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Abstract: We investigate chiral symmetry restoration in finite-temperature and finite-density quark matter using a
correlator-based chirality-reduced entropy within the in-medium Nambu—Jona-Lasinio (NJL) model. Starting from
the lesser Green's function G<(k) in the real-time formalism, we construct the equal-time correlation matrix C(k) and
define the left-handed reduced correlator C.(k)=P,C(k)P,. The corresponding von Neumann entropy,
S, =-Tr[C.InCL+(1-Cp)In(1 - Cp)], characterizes the mixedness of the chirality-reduced subsystem. We show that
the reduced correlator retains a nontrivial helicity structure and therefore must be described by its full eigenvalue
spectrum rather than by a single scalar occupation probability. The self-consistent dynamical quark mass M, (T, u,)
reproduces the expected QCD-like phase structure, with a second-order transition in the chiral limit and a smooth
crossover for finite current quark mass. The chirality-reduced entropy correlates with chiral restoration but is not an
order parameter; instead, it provides complementary information through the full spectrum of the reduced correlator.
Our numerical results show that §, exhibits characteristic nontrivial behavior across the chiral transition region and
serves as an information-theoretic diagnostic of reduced chiral-sector mixedness.
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I. INTRODUCTION

Spontaneous chiral symmetry breaking (SCSB) and
the restoration of chiral symmetry are central aspects of
Quantum Chromodynamics (QCD), playing key roles in
hadron mass generation and in the formation of the
quark—gluon plasma (QGP) at high temperatures or dens-
ities [1-5]. In the QCD vacuum, chiral symmetry is dy-
namically broken, leading to a large constituent quark
mass and the emergence of light pseudoscalar mesons as
Nambu—Goldstone bosons. As the temperature or baryon
density increases, the quark condensate (Gg) melts, the
constituent mass decreases, and chiral symmetry is par-
tially restored. Lattice QCD simulations indicate that, for
physical quark masses, this restoration occurs through a
smooth crossover at vanishing chemical potential [6, 7].
Effective approaches, such as the Nambu—Jona-Lasinio
(NJL), Polyakov-NJL (PNJL), and instanton-based mod-
els, reproduce the qualitative features of the QCD phase
diagram [2, 3, 8—10].
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Recent developments have applied concepts from
quantum information theory to strongly interacting sys-
tems, using entropy-based observables to characterize
correlations and mixedness [11—14]. In QCD and related
field theories, such ideas have been explored in connec-
tion with confinement, deconfinement, topology, spin
structures, and high-energy observables. Examples in-
clude entanglement entropy in deep-inelastic scattering,
entropy production in hadronic final states, and QCD
evolution of entanglement-related quantities [15—20].
These developments demonstrate that information-theor-
etic quantities can provide useful probes of correlations
that are not always directly accessible through conven-
tional local order parameters.

The present work differs from studies based on spa-
tial bipartite entropy, small-x partonic entropy, or color-
sector entropy. We instead focus on an internal chiral re-
duction of the fermionic equal-time correlator. Starting
from the real-time lesser Green's function, we construct
the correlator C(k), project it onto the left-handed sub-
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space as Ci(k)=P,C(k)P., and define the chirality-re-
duced entropy from the eigenvalue spectrum of Cy(k).
Thus, S, is designed to quantify the mixedness of a chir-
ality-reduced Gaussian subsystem. It is correlated with
chiral restoration, but it is not an order parameter and
should not be identified with the chiral condensate or the
dynamical quark mass. In this sense, the present correlat-
or-based entropy provides a perspective complementary
to conventional symmetry-based observables.

In this work, we investigate chiral symmetry restora-
tion in hot and dense quark matter using a correlator-
based chirality-reduced entropy within the in-medium
NJL model. Starting from the lesser Green's function
G=<(k) in the real-time formalism [21, 22], we construct
the equal-time correlation matrix.

0
Cly =i / <, (1)
2

and define the left-handed reduced correlator as C; (k) =
P;C(k)P,. The corresponding von Neumann entropy,

S, =-Tr[C,InC,+(1-Cp)In(1-Cp)]. 2)

This quantity is used to quantify the mixedness of the
chirality-reduced subsystem.

