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Abstract: The rare exclusive decay of the Higgs boson, H — J/i +7v, is a crucial channel for assessing the Yukawa
coupling of the charm quark. In this article, we examine this process up to the next-to-next-to-leading order (NNLO)
in QCD utilizing the Principle of Maximum Conformality (PMC). The PMC offers a systematic approach to elimin-
ate renormalization scale uncertainties by resumming non-conformal § contributions into the QCD running coupling
through the renormalization group equation (RGE). A PMC scale of Q, =3.29 GeV is obtained, which reflects the
low virtuality of the underlying QCD dynamics in the H — J/y +7y process. Notably, this is an order of magnitude
smaller than the scale estimated using the conventional method, i.e., u, = my/2. By removing the non-conformal
{B:}-terms from the perturbative QCD (pQCD) series, we observe that the PMC NLO QCD correction term is signi-
ficantly enhanced, while the PMC NNLO QCD correction is suppressed. This indicates improved convergence of the
pQCD series up to NNLO. Finally, we calculate the decay width T(H — J/y +7y) =14.183%024 £ 0.022 eV, where the
first uncertainty arises from the factorization scale u, €[1,2] GeV, and the second is due to the estimation of un-
known higher-order terms using the Padé approximant approach. The corresponding branching fraction is

B(H — J/y+y) =3.485*312 x 107°.
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I. INTRODUCTION

In 2012, the ATLAS and CMS collaborations ob-
served a new scalar boson with a mass of 125 GeV [1-4].
Given the unique properties of this new scalar particle
and its perfect alignment with the predicted Higgs boson
of the Standard Model (SM), it was soon identified as the
Higgs boson [5-9]. The confirmation of the Higgs
particle has firmly established the consistency and valid-
ity of the Standard Model as the fundamental theory cap-
able of unifying the description of the strong and elec-
troweak forces. The Yukawa coupling is a defining char-
acteristic of the Higgs boson [10]. Currently, the most
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stringent constraint on the charm Yukawa coupling is
1.1 < k] <5.5, obtained by analyzing the ¢c jets in the fi-
nal state by the CMS collaboration [11].

Measurements of the charm Yukawa coupling have
been conducted via two different processes: the direct
H — c¢ decays and the exclusive decay process H —
J/y +y. Although the branching ratio for the H — J/y +y
is small, it offers complementary information on the
Yukawa coupling. Furthermore, the H — J/y+y decay
process provides a clean final state with the subsequent
decay of J/y into lepton pairs. Thus, the exclusive decay
process H — J/ys+v is a promising channel for investig-
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ating the charm Yukawa coupling. This study is conduc-
ted by detecting the u*u~y final state with an integrated
luminosity of 139 fb~! at /s =13 TeV [12], yielding an
upper limit on the branching ratio of 2.1x10™* for the
ATLAS collaboration.

Theoretical investigations of the H — J/y+vy decay
process date back to 1980 [13—15]. The H — J/y +7y pro-
cess is primarily studied using nonrelativistic QCD (NR-
QCD) [16]. Significant efforts have been made to en-
hance the theoretical predictions for the H — J/y +7y pro-
cess up to the order a,° and v* of accuracy [17-22]. Re-
cently, the prediction for the H — J/y+vy process has
been refined by including the v* relativistic correction
[23]. QCD corrections at the next-next-leading-order
(NNLO) have been calculated in Ref. [24]. These signi-
ficant improvements in QCD calculations enable predic-
tions of Higgs properties with enhanced precision.

In the conventional procedure, the renormalization
scale u, for the H — J/y +vy process is chosen based on
the Higgs boson mass my (e.g., u, = my/2 = Q), and the-
oretical uncertainties are estimated by varying the scale in
a specified range (e.g., u, € [Q/2,2Q]). Fixed-order per-
turbative calculations using conventional scale setting are
subject to renormalization scale and scheme ambiguities
[25—30]. An additional theoretical ambiguity arises from
the two typical scales (the Higgs boson mass my and the
J/y¥ meson mass my,,) involved in the H — J/y +7y pro-
cess. The common assumption that the renormalization
scale is based on the Higgs boson mass my, rather than
on the J/y meson mass my,, lacks clear justification.
Simply selecting the renormalization scale using conven-
tional scale setting results in large logarithms of the type
In(mj, /m3,,) in the QCD corrections, which compromise
the perturbative results. To restore the correct behavior of
the perturbative coefficients, resummation techniques
must be introduced and combined with the NRQCD and
light-cone formalisms [31—33]. Thus, to obtain precise
predictions for the H — J/i +7y process, it is essential to
adopt a reliable method to eliminate the renormalization
scale ambiguity.

