the FCI
model is given by:

(Ny=2)
SN =a  1— .
Qe (Ny) = Qe N

(45)

a.7(Ny) denotes the flavor-dressed effective coupling for
the contact interaction. For a fixed N; =2, the effective
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coupling of the four-fermion contact interaction, a.x(Ny),
reduces to the CI effective coupling a@.;. The term

¢ =Ng+¢ in Eq. (45) represents the estimated critical
number of flavors, as reported by Ahmad et al. [41, 62].
In this work, with ¢~ 2, the chosen parameters yield
N¢ ~ 8, above which dynamical chiral symmetry is re-
stored and deconfinement occurs. The factor (N,-2)
arises from the fitted parameter ¢ and does not reflect a
physical flavor count; instead, it encodes the behavior of
the dynamical mass in relation to vacuum polarization
rather than the actual number of flavors.

The effective FCI model in Eq. (45) captures the in-
frared dynamics of QCD and is based on the premise that,
for a small number of light quark flavors Ny, gluon self-
interactions produce an anti-screening effect that over-
whelms fermion screening. This leads to a strongly
coupled theory in the deep infrared, with dynamical sym-
metry breaking and confinement. As N, increases, quark-
loop contributions grow, causing the theory to become
more weakly coupled and driving dynamical chiral sym-
metry restoration and deconfinement. In this model, the
confinement test is conducted via the flavor-dependent
confinement scale [38—44, 63]:

M(2)

—. 46
TR (46)

‘T'ir(N_ f) =Tir

Here, M(2) denotes the dressed mass for N, =2, whereas
M(Ny) is the generalized, Ny-dependent dressed mass. In
the presence of N;, 7;, must vary slightly with N,. Con-
sequently, the connection between dynamical chiral sym-
metry breaking and confinement is encoded in a regulat-
or, denoted 7, that explicitly depends on N;. The con-
finement length scale, Eq. (46), diverges in the chiral lim-
it when chiral symmetry is restored [63]. This drives de-
confinement at and above a critical value N}, where pro-
duction thresholds re-emerge [41, 43, 44, 63], consistent
with Eq. (41) and NJL-like behavior. One can therefore
anticipate direct effects on the bound-state spectrum: dis-
solution at large N, and confinement at small N, as dis-
cussed in detail in [63].

IV. QUARK CONFINEMENT AND THE REFLEC-
TION POSITIVITY

The axiom of positivity violation states that "if a cer-
tain degree of freedom has negative-norm contributions
in its propagator, it cannot represent a physical asymp-
totic state, indicating the absence of a Kallen-Lehmann
spectral representation for its propagator” [47]. This
concept is crucial in Euclidean quantum field theory,
where positivity is formulated through the Osterwalder-
Schrader axiom of reflection positivity [64]. In particular,
for a two-point correlation function A’(x—y), this condi-

tion can be expressed as follows:
/ dx dly GR A (1 =)GFy) 20 (47)

Here, G(X, x4) is a complex-valued test function with sup-
port in {(¥,x;): x4 =¢>0}. Using the three-dimensional
Fourier transform, as discussed in [47], we have:

/oo dt/oo dt’/d3p G(t, A (=(t+1).P) G, p) > 0. (48)
0 0

The above-mentioned condition is violated only in a re-
gion around 7o = (t+1') where A (~fy, 5) <0. By consider-
ing a real test function G(r) with peaks at ¢ and ¢, one can
immediately observe a violation of reflection positivity.
Therefore, in the special case 7 =0, the condition given
in Eq. (48) permits the definition of "spatially averaged
Schwinger functions" from the propagators. In particular,
for the gluon propagator, one can define:

1 . N
A= o / dpsc " G(ps,0) (49)

