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Abstract: We present a theoretical framework for quantifying statistical uncertainties in covariant density function-
al theory (CDFT) for both nuclear matter and finite nuclei, based on a relativistic point-coupling energy density
functional (EDF). By sampling approximately one million parameter sets, with nine parameters varied around their
values in the PC-PK1 functional, we construct a probability density function for nuclear matter properties. Incorpor-
ating empirical values of nuclear matter at saturation density, predictions from chiral nuclear forces, and measured
B(E?2) values of finite nuclei, we infer posterior distributions for the model parameters within a Bayesian framework.
These posterior distributions are then propagated to the low-lying states of finite nuclei using the newly developed
subspace-projected (SP)-CDFT approach, in which the wave functions of target EDF parameter sets are expanded in
a subspace spanned by low-lying states obtained from a set of training parameterizations. We find that the observ-
ables of low-lying states in deformed nuclei **Nd and '*°Sm are well reproduced once statistical uncertainties are
taken into account. In contrast, those of near-spherical nuclei **Xe and '**Ba remain difficult to describe within the
present framework, a limitation expected to be alleviated by extending the model space to include quasiparticle ex-
citations.
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I. INTRODUCTION

Nuclear density functional theory (DFT) provides a
microscopic and self-consistent framework for a unified
description of finite nuclei and neutron-star matter based
on a universal energy density functional (EDF) [1—4]. In
its simplest implementation, namely the self-consistent
mean-field approximation, the complex nuclear many-
body problem is effectively reduced to an equivalent one-
body problem. The energy of a nuclear system is then ap-
proximated as a functional of the powers and gradients of
nuclear densities and currents. According to the Kohn-
Sham scheme [5], this functional can be represented in
terms of auxiliary single-particle wave functions. This ap-
proach, known as single-reference (SR)-DFT, has
achieved great success in reproducing the properties of
nuclear matter around saturation density and the ground
states of finite nuclei across the entire nuclear chart
[6—10].

Despite its success, nuclear DFT faces significant
challenges arising from discrepancies among predictions
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made by different EDFs. These discrepancies lead to con-
siderable uncertainties, particularly for the equation of
state of nuclear matter at densities far from the saturation
point [11], and for neutron-rich nuclei with limited exper-
imental data [12]. In this context, it is necessary to
quantify the errors of nuclear DFT, which consist of sys-
tematic and statistical components [13]. Because widely
used nuclear EDFs are derived from phenomenological
nucleon-nucleon effective interactions—such as non-re-
lativistic Skyrme [14, 15] and Gogny [16, 17] forces, as
well as relativistic covariant EDFs [18-21]—it is diffi-
cult to quantify the systematic errors of nuclear DFT.
This remains the case despite efforts to develop new gen-
erations of EDFs [22—31] inspired by effective field the-
ories or based on ab initio calculations, as reviewed in
[4, 32—34]. In contrast, the statistical error associated
with a given EDF, which arises from variations in the
parameters around their optimal values, can be quantified
using statistical methods. Over the past decade, signific-
ant progress has been made in quantifying the statistical
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uncertainties of DFT predictions for nuclear ground-state
bulk properties [9, 13, 35—37], and in identifying poten-
tial correlations between nuclear matter properties [38]
and neutron-star observables [39, 40].

Extending DFT to study energy spectra and transition
strengths of nuclear low-lying states typically requires
going beyond the mean-field approximation. In SR-DFT,
the nuclear wave function is approximated as a product of
auxiliary single-particle wave functions determined from
the variational principle. This approach ensures that the
solution corresponds to a local energy minimum within
the restricted Hilbert space, but it does not preserve the
symmetry structure of nuclear many-body Hamiltonians.
In SR-DFT for open-shell nuclei, the introduction of de-
formation and pairing correlations violates the S O(3) and
U(1) symmetries. As a result, the nuclear wave functions
lack the good quantum numbers associated with angular
momentum and particle number, which are critical for
studies of nuclear low-lying spectroscopy [41]. The res-
toration of broken symmetries and the inclusion of dy-
namical correlations from fluctuations around the equilib-
rium shape in SR-DFT can be achieved through quantum-
number projection and the generator coordinate method
(GCM) [41, 42]. This extended framework, known as
multireference DFT (MR-DFT), has been successfully
applied to study nuclear low-lying states [1, 43—50], as
well as the nuclear matrix elements (NMEs) of 0v88 de-
cay [51-54].

With advances in nuclear technology and methodolo-
gies, nuclear physics is entering an era of high precision.
Accurate measurements of atomic and nuclear spectro-
scopy in neutron-rich nuclei [55, 56], as well as the half-
lives of rare nuclear processes [57—59], require precise
modeling of nuclear low-lying states and the correspond-
ing NMEs. Therefore, quantifying the theoretical uncer-
tainties of these physical quantities is essential for mak-
ing meaningful comparisons with other models and avail-
able data. However, uncertainties in nuclear low-lying
states have been scarcely studied within EDF frame-
works, primarily because of the substantial computation-
al cost of repeated calculations using varying EDF para-
meter sets.

Recently, we performed a Bayesian analysis of nucle-
ar low-lying states and OvBB decay within a covariant
EDF framework, enabled by the newly developed sub-
space-projected covariant density functional theory (SP-
CDEFT) [60]. This approach combines multireference CD-
FT (MR-CDFT) with the eigenvector continuation (EC)
method. The central idea of EC is to represent the eigen-
vector of a target Hamiltonian within a low-dimensional
subspace spanned by the eigenvectors of a set of
sampling Hamiltonians [61]. The efficiency and accur-
acy of EC, when coupled with various many-body meth-
ods, have been demonstrated in a wide range of toy mod-
els [62—66] as well as in nuclear structure and reaction

studies [67—73]; see also the reviews [74, 75]. In the
present work, we provide a detailed description of this
framework and apply it to quantify statistical uncertain-
ties in both nuclear matter properties and low-lying nuc-
lear states within a Bayesian framework. For illustration,
we consider candidate nuclei for 0v38 decay and their
daughter nuclei, including "°Nd and '°Sm, as well as
136X e and **Ba. The former pair is well deformed, where-
as the latter pair is spherical or weakly deformed. Com-
paring the predictions with their associated statistical un-
certainties provides valuable insight into the strengths and
limitations of the current implementation of MR-CDFT.

