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Abstract: In this work, we propose a method for quantifying the difference between nuclear parton distribution
functions in different nuclei and parton distribution functions in free nucleons using relative entropy (also known as
the Kullback-Leibler divergence), a measure widely employed in quantum information theory. By introducing cer-
tain constraints and the “minimum relative entropy” hypothesis, we can determine the shape of the structure func-
tion in the intermediate-x region, which is closely connected to the renowned EMC effect. For quark structure func-
tions, our results are consistent with the latest global fits to experimental data. This agreement suggests that the relat-
ive entropy-based methodology may provide novel insights into nucleon structure, particularly in cases where exper-
imental data and theoretical QCD constraints are limited, such as those relevant to gluon nPDFs. Therefore, we ap-
ply this methodology to gluon nPDFs, analyzing the results from two commonly used global fitting groups, EPPS21
and nNNPDF3.0. Our analysis suggests that the central values of EPPS21 align more closely with the “minimum rel-
ative entropy” hypothesis. This finding underscores the utility of the proposed method and provides a valuable refer-

ence for future global fits of nPDFs.
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I. INTRODUCTION

Parton distribution functions (PDFs) are quantum cor-
relation functions that characterize the probability that a
parton carries a certain momentum fraction of the hadron
momentum. PDFs serve as fundamental inputs for preci-
sion Standard Model (SM) baseline predictions at the
LHC and other collider facilities, and thus their determin-
ation is a key focus in high-energy physics [1—6].

When free nucleons become bound within atomic
nuclei, nuclear parton distribution functions (nPDFs) be-
come necessary. One of the primary goals of nuclear
physics is to achieve a comprehensive description of the
structure of atomic nuclei. The nPDFs, which describe
the motion of partons in the nuclear medium, remain one
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of the least understood aspects of nuclear structure. A
prime example is the unexpected EMC effect, which in-
dicates that quark PDFs in bound nucleons are modified
compared with those in free nucleons in the intermediate-
x region [7—10]. The complex nature of nonperturbative
QCD renders an analytical solution for nPDFs unattain-
able. Furthermore, lattice QCD also remains impractical
for this issue, as nuclear structure represents a quintessen-
tial many-body problem that currently exceeds the com-
putational capabilities and resources available for lattice
simulations. Even for very light nuclei, current lattice cal-
culations remain at an exploratory stage [11—13]. There-
fore, nearly all currently available nPDFs are extracted
from global-fit analyses of experimental data [14—17].
Moreover, our knowledge of gluon nPDFs is consid-
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erably more limited. While modern global-fit analyses
yield increasingly precise quark nPDFs—with nuclear
modifications for quarks in the intermediate-to-large x re-
gion being broadly consistent across different fitting
groups—the gluon nPDF remains substantially more un-
certain. In contrast to the quark sector, predictions for
gluons from different groups often differ markedly.
Therefore, developing new methodologies to constrain
parton, especially gluon, nPDFs is a significant scientific
goal.

The recent rapid development of quantum informa-
tion theory has drawn attention in high-energy physics
because of its potential applications to long-standing
problems and its ability to reveal fundamental connec-
tions to underlying physical mechanisms [18, 19].
Quantum information theory has introduced novel ob-
servables—various types of entropies that enable an ex-
tended characterization of hadron structure and scattering
processes beyond classical approaches. Studies in this
area have proliferated significantly [20—37]. Here, we
seek to identify an appropriate entropy for the investiga-
tion of nPDFs. First, both PDFs and nPDFs are probabil-
ity distributions. Second, we aim to quantify the differ-
ence between these two distributions. The appropriate
quantity is the Kullback-Leibler (KL) _divergence
[ p(®)In(p(x)/q(x))dx (also known as relative entropy)
[38—42], which is a type of statistical distance: a measure
of how much a true distribution p(x) differs from a refer-
ence distribution ¢(x). If we treat the PDF as the refer-
ence distribution and the nPDF as the true distribution,
their ratio reflects the nuclear modification, whose funda-
mental mechanism may be recast in the quantum-theoret-
ic terms of KL divergence. When a free nucleon is placed
inside an atomic nucleus, its PDFs are modified into nP-
DFs due to interactions with surrounding nucleons. Un-
derstanding the precise mechanism of this transformation
remains a challenge. This paper explores an information-
theoretic approach to this problem, elaborating on how
concepts such as the “minimum relative entropy” hypo-
thesis can shed new light on this transformation.

In this paper, we quantify the difference between PD-
Fs and nPDFs using KL divergence. In the quark sector,
we determine the nuclear structure function in the inter-
mediate-x (EMC) region, where it is primarily sensitive to
the underlying quark nuclear modifications, by invoking
the minimum relative entropy hypothesis. This hypothes-
is proposes that when a free nucleon is bound in a nucle-
us, its PDFs transform into nPDFs in a way that minim-
izes the relative entropy between them, subject to known
physical constraints. This approach frames the transform-
ation as an optimization problem with fixed boundary
conditions, providing a principle for determining the
shape of nPDFs. In turn, this methodology offers a poten-
tial reference for assessing the quality of global fits to
gluon nPDFs, which will be elaborated below.

The organization of this paper is as follows. In Sec. 11,
we give the formalism for structure functions in deeply
inelastic scattering (DIS). Sec. III presents the definition
of KL divergence and discusses its properties. In Sec. IV,
we develop a framework and present results for quantify-
ing and determining quark structure functions using the
KL divergence. We turn to the investigation of gluon nP-
DFs in Sec. V. We finish with the conclusion in Sec. VI.