As shown in Fig. 6, this function is not positive-definite
for the RGZ proposal of the gluon propagator in Eq. (28)
and is therefore consistent with confinement. The sharp
peak in the plot of log|A(r)| indicates a crossing of A(r)
with the horizontal axis. The inverse of the crossing posi-
tion serves as an order parameter for confinement [65,
66]. This framework admits a clearer interpretation in the
fermionic case. We define the spatially averaged function

—of T
— A TN e
= .
= -6f
-8} :
— 1 0 A A A A A A A
0 2 4 6 8 10 12 14
7 (GeV)
Fig. 6. (color online) A confinement test for the RGZ model

is performed using the spatially averaged Schwinger function
A(7). Either the "cusp" at 7~ 8.6 GeV ' (indicated by the dip
in the logarithmic plot) or the subsequent crossing into negat-
ive values demonstrates a violation of the reflection positivity
axiom (i.e., the absence of a Kéllén—Lehmann representation).
This provides mathematical proof that the quark cannot be an
asymptotic physical state, thereby confirming its confinement.
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1 - N
Ay(r) = o / dpse™ " o y(ps,0)

1 S
= / dpscos(psT)os(ps,0) > 0. (50)

The large-t behavior of A (7) determines the type of
excitation described by the fermion propagator. For a
stable particle, A (7) > 0, whereas for a confined particle,
A(t) changes sign as 7 increases [47, 64, 65]. The phys-
ical interpretation of the axis crossing in Fig. 6 through
Fig. 9 is critical. In a theory with physical (unconfined)
particles, the Schwinger function must remain positive to
satisfy the Kaéllén—Lehmann representation. The “stiff
peak” followed by a transition to negative values in these
plots provides mathematical evidence that these degrees
of freedom do not appear in the physical spectrum,
thereby serving as a definitive signal of confinement
within these specific SDE truncations.

In quantum field theory, the fermion propagator typ-
ically has real poles and pairs of complex conjugate
poles. To investigate confinement, we analyze the poles
of the propagator in the complex p?>-plane. Real poles
lead to an exponentially decaying A(r) given by:

A1) ~ e, (51)

indicating a stable asymptotic state. By contrast, com-
plex conjugate pairs of poles give rise to dynamical
masses with a nonzero imaginary part, M = A+iB, rep-
resenting short-lived excitations that decay exponentially
over large timelike distances

Ay(1) ~ e M cos(Br +96), (52)
where 0 is a phase. The presence of complex-conjugate
poles in the propagator naturally leads to a violation of
reflection positivity. All truncations considered here are
consistent with the axiom of reflection positivity, as
shown in Figs. 6-9. The above test cannot be performed
in the NJL-type model.

A viewpoint on confinement, distinct from reflection
positivity, arises for x = p? > 0; in this case, the inflection
point x., which serves as the confinement order paramet-
er [11], can be defined as:

d2o,(x)
dx?

=0, (53)

X=X¢

provided x. > 0. This condition defines the point at which
the second derivative of o, (x) vanishes, provided that x.
is positive. The absence of inflection points indicates the
absence of confinement in the propagator. Their presence
is established when the first derivative do-,/dx reaches an

extremum. Figs. 10-13 show that the derivative of o, (x)
reaches an extremum for all successful truncations under
consideration. This extremum corresponds to the inflec-
tion point and serves as an order parameter for confine-
ment. The inflection point x,. provides a scale that separ-
ates the perturbative and non-perturbative regimes. In
Figs. 10-13, the extremum in the derivative of the vector
projection o, is not merely a geometric feature; it repres-
ents the momentum scale at which the dressing effects of
the gluon cloud are strongest. The absence of such an in-
flection point in a model would imply a lack of confine-
ment, making this criterion a robust comparative tool
across different kernels. A particular form of the spa-
tially averaged propagator for testing confinement with
constant masses was considered in Refs. [65, 66]. At fi-
nite 7, it is given by

M 2
AT =T Z e — o 1(‘;“2(1)2) (54)

2 T

— —4f
O

? -

— 10 A A A A A A A
0 2 4 6 8 10 12 14
7 (GeV)
Fig. 7. (color online) A confinement test for the MT model

is performed using the Schwinger function. The cusp at
7~ 8.5 GeV! indicates the absence of a Kallen-Lehmann rep-
resentation. This behavior is a definitive signal that the model
describes a confining theory in which quarks do not appear in
the physical spectrum.