The Principle of Maximum Conformality (PMC)
provides an unambiguous and systematic approach to
eliminating the renormalization scheme-and-scale ambi-
guities in perturbative QCD predictions [34—40]. The
PMC method is the underlying principle for the well-
known Brodsky-Lepage-Mackenzie (BLM) method [30]
and is identical to the BLM method at next-to-leading or-
der, providing a reliable extension of the BLM method to
all orders. The BLM and PMC reduce to the Gell-Mann-
Low method [41] in the Abelian limit [42—44]. The es-
sential step in the PMC procedure is to identify all contri-
butions originating from the f-terms in a pQCD series;
one then shifts the renormalization scales of the QCD
running coupling at each order to absorb the f-terms. The
resulting scale-fixed perturbative series is thus identical

to the corresponding "conformal" series, which has 8=0;
the PMC prediction possesses the essential feature of be-
ing renormalization-scheme-independent at every finite
order and satisfies the principle of renormalization group
invariance (RGI) [45—48]. Due to the elimination of all
terms, which include those related to factorial renor-
malon divergence, the convergence of the pQCD series is
improved.

The PMC method has been successfully applied to
several Higgs physics processes, leading to improve-
ments in the precision of theoretical predictions. Results
from the PMC application to the Higgs production pro-
cess at the LHC [49] have shown improved agreement
with ATLAS measurements compared to previous calcu-
lations obtained using the conventional scale-setting
method. Detailed PMC analyses for the Higgs boson de-
cay channels H — bb and H — gg can be found in Refs.
[50—-55]. The improved PMC predictions for the H — yy
decay process are presented in Refs. [56, 57], demonstrat-
ing that the PMC-determined scale significantly differs
from the typical process scale u, = my. Moreover, these
analyses have provided more reliable estimates of the un-
known higher-order QCD corrections for these physical
processes.

Achieving reliable and precise predictions for the
H — J/y+vy process is essential for further exploring the
Higgs particle. In this paper, we extend our previous
PMC analysis of Higgs physics by performing calcula-
tions for the decay process H — J/y +7y using the PMC
method. The remaining sections of this paper are organ-
ized as follows. In Sec. II, we present the calculation
techniques for the Higgs decay H — J/y+vy up to NNLO
QCD corrections using the PMC scale setting. In Sec. III,
we present the numerical results and discussions for the
Higgs decay H — J/y+vy. Section IV is reserved for a
summary.

II. PMC SCALE SETTING FORTHE H — J/y +7y
PROCESS

In the H — J/y +7y process, the decay width depends
significantly on the charm quark Yukawa coupling [17].
The J/y production is mediated by two distinct mechan-
isms. In the direct channel, the Higgs boson initially de-
cays into a color-singlet c¢ pair. Subsequently, this pair
decays into the J/y while emitting a hard photon. This
mechanism was first discussed in Ref. [15]. The indirect
channel occurs at least at the one-loop level. Here, the
Higgs boson initially decays into a real photon and a vir-
tual photon via either a W boson or a heavy fermion, fol-
lowed by the fragmentation of the virtual photon into
J/y. Calculations for the H — J/y +y process are presen-
ted in Ref. [24]. Predictions for the indirect channel indic-
ate that the higher-order QCD corrections have a negli-
gible effect and are relatively insensitive to the renormal-
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ization scale u,, as well as to the masses of the ¢ and b
quarks. In contrast, for the direct channel, the one-loop
and two-loop corrections are negative and substantial;
these impact the convergence of the pQCD series, poten-
tially causing it to be ambiguous. Consequently, contribu-
tions to the direct channel exhibit a greater u,-scale de-
pendence than those for the indirect channel. Therefore,
in this paper, we provide a detailed PMC analysis for the
direct channel.

The total decay rate for the H — J/y +vy process can
be organized as follows:
(m%_, - m3 /w)3

8 ms,

2

= , (D

Fyr(7) + Fipa(7)

where my is the Higgs-boson mass, my, is the J/y
meson mass, and Fg,.(7) and Fig(7) (with 7=4m?/m?%)
represent the contributions for the direct and indirect J/y
production mechanisms, respectively.