II. FORMALISM FOR STRUCTURE FUNCTIONS
IN DIS

The cross sections for neutral-current DIS (eN — eX)
on unpolarized nucleons can be expressed in terms of
structure functions

d’o 4ma?
T T s((1=y)Fa(x, 01 + Y xFi(x,0%)),

(1

where x is the Bjorken scaling variable, y denotes the in-
elasticity, Q? represents the negative of the squared four-
momentum transfer from the lepton to the hadron, and s
stands for the squared center-of-mass energy. It should be
noted that Eq. (1) includes only the neutral-current
photon-exchange contribution at leading order (LO) in
the strong coupling constant @, and this equation can be

further reduced using the Callan—Gross relation,
F2 =2XF1 [43]

dPops  2nad? 5 )

iy = O s(1+(1=y7) Fa(x, 0. )

The simplified form in Eq. (2) is adopted in this study to
facilitate the subsequent analysis based on the KL diver-
gence. At LO, the relationship between the structure
function F, and the quark distributions is given by

Fy(x,0h) =Y ex[f,( 0+ (0], ()
q

where e, denotes the electric charge of quark ¢, and
f,(f,) represents the PDF of parton (antiparton) ¢. In the
case of an atomic nucleus, the structure function becomes

Z
F.0)/A= x| 5 (f1 0 0+ £ (. )
q

P )] @)

where Z is the atomic number, N is the neutron number,
and 4 is the mass number of the nucleus. f7* denotes the
nPDF of parton ¢ in a proton bound in a nucleus with
mass number 4, and f;’* denotes the corresponding nP-
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DF in a bound neutron.
For concision, we adopt the following notation:

Z N
F @) = 2. 00+ f (. Q7).
)
Z N
f 00 = 2100 0+ 740, 0.

Therefore, the structure function of nucleus A can be sim-
plified as follows:

F}x,0)/A =Y x| fAxo)+ )], (©)
q

Numerous experimental and theoretical studies have been
dedicated to describing this structure function [44—52].
Although substantial information about it is available, the
exact distributions still cannot be obtained from first prin-
ciples. The best currently available results come from
global fits to experimental data. For instance, the EPPS21
Collaboration provides numerical values for f! and f;'
[53], which show good agreement with experimental res-
ults [54—58].

The EMC effect describes the deviation from unity in
the ratio of per-nucleon deep inelastic structure functions
for nucleus A to deuteron, (F3(x,0*)/A)/(Fi(x,0%)/2), in
the intermediate-x region. This deviation may, in turn,
leave a signature on quantum information-theoretic
quantities such as the KL divergence and serve as a proxy
for nuclear modifications to the nucleon structure.

III. THE KULLBACK-LEIBLER DIVERGENCE

In this work, we use the KL divergence between PD-
Fs and nPDFs to assess nuclear modifications. To make
the discussion self-contained, we begin with a brief intro-
duction to the KL divergence. Mathematically, the KL di-
vergence between two probability distributions is defined
as

D (pllg) = / pin 2
. q(x)

(7
From here on, we will denote ¢(x) as the reference distri-
bution and p(x) as the true distribution. Here, we employ
the KL divergence, which is also referred to as relative
entropy in the literature, with units of nats (with the base
of the logarithm e).

KL divergence is a fundamental quantity in probabil-
ity and quantum information theory. It arises as the ex-
pected logarithm of the likelihood ratio of two distribu-
tions, p(x) and g(x). In what follows, we outline its dis-
tinguishing features. The KL divergence is a measure of

1) https://research.hip.fi/qcdtheory/nuclear-pdfs/epps21/

the “distance” between the reference probability function
q(x) and the true probability function p(x). It is always a
non-negative real number, with value 0 if and only if the
true function is identical to the reference function. The
nonnegativity of the KL divergence implicitly assumes a
prerequisite condition: both functions g(x) and p(x) are
normalized to unity, [g¢(x)dx=1, [ p(x)dx=1.

As discussed above, the KL divergence is a useful
tool for quantifying the difference between nuclear and
free-nucleon distributions. In the quark sector, our analys-
is is formulated at the level of structure functions that are
linear combinations of quark and antiquark nPDFs. In the
gluon sector, the same idea is applied directly to the
gluon nPDFs. We now turn to these two applications in
the following sections.

IV. FRAMEWORK AND RESULTS FOR QUARK
STRUCTURE FUNCTIONS

In this section, we provide a method for calculating
the KL divergence for different nuclei. The EMC experi-
ment measured the ratio of per-nucleon structure func-
tions between a nucleus A and the deuteron,
(Fi(x,0%)/A)/(Fd(x,0%)/2), which is closely related to the
nuclear modification of quark nPDFs. Therefore, determ-
ining the shape of this ratio in the EMC region provides
important constraints on the corresponding quark distri-
butions. Theoretically, a major advantage of employing
this ratio is its insensitivity to higher-order perturbative
QCD corrections, as such perturbative contributions
largely cancel in the ratio and are less relevant to the non-
perturbative PDFs and nPDFs. Here, we take the numer-
ator of this ratio as the true distribution p#(x) and the de-
nominator as the reference distribution ¢“(x). In this
work, 0% =10GeV?, which is a typical scale in DIS pro-
cesses. To keep the notation concise, the explicit Q? de-
pendence is omitted.