-2t
— -4
o
<
=6 e,

—8F

-10 " " "
0 5 10 15 20
7 (GeV)
Fig. 8. (color online) Confinement test for the Lei—Chang

model. Despite its simplified interaction kernel, the cusp at
7~ 10.5 GeV'' inthe logarithmic Schwinger function con-
firms that the model captures the essential non-perturbative
physics required to enforce quark confinement.
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-1

0 2 4 6 8 10 12
T (GeV)

Fig. 9. (color online) Confinement test for the Qin—Chang
model. Here, the cusp is located at 7~ 6.5 GeV™', indicating
confinement. The similarity to Figs. 6—8 highlights that the vi-
olation of reflection positivity is a universal feature of suc-
cessful SDE truncations and serves as a reliable and robust
proxy for the confinement—deconfinement transition.

(5] [4+]
T

do,/dx
-9

01 02 0.5 1
X

Fig. 10. (color online) Derivative of the vector projection of
the quark propagator, |doy/dx|, for the RGZ model. The ex-
tremum in this plot, located at x ~ 0.3 GeV?, identifies the in-
flection point x., which serves as a quantitative order paramet-
er for confinement. This peak marks the momentum scale at
which gluonic dressing effects are strongest.

Figure 14 illustrates the variation of A(t) at different
temperatures. At low temperatures, A(r) exhibits signific-
ant oscillations, indicating confinement. As the temperat-
ure increases, the oscillation amplitude decreases until the
oscillations disappear at a critical temperature T, signal-
ing the transition to deconfinement [66, 67].

V. DRESSED POLYAKOV LOOP

In lattice QCD, the confinement/deconfinement trans-
ition is typically studied by examining the behavior of the
Polyakov loop (PL) # [16], which is the expectation
value of a Wilson loop wrapping around the periodic Eu-
clidean time direction. The Polyakov loop is explicitly
defined as:

|doy/dx|
O RV - N

0.10  0.15 0.20 0.30 0.50 0.70 1.00 1.50

X

Fig. 11.  (color online) Inflection-point analysis of the MT
model. The sharp peak at x ~ 0.25 GeV? identifies the specific
confinement scale associated with this interaction. This dia-
gnostic tool enables a clear distinction between the perturbat-
ive (high-x) and nonperturbative (low-x) regimes of the the-

ory.

14F
12f
10}
%
=2 st
BN
5 o
4F
2F
ok’ . . . . . . .
0.10 0.150.20 030  0.50 0.70 1.00
X
Fig. 12.  (color online) Inflection-point analysis for the Lei-

Chang model. The existence of a well-defined extremum (at
x~0.17 GeV?) confirms that the simplified model preserves
the analytic structure indicative of a confined excitation,
thereby supporting its validity for predicting hadron proper-
ties.

P= Ni(Tr {He_fowdmo} ). (55)

c

Here, II represents the path ordering of the exponential,
and N, is the number of colors. At finite 7', the action S in
the pure-gauge sector with gauge group SU(N.) has a
global Z(N.) symmetry [68]. This symmetry is spontan-
eously broken, and the PL expectation value is con-
sidered the order parameter. This follows because we can
write P as:

P = e EDIT (56)

The free energy of a single quark in a gluonic heat bath is
denoted by E, (7). In the confined phase, where () =0,
corresponding to E,(T)— oo, the quark is confined. In
contrast, in the deconfined phase, where (P) # 0, E,(T) is
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Fig. 13.  (color online) This analysis examines the inflection
point (at x ~ 0.37 GeV?) in the Qin—Chang model. Comparing
this point with Fig. 11 shows how variations in the infrared
kernel shift the confinement scale, providing a means of tun-
ing model parameters using lattice QCD data.