The NNLO QCD corrections for the direct channel
are given by:

Fdir = ALO [1 +C (15([1,) + CZ(llr) az(ﬂr) + O(az)} . (2)

Here, a,(u,) = ay(u,)/4r, and the leading-order (LO) cor-

rection is
N, 1
A/ =<R e
VoRn© . )

where Gg is the Fermi constant, ee, = 2/3e denotes the
fractional electric charge of the c-quark, m, is the c-quark
mass, N. =3 is the number of colors, and R;,,(0) is the
radial Schrodinger wave function of J/y at the origin.
The coefficients ¢; and c,(u,) represent the next-to-
leading order (NLO) and next-to-next-to-leading order
(NNLO) perturbative QCD (pQCD) corrections, respect-
ively. The NNLO coefficient c,(u,) is composed of two
components: one that depends on the number of active
quark flavors, n,, and one that is independent of it, i.e.,

Gg 4dee.m,

V2 oomy

Ao =

() = co0(uy) + o1 (up) g 4

The relation between the number of active quark flavors,
denoted as ny, and the B, term is expressed by the equa-
tion By =11-2/3n;. The NNLO pQCD corrections for
the direct channel in Eq. (2) can be reformulated as

Fair = Ao [1+ri0as(u) + (rao(u,)
+r21 (1) - Bo)as () + O(a)) ] (5)

where the coefficients r, and r,o(u,) represent the con-
formal coefficients, while the coefficient r,;(u,) signifies
the non-conformal coefficient. These coefficients are

0 =C1, (6)
33
rao(uy) = coo(u,) + 5 co1(ir), (7
3
rZ,I(ﬂr) = - E CZ,I(IJV)* (8)

We adopt the PMC single-scale method [58] for the
analysis. By absorbing the non-conformal coefficients in-
to the QCD coupling constant for the direct channel cor-
rection, we obtain

Far =Aro |1 +ri9a,(0,) + Fz,o(llr)a%(Q*) +O(f1§)} )

where the PMC scale Q, is

Ow = pr eXp (10)

ratu)]

27‘1,0

At the NNLO level, only the B, term appears. This S
term, along with the scale-dependent logarithmic term, is
resummed into the strong coupling «, using the PMC
method. The renormalization scale u, dependence in both
the PMC scale Q, and the conformal coefficients ryo(u,)
is completely eliminated, resulting in a precise theoretic-
al prediction that is independent of any y, variation.

III. NUMERICAL RESULTS AND DISCUSSIONS

For numerical calculations, we utilize the following
parameter values [24]: Gp=1.1664x 107 GeV ™2, my =
125.20 GeV, my, =3.0969 GeV, m.=1.5GeV, and
Ry14(0) = V0.81 GeV® [59]. We also implement the two-
loop a, running coupling with a (M) = 0.1180 [60].

It is important to note that, in the indirect channel, the
decay of the Higgs boson is mediated by processes in-
volving the W boson or heavy fermions, which are oper-
ative at the one-loop level. We obtain

FindlLo = —43.577x 1078 GeV ™!, (11)

for the one-loop contribution [61]; two-loop corrections,
however, are negligible [24]. These can be described as:

Finalnio = —43.990x 107 GeV ™', (12)
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which contributes only 0.9% relative to the one-loop res-
ult. Notably, predictions for the indirect channel are in-
sensitive to changes in the renormalization scale yu, and
are not affected by the masses of the ¢ and b quarks [24].

In contrast, the direct channel exhibits significant
negative corrections at both the one-loop and two-loop
levels, suggesting potential issues with pQCD conver-
gence. The direct channel also shows a greater sensitivity
to the scale yp, compared to the indirect channel. To ad-
dress these challenges, we conducted calculations for the
direct channel using both the conventional and PMC
scale settings. We then integrated the contributions from
both the direct and indirect channels, as described by Eq.
(1), to derive the total decay width for the H —
J/w+y process.