For the reference distribution, the deuteron is re-
garded as an approximation to a free proton-neutron sys-
tem because it is loosely bound and the average distance
between the nucleons is large. Therefore, we adopt the
CT18A free PDFs to construct the deuteron reference
structure function [1]. For the true distribution, we use
values from the EPPS21 parametrization for different
nuclei" [14]. First, we evaluate the KL divergence over
the full-x interval. Because this interval includes the shad-
owing, antishadowing, EMC, and Fermi-motion regions,
it provides a useful overall comparison of the nuclear and
deuteron structure functions and serves as supplementary
background for the subsequent analysis in the EMC re-
gion. Since we perform the numerical integration using
global-fit results, we cannot directly compute the KL di-
vergence over the idealized full range x € [0, 1]. Here, the
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range for numerical integration is x € [107,0.99], which
gives rise to a technical issue related to normalization. As
introduced previously, the nonnegativity of the KL diver-
gence inherently requires that both distributions be indi-
vidually normalized to unity. Otherwise, the calculated
KL divergence could yield negative values, which is
counterintuitive for a measure representing any form of
entropy. Hence, we introduce two normalization factors,
z, and z,, and the normalized distributions are

P, = T A P =2z,p'(x),

Xmin (8)
d _ d — d .
¢l = T giGodn T =D

The KL divergence between the structure functions of
nucleus A and the deuteron is calculated as follows:

. A
PN max A p (x)|nor
Dxo(p"llg )—/xm p (x)’mrlnda)lnm '

€

Here, p*(x) denotes the nuclear structure function
constructed from the EPPS21 global analysis, and ¢%(x)
represents the deuteron reference structure function built
from the CT18A free PDFs. For the full-x region, more
details are provided in Appendix A.

While the full-x KL divergence provides—a useful
global measure of the nuclear modification, the central
goal of this work is to determine the shape of the struc-
ture function within the intermediate-x EMC region. We
focus on this interval in what follows. In'the EMC region,
the ratio decreases monotonically from a maximum to a
minimum. Within the EPPS21 set, this region spans
x €[0.25,0.65]. We have also computed the KL diver-
gence within this region using the same method de-
scribed above, except that the integration limits in Eqs.
(8) and (9) have been changed from [107%,0.99] to
[0.25,0.65]. More details about the resulting KL diver-
gences for different nuclei are provided in Appendix A.

These results essentially quantify findings that are
already known. More importantly, we are interested in
whether the KL divergence can provide new insights into
nucleon structure, especially in the EMC region. Prior to
the discovery of the EMC effect, it was commonly be-
lieved that the ratio (F4(x)/A)/(F§(x)/2) would be unity
in the intermediate-x region, implying a corresponding
KL divergence of zero. However, the EMC effect re-
vealed that this ratio deviates from unity, showing a
monotonic decrease in the approximate x-range from 0.25
to 0.65.

For a given nucleus A, if we fix the two endpoints at

x=0.25 and x =0.65, a question arises: can we establish
a criterion for determining the shape of the structure func-
tion within the EMC region? This is difficult because we
are attempting to construct this function from insufficient
data—mneither perturbative QCD nor lattice QCD can be
applied to this issue. Interestingly, the problem en-
countered here bears a striking resemblance to the fam-
ous brachistochrone problem proposed by Bernoulli in
1696 [59]. Both involve finding the extremum of a func-
tional under fixed boundary conditions: the brachisto-
chrone problem seeks the minimal time of descent, while
our task requires establishing an extremum principle for a
physical observable.

The physical observable we choose is the KL diver-
gence utilized above.

0.65 AA
%) 5 p ('x) nor

Dy (p*llg") = / PA(X)|mr1nd7|dx. (10)
0.25 q ('x)lnor

In the above equation, p*(x) represents the structure func-
tion we aim to determine, and ¢%(x) denotes the deuteron
reference distribution introduced above. We assume that,
with the endpoints fixed, the actual structure function of
the nucleus tends to minimize the KL divergence in Eq.
(10), which we refer to as the “minimum relative en-
tropy” hypothesis. It is important to emphasize that this
hypothesis serves a role analogous to that of the shortest-
time principle in the brachistochrone problem. With this
hypothesis, the structure function can be computed and
subsequently compared with the results of global fitting
analyses. First, we adopt a polynomial parametrization
for p(x).

ﬁgoly(x) = (a1x3+b1x2+c1x+d1)qd(x). (11)

Using the EPPS21 global fits, we can derive constraints
at the endpoints, which determine two parameters in Eq.
(11), while the remaining two are fixed by the minimum-
relative-entropy hypothesis. It is worth noting that the
two endpoint values at x = 0.25 and x = 0.65 are obtained
from the EPPS21 global fits and thus encode direct exper-
imental information about the nuclear modification at the
boundaries of the EMC region. An alternative approach
would be to employ momentum sum rules as theoretical
constraints. However, sum rules are integral constraints
over the full x-range; they do not directly fix the shape of
distributions within the EMC sub-interval. Therefore, we
did not adopt this method in the current work.

In Figure 1, we provide a two-dimensional visualiza-
tion of the KL divergence as a function of the a; and b,
parameters.” The KL divergence forms a distribution in

1) From the perspective of artificial intelligence, the KL divergence here serves as a loss function defined over the parameter space. Figure 1 displays the correspond-
ing loss landscape, where the minimum point (red dot) identifies the optimal solution under the imposed endpoint constraints.
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(color online) The KL divergence is shown as a function of a; and b,. The red dot indicates the position of the minimum KL
divergence for “He, 12C, °Fe, and 2®Pb at the momentum transfer Q@ =

10GeV?. The orange and magenta dots mark two representat-

ive reference solutions, which will be used for comparison in Figure 2.

the parameter space that allows us to identify its minim-
um point. The position marked with a red dot indicates
the corresponding a; and b, values that minimize the KL
divergence. The black dot represents the result of the
EPPS21 global analysis. These two points are-found to be
in close proximity within the parameter space. The struc-
ture functions corresponding to all four points will be
presented in Figure 2.

