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Quasinormal modes of an electrically charged Kalb-Ramond black hole*
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Abstract: Lorentz violation serves as a significant feature in many modified theories of gravity. In particular, spon-
taneous Lorentz violation induced by the Kalb-Ramond field has attracted considerable attention. Recently, an elec-
trically charged black hole solution within the Kalb-Ramond framework was proposed. In this study, we investigate
the odd-parity quasinormal modes of the resulting non-decouplable system of the gravitational and electromagnetic
perturbations using both the matrix-valued continued fraction method and the matrix-valued direct integration meth-
od. Additionally, we develop a new approach to distinguish between different modes in such non-decouplable sys-
tems. An error analysis is performed, and the influence of Lorentz violation on the fundamental quasinormal modes
is systematically analyzed within a suitable parameter range.
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I. INTRODUCTION

A candidate for Planck-scale signals emerging from
the underlying unified quantum gravity theory is Lorentz
violation (LV). Among theories incorporating LV, expli-
cit LV is a significant category. Its defining characterist-
ic is the presence of vacuum expectation values (VEVs)
that remain invariant under active (or particle) Lorentz
transformations. A geometrical framework allowing for
nonzero vacuum quantities, i.e., the " VEVs, that violate
local Lorentz invariance but preserve general coordinate
invariance is therefore required. Riemann-Cartan geo-
metry is particularly well-suited for this purpose [1]. The
Standard-Model Extension (SME) serves as a phenomen-
ological effective field theory that describes explicit LV
[2]. Notably, an interesting property to mention is that LV
in flat spacetime is closely connected with CPT violation
[3,4].

One attractive and generic mechanism of explicit LV
is spontaneous LV [5]. It was first proposed in string the-
ory and was considered to be a distinctive feature of
string theory —unlikely to occur in four-dimensional
renormalizable gauge theories. The basic idea is that a
field with a negative mass-squared term possesses an un-
stable vacuum. In string field theory, tensor fields obtain
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such negative mass-squared terms through cubic interac-
tion of the form STT,, with the scalar field S having a
negative VEV, such as the tachyon field. Here, the index
M denotes one or more Lorentz indices. Another mechan-
ism giving rise to explicit LV is noncommutative field
theory, which is equivalent to a subset of the SME [6].
The commutator of spacetime coordinates is said to have
the properties of the VEVs of fields in the string spec-
trum. Such a structure occurs naturally in string theory
[7]. Furthermore, Ref. [8] demonstrates that birefrin-
gence effects are allowed in this theory.

It has also been suggested that certain theories such as
loop quantum gravity [9] and multiuniverses [10] might
generate birefringence effects [9, 11] that provide evid-
ence for LV. However, the nature of LV in these frame-
works differs intrinsically from the Lorentz gauge sym-
metry violation. Moreover, it is not caused by VEV-type
coefficients for LV. Instead, LV in loop quantum gravity
reflects the feature of the chosen semi-classical state
rather than an inherent feature of the fundamental theory
[9, 12], while LV in multiuniverses is more likely to be
assuming a complete breakdown of Lorentz invariance
[10, 13, 14]. Given that this paper focuses on the spontan-
eous violation case, our analysis should not be regarded
as representative of all possible forms of LV.
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A vector-induced model, now commonly referred to
as the Bumblebee model, has drawn wide interest [2, 15].
A frequently used picture for understanding LV in this
particular model emphasizes that the VEV of the vector
field implies a preferred direction at each point in space-
time. It is also worth noting that the theory imposes con-
straints on the compactification of the extra dimensions
[15]. However, the Bumblebee model is a minimal frame-
work containing the feature of spontaneous LV. Instead,
we focus on a tensor-induced model based on the Kalb-
Ramond (KR) field, which has a well-defined origin in
string theory.

The KR field, also known as B-field, was first pro-
posed in the study of interstring interactions [16]. In mod-
ern textbooks, it is described as the antisymmetric 2-
tensor that appears alongside the graviton and dilaton in
the massless excited state in the oriented closed string
spectrum (see e.g. [17]). In the context of superstring and
heterotic string theories, it arises specifically as part of
the NS-NS sector. The ten-dimensional Einstein-Kalb-
Ramond action was first presented in Ref. [18]. In four
dimensions, the KR field strength 3-form can be written
with its dual 1-form T. One can show that T =dy is also
exact if the first homology group of the spacetime mani-
fold is trivial. The y field has long been considered as an
axion field despite its tendency toward dynamical in-
stability. It was suggested by Ref. [19] that Routh's meth-
od can solve the problem caused by the noncommutativ-
ity between varying the action with respect to the metric
field and substituting the KR field with the y field. Later,
it was shown that a candidate for the hypothetical axion
field is the dual incarnation of the KR field in KK-com-
pactifications of heterotic string theory to 4d [20, 21].

We note that a recent publication argued that nonbi-
refringence might serve as a key feature of quantum grav-
ity because the extended action allowing nonbirefrin-
gence matches with the effective action of type II theor-
ies [22]. Previous research indicates that Bumblebee the-
ory predicts birefringence while parity violation with the
KR field forbids this effect [23]. However, although the
effective Lagrangian given by the four-point scattering
amplitude in type II string theory does possess the same
form as the extended action analyzed, the latter is not the
complete modification unless a field redefinition is per-
formed to incorporate the other fields, including the KR
field and the dilaton field [24, 25, 26]. Moreover, unlike
spontaneous LV, the theory here is not derived from
string field theory. Hence, these considerations shall not
exclude the possibility of introducing a KR-induced LV
Lagrangian.

Since black holes with axion hair have long been
studied, a Lorentz invariant KR-induced axion-KR solu-
tion was soon suggested in Ref. [19]. A non-minimal
coupling of the KR action inspired by superstring theory
also appears to admit axion hair.

It was not until about 15 years ago that research
began on a KR-field-induced spontaneous LV model
[27]. Note that the “preferred direction” picture no longer
applies in the model discussed here [2]. More recently, a
static and spherically symmetric black hole solution was
derived within this framework under the assumption of a
non-dynamical KR field —implying that the field pos-
sesses only a specific VEV configuration [28]. Shortly
thereafter, the same group proposed an electrically
charged spherically symmetric KR black hole solution
[29]. Reference [30] addresses the more general case of
static, neutral, spherically symmetric black holes, and the
authors subsequently extended this work to slowly rotat-
ing KR black holes later [31]. Various aspects of these
black hole solutions such as the evaporation process have
been extensively studied [32, 33, 34, 35]. Ref. [36]
presents a new regular black hole solution within the
framework of a non-commutative gauge theory applied to
KR gravity.