The remainder of this paper is organized as follows.
In Sec. II, we introduce the theoretical framework, in-
cluding SR-CDFT, MR-CDFT, and SP-CDFT. Section
III presents benchmark calculations and the quantifica-
tion of statistical uncertainties for nuclear matter and low-
lying nuclear states. Finally, Sec. IV summarizes our
findings and outlines future perspectives.

II. THE METHODS

In this section, we present a self-contained descrip-
tion of the theoretical framework, including SR-CDFT
[2, 3, 21] and MR-CDFT [45, 46, 76, 77], and give a
more comprehensive introduction to SP-CDFT for low-
lying nuclear states.

A. The CDFT for finite nuclei

In SR-CDFT for finite nuclei, the nuclear wave func-
tion |®(g,C)) is approximated as a Slater determinant,
which is a product of the wave functions ¢, of single-
particle states. These single-particle states are determ-
ined by minimizing the following covariant EDF [78, 79],

E[1,p,Vp;C] = / drlrm+E"MH+E"M]. (1)

The first term represents the kinetic energy of nucle-
ons

w(r) =Y _ iy (@ p+BM - M)yn(r), )
k

where v} €[0,1] is the occupation probability of the k-th
single-particle state, determined by the Bardeen—Cooper—
Schrieffer (BCS) theory based on a zero-range pairing
force [76]. The pairing strengths are taken from Ref. [52].
Here, M is the bare nucleon mass, ¢ is a Dirac spinor,
and a and f§ are Dirac matrices. Using the equation of
motion for the static electromagnetic field A,(r), one
finds the second term in Eq. (1) for the energy of electro-
magnetic interaction between protons,
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EM(r) = §Ay(r>j’¢,,,(r>, 3)

where jy (r) is the proton current in coordinate space and
e is the bare proton charge. The last term in Eq. (1) gives
the energy of nucleon-nucleon effective interactions,

in Qs ,8 6
8[()—72 ? P5+3PSAPS
Yv ov . .
+2 5 ul +T(M) QA

ary .o . , .
+ %/}v “Jrv), + %J’%v “A(rv),
9

&N (r), “4)

=1

which is decomposed into nine terms. Each term is asso-
ciated with a low-energy coupling constant (LEC) ¢,. The
nine LECs are collectively denoted as C ={as,Bs,7s,
Ss,ay,yy,0v,ary,ory}. The subscripts S and V indicate the
scalar and vector types of coupling vertices in Minkowski
space, respectively, and T denotes the vector in isospin
space. The symbols s, ay, and a7y represent the coup-
ling constants for four-fermion contact interaction terms,
whereas Bs, ys, and yy correspond to nonlinear self-in-
teraction terms. Furthermore, 85, Jy, and 57y denote the
coupling constants for gradient terms that simulate the fi-
nite-range effects of the nuclear force.

Equation (4) shows that the interaction energy is a
functional of the local scalar density ps(r), the four-com-
ponent currents jfy(r) and j;,(r), and their derivatives.
The densities and currents are determined by the single-
particle wave functions

ps(r) =Y Vil(rwn(r), (5a)
k
A= iy (), (5b)
k
Frv(®) = Vi(ryey yndr). (5¢)
k

Here, 7 denotes a vector in isospin space. The index &
runs over all single-particle states under the no-sea ap-
proximation [20]. Minimization of the EDF in Eq. (1)
with respect to ¢, yields the Dirac equation for single
nucleons

[¥u (0" = V) = (M + Z5) i (r) = 0. (6)

The single-particle effective Hamiltonian contains
scalar X (r) and vector V¥(r) potentials

VA =2 +1- Xy, @)
where
Is = asps +Bsps +¥sps +0s Aps, (8a)
= avfy +yv(y) +0vafy +eAr, (8b)
Xy = arviry +6rvAfry. (8c)

To generate nuclear mean-field wave functions
|®(g,C)) with different deformation parameters ¢, a quad-
rupole constraint on the mass quadrupole moment is im-
posed during the minimization procedure [42, 76]. In this
work, only axially deformed parity-conserving mean-
field states are considered, for which the symbol ¢ re-
duces to the quadrupole deformation parameter B, de-
termined by

Bao = (©(g,0)| 0 |D(¢,C)), &)

3AR2

where R = 1.2A'? fm with 4 being nuclear mass number.
The quadrupole moment operator is defined as
050 = r*Ysy, where Y, is the rank-2 spherical harmonic
function.

B. The MR-CDFT for nuclear low-lying states
In the MR-CDFT, the wave function of a nuclear low-

lying state is constructed as a superposition of quantum-
number projected mean-field wave functions [42].

Ng

¥M0) =) fM(g.0)1INZ;q,C),  (10)

q

where v distinguishes different states with the same
quantum numbers JM. The basis function is constructed
as

|INZ;q,C) = P, PV P*|0(q,C)), (1)

with PJ,, and PVZ being the projection operators that ex-
tract the component with angular momentum J and its z-
component K =0, neutron number N, and proton number
Z,
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Pyk ==~ / dQDy (QR(Q), (12a)

. 1 2r
P =— de.e

- i (e =N7)
b
2r J,

(12b)

where D7 (Q) is the Wigner D-function of the Euler
angles Q. The mean-field wave functions |®(q,C)) are
generated from the self-consistent CDFT calculation de-
scribed above [76]. The weight function f/¥(q,C) is de-
termined from the variational principle, leading to the
Hill-Wheeler-Griffin (HWG) equation [42, 80],

> [ Haa) - BN 1@ =0, 13)

7
where the Hamiltonian and norm kernels are defined by

N€(q.q')=(INZ;q,C|INZ;q,C), (14a)

H(q,q') =(INZ;q,C|H(C)|INZ;q',C). (14b)

The Hamiltonian kernels H€(q,q’) are evaluated us-
ing the generalized Wick theorem [81]. The energy over-
lap is determined via the mixed-density prescription
[48, 53].