We present the explicit results of the polynomial
parametrization for “He, 2C, >°Fe, and 2°*Pb.

Pille (x)= (~5.89x3+7.39 2 3.00x+1.38) ¢ (x),
Doy (V)= (=7.60x*+9.53 x2~3.86. x+1.48) ¢*(x),

Ppoly
PUEe ()= (1151 6+ 14.43 2 -5.85x+1.72) (),
PPo(x)= (~16.23 +20.32.2~8.22 x+1.99) ¢ ().

(12)

Appendix B lists the four parameters (a,, b;, ¢, and d,)
in Eq. (11).

Using the results in Eq. (12), we can plot the struc-
ture functions given by the minimum relative entropy hy-
pothesis. Figure 2 shows a comparison between these
structure functions and the global fitting results from the
EPPS21 set. Additionally, for reference, we also plot two
curves that yield larger KL divergences, corresponding to
the orange and magenta dots in Figure 1, respectively.
From Figure 2, it can be observed that the structure func-
tions given by Eq. (12) are rather close to those obtained
from the global analysis. This indicates that the minim-
um relative entropy hypothesis can yield reasonable nuc-
lear structure functions, consistent with the results of the
QCD global analysis.

In addition, we have examined the dependence of the

results on the parametrization form. In Eq. (11), we adop-
ted a polynomial form and expanded it to the cubic term

. We have also extended the expansion to the quartic
term x*, and the resulting pj,,,(x) remained identical to
that obtamed in the cubic case. Therefore, we do not
show the corresponding results for the sake of brevity.
Moreover, the widely used canonical parametrization
form with exponential and power-law endpoint beha-
viour was also tested.

Pl = (ax”(1 = 0)2®") ¢ (x). (13)
Consistent with the previous method, these parameters
can be determined using the minimum relative entropy
hypothesis.

AiHe(x) =(0.20 x—0.69(1 _ x)1.39e4.13x) qd(x)’
p:m (x) =(0.13 x70.90(1 _ x)|.81e5.37x) qd(x)’

ASOF,

PFe(x)= (0.039 x740(1 — x)2Me54%) g(),
208Pb(x) — (0008 x—2,09(1 _ x)4.25612.57x) qd(x).

Pean (14)
Appendix B collects the values of the four parameters
(a2, by, ¢, and d5) in Eq. (13).

We now summarize the key findings obtained so far.
In Table 1, different KL divergences are compiled. The
second column lists the KL divergence calculated using
the results from the EPPS21 set, while the third and
fourth columns present the minimum KL divergences cal-
culated from Eq. (12) and Eq. (14), respectively. As can
be seen, the obtained minimum KL divergences given by
the polynomial and canonical parametrization forms
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Fig. 2. (color online) Comparison of the structure functions Photy®) obtained from the polynomial parameterization (red line), p*(x)
from EPPS21 (black line), and the reference curves p, (x) (orange line) and p4,(x) (magenta line).

Table 1.
EPPS21 with the minimum KL divergences calculated using

Comparisons of the KL divergence calculated from

the polynomial and canonical parameterizations in the inter-
mediate-x region [0.25,0.65] for different nuclei.

Nucleus — DEMC(plgh  DRYIC(phMla®  DEYC(pallg®)
3He 0.46x107* 1.3x1073 12x1073
“He 232x107% 3.0%x1073 29%1073
°Be 475x107* 7.0x1073 6.9x107
le 3.70x 1074 5.0x1073 5.0x1073
S6Fe 8.17x107* 1.21x10™ 1.21x10™
197 Au 16.19x 1074 2.52x 1074 2.58x 1074
208pp 16.85x 1074 2.63x1074 2.70x 1074

show remarkable consistency with each other. This agree-
ment becomes more visually discernible when the struc-
ture functions are displayed together. Figure 3 shows
these two kinds of structure functions obtained from the
polynomial and canonical parametrizations, as well as the
global fitting results from the EPPS21 set. The differ-
ences between the structure functions obtained from these
two parametrizations are visually indistinguishable.

It is instructive to examine how the parameters de-
termined by the minimum relative entropy hypothesis de-
pend on the nuclear species. In the polynomial paramet-
rization, the leading cubic coefficient a; increases in
magnitude monotonically from -5.89 (“He) to —16.23
(*8Pb), reflecting the progressively stronger nuclear
modification for heavier nuclei. Correspondingly, the

minimum KL divergence DEC generally increases with

the nuclear mass number A4, consistent with the expecta-
tion that larger nuclei exhibit more pronounced devi-
ations from the free-nucleon baseline. A notable excep-
tion is °Be, whose KL divergence exceeds that of '*C.
This non-monotonic behavior is consistent with findings
in studies of nucleon short-range correlations and may be
attributed to the unique cluster structure of beryllium.