In, this work, rather than studying birefringence, we
focus on the quasinormal modes (QNMs) of such a black
hole solution obtained in a spontaneous Lorentz-violat-
ing scenario. While the QNMs of test scalar, Dirac, and
vector fields in this spacetime have been previously in-
vestigated [33, 37], we consider gravitational and electro-
magnetic perturbations and the resulting coupled system.
In gravitational-wave astronomy, it is the ringdown stage
in the merger process of the binary systems that tells us
the final state of their merger. This stage corresponds to
the perturbation problem under certain spacetime con-
sidered —including the black hole background —the
unique boundary condition of which at the horizon re-
flects the intrinsic dissipative feature of black holes. In
particular, this constitutes an eigenvalue problem, the ei-
genstates of which are called QNMs. Although studies on
QNMs started long before the first successful detection of
gravitational waves, identifying the nature of the com-
pact object was their main motivation at the very begin-
ning [38, 39]. So the advent of gravitational-wave astro-
nomy [40] has renewed interest in QNMs. The very first
GW150914 data were already found to be consistent with
the least-damped ringdown QNM [41]. Later, a convin-
cing multimode black hole ringdown spectrum was ob-
served using the gravitational wave event GW190521
[42]. Thanks to the loudness of GW250114, the latest
progress has found not only a multimode spectrum but
also higher overtones and has significantly improved the
constraint accuracy [43].

The recent rise in interest in QNMs has also been
driven by the discovery of their applications in the gauge-
gravity duality, which was first proposed by Maldacena
in string theory [44]. A correspondence between QNMs
and the thermalization time scale in the dual conformal
field theory (CFT) was first suggested and a qualitative
agreement was found [45]. Subsequent work demon-
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strated a precise quantitative agreement between quas-
inormal frequencies (QNFs) and the poles of the retarded
thermal correlation function, with exact expressions for
the QNFs of various spins for the BTZ black hole [46]. A
more general discussion was presented soon after [47].

General black branes have QNFs of a “hydrodynamic”

form. This has led to a universal value 1/4x of the ratio
of shear viscosity to entropy density of the dual QFT in
the limit of gravity dual description [48, 49, 50]. This key
result aids research into quark-gluon plasma (QGP) beha-
vior and other topics.

Although QNFs can be analytically explained as the
poles of the retarded Green's function, they must gener-
ally be solved numerically because the independent solu-
tions of the perturbation equation can only be written ana-
lytically in a non-compact continued fraction form [51,
52]. Various numerical methods have been developed,
among which the continued fraction method and the dir-
ect integral method are generalized to multi-field cases
[53, 54]. The prevailing issue, however, is that in most
cases when numerical precision is adequate, the frequen-
cies of fundamental modes are identified merely by .rank-
ing their damping rate irrespective of the underlying
physical state.

In this paper, we study the QNMs of an electrically
charged spherically symmetric KR black hole proposed in
Ref. [29]. We organize this paper as follows. In Sec. 2 we
briefly review the electrically charged spherically sym-
metric black hole solution in a spontaneously Lorentz-vi-
olating theory induced by the VEV of the KR field. A
minor error, which is insignificant at the background
level, is identified to ensure the correct treatment of the
problem at the perturbation level. Then, in Sec. 3, we
study the perturbation problem of the solution. The odd-
parity perturbation equations of both the gravitational
field and the electromagnetic field are derived. We illus-
trate that these two equations cannot be decoupled. Our
results and analysis will be shown in Sec. 4, where the
numerical methods and our simple method are intro-
duced. We apply and test this method for recognizing the
different categories and use it to test our results and per-
form error analysis. The effects of LV on the QNMs are
analyzed in the same section. Finally, we give a conclu-
sion to our work in Sec. 5.

II. ELECTRICALLY CHARGED SPHERICALLY
SYMMETRIC KR BLACK HOLE

We briefly review the electrically charged spherically
symmetric KR black hole proposed by K. Yang et al [29].
By introducing the KR field B,, which has an appropri-
ate VEV and a non-minimal coupling with gravity, the
local Lorentz symmetry is spontaneously broken. The ac-
tion can be written as

1 1
S = 3 / d*x+—g {R —2A— EH"VPHW, - V(B B,, +b*)

+&BYB,R,, +§3BWB,,VR} + / d*x V=g Lwm,
(1

with H,, =9,,B,, the KR field strength, & and & two
coupling constants, and A the cosmological constant. The
self-interacting potential V(x) is set to reach its minimum
at x=0. The interaction between the KR field and the
gravitational field follows Ref. [55], where the & term
considered in the general SME situation [27] has already
been set to zero to obtain an analytic solution.

The KR field can be decomposed into pseudo-elec-
tric and pseudo-magnetic parts B, = E,v,) + €uap B,
where v is a timelike 4-vector. It is assumed that the va-
cuum configuration of the KR field exhibits a pseudo-
electric configuration by = —by = E(r), which thereby
resultsin a vanishing KR field strength. Similar to the RN
case, the background electromagnetic field in a spherical
background can be set to an electrostatic form
Ay = —0(r)5,.

The Lagrangian of matter containing a non-minimal
coupling between the electromagnetic field and the KR
field is

1
Ly = _EF#VF/JV _TIB(IﬁBpraﬁpr» (2)

where F,, =04, is the electromagnetic field strength,
and # is a coupling constant. The non-minimal coupling
between the KR field and the electromagnetic field was
proposed to support a consistent charged black hole. The
three equations of motion can then be derived by varying
the action with respect to the gravitational field, the elec-
tromagnetic field and the KR field as

1
R, - 5 guR+ g =T +TxE,

V' (Fuy +27ByB¥ Fop) = 0,
VO Hpy + 36 Ry By — 6V By — 120B¥P F o5 F,, = 0,
3)

where

[0 1 '
Toy = 2FuF," = S g F " Fop

+n <8BaﬁFaﬁB(# TF oy — gﬂvaBBwaﬁFw) ’
1

2t
+2V'By, B, — 8,V

1
KR a Q
T, = apH,y - ngH Bprﬁﬂ
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1
+ ‘fZ Egva(wBﬁyRaﬁ - Ba;lBBvRaﬁ
—B”BsR,, — B*BR,,

+ %VQV,, (B*B,s) + %V”VV (B*B,s)

1

-5V (B.”B,y)

1
S8V (B | @

One might wonder why there is no & term in the equa-
tions. Some researchers have stated that this term can be
absorbed by redefining the gravitational coupling con-
stant in KR vacuum. It is worth mentioning that recent
work [56] argued that this procedure leads to inequival-
ence under variation. Nevertheless, these equations can
be viewed as being obtained by setting & =0 for simpli-
city, similar to the treatment of the &; term.