The electric quadrupole (E2) transition strength for
J%, = J7,, from the MR-CDFT calculation with a given

parameter set C of the EDF is determined by

BY(E2,J}, = JF,)

1
T 2J+1

Z *.NZ(q/, C) ‘;{,-NZ(q, C)

q'.q

. 2
x(J;NZ:q'.C|10%||/iNZ:q.C)| (15)
where the reduced matrix element

(J;NZ;q',C|10Y|/iNZ; q.C)

2
:(ij+1)(_1)1fz<-]f 2 J,-)

o\ 0 u -
X (D(q',C)|er*Y,, P PN P*|d(q,C)). (16)

—40

For each EDF parameter set, approximately N; ker-
nels must be evaluated; their calculation is typically very

time-consuming. The computational cost increases rap-
idly with the number of mesh points in the projection op-
erators. Consequently, quantifying the statistical uncer-
tainty of the MR-CDFT study for nuclear low-lying states
has been challenging, as this requires extensive repeated
calculations with different EDF parameter sets.

C. Emulating MR-CDFT with the SP-CDFT

In this subsection, we introduce the SP-CDFT
(N;, kmax) as an emulator of the MR-CDFT for nuclear
low-lying states based on the EC method. The wave func-
tion “I’,{NZ(C@)> of the k-th state for a target EDF labeled
with Cy is constructed as a superposition of the wave
functions “I"V’NZ(C,)> of the first k., states,

kmax Nt

(BN (Co)) =D Y e e M)y, ()

v=l t=1

where k € [1,2,--- , knax ). The mixing coefficient ;fgg(v C)
is determined by the following equation:

kmax  Ni

> o B | o =0 ay)

V=l t'=1

We define the norm and Hamiltonian kernels of the
EC method for a target EDF E[p,Vp;Cs] as follows:

A= (EMCHEC), (19a)
A (Co) = (FIM(CHH(C) [¥YA(C)). (19b)

The main ingredients of the SP-CDFT are the norm ker-
nels,

M = (PINC) | PIN(C))
=Y [V (q.CHfM (g .Cr)

9.9

x(JNZ;q,C|JNZ;q ,C,) (20)

and Hamiltonian kernels, which can be efficiently de-
termined as follows:

A (Co) =(WIN(CH| H(Co) | WLV (C))
= M q.CHfM g Co)

9.9

X(INZ;q,C|H(Co)|INZ;q',C,y.  (21)
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For configurations with K =0, the configuration-de-
pendent Hamiltonian kernel simplifies to

(JNZ;q,C|H(Co)|INZ; q',Cy)
= (®(q,C)|H(C,) Py PN P*|0(q',C,))

2] +1 _lN‘Pn —~iNg,
5 / dOO(cose)d(cose) / ©n / ¢ o= de,

X (D(q.C)| H(Co)e™ e Ve ? (g, C,)),

(22)

where the energy overlap is evaluated with the mixed-
density prescription,

(D(g,CIA(Co)e* eieeien? |d(q',C,))
(D(q,C)e*heienleier? | (g, C,))

9
= / &r [‘T'(r) +&EM )+ C?S’,YN(r)} . (23)
=1

All three terms on the right-hand side depend on the
generator coordinates and training parameter sets, i.e.,
q.q' and C,,C,. Among the three terms, only the interac-
tion energy term depends on the parameters ¢¢ of the tar-
get EDF,

9
> 2EN(g.Ciiq.Cr)
=1

as .,  Bs ¥ 4 05 ..
—7/) S+ P+ Ps 2psAps

+*JH]”+*(]”J )? +*],1AJ

+ %};V'(.;TV)/I‘i' %ﬂV'A(.;TV)u’ (24)

where p and }' denote the mixed densities and currents,
whose expressions are given in Refs. [76, 82]. Equation
(24) can be derived exactly within the Hamiltonian-based
framework. In the EDF framework, the so-called mixed-
density prescription is widely employed in MR-DFT cal-
culations [46, 48, 76]. These quantities are evaluated us-
ing the mean-field wave functions of the training sets and
therefore do not depend on the parameter set C, of the
target EDF. This property enables efficient computation
of the corresponding Hamiltonian kernels for the target
EDF. The configuration-dependent Hamiltonian kernel
can be separated into parameter-free and parameter-de-
pendent terms,

(JNZ;q,C|H(Co)|INZ;q',Cy)
= (JNZ;q,C|H,|INZ:;q',C,)

9
+  F)(INZ:q.CIE (e)IINZ:q'.Cr),  (25)

=1

where the first term contains the kinetic and electromag-
netic energies, whereas the second term comprises nine
NN interaction terms. During the sampling of parameter
sets, we introduce a scaling factor f(c;) =c./c) for each
parameter in C, with ¢! denoting the value from the op-
timized parameter set of the energy density functional
(EDF), specifically PC-PK1 [79] in this work. The quant-
ities (JNZ;q,C/|HN(c|INZ;q',C,) represent the {-th
terms in the Hamiltonian kernels evaluated with the op-
timized parameter set C, and sandwiched between the
wave functions depending on the generator coordinates
q,q’ and training parameter sets C,,Cy .

This approach factorizes the EDF parameters in the
Hamiltonian kernel of the target EDF. As demonstrated
below, this method enables the execution of millions of
SP-CDFT calculations for different parameter sets, redu-
cing the computational time by several orders of mag-
nitude compared with MR-CDFT.