Within the mean-field NJL framework, the reduced
correlator retains a nontrivial helicity structure and must
therefore be characterized by its full eigenvalue spectrum
rather than by a single scalar occupation probability. The
self-consistent dynamical quark mass M,(T,u,) repro-
duces the expected QCD-like phase structure, with a
second-order transition in the chiral limit and a smooth
crossover for a finite current quark mass. The resulting
entropy is correlated with chiral restoration but is not an
order parameter; rather, it reflects the structure of the re-
duced correlator beyond local one-point observables.

Conceptually, this quantity differs from the conven-
tional chiral condensate (Gg). Whereas the condensate is a
local expectation value that characterizes the magnitude
of symmetry breaking, S, is defined through the spec-
trum of a reduced fermionic correlation matrix restricted
to a chiral subspace. It therefore characterizes the mixed-
ness of the chiral sector rather than the strength of sym-
metry breaking itself.

Most existing entropy-related studies in QCD focus
on spatial bipartite entropy, Rényi entropies, or color-sec-
tor observables in Euclidean or lattice formulations. In
contrast, the present work considers an entropy associ-
ated with an internal chiral degree of freedom, construc-
ted from the real-time lesser Green's function through the
corresponding equal-time correlator. This provides a
complementary probe of chiral dynamics that is not dir-
ectly captured by conventional symmetry-breaking ob-

servables.

This paper is organized as follows. In Sec. 11, we out-
line the finite-temperature NJL framework and the real-
time formalism for the lesser Green's function. In Sec. III,
we construct the equal-time correlator and derive the
chirality-reduced correlator. Section IV presents the re-
duced correlator in the chiral basis and its eigenvalue
structure. In Sec. V, we introduce the von Neumann chir-
ality-reduced entropy and discuss its interpretation. Nu-
merical results are presented in Sec. VI, followed by con-
clusions in Sec. VII.

II. IN-MEDIUM NJL MODEL

The Nambu—Jona-Lasinio (NJL) model provides an
effective description of dynamical chiral symmetry
breaking through a chirally symmetric four-fermion inter-
action. Its Lagrangian is given by

Ly = 3(y*0,—my)q+G [(Gq) +(Giystg9)’].  (3)

Here, ¢ = (u,d)" denotes the light quark fields, m, is the
current-quark mass, and G is the coupling constant. The
interaction term preserves the global SU2), xSUQ2)r
symmetry in the chiral limit.

In the present work, we employ the minimal two-fla-
vor NJL model with scalar and pseudoscalar interactions.
This choice isolates the role of the dynamically gener-
ated constituent mass in the chirality-reduced correlator
and the associated entropy. Additional interaction chan-
nels, such as vector interactions, primarily modify the
medium dependence and are not essential to the mechan-
ism considered here.

Dynamical mass generation arises through the forma-
tion of a quark condensate, which gives rise to the con-
stituent quark mass

M, =m,—2G(qq), “4)

which is determined self-consistently from the finite-tem-
perature gap equation,

Mq(T’,uq) =my— ZG@‘]),
A 137
d’k M,
Gq) = —4N.N —— A -n,-n_], (
@ ")y @my Ek[ ne-n )

where E; =k’ +M; and the Fermi-Dirac distribution
functions are given by

np(Ec£u,) = SEIT 4 | =ns. (6)

The NJL parameter set employed in this work is lis-
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ted in Table 1.

Figure 1 shows the temperature and chemical-poten-
tial dependence of the dynamical quark mass M,(T,u,)
obtained from Eq. (5). In the chiral limit (m, =0), the
constituent mass decreases continuously with temperat-
ure at u, =0, indicating a second-order transition. At
higher quark chemical potential, the transition becomes
first order, with a critical end point separating the two re-
gimes.