In the expression of T# given in Ref. [28], the first
term in the bracket appears to be inconsistent, likely due
to an issue in handling the variation of the contraction
with a symmetric tensor. This corresponding term in Ref.
[28] is obviously asymmetric, whereas a symmetrized
form, as presented in Eq. (4), is expected from a more de-
tailed calculation. This discrepancy does not affect the
background field equations, as both forms yield identical
results under the specific configurations adopted for the
background gravitational field, the ' KR field VEV, and
the background electromagnetic field, since only two di-
agonal components, namely (0,0) and (1,1), contribute.
However, the distinction may become relevant in the con-
text of perturbations, where non-diagonal components are
generally nonzero and could thus be sensitive to such dif-
ferences.

Considering a static and spherically symmetric metric

ds* = —F(r)df’ + G(r)dr* + *d6” + sin’0dg*,  (5)

under which we have E(r) =+ vV % (the sign does
not matter since there are only quadratic terms of the KR
field in the equations of motion), a solution was found in
Ref. [28]. The equations of motion imply G(r) = F~!(r).
For the case of A =0, the result is [28]

_ 0
®O= Ty
1 oM @
= e o ©

where [ = ¢&,b?/2 is the LV parameter. A similar solution
has also been suggested within the framework of
Bumblebee gravity [57]. Solving F(r) =0, we obtain the

horizon radii:

re=(1-0) (Mi M? - (N

Q2
(103 )"
which give a constraint on the parameters
0%/M? < (1-1¢)* for a black hole solution. Note that this
constraint also implies that £ < 1. In the following part of

this paper, we will refer to this solution as a charged KR
black hole.

III. PERTURBATION PROBLEM

A." Perturbation equations

We follow the general process proposed by Regge
and Wheeler [58] to derive the perturbation equations.
The perturbed metric and electromagnetic field can be
written as follows:

g;tv = gyv +h,uv’
A=A, +ay, (8)
where the quantities with a “bar” refer to the correspond-
ing background field, and the perturbation fields are de-
noted by h,, and a,. We first decompose the perturba-
tions into scalar, vector and tensor parts according to
SO(3) symmetry:

t r 6 ¢
t
tor 0 ¢ sl 52 vl
’
aﬂ—[sl s2| vl }, hyy = 2 s3 | n2
0 vlT VZT‘ t
¢

)

By using the spherical harmonic bases for SO(3) scal-
ars

oM o Y M(0,¢), even, (10)

vectors

lpLMa o YLM;a(G’ 90)7
¢LMa o 6ub YLM;b(ea ‘P), Odd,

even,

(11)

and tensors
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Y™ o YiM (6, ),
¢LMab X Yab YLM(gs ‘70)5

even,

even,

(12)
1 .
XLMab o E [Gacl//LM(:b(ga ()0) + EbLlpLMcu(e» ‘P)], Odd,

we divide the perturbations into odd and even parity
parts, where the lowercase Latin letter indices a, b, and ¢
refer to 6 and ¢. The “odd/even parity” parts acquire a
factor of (—)t*!/(-)t under parity transformation. € is the
two-dimensional volume element (distinct from the total
antisymmetric tensor density ¢€), and 7y, = g./r* is the
metric tensor on the sphere. We will only consider the
M =0 cases due to spherical symmetry since the radial
equations are independent of M after separating variables.
In the following context, the index M will be omitted to
prevent notational conflict with the black hole mass M.

Thanks to gauge invariance, the form of gravitational
perturbations can be vastly simplified. Given a gauge
transformation for odd and even gravitational perturba-
tions respectively of the form &, +¢,,,, where the “co-
ordinate transformation” covector & can always be. writ-
ten in the general form

b=l 0 0] ACPEYLs0.0) |,
U

¢
Eren =[O0(LNY1(0.0) ©1(1.Y(0.0) | OV Y1(0h) |
(13)

we can always reduce the perturbation to a simple form

[0 0 0 ho(r)
o _ 0 0 0 I
uv

0 0 0 0

[Sym Sym 0 O

X exp(—iwt)sinf dy P (cos ),

[F(NHy(r)  Hi(r) 0 0
e _ Sym  F'(nH,(r) 0 0
e 0 0 P K(r) 0

.0 0 0  2K(r)sin*@

X exp(—iwt)Pr(cos )
(14)

by solving the suitable coefficients A,®,,®;, and ©.

The important thing here is that the gauge condition
can be chosen for odd and even parity, respectively. Al-
though the gravitational gauge transformations are usu-
ally considered as coordinate transformations, we are

treating them here in perturbation theory as real gauge
transformations without changing the coordinates [59].
Since we are not considering them as coordinate trans-
formations, there is no need to worry about the perturba-
tions of the electromagnetic field changing under these
gauge transformations.

As mentioned before, this gauge-fixing procedure al-
ways works under a spherical background. One might
check it and find that fixing the gauge is irrelevant to the
specific choice of background metric as long as it has a
spherical configuration.

As for the electromagnetic perturbation, it is just a co-
variant vector, so. we directly write it in a simple form
with our basic vectors

odd __

@=10 0 0 h |
X exp(—iwt)sinf 9y P (cosB),
@ = [ Ho(r) Ha() H(ndy 0 ]

X exp(—iwt)Pr(cosb).

(15)

We focus on the odd-parity perturbation and follow the
gauge choice in Ref. [60], such that the odd-parity per-
turbation does not change after gauge fixing.