The E2 transition strength for
Sk, = JFx, With a target parameter set Co

the transition

BCO(E2~ I = I5a,)

JiNZ

R 2
ECNOPNVEACon| . (26)

2J+1

where the reduced matrix elements among the training
EDF states are given by
O I (Co))

= Y Rl onCORi )

t, l‘f VisVf

Z ijZ(q, ’ le )ﬁ/{iNZ(q’ Cti)

X(JiNZ:q',C, 105 IViNZ; ¢, C,). 27)

III. RESULTS AND DISCUSSION

The Dirac equation (6) for neutrons and protons in fi-
nite nuclei is solved self-consistently by expanding the
large and small components of the Dirac spinor ¢, in a
set of spherical harmonic oscillator (HO) basis functions
with 12 major shells. The oscillator frequency is given by
hiwy = 414712 MeV. The Gaussian-Legendre quadrature
is used for the integral over the Euler angle & in the calcu-
lations of the norm and hamiltonian kernels in (14). The
numbers of mesh points for the Euler angle 6 in the inter-
val [0,7] and for the gauge angles ¢, in the interval
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[0,27] are chosen as N, =12 and N, =35, respectively,
which are found to yield convergent results. Further de-
tails on the calculation of low-lying nuclear states and the
NME of 0vBB decay can be found in Refs. [83, 84].

A. Benchmark of SP-CDFT calculations

The time complexity of MR-CDFT calculations for
Nc, target parameter sets is given by

Ty-corr = O(N2Ne, ) AT, (28)

where AT; represents the computational time for each
GCM kernel. In contrast, the time complexity of the SP-
CDFT(N,, kmax ) comprises

TSP—CDFT = 0<N§N[2)AT1 + 0<NéCNC®>AT2. (29)

where the first term represents the computational time of
N, training sets, while the second term represents the time
needed to evaluate the EC kernels of N, target sets, with
Nec = Nkmax. It is seen that Tgp_cprr > Tmr-cprr  fOr
Nc¢, < N?. As N, increases, both Tyir_cprr and Tsp_cprr
increase linearly, but with slopes of NJAT, and Ni.AT,,
respectively. By decomposing the interaction energy (4)
into nine terms, one can compute the Hamiltonian ker-
nels of EC efficiently using the GCM kernels of the train-
ing EDFs; see Eq. (25). Quantitatively, we find
AT /AT, ~ 10° for *°Nd. In other words, one would ex-
pect Tsp_cprr < Tvr-cprr When the number of target sets
Nc, is sufficiently large.

Figure 1 displays the speed-up factor, defined as the
ratio of Tyr_cprr t0 Tsp_cprr for nuclear low-lying states
and the NME M® of 0vBB decay, as a function of Nc, .
The M™ is computed using the transition operators based
on the standard mechanism; see Refs. [52, 84] for details.
Since Twmr_cprr increases linearly with the number of
samples, whereas Tsp_cppr barely changes with it, the
speed-up factor Twr_cprr/Tsp-cprr increases almost lin-
early up to 10* when the number of sampling EDFs
reaches 10°. It is also seen from Fig. 1 that the speed-up
factor asymptotically approaches a limit as the number of
samples increases up to 108, i.e., Twr_cprr/Tsp-corr —
(N4/Nec)* (AT, /AT). A similar behavior has been found
in Ref. [68]. In short, SP-CDFT enables the prediction of
nuclear low-lying states for millions of EDF parameter
sets within half an hour on a personal computer, whereas
the corresponding MR-CDFT calculations would other-
wise require years on a typical CPU platform, such as an
Intel Xeon 8488C 2.4 GHz processor with 48 cores.

Next, we examine the convergence of the SP-CDFT
calculation for the low-lying states 0F, 2}, and 47 with re-
spect to the dimension Ngc of configurations, in compar-
ison with the results from MR-CDFT. In the MR-CDFT,

10°
-m- E,
-m- MO
£ : S—
g1o A
o /"'_'
~ 2
~10* ol
= A
b o
Q o
o ol
=103 s
~ o
/.//‘
o
102 i

I T T T N T AN T S TSI
Number of samples

Fig. 1. (color online) Speed-up factor of SP-CDFT calcula-

tions for nuclear low-lying states and for the NME M® of

0vBB decay in '"Nd. The shaded area indicates the typical

sample size.

we find that the collective wave functions of the 07, 2},
and 47 states are mainly concentrated in the region with
B €(0.2,0.4) for ''Nd, whereas they extend from
B =-0.2 to 0.4 for °Sm. For the spherical or weakly
deformed '3%Xe and '*°Ba, they are distributed in the
range By € (—0.2,0.2). Thus, we chose the configurations
with quadrupole deformation parameters within the cor-
responding ranges in the MR-CDFT calculations to gen-
erate the basis functions for SP-CDFT. The redundancy
in the MR-CDFT calculation is monitored throughout the
calculation. We find that, generally, with the choice of
step size AB, = 0.1 and cutoff value 5x 1073, the redund-
ancy can be reasonably removed for the states of interest.

It is worth pointing out that SP-CDFT is a general
configuration-interaction method in which the choice of
basis functions can in principle be made arbitrarily as
long as the basis is complete. A better choice of basis
functions, which are closer to the exact wave function,
can significantly reduce the number of required basis
functions. In the present work, we focus on the lowest
low-lying states, namely 07, 2}, and 47, in the four iso-
topes. These states in SP-CDFT are expanded in terms of
the wave functions of Ngc states from the MR-CDFT cal-
culations with the same spin and parity. Since the wave
functions of these three lowest spin states are not expec-
ted to change dramatically with variations of the EDF
parameters, they should generally be dominated by the
wave functions of the corresponding lowest states ob-
tained from the N, training samples, as confirmed in our
study. The remaining residual components are expected
to be further captured by including the wave functions of
excited states with v # 1 in the basis. In short, as long as
the basis dimension Ngc of SP-CDFT is sufficiently
large, one can achieve a rather accurate description of the
07, 2%, and 47 states, regardless of whether each basis
function itself is an exact MR-CDFT solution.

Based on the above idea, we examine the accuracy of
SP-CDFT(N,,knax) as a function of N, and kp.. As
demonstrated in Ref. [60], choosing k. >3 effectively
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reproduces the excitation energy of the 2} state. Figure 2
further shows the relative error in the ground-state en-
ergy of "'Nd from SP-CDFT(N,,kna =3) calculations
across 64 testing sets. Similar behavior is found for the
2} and 47 states. We note that both the training and test-
ing sets are sampled using the Latin hypercube sampling
method [85], which is commonly used to generate repres-
entative samples of parameter values from a multidimen-
sional distribution [36, 86—88]. Here, a uniform distribu-
tion is chosen as the probability distribution. Following
Refs. [78, 79], the parameter ranges for Latin hypercube
sampling are selected based on the uncorrelated toler-
ance of parameters with y* < xZ,, + 1. As shown in Fig. 2,
as N, increases to 14, the mean relative error decreases to
0.04% and stabilizes. Consequently, we select N, = 14 for
the subsequent calculations.