For a finite current quark mass (m, = 5.25 MeV), chir-
al symmetry is explicitly broken, and the phase transition
is replaced by a smooth crossover. In this case, M, de-
creases gradually with increasing temperature and dens-
ity, while remaining finite even at high temperatures.
This behavior is consistent with lattice QCD results and
confirms that the NJL model captures the qualitative fea-
tures of chiral symmetry restoration.

Varying the model parameters within reasonable
ranges, A =(630+30)MeV and GA?=2.1+0.1, was
found to modify only the overall magnitude of the results,
without affecting their qualitative behavior or the loca-
tion of the pseudo-critical region. This finding confirms
the robustness of the present analysis.

III. LESSER GREEN'S FUNCTION AND CHIRAL
CORRELATOR FRAMEWORK

In the Schwinger—Keldysh real-time formalism [22],
the greater and lesser Green's functions are defined as

G (x,y) = —g(x)g(y)), G (x,y)=i{@y)gx)). (7)

Table 1. The NJL parameter set used in the present study.
m, /MeV A /MeV GA?
5.25 631.4 2.14

In equilibrium, they are related to the spectral function
A(p) =i[G*(p)-G*(p)] and to the Fermi distribution
np(p®) by

G (p)=inp(p)A(p). G (p)=—ill-np(p)]A(p). (8)
Thus, G<(p) encodes the occupied component of the
spectral density. However, in the Gaussian entropy con-
struction, the relevant quantity is the equal-time correla-
tion matrix rather than G<(k) itself

C(k)si/%G<(k), 9)
2

whose eigenvalues are contained in the interval [0, 1].
In the mean-field NJL model, the lesser propagator
takes the form

G*(k) = 2i [n, A (k) (ko — Ex) + (1 - ) A_(k) 8(ko + Ey)
(10)

where Ex = \/k*+ M7, and n. = np(E, ¥y ). The positive-
and negative-energy projectors are

Fig. 1. (color online) Dynamical quark mass M, as a function of temperature 7'and quark chemical potential y, for m, = 0 (a) and m, =

5.25 MeV (b).
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1 Yy -k+M,)
A=~ (1270 — 2, 11
(k) =7 E, (11)
with
A2=As, AA =0, A+A_=1. (12)

Integrating Eq. (10) over ko yields the equal-time correl-
ator.

C(k) =ny A, (k) +[1 -n_1A_(K). (13)

This correlator provides the starting point for the chiral-
ity-reduced construction developed below.

In the chiral limit M, — 0, the Dirac Hamiltonian be-
comes block-diagonal with respect to chirality, and the
left- and right-handed sectors decouple dynamically. For
nonzero M,, the Dirac mass term mixes the two chiral
sectors through the off-diagonal structure of the Dirac op-
erator in the Weyl basis. Accordingly, C(k) contains in-
formation about both thermal occupation and mass-in-
duced left-right mixing. Detailed derivations are
provided in Appendices A and B.

IV. CHIRALITY DECOMPOSITION AND
REDUCED CORRELATOR

A Dirac field can be decomposed into left- and right-
handed components as

q=q.+qr, qrr=PrLrq,
1F9°
Pra=—5. (14)

In the chiral limit M, — 0, the two sectors dynamically
decouple, whereas a finite constituent mass induces
left-right mixing.

To quantify the reduced left-handed sector, we define
the chirality-projected equal-time correlator

Cr(k) =P C(k)P, =n.P A, (k)P
+(1=n_)PLA_(K)Py. (15)

In the Weyl basis, the projectors have the block form

I_O"k +Mq
+7 +—
1 E; Ey
A (k)= = 16
(k) 2 +Mq I+0"k (16)
T E, O

Projection onto the left-handed subspace yields

1 k I y
PLAP, =~ (1— —‘TE ) P, PAP =~ (1+ g >PL.