These results demonstrate the robustness of the calcu-
lated minimum KL divergence across different paramet-
rization forms. When the two endpoints in the intermedi-
ate-x region are fixed, both the value of the minimum KL
divergence and the shape of the nuclear structure func-
tion are almost exclusively determined by the minimum
relative entropy hypothesis. It should be emphasized that,
although we adopt two commonly used parametrizations
of the structure function, the values of their parameters
are not determined by fitting. Instead, they are obtained
by applying the minimum relative entropy hypothesis,
which selects the parameters that minimize the relative
entropy.

To quantify the perceived separation between the
various structure functions and the global fit results
provided by EPPS21 in Figures 2 and 3, we use the L?
norm, which is defined as

0.65
N(Phory) = /

0.25

(Pl -pr®) dx,  (15)

Here, p*(x) is the structure function from EPPS21.
The results are listed in the second column of Table 2. It
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Fig. 3. (color online) Comparison of the structure functions p: oty (O obtained using the polynomial parameterization (red line), p4,,(x)

obtained using the canonical parameterization (blue dashed line), and pa(x) from EPPS21 (black line).

Table 2.
KL divergences (second column) and of the reference struc-

Norms of the structure functions with minimum

ture functions (third and fourth columns).

Nucleus — N(Ppoy,) or N(Pean) N(pfesy) N(ppan)
*He 6.61x10™* 2.11x1072 2.33x1072
“He 1.79% 1073 2:50x 1072 2.25x1072
°Be 2.38x1073 4.07x1072 291x1072
2c 2.20x1073 2.49x1072 2.26x1072
S0Fe 3.10x 1073 1.22x1072 3.03x1072

197 Au 4.11x1073 1.34x1072 231x1072
208pp 4.14x1073 2.53x 1072 2.89x 1072

is evident that the norms calculated from p, (x) are
much smaller than those for the reference curves pa; (x)
and p2,(x), indicating that the minimum relative entropy
hypothesis could serve as a reliable criterion for con-
structing the quark structure functions of bound nucleons.
Moreover, the two different parameterization forms
(polynomial and canonical) yield nearly identical norms
in Table 2.

These findings suggest that the discrepancy between
the structure functions derived from the minimum relat-
ive entropy hypothesis and those obtained from global
fits can be quantified by computing their L?> norms. For
the quark structure functions considered in this section,
the minimum relative entropy hypothesis produces val-

1) https://research.hip.fi/qcdtheory/nuclear-pdfs/epps21/
2) https://nnpdf.mi.infn.it/for-users/nnnpdf3-0/

ues close to those of the global fits, resulting in a small L2
norm (on the order of 1073 to 10*). In the following sec-
tion, we adopt this norm-based comparison as a potential
reference for evaluating the quality of global fits to gluon
nPDFs.

V. DETERMINING GLUON NPDFS THROUGH
KL DIVERGENCE

Nucleons are composed of quarks and gluons; there-
fore, investigating the distribution of gluons, the mediat-
ors of the strong interaction, within nuclei is of funda-
mental importance. However, our understanding of gluon
nPDFs remains markedly poorer than that of quark nPD-
Fs. This is reflected in the significant discrepancies
among gluon nPDFs extracted by different global fitting
groups, especially in the intermediate-x region. Whether
gluons also exhibit the EMC effect is an open question
under active investigation [60—71]. Our results in the pre-
vious section show that the minimum-relative-entropy
hypothesis yields reasonable quark structure functions. In
this section, we apply this hypothesis independently to
gluon distributions.

We focus on gluon nPDFs in the intermediate-x re-
gion, where the results vary among different global fit-
ting groups. Here, we adopt the results from two widely
used global analyses, EPPS21" [14] and nNNPDF3.0?
[15]. The KL divergence between the gluon nPDFs of
nucleus A and deuteron is defined as
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pi)|

nord
HEY]

nor

D (pillg) = / p)| In

Xmin

(16)

Here, p?(x) is taken as the true distribution and q‘gf(x)
as the reference distribution, with their values provided
by global fitting groups. The limits of integration are set
t0 Xmin = 0.25, xmax = 0.50 for EPPS21 and to xp, = 0.30,
Xmax = 0.55 for nNNPDF3.0. These distributions require
normalization analogous to that in Eq. (8). The calcu-
lated values of the normalization factors z,, and z,, for
different nuclei are collected in Appendix A.

Following the minimum relative entropy hypothesis,
we determine the shape of the gluon nPDFs p}(x) that
minimizes the relative entropy.

||q$>—/"m ‘)| In

Xmin

PR
qd(x )|

EMC
D KL,g

_ &6 “lnor d

nor

(17)

Similar to the quark case, the polynomial and canonical
forms of the parameterizations are used to calculate

pax),

ﬁ?,po,y(x)=( aix’ +bix’ + cix + df) qé(x) (18)

Phean() = (a522(1 - 0)2e™) gl(x): (19)

Following the same procedure outlined in the previ-
ous section for quarks, we now present the results dir-
ectly. These are shown separately according to the global-
fit dataset employed.

We begin with EPPS21: the explicit results for “He
12C, %Fe, and 2®Pb in the polynomial parametrization are
as follows:

p:%f,ly(x) ( -29.62x*+31.38x2—10.89 x+2.22) 4(x),
Pe. poly )= ( 36.95x°+39.15x*—13.58 x+2.52) (x),
Py ()= (=50.10x°+53.05 3~ 18.40 x+3.06) ¢/ (),
Prpin ()= (—64.57 3 +68.34 3> ~23.69 x+3.66) ¢(x), (20)
and
ﬁgl‘izn(x) - (0 002 x—2A56(1 _ x)8490821.l9x) qg(x)’
p‘g . ): (0 0004 x—3A22(1 _ x)l 1A20626A68x> qZ(x)’
;6‘]:::11 ): (0 003 x72.37(1 _ x)9483621.94x) qg(x),
zoiij(x) _ (0 002 x—2.36(1 _ x)10.92€23.501) qtgl(x)’ (21)

for the canonical parametrization. Appendix B lists the

calculated parameters (a5, b5, ¢§ and 4f) in Eq. (20) and
(a3, b, ¢ and d5) in Eq. (21) for different nuclei.