0.15} A max
—®— mean
—&— min
X 0107 E(0;") of "Nd]
S
are
0.05r 1
. Vinin ST L P
0-00 10 20 30
Ny

Fig. 2.  (color online) The minimum, maximum, and mean
values of the relative errors in the ground-state energy of
1Nd from the SP-CDFT(N,,3) calculations for the 64 test
sets as a function of the number N, of training sets.

Figure 3 compares the ground-state energies, root-
mean-square (rms) proton radii, excitation energies
E.(2}), and B(E2: 0} — 27) values obtained from SP-CD-
FT (14, 3) and MR-CDFT calculations for '*’Nd using 64
test sets. The data points align along the diagonal line, in-
dicating strong agreement between the two methods. To
quantify the accuracy of the emulator, the standard devi-
ation of the SP-CDFT calculation compared to MR-CD-
FT is used:

N; 2
— 1 l SP-CDFT MR-CDFT
ol0l= |+ > (oi -0 . (30)

L

Table 1 presents the standard deviations and their rel-
ative values for these four quantities in ""*Nd and '’Sm.
The ground-state energy E(07) and the proton radius R,
are reproduced with relative errors of 0.02% and 0.2%,
respectively. However, the emulator error for the excita-
tion energy E.(2), which is several orders of magnitude

-1.1 T T
. |
(a) B(0,")[GeV] 510 (b) R[]
=
—1.2¢ 1
Py
= 5.0f
N
& i
_13h 149
. ) 4.8\ ‘ ) ‘
—-1.3 —1.2 —-1.1 48 49 5.0 5.1
0.3 ' ' ; ' ' '
(c) E.(2{")[MeV] 4H(d) B(E2:0f =2/
(€202
=
r 0.2
A 3
N
&
0.1r 2
L L 1 1 L L L
0.1 0.2 0.3 1 2 3 4
MR-CDFET MR-CDET
Fig. 3.  (color online) Comparison of ground-state and low-

lying-state properties from SP-CDFT(14,3) and MR-CDFT
calculations for '*’Nd based on 64 test EDFs.

smaller than the binding energy, is relatively larger, with
a relative error of 13%. The relative deviation for E,(2})
in "°Sm exceeds that in "’Nd. This can be understood
from the fact that the low-lying states of "'Nd exhibit a
rather stable prolate deformation with B8, ~0.3, whereas
those of '*°Sm involve admixtures of weakly deformed
configurations and display a more extended distribution
of collective wave functions [84]. Consequently, their
representation with the same number of basis functions as
used for '""Nd is less accurate. The E2 transition
strengths are reproduced with greater accuracy. We also
checked the relative errors of the SP-CDFT calculations
for ¥Xe and '**Ba, finding them to be generally less than
6%.

Table 1. The standard deviations ¢(0) and relative devi-
ations R(0) = o(0)/OMR-CPFT of the SP-CDFT calculations re-
lative to the MR-CDFT results are presented, based on 64
parameter sets of EDFs. Results are shown for the ground-
state energy E(07), proton radius R,, excitation energy E,(2}),
and transition probability B(E2 : 07 — 2;) of "*’Nd and "*’Sm.

E(0})/MeV R,/fm E.(21)/MeV B(E2) (€’b?)

Nuclei
o R[%] o R[%] o R o R[%]

150Ng 0272 0.02  0.003 0.2  0.006 4 0.063 2
150§y 0.180  0.01  0.005 0.1 0.040 13 0.071 4

We note that increasing the number of benchmark
points would improve the statistical precision of the devi-
ations reported in Table 1, but it is not expected to affect
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the main conclusions of the subsequent statistical analys-
is. The 64 test parametrizations already provide a space-
filling sample of the relevant parameter domain, and the
observed SP-CDFT deviations from MR-CDFT are small
compared with the propagated statistical uncertainties.
Moreover, since the final probability distributions are ob-
tained from ensemble averages over millions of EDF
samples, residual sample-by-sample emulation errors are
expected to be largely averaged out.

B. Symmetric nuclear matter

The single-particle state in infinite nuclear matter is
labeled by the momentum p = fik and the spin direction A.
The corresponding single-particle wave function reduces
to u.(k, 1), which satisfies the following Dirac equation:

(Q’ -k +BM: + ES) MT(k,/l) = Er(k)ur(ka /l)7 (3 1)

where 7t(n, p) distinguishes neutrons and protons,
M} =M, +ZXZ; is the Dirac mass. The nucleon self-ener-
gies are determined by the scalar and vector densities

Tos = asps +Bsps +YsPss (32a)

Z(T) = aypy +yvp3/ +aryT3Prv, (32b)

where p; = p! +p with i =S,V labeling the scalar and
vector densities, respectively. The isovector density is
defined as the difference between the neutron and proton
number densities, pry =p{ —p (") . All densities are con-
stant for uniformly distrlbuted nuclear matter, for which
all derivative terms depending on the parameters dsyry
vanish. For neutrons (7 = n) and protons (7 = p), the scal-
ar density (ps) and time-like component (py ) of the vec-
tor densities jfj, are calculated

ker d%k M
(1) _ T
ps= Z/ @y By’ (332)
TF d3 k3
(1) _ F
by = Z/ Qny  3n2 (33)

where Ef. = /M2 +k%, and A runs over spin up and
down, yielding a factor of two. At zero temperature, the
energy density and pressure of nuclear matter are given
by [89]

&= Z{ (0V Erp—pS' M) +py' M,

L) :8
242
2 s T3P
Yv ar
sz‘t/ + Tp%‘/’ (34a)

Vs Qy
5+ Z.Og + 7.0%/

+

1 T * T T
p=> [4( CE:— 0§ M) +Zeopl) +Zespl)

T

@s Bs Ys 4@

T TR

Yv ary

e “‘, ) P%v- (34b)

The average nucleon binding energy E/A and incom-
pressibility K are defined as

E/A=e/py-M, K=9P

v (35)

In addition, the symmetry energy E,. and its slope para-
meter L are calculated by

1 EJA)

OE.
sym — 5 LE3 Sym’
M T o P opy

n=0

(36)

with the isospin asymmetry n=pry/py. The speed of
sound is defined as c¢; = VOp/de [90], in units of the
speed of light c.