2 X 2 E;
a7
Substituting this into Eq. (15) yields
Co(k) = al +byo -k, (18)
with
ag = %(1+n+—n,), bkz%(l—n,—m). (19)

The eigenvalues are therefore

(k) =a, by, AA(k) = A,.(k)—A_(k) =2b,. (20)
These eigenvalues satisfy 0 <A, < 1. Hence, the re-
duced correlator is characterized by its full eigenvalue
spectrum rather than by a single scalar occupation prob-
ability. In particular, for finite M,, the vacuum limit does
not generically yield 2, = 0,1 on a mode-by-mode basis.
Figure 2 shows the eigenvalue splitting AA(k) = 2b; as
a function of temperature and momentum. At low temper-
atures, the splitting remains substantial over a broad mo-
mentum range, indicating well-separated eigenmodes. As
the temperature increases, thermal broadening drives the

1
system toward 4. =4- = 7 such that Al — 0, reflecting

the increased mixed character of the reduced subsystem.
Finite density modifies the temperature dependence of the
splitting while preserving this overall trend.

Table 2 presents the limiting forms of the eigenval-
ues A.(k) and their splitting A2 in several important lim-
its. In the chiral limit M, — 0, one finds A.(k)=
{l-n_,n,} and Al=1-n_-n,. In the asymptotically
high-temperature limit T — oo, both eigenvalues ap-
proach 1/2, implying a vanishing splitting, A1 =0. In the
vacuum limit (7,u,) — (0,0), the eigenvalues reduce to
A(k) = (1 +|k|/Ey) /2, so that AA = |k|/E,. Thus, the table
concisely summarizes how the eigenvalue spectrum
changes across different physical regimes.

V. VON NEUMANN ENTROPY AND CHIRALITY-
REDUCED ENTROPY

The von Neumann entropy of the left-handed re-
duced subsystem is defined in terms of the equal-time
correlator C;, as

S, =-Tr[C,InC,+(1-Cp)In(1-Cy)]. 1)

For a Gaussian fermionic state, this quantity is determ-

103109-4



Lesser Green’s function and chirality-reduced entropy via the In-Medium NJL model

Chin. Phys. C 50, 103109 (2026)

Fig. 2.
and momentum |k| for u, = 0 (a) and 200 MeV (b), with m, # 0.

Table 2. Limiting forms of the eigenvalues A.(k) and of
their splitting AA.
Limit A:(k) A
M,—0 {1-n_,n.} 1-n_-n,
1
T —> oo E 0
1 Ikl) K|
(T.11g) = (0.0) (=8 o

ined entirely by the eigenvalues of C;. At finite temperat-
ure and chemical potential, it quantifies the mixedness of
the left-handed subsystem and generally includes both
quantum and thermal contributions. Therefore, it is more
appropriate to interpret S, as a chirality-reduced entropy
(or chirality-subsystem entropy) rather than as an unqual-
ified entanglement entropy.
Using Eq. (21), the entropy density becomes

S _n N /A %k S -4k In 4,(k)
v )y @ — ! " (22)

—(1 = (k) In(1 = 2,(k))1,

and the corresponding single-mode entropy is

sy (k) = - Z [An(k) In Ay(k) + (1 = A, (k) In(1 — 2, (k)] .
h=+

(23)

The entropy vanishes only when the eigenvalues take
idempotent values, 4, =0 or 1, and is maximized when

(color online) Eigenvalue splitting of the chirality-reduced correlator, AA(k) = A.(k)—A_(k), as a function of temperature 7

1 1
A=A-= 5-In the high-temperature limit, 7. — 3 im-

plying 4. — 33 consequently, the entropy reaches its

maximum thermal value. By contrast, in the vacuum lim-
itT —0and py, =0,

|k|

/li(k)=%<liE—k), (24)

which is generally non-idempotent for finite A,. There-
fore, the chirality-reduced entropy does not necessarily
vanish in the zero-temperature vacuum state.

We emphasize that S, cannot be expressed as a func-
tional of the chiral condensate (Gg) alone. The condens-
ate is a local scalar expectation value that characterizes
the magnitude of symmetry breaking, whereas S, de-
pends on the full spectrum of the reduced correlator
Ci(k). Thus, it encodes information about the mixedness
of the reduced chiral sector that is not contained in con-
ventional local order parameters.