0.3 "s\“‘. LS
0.2k \\ ‘.n 4 \\.
. N\ 0y 7/
A ‘.‘ 4
81 p— 3
o .. \\ .. ot '7.\
b1 0.0 \\T\_\/‘—T\/L_)‘-\—-:"
_oak .\\\____r ~,.~. ,, .\__::‘..
\ . 4 ‘
—02F \\ . //
. \\ ,,I,\
-0.3F s
0 5 10 15 20 25
7(GeV)
Fig. 14. (color online) A(r) for various T as a function of 7.

The blue dotted curve is plotted at 7 =0.07 GeV, the black
dashed curve at 7 =0.11 GeV, the red dot-dashed curve at
T =0.16 GeV, and the solid brown curve at T =0.21 GeV.
The Schwinger function oscillates, and the mass function has
singularities; these features provide an unambiguous signal for
the absence of a Lehmann representation and hence for con-
finement. As the temperature increases, no zero crossing oc-
curs above a critical temperature 7., thus indicating decon-
finement.

finite, indicating that quarks are deconfined.

A few years ago, another order parameter, referred to
as the "dual quark condensate" or dPL, was introduced to
explore the confinement—deconfinement phase transition
in lattice [24, 25] and continuum SDE studies [27-30]. It
has also been explored in variants of the NJL model
[69—71] and QED; [72]. The dPL is commonly denoted
by %, and is defined as

2ﬂd£

Y. =-
" 0 2m

e ")y, (57)

where n is an integer, and X, is the projection of (Y,
onto loops winding # times around the temporal direction.
The ¢-dependent condensate can be obtained from the ¢-

dependent quark propagator as
W)y =NT Y / DR s @) (58)
w ¢ — V¢ - (271')3 S Wy )l

The generalized condensate (), is defined as the quark
condensate evaluated for quark fields satisfying twisted
boundary conditions:

Y(1/T,%) = e y(0, %), (59)

in the imaginary-time direction, where ¢ € [0,2x]. For
¢ = n, the standard anti-periodicity of y can be retained.
The above-mentioned U(1)-valued boundary conditions
in momentum space yield generalized ¢- dependent Mat-
subara frequencies, w, — w? = (2n+¢/m)xT, obtained by
slightly modifying the usual fermionic Matsubara fre-
quencies through the inclusion of a purely imaginary
chemical potential, u; = ¢T. From the lattice QCD per-
spective, it can be defined as a sum of Wilson loops
winding # times around the temporal boundary [24, 25].
The shortest Pl with winding number » = 1, considered as
a collection of generalized Pl with spatial fluctuations, is
referred to as the "dressed Polyakov loop (dP1)" [24, 25]

2 d . _
si=— [ Loy, (60)

0 2m

%, and the conventional Polyakov loop obey the same
transformation properties; both transform identically un-
der center transformations. Therefore, X, is considered an
order parameter for the deconfinement phase transition.
In the infinite-quark-mass limit, the Polyakov loop re-
duces to the chiral condensate because spatial fluctu-
ations are suppressed. This relationship is connected to
the ordinary quark condensate through boundary condi-
tions. The dual Polyakov loop provides a potential link
between the chiral and deconfinement phase transitions,
possibly explaining why these transitions occur at nearly
the same temperature [24, 25, 27, 28]. Another important
feature of the dual Polyakov loop, denoted as X, is that it
can be computed directly using lattice and functional
methods.