Using the results in Egs. (20) and (21), we plot the gluon
nPDFs obtained from the minimum relative entropy hy-
pothesis in Figure 4. It can be observed that the shapes of
the gluon nPDFs obtained from the two parameteriza-
tions are highly consistent, with differences between
them barely discernible. Moreover, both results agree
well with global fits to experimental data, falling within
the uncertainty band of the EPPS21 results. It is worth
noting that gluon nPDFs have relatively large uncertain-
ties due to our currently limited knowledge of them.
Therefore, the minimum relative entropy hypothesis may
provide an even more useful complementary perspective
for studying gluon nPDFs than for constraining quark
structure functions.

Table 3 summarizes the different KL divergences.
The second column lists the KL divergence calculated us-
ing the gluon nPDF results from the EPPS21 set, while
the third and fourth columns correspond to the minimum
KL divergences calculated according to Eq. (20) and Eq.
(21), respectively. As observed for the quark structure
function, the choice of parametrization does not signific-
antly affect the values of the minimum KL divergence.
Regarding the dependence of the determined parameters
on the nuclear species, a similar systematic nuclear de-
pendence is observed in the gluon sector: the polynomial
coefficient af ranges from -29.62 (*He) to —64.57
(*Pb), indicating that gluon nuclear modifications also
increase with 4.

Similarly, the L? norm is used to quantify the differ-
ences between the parameterization results and the glob-
al fitting results. The norm values are collected in Table
4. It can be seen that the norms obtained from the two
parameterizations differ only slightly. This supports the
independence of the results with respect to the parameter-
ization forms. The L? norms between the gluon nPDFs
derived from the minimum relative entropy hypothesis
and those obtained from the EPPS21 global fits range
from 1.27x 1073 for 3He to 1.05x 1072 for 2%Pb, provid-
ing a quantitative measure of the discrepancy between
them.

We next turn to nNNPDF3.0. Applying this set of
globally fitted gluon data in conjunction with the minim-
um relative entropy hypothesis, we obtain results for “He,
12C, Fe, and 2®Pb within the polynomial parametriza-
tion.

pilte, (x)=(~8.97 . +10.96 X2 —4.41 x+1.60) ¢ (x),
PLC (V=(~47.08 ' +57.5222-23.11 x+4.13) ¢(x),
PUF (0=(~216.67 1 +263.53 x2~105.39 x+15.07) ¢(x),

Dot (x)=(~389.23 x° +470.88 x*~ 187.19 x+25.70) ¢ (x).

Dg poly

(22)
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Fig. 4. (color online) Comparison of the gluon nPDFs: p*

g.poly

(x) in the polynomial parametrization (red line), p
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2.can(X) 10 the canonic-

al parametrization (blue dashed line), and pf(x) from EPPS21 (black line).

Table 3. The KL divergences from EPPS21 and those calcu-
lated using the polynomial and canonical parameterizations in
the intermediate-x region [0.25,0.50] are shown. The four-mo-
mentum transfer is set to 0% = 10GeV?3.

Nucleus DEMC(Pg ||t1g) D%\‘dg Py, poly”qg DE%S(Pg,can”qg)
3He 1.54x 107 3.34x107° 3.44x107°
“He 231x107* 4.66x107° 4.86x107°
Be 3.24x107* 6.51x107° 7.19% 1073
2c 3.65x 107 7.33x107° 7.70x 1073
S0Fe 6.91x 107 1.37x107* 1.98x 107

197 Au 1.17x 1073 2.28x107* 421x10™*
208pp 1.19x 1073 2.33x10™* 3.95x 1074

The corresponding canonical parametrization is

Zizn(x) (0.0976 X713 (1 — x)*253) ¢l(x),
:ccan(x) = (()_0014)(2.86(1 _ x)msemsx) qd(x),
Ag f:n(x) = (0 0025 x~% 20(1 x)lS A7 ,30. 52x) g (x)
;oiglj(x) = (0_0002 x260( — x)3126 ese.sox> qg (x). (23)

Appendix B compiles the calculated parameters (a5, b
c§, and df) in Eq. (22) and (a3, b

S
1>

5, c5,and d5) in Eq. (23).

The gluon nPDFs obtained from the minimum relat-
ive entropy hypothesis are shown in Fig. 5. Interestingly,
these nPDFs begin to exhibit noticeable deviations from
the nNNPDF3.0 results, with the discrepancy becoming

Table 4. The norms of gluon nPDFs with minimal KL di-
vergences.
Nucleus N (ﬁg,poly) N (Pg can)
3He 1.27x1073 1.25x1073
“He 470x1073 4.58x1073
Be 5.54x 1073 5.45%x1073
2c 5.87x1073 5.70x1073
SFe 8.02x 1073 9.05x 1073
197 Au 1.03x 1072 1.15x1072
208pp, 1.05x 1072 1.28x1072

particularly pronounced for Fe and 2%Pb. The corres-
ponding KL divergences are shown in Table 5. This dis-
crepancy is more clearly illustrated by calculating the L?
norms between the gluon nPDFs derived from the minim-
um relative entropy hypothesis and those obtained from
the nNNPDF3.0 global fits. These values are presented in
Table 6, where the norms are generally larger than those
previously obtained with EPPS21. For example, the res-
ults for **Fe, '7Au, and 2Pb are approximately four
times larger than their EPPS21 counterparts. In terms of
central values, the EPPS21 gluon distributions are closer
to the minimum relative entropy solutions obtained in the
present analysis. However, because nNNPDF3.0 has sig-
nificantly larger uncertainties and the endpoint uncertain-
ties have not yet been considered, this comparison based
on the minimum relative entropy hypothesis should be re-
garded as a potential reference rather than a benchmark.
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Fig. 5. (color online) The same as Figure 4, but for nNNPDF3.0.