We sampled a total of (9+1)x2'7 ~1.3x10° EDF
parameter sets by varying all nine parameters around the
PC-PK1 values [79] using quasi Monte Carlo (MC)
sampling with a uniform distribution within the ranges
shown in Table 2. This quasi-MC sampling method has
been widely employed in statistical analyses of large-
scale datasets, including global sensitivity analysis [67]
and uncertainty quantification. Using these parameter
sets, we calculated the properties of infinite nuclear mat-
ter as a function of nucleon number density py, as illus-
trated in Fig. 4. For comparison, results from many-body
perturbation theory based on a chiral Hamiltonian [90]
are also presented, revealing significant discrepancies
between the two approaches. The physical quantities at
saturation density, O ={p¢,E/A, Esym,L,K}, calculated
from the sampled EDF parameter sets are displayed in
Fig. 5. We observe some mismatches between the mean
values of py and Ey, and their empirical values. To in-
corporate refinements from nuclear matter into the EDFs,
we introduce the implausibility function [91]

o) - 03]’
o2 (0;.’;“"')
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Table 2. The values of the PC-PK1 parameter set of the re-
lativistic EDF and the parameter ranges in the training and tar-
get sets.

c PC-PK1[79]  Dimension Training sets[%] Target sets[%]

s —=3.96291x107* MeV 2 0.5 0.1
Bs  +8.6653x107!! MeV 2 1
Ys  —3.80724x107" MeV~® 4 2
6s  —1.09108x1071° MeV™ 20 4
@y +2.69040x107* MeV™? 0.8 0.2
Yvoo =3.64219x10°'® MeV® 30 5
oy —4.32619x1071° MeV~™* 20 5
ary  +2.95018x1075 MeV™2 10 6
oy —4.11112x107'° MeV~* 150 40
IS I ‘CDFT(:Il )7 >F ‘ ' ‘4
- o b
_ —1or = N3LO(10) T . 20F ( ) b
2 _19f E
2 = 15F ]
T-14r 1 Zi0f ]
-16f 1 s E
T T T T 125F T T T ™
;35— (c) 1 oo (d) j
gao» E % ] ]
= 25F 1= 75

—eF (e 1 owf P ]
,
3 G o.05F 1
0.00f ]
B R (XU B O PR N 0.06 0.09 012 0.5
p [fm=3] o [fm=3]
Fig. 4. (color online) (a) The energy per particle E/A for

symmetric nuclear matter, (b) the energy per neutron E/N for
pure neutron matter, (c) the symmetry energy E.,, (d) the
symmetry energy slope L, (e) the pressure P, and (f) the
square of the speed of sound ¢? are calculated using approx-
imately one million samples from the covariant EDF. The res-
ults are compared with those, labeled as N°LO, from ab initio
many-body perturbation theory calculations based on a chiral
Hamiltonian by Drischler et al. [90].

Here, o (0°™'(i)) denotes the standard deviation of the
empirical value for the i-th physical quantity of infinite
nuclear matter. The implausibility function /(i)(x) quanti-
fies the probability that the theoretically calculated value
O°(i)(x) matches the empirical value O°™:(j). We
screen the parameter sets C using the criterion
max[/;(x)] < V3, which corresponds to a probability of
approximately 92%. Here, max[l;(x)] represents the
largest value of the implausibility functions across the

| I
(a) | 10 sample
-15.86+0.57
(b)
0.5
0.0 =17 -16 -15
0o [fm=] E/A [MeV]
H i
! d 0.10 d
o, 04 (c) (d)
a 31.60+2.66 106.00£37.00
i —
5 0.2 0.05
o)
00730 32 T34 36 38 0:00 80 100 120 140
Esym [MeV] L [MeV]
006 (e) i
240.00+20.00
0.03
0.00° 220 230 240 250 260
K[MeV]
Fig. 5. (color online) Histograms of nuclear-matter proper-

ties around saturation density calculated using (9+1)x2!7 =
1310720 quasi-MC samples of the nine coupling constants in
the relativistic EDFs around the PC-PK1 parametrization [79].
The empirical values (gray error bars) are shown for compar-
ison.

physical quantities Oy, of infinite nuclear matter. After
applying the V3o screening rule based on the properties
of nuclear matter, we obtain a final set of 457,380 non-
implausible samples.

C. Nuclear low-lying states

Using the above non-implausible samples, we calcu-
lated the physical quantities of low-lying nuclear states
with SP-CDFT(14, ky.) for ''Nd, '"°Sm, **Xe, and
136Ba. The results for **Xe and "*°Nd, with and without
refinement from nuclear matter properties, are shown in
red and blue in Fig. 6. Because the results for '*°Sm
closely resemble those for '*’Nd, and those for '**Ba are
similar to **Xe, we do not display them here. As shown
in the figure, the ground-state energy is only weakly cor-
related with the excitation energies of the 2} and 47
states, as well as with the corresponding E2 transition
strengths, and this weak correlation appears to be nucle-
us-dependent. In contrast, the ground-state energy (or
equivalently, the binding energy with the opposite sign) is
strongly positively (or negatively) correlated with the
proton rms radius in both spherical and deformed nuclei.
This suggests that the correlation is not primarily driven
by deformation, but rather by changes in the nuclear-mat-
ter equation of state (EOS): parameter sets that yield lar-
ger ground-state binding energies tend to correspond to
larger saturation densities p, and smaller proton rms radii
R,, as shown in Ref. [60].