Substituting the perturbed fields into Einstein's equa-
tions and Maxwell's equations and expanding them to lin-
ear order, we derive the perturbation equations. Owing to
the spherical symmetry of the system, the odd and even
parity parts of the equations can be decoupled, and the
results are equivalent to those considering only odd or
even parity perturbations. We will concentrate on the
odd-parity parts. Due to the symmetry of indices in Ein-
stein's equations, only four equations remain. Obviously,
with merely three variables, only three equations are in-
dependent. Moreover, discovering that one equation acts
as a constraint leaves precisely two equations. Transform-
ing into the tortoise coordinate r, defined as dr. = %,
and applying a variable substitution to the two remaining
variables,

F
ve="Dh and gz, (16)
wr
the equations can be further simplified
d2
drlég + (wz - Vgg)l/’g - Vge‘l’e =0,
e
d}”% + (w2 = Vee e — Veg‘ﬂg =0, (17)

where the effective potentials are given by
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_[@4=-60)Q% +(£—1)*r((8¢—6)M + (L(L+ 1) — (L(L+ 1) -2){)r) _2F(n)

Y= (C-1pei-nr ae-nel 7
v HOF() Vo= (4Q% + (1 =20)L(L+ 1)r*)F(r) (- 1)(L(L+1)-2)QF(r) (18)
€= “ 2¢-1rt ’ e Qt-1r? '

These equations revert to those under an RN back-
ground when the LV parameter [ — 0, which is consist-
ent with our expectations.

B. Decoupling of the odd-parity equations

It can be shown that these two odd-parity equations
cannot be decoupled into purely gravitational and purely
electromagnetic equations. We generally follow the de-
coupling process in Refs. [61, 62]. The basic idea is to
make use of the diagonalization of matrices to eliminate
the coupled terms in the equation set.

Equation (17) can be easily written in matrix equa-

tion form
Y ¥
&+’ £ ]=v, £, (19)
(*w)<we> ff(%)

Ve Ve
V= ¥ ¥ . (20)
Veg Vee

Our primary objective is to decompose the effective po-
tential matrix V.4 into the following form

where

Var =) fi(nCi, @)

where f;(r) are some functions of , and C; are radial-in-
dependent matrices that can be diagonalized by a radial-
independent transformation matrix, S. For example, if
there is just one term in the summation on the right-hand
side of Eq. (21), then the effective potential can be diag-
onalized:

(02 + o) ( Zg ) =f1(r)S'SC1518< Zg )

= (@ +0?) [s( Zg )] = A [SCiS™] ls( Zg )(L)

Since S is independent of the radial coordinate, it com-
mutes with the operator (82 +w?), as shown on the left-
hand side of Eq. (22). In general situations, if and only if

all the C;'s can be diagonalized simultaneously, we can
decouple Eq. (19)

(9. +e) ( Z ) =Zf,~<r>c,f““g< ‘Z ) . @)

In our case of the charged KR black hole

(9. +o) ( ig ) = F(r) (Cor + C3r™ + Cyr™) ( Ve )

[ [

(24)
where
C(1=2DLL+ D+ P2 +L-2) .
C = (-D@I-1) ,
0 —L(L+1)
i 4i0
_ 201
CG=| u-nawr+L-20 . ;
2-1
(4—61)0?
c,- | @G-
0 40
201
(25)

Simultaneous diagonalization is impossible since C, and
C, are already diagonal but not identity matrices, while
C; is not diagonal. Therefore, these equations cannot be
decoupled, and we need to apply numerical methods cap-
able of finding the eigenvalues of a coupled equation set.

IV. EIGENVALUE PROBLEM
A. Numerical method

1. Matrix-valued continued fraction method

Due to the need to solve coupled differential equa-
tions, we choose the continued fraction method, also
known as the Frobenius method, proposed by E. W.
Leaver [52]. Here, we provide a brief overview of this
method following [63]. Given an ordinary differential
equation
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(26)

d2

(4

in an asymptotically flat spacetime, a series solution can
be written in the following form

—if k
R — ,iQr,. 0_(}"—}"+> b <r_r+) ,
(=™ r=n) (= kXOj s 27)

d
PO () RO =0,

where Q, o, and S are determined by boundary condi-
tions, r, is the event horizon, and ry is an arbitrary para-
meter smaller than r,. This is the solution of Eq. (26) if
and only if the series is convergent. Substituting the
series solution into the equation, one can obtain an N-
term recurrence relation for the coefficients b;

min(N-1,i)

Z C(j{}])(w)bi—j =0,

J=0

i>0. (28)

One might think that Eq. (28) is obtained from a power
series, but since we need to change all the variables from

rtox= (i_i; ) , when we substitute R(r) into the equa-
tion, we have to multiply by a function of x to pick up
terms of x" and obtain the recurrence equations. This pro-
cess can be thought of as a change of function bases.
However, we will continue using the term “x" term” for
simplicity.

Usually, we shall decrease the number of terms in the
recurrence relation to three using Gaussian eliminations

i+ by + by =0, i>1 (29a)
cS1by + by = 0. (29b)
Equation (29b) directly shows
by C(lsi
A 30
b D G0

while Eq. (29a) gives a continued fraction form of b, /by,

(3)

3) .3 .(3) .13
by Gp €263 €03C04 31
b O B B
0 C1,2 CL3 Cl,4

So the equation has a solution only if the right-hand sides
of Eq. (30) and Eq. (31) are equal. If we set the boundary
solutions on both sides as eigenstates for the same eigen-
value w, this yields the eigenvalue equation, which can be
numerically solved.

However, here we do not follow the usual procedure
of finding the eigenvalue equation. Instead, we obtain the
QNFs, i.e., the eigenvalues of the equation, by solving the
secular equation of the set of recurrence relations [64].
This generalization to equation sets was first proposed in
Ref. [53]. In the case of two coupled equations, Eq. (28)
can be written as a matrix equation

min(N-1,i)
> @b =0, i>0,

J=0

(32)

where C () are the two-by-two coefficient matrices of
the ith recurrence equation, and b,_; are two-by-one vec-
tors. Here, the phrase “the ith” represents the coefficient
equation of x/, acquired by substituting the x/ term in the
series solutions into the equation set and deriving the
coefficients of x'. The four components of C'\ (w) corres-
pond to-the contributions of the two components of b;_;
for the two equations, respectively. These recurrence
equations can be organized into a block matrix form, sim-
ilar to that referred to in Ref. [64], with a slight modifica-
tion of notation for clarification. Theoretically, the order
index i should extend to infinity, but in practical calcula-
tions, we must truncate the recurrence system at a finite
maximum order i,,. The time required for calculation in-
creases rapidly with an increase in the cutoff dimension.
Unfortunately, unlike in the Schwarzschild and RN lim-
its, the continued fraction method does not perform suffi-
ciently well here under such low cutoff dimensions.
Therefore, we will turn to the direct integration method.