As noted above, Matsubara frequencies can be gener-
alized by considering a theory with a purely imaginary
chemical potential u; =¢T. This equivalence follows
from the symmetry of (yy), with respect to ¢ =,
namely )y = (Y¥)psr. The value of (Yy),_, corres-
ponds to the conventional quark condensate. Therefore, it
is preferable to express the Matsubara frequencies in
terms of a theory with an imaginary chemical potential.
Thus, we can write Eq. (61) as:
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T d _
5 = / 9 o) T 61)
0 Vi

The dPL and the conventional condensate obtained with
the contact-interaction model at finite temperature [67]
are shown in Fig. 15. The latter decreases as T increases
up to 7., where it exhibits an inflection point, whereas
the former increases most rapidly at approximately the
same T.. In QCD, this is precisely the expected behavior
of both order parameters. Nevertheless, it has been ob-
served [30] that this apparently universal behavior can-
not be consistent with confinement in theories with trivi-
al center symmetry; therefore, its appealing physical in-
terpretation cannot be straightforwardly extended to ef-
fective models of QCD.

0.0

0.1 0.2 0.3 0.4 0.5

T[GeV]
Fig. 15. (color online) The normalized quark—antiquark con-
densate, y)(T)/g)(0), and the dPl, Z,(T)/(y)(0), are
evaluated for a finite seed mass m, =7 MeV. The two quantit-
ies intersect at T, ~ 0.22 GeV; thus, chiral-symmetry restora-
tion and deconfinement occur at the same critical temperature,
T..

VI. CONFINEMENT LENGTH SCALE AT FINITE
TEMPERATURE

As mentioned earlier, in theories that lack center sym-
metry, the Polyakov and dressed Polyakov loops may not
serve as effective order parameters for confinement/de-
confinement. Instead, the confinement scale 7; provides
an alternative order parameter for confinement in such
theories [44]. The finite-temperature version of the CI
model in Eq. (40) is given by

M =my+ (62)

37302 N 732 ’

2MayT /*?r e M7@,(0,e74TT)

Tuv

where 0,(0,x) denotes the second Jacobi theta function.
The finite-temperature confinement length scale is given
by [37, 38, 40—44]:

M(0)
M(T)

Tir = Tir

(63)

The gap equation is solved at finite temperature in the
chiral limit using the contact-interaction model, as shown
in Fig. 16. The corresponding analysis for a current-quark
mass of m = 0.007 GeV is shown in Fig. 17.

0.1 0.2 0.3 0.4
T[GeV]
0.1 0.2 0.3 0.4

T[GeV]
Fig. 16. The inverse confinement length scale 7! as a func-
tion of temperature 7 in the chiral limit. The main panel shows
that the confinement scale decreases with increasing temperat-

ure. The inset shows the thermal derivative d,7;', whose

ir

sharp peak provides a precise definition of the critical temper-
ature T, for the deconfinement transition.

0.1 0.2 0.3 0
T[GeV]

0.00

0.1 0.2 0.3 0.4
T[GeV]
Fig. 17. Temperature dependence of the confinement scale
7;! for a finite current quark mass. A comparison with Fig. 16
shows that a physical quark mass smooths the transition; the
peak in the thermal gradient is broader and lower, indicating
that the phase transition becomes a continuous crossover.

VII. SUMMARY AND PERSPECTIVES

Our study highlights that, unlike the chiral condens-
ate, there is no universally agreed single order parameter
for confinement in QCD and related theories. The behavi-
or of the quark and gluon propagators, together with the
axiom of reflection positivity, offers pathways for charac-
terizing confinement within SDE frameworks. However,
the precise link between pole structure and confinement
remains unsettled in SDE solutions, whether inferred
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from spatial averages of these functions or from their in-
flection points.

It is worth mentioning that inflection points and zero-
crossings derived from the propagator serve as indicators
of confinement, but the propagator itself is computed
within a specific model framework. Thus, inflection
points and zero-crossings are suggestive rather than
definitive; they signal confinement within the given mod-
el, but they do not constitute a universal proof. In this
Schwinger-Dyson study of the Landau-gauge quark
propagators in QCD at zero temperature, an inflection
point in the scalar part of the propagator might be taken
as indicative of confinement within that truncation.
However, changing the truncation or gauge can remove
or shift that inflection point, so the conclusion is strictly
limited to that specific setup.