Accordingly, the behavior of S,(7,u,) should be in-
terpreted in terms of the temperature- and density-de-
pendent mixedness of the chirality-reduced subsystem.
Although it is correlated with chiral restoration, it should
not be identified as a pure entanglement measure unless
thermal contributions are removed using an appropriate
mixed-state entanglement diagnostic.

Before proceeding, we clarify the approximations un-
derlying the present construction. The NJL interaction is
treated at the mean-field level, so the four-fermion oper-
ator is replaced by a self-consistent constituent mass ob-
tained from the gap equation. In the real-time formalism,
we further employ the narrow-width quasiparticle ap-
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proximation for the spectral function, so that the lesser
propagator takes the on-shell form in Eq. (10). The en-
tropy is then computed from the equal-time correlation
matrix of the corresponding Gaussian fermionic state.
Hence, the present S, quantifies the mixedness of the
chirality-reduced Gaussian subsystem determined by the
two-point correlator. Beyond mean-field, finite spectral
widths and non-Gaussian correlations may quantitatively
modify the entropy and require a more general treatment.

VI. NUMERICAL RESULTS AND DISCUSSION

We now discuss the numerical behavior of the chiral-
ity-reduced entropy S, obtained from Eq. (22), along
with the temperature and density dependence of the dy-
namical quark mass M,(T,u,) determined from the NJL
gap equation. The finite low-temperature baseline of S,
is consistent with the reduced-state interpretation de-
veloped in Sec. V: even in the vacuum limit, the chirality-
reduced correlator generally remains non-idempotent for
finite M,, so the reduced entropy does not vanish mode
by mode.

Figure 3 shows S, as a function of temperature T" and
quark chemical potential p, for both the chiral limit
(m,=0) and the physical current-mass case (m,=5.25
MeV). In both cases, S, exhibits nontrivial evolution
across the chiral transition region. At sufficiently high
temperature, the entropy increases because thermal
broadening drives the eigenvalues A.(k) toward 1/2,
thereby enhancing the mixedness of the chirality-reduced
subsystem.

A characteristic feature of Fig. 3 is that, at fixed p,,
S, is not monotonic over the entire temperature range. In
particular, for sufficiently large u,, the entropy is sup-
pressed in the low-temperature region, followed by re-
covery and a subsequent increase at higher temperatures.
This nonmonotonic behavior indicates that the density de-
pendence of S, is intrinsically nontrivial.

The behavior of §,(T,u,) can be understood as the
result of competing effects summarized in Table 3. The
chemical potential y, determines the fermionic occupa-
tion structure through the formation of a Fermi surface,
driving a broad momentum region toward nearly idem-
potent occupation numbers (7. =0 or 1) and thereby re-
ducing the mixedness of the reduced chiral sector. By
contrast, finite temperature thermally broadens the Fermi
surface, leading to fractional occupation probabilities and
increased mixedness.

The dynamical quark mass M, provides an additional
control through the Dirac structure of the correlator. A
large M, suppresses helicity-dependent mixing and re-
duces the spread of the eigenvalue spectrum, whereas a
decreasing M, weakens this suppression and allows
stronger chirality mixing. The observed behavior of
S (T,u,) is therefore governed by the interplay among

Fermi-surface sharpening, thermal broadening, and mass-
controlled chirality mixing.

The comparison between the chiral limit and the fi-
nite-mass case shows that a finite current quark mass
smooths the overall structure of the entropy landscape. In
the chiral limit, the variation of S, across the transition
region is sharper, whereas for finite m, the change be-
comes more gradual, consistent with the crossover nature
of the transition in the mass sector.

To quantify the relationship between the entropy and
the conventional mass-based indicator of chiral restora-
tion, we compare the temperature derivatives of M, and
S, in Fig. 4. The extrema of dM,/ddT and dS, /dT do not
coincide. At u, =0, the minimum of dM,/dT is located
near T ~ 187 MeV, whereas the peak of dS,/dT appears
near T ~222 MeV. At u, =200 MeV, the corresponding
temperatures shift to approximately 140 MeV and 191
MeV, respectively.