Table 5. Same as Table 3, but for the nNNPDF3.0 gluon Table 6. The same as Table 4, but for the nNNPDF3.0

nPDFs in the intermediate-x region [0.30,0.55]. gluon nPDFs.

Nucleus D%‘:’E (Pellg?) D%\j{g (ﬁgpolyﬂqg) D%ﬁg (P2 canllg?) Nucleus N (ﬁg’poly) NP can)
‘He 4.55%107 427%10° 430%1076 *He 1.69x 1073 1.85x 1073
9Be 523%x107 534% 1075 6.93% 107 Be 5.97x1073 6.12x107
2¢c 1.02x 1073 1.07x 1074 1.50x 1074 e 8.25x107? 8.78x1073
Sope 1.45% 102 1.93% 1073 530% 1073 S6Fe 2.72x1072 3.52x107

197 Ay 3.69% 1072 549x 1073 1.66x 1072 197 Au 4.11x1072 5.26x1072
208py, 438x1072 6.53% 1073 2.21%102 208pb 443x1072 6.59x 102
tion.

The results of this work are intriguing and warrant
further investigation to uncover the profound physical
connections between PDFs and nPDFs within the frame-
work of quantum information theory. The behavior of
nonperturbative QCD is highly complex. In contrast to
conventional approaches, the concept of entropy offers a
promising avenue for elucidating the fundamental sym-
metries and underlying dynamics of QCD that are other-
wise hidden.

In addition, it is worth noting that the present analys-
is is restricted to the EMC region, where the nuclear
modification exhibits smooth and monotonic behavior
that is well suited to the minimum relative entropy hypo-
thesis employed here. Extending the methodology to the
full kinematic range would require addressing the qualit-
atively different behaviors in the shadowing, antishadow-
ing, and Fermi-motion regions. Such an extension neces-
sitates additional physical inputs—for instance, multiple
sets of boundary conditions and constraints from parton
momentum sum rules—and is left for future investiga-

VI. CONCLUDING REMARKS

In this work, beyond conventional observables, we
have introduced the KL divergence, a well-known quant-
ity in quantum information theory, as a measure for prob-
ing the parton structure of nucleons bound in nuclei. In
the quark sector, the resulting structure functions in the
EMC region are broadly consistent with current global
analyses. In the gluon sector, the minimum relative en-
tropy hypothesis provides an information-theoretic per-
spective for comparing different global analyses. The
present results indicate that, at the level of central values,
the EPPS21 gluon distributions are closer to the minim-
um relative entropy solutions obtained here, while a
clearer assessment of nNNPDF3.0 requires further study.
These observations suggest that the KL-divergence ap-
proach may serve as a useful complementary tool in fu-
ture studies of nPDFs.
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In particle physics, determining nonperturbative in-
puts beyond global fitting is not only complementary but
also necessary for a deeper understanding of hadron
structure. The introduction of the KL divergence and the
minimum relative entropy hypothesis offers a new per-
spective on longstanding problems. The present frame-
work may help further explore the details of nuclear
structure functions and parton distributions. Admittedly,
the results presented here should still be regarded as in-
dicative rather than definitive, and we hope that this work
will stimulate further studies of information-theoretic ap-
proaches to nucleon structure.
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APPENDIX A: DETAILS OF THE KL-DIVER-
GENCE CALCULATIONS

Here, we compute the KL divergence using Eqs. (8)
and (9). The -corresponding integration limits. are
[107%,0.99] and [0.25,0.65], respectively. The resulting
KL divergences are denoted by Dl(pi|g?) and
DEMC(p*l¢?). Table Al presents the calculated KL diver-
gences for different nuclei.

We use the EPPS21 nPDF set together with the
CTI18A free-PDF set. For the full-x region [107°,0.99]
and the intermediate-x region[0.25,0.65], we take
Fi(x,0%/A as p*(x) in Eq. (6) and F4(x,0%)/2 as ¢‘(x).
Qualitatively, as A4 increases, nuclear modification be-
comes more apparent, leading to an increase in the KL di-
vergence —a trend that is consistent with the results
shown in Table Al. However, it is worth noting that the
value for '2C is lower than that for °Be, a pattern consist-
ent with findings from studies of nucleon short-range cor-
relations, which show a non-monotonic dependence on 4
for '2C and °Be [72]. This may arise from the unique

Table Al.
uated in the full-x region [107%,0.99] and the intermediate-x re-

The KL divergences for different nuclei are eval-

gion [0.25,0.65]. The four-momentum transfer is chosen as
0% =10GeV?.

nature of beryllium, whose density is similar to that of he-
lium, yet whose EMC effect closely resembles that of
denser nuclei because of its pronounced cluster structure.