At finite temperature, the analytic structure of the
quark propagator provides insight into the confinement/
deconfinement transition. In lattice studies, the Polyakov
loop is considered the order parameter, although it is not
directly calculated in the Schwinger-Dyson equations
framework. However, its dressed variant is considered an
approximate order parameter for center symmetry and is
also naturally linked to the chiral condensate, although its
status as a rigorous order parameter is theory- and model-
dependent. This connection may explain why the T, val-
ues for chiral symmetry restoration and the deconfine-
ment transition appear to coincide. However, a distinc-
tion must be maintained: the dressed Polyakov loop and
the chiral condensate are closely linked to the symmet-
ries of the QCD Lagrangian, namely center and chiral
symmetry, respectively. Therefore, the dressed Polyakov
loop can be viewed as an approximate order parameter
when the theory possesses nontrivial center symmetry,
despite its similar behavior in QCD, QED;, and NJL
models.

However, when the theory lacks center symmetry, it
is difficult to associate the Polyakov and dressed
Polyakov loops with confinement arguments based on the
vacuum expectation values of these quantities. In con-
trast, a parameter such as the confining length scale 7,
used in the momentum-independent CI truncation of the
Schwinger-Dyson framework functions as a model-de-
pendent proxy. While these proxies are highly successful
in predicting hadron spectra, they do not provide a uni-
versal order parameter. In this momentum-independent
setting, no gauge-invariant, dynamical confinement indic-
ator is available. The confining length scale is introduced
as a pragmatic surrogate to emulate confinement effects
and to capture key qualitative features (e.g., the absence
of colored asymptotic states and the emergence of decon-

finement) within the CI truncation. Its value is not funda-
mental but is tuned to reproduce known phenomenology,
and we discuss the associated limitations while outlining
potential tests with more first-principles interactions.

As noted earlier, the confining length scale is a mod-
el-dependent proxy introduced intentionally to mimic
confinement within the chosen framework. It should be
emphasized that, at finite temperature 7, confinement is
represented as long as this confinement length scale re-
mains finite. However, at and above the critical temperat-
ure (T.) in the chiral limit, the CI model transitions to an
ordinary NJL model, indicating a deconfinement trans-
ition with the development of poles in the propagator.
The coincidence of T, for chiral restoration and decon-
finement, as indicated by various studies, including lat-
tice simulations and the CI model, may reflect shared un-
derlying dynamics rather than a fundamental equivalence
of the two phenomena. The Polyakov-loop discussion
supports this interpretation by highlighting that the con-
finement scale (7;) can also play the role of an order
parameter for confinement in theories lacking center sym-
metry.

Another relevant quantity is the continuum threshold
parameter (sp) [73], as used in finite energy sum rules. It
defines the energy threshold at which states transition
from discrete resonances to the perturbative quark-gluon
continuum, signaling the deconfinement of hadrons. This
quantity exhibits behavior similar to that of the Polyakov
loop when connected with finite energy sum rules [74].
Its implementation in the SDE framework could shed
light on whether chiral symmetry breaking and confine-
ment are independent emergent phenomena in QCD.

Consequently, a robust understanding of confinement
should rely on multiple, complementary indicators (e.g.,
propagator analytic structure, dressed Polyakov loop be-
havior, center-symmetry considerations, and spectral fea-
tures) rather than a single parameter.

Future work should aim to connect these indicators
more tightly by exploring whether the independent emer-
gence of chiral and confinement phenomena is possible in
more complete frameworks and by clarifying the roles of
quantities such as the Polyakov loop, the dressed
Polyakov loop, and 7; across different gauge theories.
This multifaceted approach may reveal whether confine-
ment can ever be fully decoupled from chiral dynamics or
whether their intertwined nature is an intrinsic property of
non-Abelian gauge theories.
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