2.  Matrix-valued direct integration method

The direct integration method is a straightforward ap-
proach to solving the equations of the QNM problem.
The initial strategy involved calculating the Wronskian of
the solutions integrated from both sides. However, this
procedure was reported to suffer from numerical instabil-
ity [65]. In Ref. [66], a variable substitution was intro-
duced, which transforms the problem into solving a Ric-
cati equation and looses the limitation of choosing the
starting point of integration. A series expansion at both
sides is then performed due to the approximation. The nu-
merical method is then as described to vanish the differ-
ence of the two solutions (of a new variable ¢) integrated
from both sides. As shown in Ref. [66], the numerical in-
stability is merely obscured rather than eliminated, so the
method is only valid for frequencies with a smaller abso-
lute value of their imaginary part compared to their real
part.

A development of the method was made when search-
ing for the QNMs of stars [67]. The authors directly in-
tegrated the Zerilli equation forward from the surface of
the star to determine its asymptotic behavior in [66].
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However, instead of merely vanishing the reflection coef-
ficient, in that paper and many subsequent articles, they
actually employed another method called the Breit-Wign-
er formula [68], which focuses on solving the real solu-
tions for real frequencies and finding the real and imagin-
ary parts of the eigenfrequencies by fitting the quadratic
behavior of its flux near the minimum points. This altern-
ative method is valid only under the Breit-Wigner as-
sumption w; < wg. Reference [69] proved the equival-
ence of these two methods, for the real parts of the fre-
quencies, at least. The equivalence of finding the imagin-
ary parts can only be verified numerically.

Both methods, which can be referred to as the direct
integration method, have been generalized respectively to
the cases of equation sets [54]. For a complete review,
see Refs. [70, 71, 72]. Here we briefly outline the proced-
ure.

For a free wave equation, the solution can be de-
coupled into a superposition of ingoing and outgoing
plane waves. Therefore, at the boundary of our system,
since the effective potentials tend to zero as r, — +c0, the
asymptotic solution can be expanded into the formula

u~ Be ™" + Ce“™, (33)
where u, B and C are vectors. At the same time, we need
to cut the boundary at both ends, so the boundary condi-
tion is a little deviated from plane wave. We write the de-
viation as a series expansion to the nth order

Uy ~ Y by (r=r.) lim e, (34)

i=0

Substituting this formula into the perturbation equations,
a recurrence equation between the expansion coefficients
can be obtained. Then all the coefficients can be written
as combination of the zero-order coefficients b,

g ~ > mgy by (r—r.) lim ™" = My (@, Db, (35)

where we have dropped the subscribe “0” for simplicity.

The matrix M, (w,r) remains unchanged as long as the

cutoff order n does not change. So by, determines the

boundary condition near the horizon completely. Choos-
10 _

1
ing a set of orthonormal base of by, as by, = ( 0 ) and

0
p&D = ( X > , any solution can be written as

hy

b = [b) (36)

a
bl [ ) 1

Integrating ug, outward, we find the corresponding val-
ues of the solutions at infinity due to the linearity of in-

tegration
a
b |

A similar expansion is to be made for solutions at in-
finity

Y(a,b) — [Y(I,O) Y(O,l)] (3 7)

m m
Winn, ¥ D Biiyr ™ Him e + 3 eunr” lim e, (38)
i=0 i=0

The point is that we want to test whether the solution we
just obtained through integration satisfies our boundary
condition at infinity. Generally we have

B(a,b)
C(a,b)

Y (@b

5.y 39

= Mnp(w, 7) l

from Eq. (38), where b, =B and ¢gnp, = C. We can ex-
press the zero-order coefficients inversely in terms of Y
and get BM, BOD  CU9 and COY, respectively. Since
all the relations are linear, it is easy to prove that

a
b b}

where A refers to B or C. Finally, we arrive at the con-
clusion that w is a QNF only if

Al@b — [A(I,O) A(O,l)] (40)

det[B1Y B®V] =0. (41)

3. A method of recognizing the eigenvalues

We develop a method to recognize the eigenvalues of
coupled equations that cannot be decoupled and to estim-
ate the degree of coupling.

Strictly speaking, the eigenvalues and eigensolutions
of a set of coupled equations that cannot be decoupled
can only be explained as common eigenvalues and ei-
gensolutions of the equation set. The eigenvectors do not
follow a specific law. Conversely, for those that can be
decoupled, e.g., in the RN case, under the decoupled
form, it is easy to distinguish the difference between the
gravity-eigenfrequencies and the electromagnetic-eigen-
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frequencies, since most of the eigenstate vectors are just
the base vectors. Of course, the set of eigenfrequencies in
the coupled form is the union set of those in the two de-
coupled equations, which means it may contain degener-
ate modes. However, the probability should be fairly low,
which means we barely need to take account of them, es-
pecially when searching for fundamental modes.

If the equations are still coupled, the eigenvector
would be transformed by a transformation matrix, just as
shown in subsection 3.2. This might prevent us from re-
cognizing whether the equations can be decoupled by just
looking at the eigenstates. Examining the fraction of two
components of the different eigenvectors under the same
coefficients may solve the problem. But the real question
is: is it really important to decouple the equations?

We have provided our proof of why our perturbation
equations cannot be decoupled in 3.2. Some may doubt
the non-decouplability, but the frequencies are indeed the
right result since our numerical methods are reliable. It is
just the explanation being different, as mentioned above,
so the problem of decoupling really does not matter.