The values of the normalization factors z, and z,
defined in Eq. (8) are listed in Table A2.

Table A3 presents the normalization factors used to
calculate the gluon KL divergence.

Table A4 presents the normalization factors used to

Table A2. The normalization factors z, and z, are shown
for different nuclei in the full-x region [107%,0.99] and the in-
termediate-x region [0.25,0.65]. The four-momentum transfer
is chosen as 02 = 10GeV?.

Nucleus Zfoll e
D(z,) 7.06 19.61
SHe 6.70 18.16

‘He 7.12 20.32

Be 7.26 21.05

2c 7.14 20.48

56Fe 7.27 21.16

197 Au 7.48 22.20

208ph 7.50 22.29

Table A3. Normalization factors z5E¥© and zE¥C used in the

calculation of the EPPS21 gluon KL divergence in the inter-
mediate-x region [0.25,0.5].

Nucleus ZE,I‘;C
2D(24¢) 7.67
3He 7.74
“He 7.93
°Be 7.97
12¢c 7.98
56Fe 8.09
197 Ay 8.20
208Pb 8.21

Table A4. Same as Table A3, but for the nNNPDF3.0 gluon
nPDFs in the intermediate-x region [0.3,0.55].

Nucleus DI (pAlg) DEMC(ph1g%) Nucleus ZEMC
3He 1.33%x1073 0.46x 107 2D(zq4) 13.03
4He 5.00%x 1073 232x107* 4He 12.99
9Be 5.22x1073 4.75%107* 9Be 12.79
2¢ 5.42x1073 3.70x 1074 2c 12.65
S6Fe 6.38x1073 8.17x107* 30Fe 11.94

197 Ay 7.93%1073 16.19x 1074 197 Au 12.32
208py, 8.03x1073 16.85x10~* 203pp 12.48
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Table B1.
ing the polynomial form in Eq. (11) and the canonical form in

For the quark case, the parameters determined us-

Eq. (13) are given for different nuclei. The integration inter-
val is x € [0.25,0.65].

Table B2.
ined in polynomial form in Eq. (18) and in canonical form in
Eq. (19) for different nuclei using the EPPS21 global fits. The
integration interval is x € [0.25,0.50].

For the gluon case, the parameters are determ-

Nucleus  aj by c di az by @) dy Nucleus  af b§ o df a3 b3 A d3
3He 429 -539 219 079 299 045 -090 -2.68 3He -8.09 857 -298 133 020 -0.65 229 543
4He -5.89 739 -3.00 138 020 -0.69 139 4.13 ‘He -29.62 31.38 -10.89 2.22 0.002 -2.56 890 21.19
9Be -875 1097 -445 154 008 -1.06 215 6.37 9Be -34.85 3692 -12.81 244 0.002 -249 9.06 21.22
2c -7.60 9.53 -386 148 0.13 -090 1.81 5.37 12c -36.95 39.15 -13.58 2.52 0.0004 -3.22 11.20 26.68
S6Fe  —11.51 14.43 -585 1.72 0.039 -140 2.84 843 S6Fe  —-50.10 53.05-18.40 3.06 0.003 -237 983 21.94
O7A0  -1594 19.97 -8.08 1.98 0.009 -2.04 4.16 12.30 97A0  -60.90 67.63 -23.44 3.63 0.006 -2.00 9.40 20.05
208pp  —16.23 2032 -8.22 199 0.008 -2.09 425 1257 208pp  —64.57 68.34 -23.69 3.66 0.002 -2.36 10.92 23.50

calculate the KL divergence for the nNNPDF3.0 gluon. Table B3. ~Same as Table B2, but for the nNNPDF3.0 gluon

nPDFs in the intermediate-x region, [0.3,0.55].

APPENDIX B: COLLECTION OF DETERMINED Nuclews af by  ¢f df 4 i 4 4

PARAMETERS ‘He , -897 1096 -441 1.60 00976 -1.03 222 633

In this appendix, we collect the parameters determ- (pe 5270 3936 -1606 317 00060 -224 544 1474
ined for the polynomial and canonical parameterizations. ?C —47.08 5752 -23.11 413 00014 -286 7.16 19.15
For the quark case, we provide the four parameters (a, S6Fe  —216.67 263.53 —105.39 15.07 0.0025 -2.20 15.47 30.52

by, ¢; and d;) in Eq. (11) and the four parameters (a,, b,
¢, and dy) in Eq. (13), which are determined by impos-
ing endpoint constraints and minimizing the KL diver-
gences in Eq. (10) for different nuclei.

For the gluon case, after applying the EPPS21 global
fit for gluon nPDFs and the minimum relative entropy hy-
pothesis, we present the four parameters (af, b, ¢, and
d}) in Eq. (20) and the four parameters (a5, b5, c5, and
d3) in Eq. (21), which are determined by endpoint con-
straints and by minimizing the KL divergences in Eq.
(17) for different nuclei.

—359.78 435.71 —173.42 23.93 1.58%10° —4.96 30.91 62.49
-2.60 31.26 56.80

197Au

208pp,  —389.23 470.88 —187.19 25.70  0.0002

For the gluon case, after applying the nNNPDF3.0
global fit to gluon nPDFs and the minimum relative en-
tropy hypothesis, we present the four parameters (af, b5,
c§ and df) in Eq. (22) and the four parameters (a3, b5, 5
and d5) in Eq. (23), which are determined by endpoint
constraints and by minimizing the KL divergences in Eq.
(17) for different nuclei.
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