Moreover, the excitation energies of the 2} and 47
states and the corresponding E2 transition strengths
among them are governed by quadrupole deformation.
Figure 6 clearly shows that the excitation energies and
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ical quantities @, = {py, E/A, Eym, L, K} for infinite nuclear matter at saturation density using the V3o rule. The black circles denote

experimental values taken from [92]. See the main text for details.

B(E2) values are strongly anticorrelated with each other
in both nuclei, confirming that these correlations are
dominated by the deformation effect. This correlation is
stronger in the deformed nucleus '"’Nd than in *®Xe. In
particular, the proton radius R, of the ground state is pos-
itively correlated with B(E2: 0} — 2}) in '**Xe, whereas
it is anticorrelated in '*°Nd. This further confirms that the
variation of R, is not dominated by quadrupole deforma-
tion, but by changes in the EOS.

To understand the anticorrelation in *’Nd, we plot the
unnormalized mean-squared radii Rf, against the unnor-
malized reduced E2 transition matrix element |Q,| from
single-configuration calculations using different EDF
parameter sets in Fig. 7. These quantities are strongly
positively correlated, as expected. Because the normaliza-
tion factor /N, of the J =0 state is linearly correlated
with the normalization factor VN, of the J =2 state with
a nonzero intercept, an anticorrelation arises between the
normalized mean-squared radii R} and the normalized re-
duced E2 transition matrix element |Q,|, as illustrated in
Fig. 7(c). This anticorrelation persists in the configura-
tion-mixing GCM calculation, as shown in Fig. 7(d). In
short, B(E2:0} — 27) can be either positively or negat-
ively correlated with the proton radius R, of the ground
state.

Subsequently, we use the Bayesian method to derive
the posterior distribution p(O|D) for the quantity O given
the data D. The true value O™ of O canbe decom-
posed as follows [93],

[oN VN,
1.2 14 0.12 0.13
‘ ‘ F ' ' 0.062
5.5 1
a . b
(2) L ®) . 0.060
A o0 !{.-' 1r ‘ ~ 0.058 |=
-t 4 0.056
& v .

450 2" .’ Jo.054
1550F 4. 1540
1525 : R 1520 E

~ e L, {1500 &
&= 1500 ) ¢ v
- Y M duso S
(o) v (d) . P
“ 1t + {1460
1450F | ) - ) -
182 184 140 160 180
(o |Qp| (MR-CDFT)
Fig. 7. (a), (b), (c) Correlations among the mean-squared ra-

dius R? = Nj'(J =O0NZ:B,,C|R%|J = ONZ;3,,C), the reduced
E2 transition matrix element Q, = (NoN2)2(J =2NZ;B,,
C||0s1|J =0NZ;3,,C), and the normalization factors +/N;
from calculations for '’Nd based on a single configuration
with 8, =0.3, where N, =(JNZ;$,,C|JNZ;5,,C). (d) Results
from configuration-mixing MR-CDFT calculations. The
quantities denoted with bars are unnormalized.

O(true) — O(MR7CDFT)(C) +5(sysl), (38)

where the systematic uncertainty 6 includes errors as-
sociated with the choice of the particular EDF in Eq. (1),
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as well as those arising from the truncation of the model
space in the present implementation of MR-CDFT, such
as the omission of quasiparticle excitations and other col-
lective degrees of freedom. Because 6V is difficult to
quantify within the EDF framework, we focus here on the
statistical uncertainty of the present MR-CDFT. The
quantity OMR=CPFD(C) denotes the value obtained from
MR-CDFT based on the parameter set C, and it is further
decomposed into two terms in this work,

O(MR—CDFT)(C) - O(SP—CDFT)(C) + 6(em). (39)

Both the systematic error and the emulator error are as-
sumed to follow normal distributions

8™ ~ N(0, 0 em))s (40)

and are treated as independent.

This posterior distribution can be expressed as an in-
tegral incorporating statistical information from various
parameter sets:

pOID) = / pOIO)p(C1D)AC, (41)

where p(C|D) denotes the posterior distribution of the
model parameters C and is obtained via Bayes' theorem:

PDIO)(C)

C =
p(ClD) )

(42)

In this equation, p(D) serves as a normalization con-
stant. The prior distribution of the parameters, 7(C), re-
flects the empirical evaluation of each parameter set C.
Here, we assume that the prior distribution follows an un-
correlated multivariate normal distribution,

9

2 2 (ce—cp)?
(C) ccexp(—x3/2), X5= —Q (43)
=1 ¢

where ¢! is the value of the {-th parameter in the PC-PK1
set, and o is the standard deviation of the parameter ¢,
in the samples from the quasi-MC sampling method men-
tioned previously.

Following the Gaussian model [94], the likelihood
function p(D|C) also takes the

p(DIC)

T
o exp |:_; (D(em)(c) _ D(exp)) 2—1 (D(em)(c) _ D(exp)):| ,
(44)

where D (C) denotes the values of a set of quantities
predicted by the emulator based on the parameter set C,
and D®P represents the corresponding data or empirical
values. The resulting p(D|C) for the quantities D is used
to constrain the parameter C via the Bayesian method.

The covariance matrix X;; is obtained from the Pear-
son correlation coefficient p;; as X;; = op;j0;, where o
denotes the standard deviation of the SP-CDFT calcula-
tion for the i-th quantity relative to the corresponding data
or empirical value. The Pearson correlation coefficient p;;
is defined in terms of expectation values as

_ E[(Di - u)(D;j - 1,)]
VEID; - 1)1 /E(D; = ;2T

(45)

Pij

where y; is the mean value of the i-th quantity. The cov-
ariance matrix encapsulates the correlation between the i-
th and j-th quantities.

The predictive distribution p(O|C) in Eq. (41) is giv-
en by

pOIC) = /P(O|C§O'(MR))P(U'(MR))dU'(MR)- (46)

Under the Gaussian model, if the prior for the systematic
error p(or)) is taken as a delta function at o, the pre-
dictive distribution simplifies to
[0-0“ ()
POIC) < exp { 20y +05) } “7)
where O™ (C) is the emulator prediction for the quantity
O using the parameter set C, and o, is the emulator un-
certainty for this quantity. In this work, o is determined
from the deviation between the current MR-CDFT pre-
dictions using PC-PK1 and the experimental data for the
quantities considered.