Specifically, the contributions from the direct chan-
nel at LO, NLO, and NNLO using the conventional scale
setting are provided by:

Ficlo = Avo, (13)
Fgirlneo = Aro {1 +c as(ﬂ)‘):| , (14)
Firlnneo = Aro {1 +crag(uy) +c; a?(ﬂr):| . (15)

The corresponding PMC results can be obtained by
substituting ¢, ¢,, and y, with ri, rp0, and Q,, respect-
ively. The decay widths for LO, NLO, and NNLO, de-
noted as I' o, I'nro, and Tynio, are:

2

FiclLo + FinalLo| (16)

2

; (17)

2 2 3
(mH - mJ/lﬂ)

3 Faiclnco + Finalnro
8mmy,

1—‘NLO =

2 2 \3 2
(my — m]/;/;)

3
8 my,

1—‘NNLO = FdirINNLO + FinleLO . (18)

The terms for NLO and NNLO QCD corrections, de-
noted as 6I'nLo and 6T'xnio, are expressed as follows:

6I'neo =I'nvo —T'ros (19

oI'nnco = I'veo — I'neo- (20)

The contributions for the direct channel using the
conventional scale setting are:

2
 (my—m3,)°
dir = 7 o 3

dir
8,

=0.529-0.4040.081 = 0.044
=0.529-0.372-0.096 = 0.060
=0.529-0.345-0.108 = 0.076
=0.529-0.322-0.116 = 0.091, 2n

for p, =my/4, my/2, my, and 2my, respectively. The
NLO and NNLO QCD corrections are both negative and
substantial, which may obscure the convergence of the
pQCD series. The quality of pQCD convergence exhibits
significant dependence on the choice of u, scale. It re-
mains indeterminate whether the poor convergence is an
intrinsic characteristic of the pQCD series or results from
an inappropriate choice of the scale y,. The contributions
for the direct channel using the PMC scale setting are

2

=0.529-0.523+0.008 = 0.014, (22)

for any choice of scale u,. The NNLO QCD correction is
significantly suppressed, and the pQCD convergence is
notably enhanced using the PMC scale setting compared
to the conventional approach. For the H — J/y +vy pro-
cess, although the decay width is primarily governed by
the indirect channel contribution, the accurate PMC pre-
diction for the direct channel enables a more precise the-
oretical estimation of the decay width.

The pQCD corrections, 6I'nyo and éI'nnio, for the
H — J/y +vy process are presented in Table 1. A compar-
ison of these corrections with the LO decay width is also
provided in Table 1. It is observed that the LO decay
width is dominant and unaffected by strong interactions.
Perturbative QCD effects first appear at the NLO. In the
conventional scale setting, the renormalization scale is
chosen to be equal to the Higgs boson mass and is inde-
pendent of the charm quark mass m. (e.g., y, =my/2 =
Q). The conventional uncertainty is assessed by varying
the scale parameter within a predetermined range (such as
K €10/2,20]).

The relative impact of the perturbative corrections on
the LO decay width is

6T oT
TNLO L TNNLO 50 6% : 11.1% (23)

o =~ To

for u,=my. These values change to approximately
25.0%:11.0% at the scale u,.=my/2, and to about
28.0%:10.6% at u, =my/4. We observe improved con-
vergence of the pQCD series at lower scale values and
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Table 1.

The NLO and NNLO QCD corrections, denoted as 6I'n o and 6T'nio, for the H — J/iy +vy process are studied using both

the conventional (Conv.) and the PMC scale setting methods. The factorization scale is set at u, = m,. = 1.5 GeV. For comparative pur-

poses, the LO decay width I'  for the H — J/y + 7 process is also presented.

Hr 1—‘LO 6FNLO 6rNNL0 l—‘NNLO

Conv./eV my /4 9.735 2.726 1.028 13.490
my /2 9.735 2.433 1.075 13.243

my 9.735 2.203 1.081 13.020

2my 9.735 2.026 1.077 12.839

PMC./eV 9.735 4.778 -0.331 14.183

slower convergence at higher scales. Therefore, the con-
vergence quality of the pQCD series is significantly influ-
enced by the choice of the renormalization scale. Using
the conventional scale setting, the scale uncertainties are
evaluated by varying the scale within the range
U €[0/2,20]. When the scale Q =my/2 is used as the

central value, the scale uncertainties are (%%)*) and

(29 for 6T'xio and 6Tnio, respectively.

The NLO QCD correction decreases, whereas the
NNLO QCD correction increases with the scale u,. The
scale dependence cancels between the NLO and NNLO
terms. Consequently, the scale uncertainty is reduced
when NNLO QCD corrections are included.