Despite all the above, for the specific problem we are
dealing with, the modification caused by LV should be
sufficiently small. So even if the equations cannot be de-
coupled, the degree of non-decouplability should be
rather weak. Note that our perturbation equations degen-
erate to the coupled ones in the RN case. Thus, it is reas-
onable to infer that the eigenstates and eigenfrequencies
obey a rule with just a small deviation from the RN case.
So, we can still distinguish the spectrum slightly devi-
ated from the RN gravity or electromagnetic spectrum by
its eigenvectors C, or (a,b). Obviously, (a,b) should be
equal to C“” upto a scalar factor, at least for de-
couplable equation sets, considering the decoupled forms.
The numerical results under the RN limit support this,
which has also tested the effectiveness of our method. For
instance, for the fundamental electromagnetic mode when

[=0.01, 7—529009—

(0

E =4.74314 -27.9028i,
27.9246i. We have proven that the linear combmatlon
coefficients of C“? are the same as those of B@?. The
only job left is to solve the equation

while

lr (1-Ow

Yo(r) = 0TI — )y T (= + 1)

iry 2(1-0w

(!/ (r) el(' Ow(r— r+)(r I, ) ,+ . (V r++1)

The fundamental QNFs for L =2 with different val-
ues of Q in the RN limit, i.e., / = 0 are shown in Tables 1
and 2. By cutting off the dimension of the coefficient
matrix at 40, we find that the fundamental QNFs of the

[B(I,O) B(O,l)] (42)

a
=0.
b ‘|

The problem is that the coefficient determinant of our
equation merely approaches zero numerically, rather than
strictly tending to zero. To find the numerical solution,
take either of the two simultaneous equations and solve
for the relation between a and b.

Remember that in the undecoupled form, the eigen-
states are transformed by a matrix, so the ratio would not
be 1/0 =00 or 0/1 = 0. They are completely dependent on
the matrix, meaning we cannot distinguish the discrimin-
ant by just looking at the ratio itself. What we can de-
termine is whether the ratio clearly separates into two cat-
egories, and we can distinguish them by other less indir-
ect clues as shown in the following context. Since the ei-
genvector, and transformation matrix are complex, based
on both analytical and numerical considerations, it is
reasonable that the ratio of the norm of the two compon-
ents of the eigenvalues would be adequate for recogni-
tion, as long as this quantity clearly separate into two cat-
egories, as stated before. Consider the example of the ei-
genstate (1,0):

Ci _ Sl SQ _kem slef"
Cé S3 S4 0 S3€l¢
(43)
e L (44)
¢ G IG5l

B. Results and analysis

We emphasize again that all the results in this section
are obtained from the odd-parity sector of the perturba-
tion equations. As shown in 4.1, we use the Frobenius
method to solve for the eigenvalues. The series solution is
expressed as follows:

ir2 (1-0w
e

+i(re+r-)(1-0)
i(ry+r. wXZ %(

w4ro)(1=C
+i(ry+r-)(1-Ow % Z ’el( )n'

—r_

Ty,
—

ir2 (1-0w
e

(45)

charged KR black hole in the Schwarzschild limit coin-
cide perfectly with those of the Schwarzschild black hole.
The fundamental QNFs of the charged KR black hole in
the RN limit have been calculated to test the validity of
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Table 1. The fundamental odd-parity QNFs of gravitational Table 3. Testing the features of eigenvectors in the RN case
perturbations with L =2 in the RN limit. with 0=0.1M and M =1.
Charged KR BH RN BH Gravitational Electromagnetic
o/M
wrM wiM wgM wiM wrM oM PP wrM oM D)1
0 0.37361 —0.088904 0.37367 —0.088962 0.373294 —0.0886603  5.78064 0.458462 —0.0949216 0.0310748
0.2 0.37587 —0.086122 0.37474 —0.089075 0.293899 —0.136185 4.88028 0.10007 —0.112414  0.0099893
0.4 0.37872 —0.088766 0.37844 —0.089398 0.389113 —0.150272 6.2845 0.295479 —0.143227 0.0217944
0.6 0.38625 —0.089803 0.38622 —0.089814 0.631142 —0.211206 0.0441741
0.8 0.40125 —0.089731 0.40122 —0.089643 0.708687 —0.235345  0.0495635
Table 2. Th? fund?memal (.)dd—parlty QNF s of electromag- parameter . Our calculations are performed with
netic perturbations with £ =2 in the RN limit. 0 =0.1M and M = 1. Here, we provide the trial solution”
o Charged KR BH RN BH iteratively. The frequency results are not entirely accur-
wgM wiM wgM wiM ate, which is due to the selection of parameters, as we
0 0.45758 —0.095026 045759 —0.095004 will see shortly during the error analysis. However, these
02 PP 0.093768 0.46297 0.095373 results assmfc in conﬁm}mg. our clasmﬁc.atlf)n of mode.s.
The separation of our discriminant remain intact, and its
0.4 0.47986 —0.096127 0.47993 —0.096442 . 4 . . . .
deviation from the RN case increases with a growing vi-
06 0.51201 ~0.098007 0.51201 ~0.098017 olation parameter /, although the deviation is relatively
0.8 0.57014 —0.099059 0.57013 —0.099069

our code as well. We do not use the same cutoff dimen-
sion for different values of O due to the limitation of
computing time. However, we have noticed that the
greater the cutoff dimension is, the closer the frequencies
are to the values in the RN case. Therefore, the results are
definitely reliable.

As already discussed, due to the numerical accuracy
limitations of the continued fraction method”, we turn to
the direct integration method to study the effect of LV on
QNMs.

First, we test our discriminating method with eight
different modes in the RN case with Q =0.1M and M =1,
as shown in Table 3. The third columns, represented by
|C§“"’)| / |C§“’h)|, illustrates the feature of the eigenstates, as
mentioned in Sec. 4.1.3. The ratio of the norm of the two
components of the eigenvalues clearly separates into two
categories. The differences within each column are
caused by numerical errors of the state, since the odd-par-
ity perturbation equations in the RN case can be de-
coupled. It is worth mentioning that the ratio depends on
the parameters. The reasons for the influence on the ratio
caused by Q and / are different. O represents different de-
couplable RN cases, which means different transforma-
tion matrices, while / represents only a small deviation
from the RN cases.

Table 4 shows the fundamental odd-parity QNFs of a
charged KR black hole for different values of the LV

small. All the results support our analysis of identifying
eigenvalues by examining the eigenstates. Every sub-
sequent dataset will be tested by their discriminants.