Since the original optimization of the EDF paramet-
ers C in PC-PK1 did not include low-lying collective ob-
servables, the resulting prior distribution is not necessar-
ily optimal for describing spectroscopic properties. We
therefore use the experimental B(E2;07 — 2}) values to
re-weight the sampled EDF parameters, thereby deriving
an empirical distribution better constrained by collective
quadrupole correlations and suitable for quantifying the
corresponding uncertainties. Figure 8 shows the posterior
distribution p(C|D) of each parameter ¢,, where the data
D contain the empirical values of the nuclear-matter
properties @, at saturation density, those below satura-
tion density @, obtained from many-body perturbation
theory calculations based on a chiral NN +3N potential
up to N°LO [90], and the B(E2;0} — 2}) data for '**Xe.
Figure 9 shows the posterior distribution p(C|D), which
is obtained similarly to Fig. 8 but with the B(E2;07 — 27)

104107-11



X. Zhang, C. C. Wang, C. R. Ding et al.

Chin. Phys. C 50, 104107 (2026)

5.0
2.5

[ N

096 1.00 1.04

A

0098 1.00 1.02 %0

_

0.75 100 1.25

0.0
1.0

0.991.001.01

0.5

10

10.05

05 1.0 1
flcy) flcy)
Fig. 8. The posterior distributions p(C|D), defined in (42),
are shown for the nine parameters (normalized to PC-PK1) of
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Fig. 9. Same as Fig. 8, but with the B(E2: 0} — 2}) data for
136Xe replaced by the corresponding data for "*°Nd.

of 3Xe replaced by that of '*Nd.

The main peaks of the posterior distribution p(C|D)
for most parameters derived from the B(E2) data of '3Xe
are offset from their PC-PK1 values. In contrast, the para-
meters derived from the B(E2) data of 'Nd align well
with the PC-PK1 values. This difference can be under-
stood from the observation that the B(E2) of '"°Nd is
much better described with the present MR-CDFT than
that of '3®Xe, as detailed in Table 3. The table lists the
median and uncertainties of the posteriors for the excita-
tion energies of the 2} and 4} states and E2 transition
strengths in the four nuclei. The posterior distribution of
the observables in Eq. (41) is obtained by incorporating
the experimental B(E2;07 — 2}) values for each isotope
into the determination of the posterior distribution of the

EDF parameters in Eq. (42). The excitation energies of
the deformed nuclei "’Nd and *’Sm are excellently re-
produced, whereas those of the near-spherical nuclei
36Xe and 'Ba are overestimated. The ratio
Ry = E((47)/E.(2}) <2 in both **Xe and “°Ba indicates
that their 27 and 4] states are dominated by seniority
coupling [95], the description of which requires the inclu-
sion of non-collective excitation configurations [84]. The
weak collective nature of the 2} and 4; states in **Xe
and “°Ba can also be inferred from the weak E2 trans-
ition strengths. With the posterior distribution, we finally
derive the statistical uncertainties for the low-lying states,
which are generally within 21% for excitation energies
and 12% for E2 transition strengths.

Table 3. The excitation energies (in MeV) of the 2] and 47
states and the E2 transition strengths (in e?b?) are derived
from the posteriors of the SP-CDFT calculations for “°Nd,
150Sm, *Xe, and **Ba. The results are compared with avail-
able data [92]. For the theoretical results, the median, 4th per-
centile, and 96th percentile of the values are provided.

E.(2}) E (4) B(E2:2f —»41)  B(E2:0} —2)
lSONd

Exp. 0.130 0.381 1.539(14) 2.745(70)
Cale.  0.1467002  0.461:3%7 1.579*3131 2.918+03%
ISOSm

Exp. 0.334 0.773 0.937(145) 1.351(31)
Cale. 03017004 0.789:00%3 1.112+588 1.913+32¢
136Xe

Exp. 1.313 1.694 0.0096(1) 0.217(33)
Cale.  2.872%909  5.864*0117 0.224+3.004 0.364+3.908
136Ba

Exp. 0.819 1.551 0.119(51) 0.464(9)
Cale. 175670563  3.548:31%% 0.278+3512 0.451+3:920

IV. SUMMARY

In this work, we present a comprehensive formula-
tion of subspace-projected covariant density functional
theory (SP-CDFT), a novel framework that combines ei-
genvector continuation with the quantum-number projec-
ted generator coordinate method within covariant density
functional theory. We demonstrate that SP-CDFT
provides an efficient and accurate emulator of multirefer-
ence CDFT for the description of low-lying nuclear
states. The emulator errors are found to be within a few
tenths of a percent for bulk properties and at the level of a
few percent for excitation energies and E2 transition
strengths.
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Building on this framework, we quantify statistical
uncertainties in both nuclear-matter properties and low-
lying states for '**Xe, '**Ba, '*’Nd, and '*°Sm based on the
PC-PK1 energy density functional within a Bayesian ap-
proach. Constraints from nuclear-matter properties are
employed to refine the parameter sets used in calcula-
tions for finite nuclei. The analyzed observables include
ground-state energies, proton radii, excitation energies of
the 21 and 47 states, and E2 transition strengths. We find
that the B(E2;07 — 27) values can exhibit either positive
or negative correlations with the ground-state proton radi-
us R,, depending on the nuclear structure. Furthermore,
the propagated statistical uncertainties associated with the
nine energy density functional parameters reach up to
21% for excitation energies and 12% for E2 transition
strengths.

These results, together with the comparison between
theoretical predictions and experimental data, highlight
the intrinsic limitations of the underlying EDF frame-

work. After accounting for statistical uncertainties, the
excitation energies and B(E2) values of deformed nuclei
are well reproduced, whereas those of near-spherical nuc-
lei remain challenging. Future work will focus on im-
proving the description of near-spherical systems within
SP-CDFT with the inclusion of quasiparticle excitation
configurations and other collective degrees of freedom, as
well as on further constraining nuclear EDFs using data
on low-lying nuclear states.
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