This separation has a clear physical origin. The dy-
namical quark mass M, probes the onset of symmetry
restoration through the melting of the chiral condensate,
whereas S, measures the subsequent development of
mixedness in the fermionic subsystem, which requires
sufficient thermal broadening. Consequently, the peak of
dS,/dT is shifted to higher temperatures relative to the
extremum of dM,/dT .

In addition, Fig. 4(c) shows that dM,/du, is negative,
indicating that increasing chemical potential weakens dy-
namical mass generation, whereas dS,/du, is positive
and exhibits a broad maximum, reflecting the enhanced
sensitivity of the entropy to density. This further demon-
strates that S, does not track the mass sector on a point-
by-point basis, but instead encodes both mass reduction
and density-driven rearrangement of the occupation struc-
ture.

Overall, the chirality-reduced entropy provides a cor-
relator-based diagnostic of the transition region in hot and
dense quark matter. It is sensitive to both thermal broad-
ening and density-induced occupation restructuring,
thereby capturing information beyond conventional sym-
metry-breaking observables. All results are obtained
within the mean-field NJL framework combined with the
narrow-width quasiparticle approximation, where the en-
tropy is computed from the equal-time correlation matrix
of a Gaussian fermionic state.

VII. SUMMARY AND OUTLOOK

Our results show that chiral symmetry restoration and
the mixedness of the chirality-reduced subsystem are
closely related, but not identical, even in a mean-field
QCD-like model. In this work, we developed a correlator-
based framework for analyzing chiral-sector mixedness in
hot and dense quark matter within the finite-temperature,
finite-density Nambu—Jona-Lasinio (NJL) model. Start-
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(color online) Chirality-reduced entropy S, defined in Eq. (22), as a function of temperature 7 and quark chemical potential

Hy for m, =0 in panel (a) and m, = 5.25 MeV in panel (b). Panels (c) and (d) show the corresponding two-dimensional slices at fixed

values of .

Table 3.

The roles of temperature 7, chemical potential y,, and dynamical mass M, in determining the chirality-reduced entropy S,

are governed by the competition among Fermi-surface sharpening, thermal broadening, and mass-controlled chirality mixing.

Parameter Physical role Tendency for S,
Hq Fixes fermionic occupation (Fermi-surface formation) Suppresses
T Induces thermal broadening (occupation smearing) Enhances
M, Controls chirality mixing via the Dirac mass Suppresses

ing from the lesser Green's function G<(k) in the real-time
formalism, we constructed the equal-time correlation
matrix C(k) and defined the left-handed reduced correlat-
or Cy(k)=P,C(k)P,. The corresponding von Neumann
entropy, S, = -Tr[C,InC+(1-C.)In(1 -C,)], was used
to characterize the mixedness of the chirality-reduced
subsystem. In this framework, the reduced correlator re-
tains a nontrivial helicity structure and must therefore be
described by its full eigenvalue spectrum rather than by a
single scalar occupation probability.

The self-consistent solutions of the NJL gap equation
reproduce the expected QCD-like chiral phase structure,

featuring a second-order transition in the chiral limit and
a smooth crossover for a finite current quark mass. Using
these solutions, we evaluated the chirality-reduced en-
tropy density S,/V and found that it exhibits nontrivial
behavior across the chiral transition region. Although §,
is correlated with chiral restoration, it is not an order
parameter. Instead, it should be interpreted as a correlat-
or-based measure of reduced chiral-sector mixedness that
provides information complementary to the conventional
chiral condensate through the full spectrum of the re-
duced correlator.