We mentioned above that the data in Table 4 are
somewhat unreliable, which is implied at first glance by
its discontinuity with the fundamental QNFs in the RN
case. We also encountered further specific issues. All
these issues stem from three influential factors. First, the
values of the violation parameter / are too large. As will
soon be presented, within the current numerical imple-
mentation, larger values of / appear to make the calcula-
tion more sensitive to the boundary cutoff, expansion or-
der, or trial solution. Worse still, excessively large values
of [ will even cause the disappearance of a steady solu-
tion with respect to the position of the boundary. Physic-
ally, the violation of Lorentz symmetry cannot be appar-
ent because of the broad support of general relativity
from various tests, which means / must be extremely
small. In a bumblebee-induced model, / has already been
limited to the level of 107'* [73]. The problem of discon-
tinuity can be avoided by choosing sufficiently small val-
ues of /. The second factor lies in the expansion order at
the boundary. The final factor is the position of the
boundary. When taking different values of r,;, we obtain
different results. For example, we take the trial frequency
WyiaM = 0.388399-0.0731774i given by the continued
fraction method, which belongs to the gravitational cat-
egory in the RN case, the results are

1) Restricting the calculation time within one day, the results only converge to two decimal places.

2) Finding a root using numerical methods always requires a trial value as an input.

-10
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Table 4. Testing the features of eigenvectors in KR cases.

Gravitational Electromagnetic
I
wrM wM IC{“P/1cP) wgM wiM IC{“P/1cP)
0.01 0.3527 —0.0818975 5.12647 0.493944 —0.0856006 0.035185
0.02 0.35521 —0.07568 477627 0.502749 -0.0792386 0.0378984
0.03 0.35896 -0.0723078 4.43305 0.51033 —0.0755524 0.0408811
0.04 0.363159 —0.0700878 4.08147 0.517542 —0.072982 0.0442238
0.05 0.367616 —0.0684941 3.7184 0.524628 —0.0710311 0.048008
0.06 0.372263 —0.0672944 3.34354 0.531693 —0.0694769 0.0523307
0.07 0.377067 —0.0663662 2.95818 0.538792 ~0.0681999 0.0573151
0.08 0.382014 —0.065638 2.56524 0.54596 —0.0671289 0.0631224
0.09 0.387095 —0.0650669 2.17 0.55322 —0.0662177 0.0699688
0.1 0.392308 —0.0646298 178149 0.560591 —0.0654352 0.0781509
wM =0.403309 - 0.0832051i, is. This is a scatter plot, and we connect the data points
(@b)1 11 ad) with lines for convenience. Different spiral lines repres-
|CY"71/1C5” | = 5.92935, . C . )
ent different violation parameters, while each point on a
Fint = 30, line corresponds to a different r;; value, which increases
) in the direction of the arrows. The blue line represents the
wM =0.383221-0.03661651, . . . .
RN case, and ry,; increases anticlockwise, similarly to the
IC“P1/1C") = 0.0275663, other spiral lines. The cutoff ranges from 16 to 35 on the
blue line, on which the red point represents r,; =25. On
Fint = 100 (46)

We can see that the first result still belongs to the
gravitational category, while the second one belongs to
the electromagnetic category. Because the wave function
will diverge at infinity, r,,; should be chosen with a prop-
er value rather than a larger one.

From now on, we take the same trial solution
weinM = 0.373294 —0.08866i, which is the fundamental
odd-parity gravitational QNF of the RN black hole with
Q/M =0.1. Figure 1 shows the results of our error analys-

1=10-5
-0.08890 B
— 1=5x10"%
— 1=10™*
-0.08895 B
Fint=18
= |
-0.08900 [ (7 E
-0.08905 -
-0.08910 -

L L L L L L
0.37390 0.37395 0.37400 0.37405 0.37410 0.37415
wRM

Fig. 1.
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the other lines, ry,; ends at 25 where the arrows are
placed. The green line is obtained by changing / while
fixing rys = 18, the effect of which is to be explained
later. We do not take the trial solution in an iterative way
as in Table 4 because the values of / we take are ad-
equately small in general.

As can be easily read from the figure, all the results
follow a similar spiral behavior. With a relatively appro-
priate choice of /, there exists an “innermost circle”
which implies that in some region of r,;, we can get a
steady solution. Away from the “innermost circle”, the

-0.08885
— to 5 order

-0.08890 |- — to 7 order

-0.08895

w,M

-0.08900

-0.08905

-0.08910

-0.08915

L L L 1 L L L
0.37390 0.37395 0.37400 0.37405 0.37410 0.37415 0.37420
wRM

(color online) Error analysis.
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scale of spiral lines increases with /, while the “phase” of
which does not change. The result is that even when fix-
ing an inappropriate value of cutoff r,¢, one would al-
ways get a linear behavior between w and /, which seems
to be a good result for some careless people. But actually,
it is not, and when choosing even neighboring ry's, one
would find very different trends. This is more intuitive in
Fig. 2; the trend can even change from increasing to de-
creasing with /. Surely, this analysis only stands when the
parameters chosen are approximately appropriate; other-
wise, one would find solutions in the wrong category.
Note that all points here being recognized as belonging to
the expected category can be viewed as another criterion

0'3744'50ooo;ooooooooo;ooo.:
0.3742f ."..ooooo
0.3740-....-'°..
= 0a38f  © rpy=20
0.3736f ® rint=25
0.3734f fint=30
0.3732f
-10 5 0 5 10
I (x107%)

(a) Real part under third-order expansion at the horizon
and fifth-order expansion at infinity.

that our results are reliable. Meanwhile, the “innermost
circle” may not even exist for an excessively large /,
which explains the emergence and disappearance of the
discontinuity problem mentioned above. After all these
analyses, it is obvious that we should focus on the “inner-
most circle” of each fixed /. Note also that the accuracy
of a single point is actually adequately well; it is just not
enough when studying the effect of /.

We have to mention that the same problem does not
exist in the RN case. Figure 3 shows that the spiral lines
obtained under different Q's are of the same scale and
“phase”. As a result, for any fixed cutoff of appropriate
magnitude, results do reflect both real and imaginary part

.