The NLO total decay widths are T'QW =12.462,
12.169,11.938,11.761 eV for the values y, = my/4, my/2,
my, and 2my, respectively. Thus, using the conventional
approach, the uncertainty is (*14;;) when the scale is set
to Q =my/2. Results for the total decay width at NNLO
are TSN, =13.490,13.243,13.020,12.839 eV for pu, =
my/4, my/2, my, and 2my, respectively. The correspond-
ing scale uncertainty is (*}9;¢) for Q = my/2.

Using the PMC scale setting, the non-conformal Sy-
term and the scale-dependent logarithmic term are re-
summed into the strong coupling «,. By employing Eq.
(10), we obtain the value:

0, =329GeV, (24)

for the PMC scale, which is independent of the renormal-
ization scale .

The PMC scale is significantly lower than the Higgs
boson mass my, indicating the low virtuality of the QCD
dynamics in the H — J/y +vy process. The effective mo-
mentum flow for this process should be u, < my, which
is more aligned with the charm quark mass (2m,.) than
with the Higgs boson mass my. Importantly, if the con-
ventional scale setting is applied and a smaller scale
u,<my is selected, the pQCD convergence for the
H — J/y +y process is significantly enhanced. This leads
to predictions that closely align with those derived using
the PMC.

Apart from the scale of «,, the NNLO coefficients for

the direct channel also differ substantially between the
conventional scale setting and the PMC approach. When
using the conventional scale setting, the NNLO coeffi-
cient is:

(1) = —2092.236 + 529.425, 25)

where the error is determined by the variation of the scale
u-€[0/2,20], with Q=my/2. The NNLO coefficient
c2(1,), using conventional scale setting, exhibits a pro-
nounced dependence on the renormalization scale g, .

In contrast, the scale-independent NNLO conformal
coefficient r,o(u,), implemented via the PMC, is ex-
pressed as:

Fao(iy) = 156.244, (26)

which is significantly smaller in magnitude compared to
the NNLO conventional coefficient c,(u,). It is observed
that the NNLO coefficient is negative under the conven-
tional scale setting, but becomes positive when using the
PMC.

For any chosen renormalization scale y,, the PMC
NLO QCD correction term is consistently 4.778 eV, and
the PMC NNLO QCD correction term is consistently
—0.331 eV. The relative impact of the PMC correction on
the width at LO order is:

Mo, Mo 49 104 _3.4% (27)
l—‘LO 1—‘LO

Comparing the results, we observe that the PMC NLO
QCD correction term is significantly increased, while the
PMC NNLO QCD correction term is diminished com-
pared to conventional results. This phenomenon primar-
ily arises from the cancellation of non-conformal f terms
in the PMC pQCD series. Consequently, the final total
decay width becomes independent of the choice of the
renormalization scale y,, resulting in the output

= . cV.
Ihvio = 14.183 eV 28
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We present the renormalization scale u, dependence
of the decay width for the H — J/y+7y process at LO,
NLO, and NNLO using conventional scale setting in Fig.
1. In the region of a large scale y,, the decay width exhib-
its a weak dependence on u,, whereas in the region of a
small scale y,, it shows a strong dependence on yu,. Addi-
tionally, the inclusion of NNLO QCD corrections further
reduces the scale dependence. This observation aligns
with the typical expectation of scale dependence cancella-
tion as the level of accuracy in the fixed-order calcula-
tion improves. Figure 1 clearly demonstrates that varying
the scale within the range u, € [Q/2,2Q] results in the
NNLO prediction not overlapping with the NLO results.
This inconsistency suggests a discrepancy in the correct
and reliable assessment of the uncalculated higher-order
contributions in QCD. In pQCD, the renormalization
scale appears in non-conformal contributions (associated
with the f-terms), but not in conformal terms. Indeed, the
correct scale and its appropriate range of variation are un-
known, making it challenging to obtain reliable quantitat-
ive predictions for theoretical uncertainties using the con-
ventional scale setting.

161
14
=3 e
O 2F T
=
$
S 10 ]
T
L
= -
& LO
N NLO
NNLO
4 . . . . . . .
20 40 60 80 100 120 140
Hr (GeV)
Fig. 1. (color online) The renormalization scale (u,) depend-

ence of the decay widths for the H — J/y +y process is ana-
lyzed at LO, NLO, and NNLO using the conventional scale
setting. The factorization scale is fixed at yy, =m, = 1.5 GeV.