A central result of the present analysis is that the tem-
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(color online) Normalized responses of the dynamical quark mass and chirality-reduced entropy: dM,/dT and dS,/dT at

Hy =0 (a) and y, =200 MeV (b), and dM,/du, and dS, /du, at fixed temperature 7' = 0.2 GeV (c). The extrema of the entropy response

generally do not coincide with those of the dynamical mass respo

perature response of S, does not coincide with that of the
dynamical quark mass. In particular, the peak of dS,/dT
is shifted relative to the extremum of dM,/dT, indicating
that the development of reduced-sector mixedness and the
rapid melting of the dynamical mass need not occur at the
same temperature. At fixed temperature, the chemical-po-
tential responses also show a clear separation between the
mass and entropy sectors: while dM,/du, remains negat-
ive, dS, /du, is positive and develops a broad maximum
at intermediate u,. These results show that the chirality-
reduced entropy probes aspects of chiral dynamics that
are not fully captured by conventional symmetry-break-
ing observables alone.

In this sense, the present study provides an internal
chiral-subsystem counterpart to other information-theor-
etic approaches to QCD. Whereas spatial, partonic, or
color-sector entropies probe different partitions of the
QCD state, the present S, probes the reduced mixedness
associated with chirality projection. This perspective also
clarifies the limitation of the observable: S, is not a new
order parameter for chiral symmetry restoration, but
rather a correlator-based diagnostic that complements
conventional condensate- and mass-based descriptions.

nse.

The present framework can be extended in several
directions. It would be worthwhile to investigate how
vector interactions, finite spectral widths, and beyond-
mean-field non-Gaussian correlations modify the re-
duced correlator and its entropy. Extensions to PNJL-type
or other confining frameworks would also allow one to
study the interplay between deconfinement and chirality-
reduced entropy in a more realistic setting. On the non-
perturbative side, future lattice-QCD studies based on fer-
mionic two-point functions and equal-time correlation
matrices may help assess the extent to which chirality-
projected reduced entropies can serve as robust informa-
tion-theoretic probes of chiral dynamics in strongly inter-
acting matter.

APPENDIX

A. Validity range of the equilibrium assumption
The equilibrium relations used in Egs. (7) and (8)

G*(p)=ins(PHA(p), G (p) = ~ill—n:(P)IA(p), (A1)
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are valid when the system is in local thermal equilibrium
and its relaxation time 7, is sufficiently long compared
with the microscopic interaction time. In this regime,
quasiparticle excitations are well defined, and the spec-
tral function is sharply peaked near the mass shell,

A(p) = 2rsgn(p) 6(p* — M), (A2)

so that finite-width effects can be neglected. This narrow-
width quasiparticle limit justifies the use of the on-shell
expressions in Egs. (9)—(13).

If a finite-width spectral function is retained, the
equal-time correlator is still defined by

0
Clky =i / I 6w, (A3)
2w

and the chirality-reduced correlator by
. [ dk° -
Ci(k)=P,C(k)P, =i o PG (k)P;. (A4)

Accordingly, S, quantifies the mixedness of the reduced
chiral sector while accounting for possible broadening ef-
fects, and it reduces to the on-shell expression in Eq. (22)
in the narrow-width limit. In this sense, finite spectral
widths provide an additional source of reduced-sector
mixedness associated with thermal smearing and quasi-
particle damping.

B. Justification for using the equal-time reduced
correlator
In equilibrium, the lesser Green's function G<(k) de-

scribes the occupied component of the single-particle
spectrum, whereas the entropy of a Gaussian fermionic
subsystem is determined by the corresponding equal-time
correlation matrix. Accordingly, we define

. [ dk°
C(k):1/§G<(k), 0<C(k)<1. (B1)

For a Gaussian (mean-field) fermionic state, this correlat-
or fully determines the state at the level of two-point cor-
relations.

Projecting onto the left-handed subspace with P, =
(1-%°)/2, we obtain

0
C.(k) = PLC(O)P, = / C PG WP, (B

The matrix C,(k) is the reduced equal-time correlation
matrix for the left-handed sector. Its eigenvalues satisfy

0<A(k)<I. (B3)

Thus, they admit the standard fermionic probability
interpretation and determine the entropy of the reduced
Gaussian subsystem. The corresponding von Neumann
entropy is

S,y ==-Tr[C,InC,+(1-Cr)In(1-Cp)]. (B4)

Thus, within the mean-field or quasiparticle approxima-
tion, C; is the appropriate object for constructing the en-

tropy.
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