L]
® 0606090000 ¢

_0.0885} .........._

% -0.0890| ® rini=20
® rini=25
0.0895} Fin=30 o o
0. oo
.ooooa"'..
o000 ®
-10 -5 0 5 10

1(x1075)

(b) Imaginary part under third-order expansion at the
horizon and fifth-order expansion at infinity.

-0.0889[e ' ' ol

[ ]
. ° . °
° [ )
-0.0890| o ¢
° [ ]
® rin=25
= _ooso1f ¢ inf
3 L4 ® ;=30
L]
-0.0892f
°
[ ]
-0.0893f o
-2 0 2 4 6
1 (x1075)

(d) Imaginary part under 7th-order expansion at both
boundary ends.

(color online) The trend of gravitational fundamental QNF with respect to the violation parameter / under different boundary

— Q=0.01
71— Q=0.1
— Q=0.2
1— Q=03

wRM

[}
0.37405}F o ]
°
o.
0.37400 Y °
s o«
3°: °
0.37395[ s ° ® rp=25
[ ]
° ® rin;=30
° [ )
0.37390
L ]
-2 0 2 4 6
1 (x1075)
(c) Real part under 7th-order expansion at both boundary
ends.
Fig. 2.
cutoff Finf -
-0.0885}
-0.0890
=
3
-0.0895}
-0.0900
0.373 0.374 0.375
Fig. 3.

0.376 0.377

(color online) Error analysis in RN cases under third-order expansion at the horizon and fifth-order expansion at infinity.
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behaviors.

Another thing to mention, from the analyses above,
the impact of cutoff r,; on the results is very significant.
We have to emphasize that the influence of cutoff is
caused by wavefunction-divergence-induced numerical
overflow instead of the deviation of effective potentials
shown in Figs. 4 and 5. From the graphs, it is easy to see
that the influence on effective potential by violation para-
meter / is very small relatively.

We then study the movement of the “innermost
circle”. Figure 1b shows the improvement brought by in-
creasing the order of expansion at the boundary, but the
calculating time increases rapidly. Since we aim to in-
vestigate how the “innermost circle” behaves with re-
spect to the violation parameter, it is beneficial to choose
as high an order of expansion as possible. Alternatively,
at the very least, the analysis should be conducted over a
wider range of /. This is because using a lower order of
expansion might cause multiple “innermost circle”s to
nest within the same region of /. We finally choose an or-
der of expansion of 7, controlling the calculating time of
one point to about one day on a personal computer.
Again, in Fig. la, the key difference among the spiral
lines is the region near the “innermost circle”s. The cor-
responding 7, of the “innermost circle” for different
spiral lines decreases with increasing /. So theoretically
there is no appropriate choice of a fixed ry,¢. For each /,
the “innermost circle” has to be found, but this would re-
quire too much time. Observing the left three spiral lines
in Fig. la, the “innermost circle’’s almost move horizont-

0.15}
— KR (1=0.01)
0.10f — RN (I=0)
3
>
0.05|
0.00}
5 10 15 20 25 30
r
0.005f
o0k — KR (1=0.01)
— RN (I=0)
o 0.003F
(d
0.002f
0.001f
0.000
5 10 15 20 25 30
r
Fig. 4.
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ally to the right. This means that the real parts of the fun-
damental odd-parity mode increase obviously with /,
while the imaginary parts stay unchanged, or at least in-
sufficient to be studied under the current level of accur-
acy. Now we focus on the green line, ry,y = 18 is on the
“innermost circle”s of some spiral lines when / is relat-
ively larger as on the black one, but for other spiral lines,
for example, the orange and blue ones, the real parts of
the points on the green line are almost the same as the
real parts of the corresponding “innermost circle’s. So we
calculate the trend of real parts of gravitational funda-
mental odd-parity frequencies with the green line as
shown in Fig. 6. This'is a little opportunistic but reason-
able way we apply. Of course, we view the imaginary
parts as not changing, and can be set directly as the fre-
quency in the RN case. It shows that the real parts in-
crease linearly with / at least within a proper region of /.

As” mentioned above, the LV parameter / in the
bumblebee-induced model has been constrained to the or-
der of 107 [73]. Under this constraint, the resulting
QNM spectrum would likely remain very close to the RN
limit. Since the violations in both the Bumblebee- and
KR-induced models are caused by spontaneous LV, the
restriction can definitely be referred to here in our case.
Because continuing lowering / may increase the calculat-
ing time significantly, our choice of / is not sufficiently
small. But we can reasonably infer from the linear beha-
vior we obtained of the real part and the invariance of the
imaginary part of the fundamental odd-parity gravitation-
al frequencies when [ is set to less than 10713,

0.005F
— KR (1=0.01)

— RN (I=0)

0.004F
» 0.003f
=

0.002}

0.001f

0.000

30

— KR (1=0.01)
— RN (I=0)

0.5}
3
> 0.0

0.05[

20 25 30

(color online) Effective potential components compared with the RN case.
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Fig. 6. (color online) Effect of violation parameter / on the
real part of gravitational fundamental QNF with boundary
cutoff riyr = 18 under a 7th-order expansion at both boundary
ends.

V. CONCLUSION

LV is a possible Planck-scale signal of modified grav-
ity. A natural way of generating it in string theory is
through spontaneous LV. The KR field, dual to the axion

(color online) Deviation of effective potential components from the RN case at different violation parameter /.

field, can induce this process.

In this paper, the perturbation problem of an electric-
ally charged spherically symmetric KR black hole was
studied. The focus is mainly on the odd-parity sector. A
method was developed to identify the eigenvalues, espe-
cially for nearly decouplable equation sets. We per-
formed a numerical error analysis of the matrix-valued
direct integration method. The results help us choose the
appropriate range of the violation parameter and the
boundary cutoff. Our calculation shows that the violation
parameter mainly causes a linear deviation of the real
parts of the fundamental odd-parity modes with /, while
the imaginary parts remain unchanged. We also presen-
ted the remaining problems at the very end.

It is worth mentioning that, since our research was
based on a black hole spacetime purely caused by spon-
taneous LV, there is a strong probability that the behavi-
or of QNFs presented here cannot be generalized to phe-
nomenological research including more general Lorentz-
violating cases as mentioned in the introduction. There-
fore, studies are underway to recognize different kinds of
LV, or perhaps a more general description of LV beyond
SME is expected to be conducted.
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