In Fig. 2, we present the dependence of the renormal-
ization scale, u,, on the decay widths for the H — J/y +7y
process at LO, NLO, and NNLO using the PMC scale
setting. Figure 2 indicates that the decay width for the
H — J/y+vy process at NLO or NNLO remains nearly
unchanged with variations in the renormalization scale
1. The scale dependence associated with each perturbat-
ive order and with the total width is eliminated simultan-
eously. Consequently, the decay width at NLO or NNLO
is no longer dependent on the renormalization scale. In
comparison to the conventional scale-setting approach,
the predictions obtained using the PMC method exhibit

improved convergence of the perturbative series.

V)

MH—J/w+Y] (e
=

4 . . . . . . .
20 40 60 80 100 120 140

Hr (GeV)
Fig. 2.
tion scale (u,) on the decay widths for the H — J/y +7y pro-
cess is examined at LO, NLO, and NNLO using the PMC
scale setting. The factorization scale is set at uy, =m, = 1.5
GeV.

(color online) The dependence of the renormaliza-

Once the renormalization scale ambiguity is elimin-
ated, other sources of uncertainty remain, such as the fac-
torization scale u, and unknown higher-order QCD con-
tributions. The factorization scale ambiguity also affects
conformal theories and could be eliminated by matching
perturbative predictions with nonperturbative bound-state
dynamics [62]. With the introduction of the PMC, the de-
cay width TRMC increases with the factorization scale.
The results for the decay width are TThC,) = 13.836,
14.183, and 14.432 eV for uy =1, 1.5, and 2 GeV, re-
spectively. With the PMC removing the renormalization
scale ambiguity, a different method for estimating contri-
butions from unknown higher-order QCD corrections
must be introduced. By adopting the PMC scale setting,
the scale is unambiguously determined by non-conformal
contributions, and the conventional uncertainty estimate
by varying the scale in @, is not applicable within the
PMC framework, as it would violate renormalization
group invariance [46].

The PMC scale Q, itself is a perturbative expansion
series in a, and can be determined up to leading-logar-
ithm (LL) and next-to-leading-logarithm (NLL) accuracy
using non-conformal contributions at NNLO and next-to-
next-to-next-to-leading order (NNNLO), respectively.
Generally, the perturbative series of the PMC scales Q.
demonstrate rapid pQCD convergence, and the inclusion
of higher-order QCD contributions only slightly alters the
PMC scales Q, at LL. Due to unknown higher-order
QCD contributions, there is residual scale dependence for
the PMC scale. However, this residual scale dependence
is highly suppressed and distinct from conventional scale
ambiguities. We apply the Padé approximant approach
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(PAA) [63—65] to the PMC results to estimate unknown
higher-order QCD contributions for the H — J/y +7y pro-
cess.

The Padé approximant approach provides an estim-
ate of the magnitude of the unknown (n + 1)4-order term,
starting from the calculated ny,-order perturbative series.
The [N/M]-type approximant, denoted as p!¥™ for the
observable p, = Z;’iﬁ”c,-x" calculated up to the ny-order,
is defined by:

N/M] _ b0+b1x+---+bNxN
" 1+C1X+"'+CM.XM

=3 Cl+Cry X, (29)

i=0

where the parameter M >1 and N+ M =n. The known
coefficients Cj., determine the values of the parameters
bicto.ny and cjeq1 my up to the ny-order. The coefficient C,,,,
in Eq. (33), i.e., the coefficient of the next uncalculated
order, is obtained by performing a Taylor expansion of
the rational function in Eq. (32) up to the (n+ 1)y, order of
accuracy [66].

Applying the PAA method to Eq. (9), the estimated
NNLO coefficient is r§y* = ri, for [N/M] = [0/1]; the es-
timated NNNLO coefficient is r5g* =r3,/ro for
[N/M]=[1/1]. Thus, the uncertainties from unknown
higher-order terms can be estimated as +r53* a3(Q,) for
the NLO PMC result and +r54*al(Q,) for the NNLO
PMC result. The corresponding errors for the decay
widths are AT(H — J/y+7)no =733 eV at NLO and
AT(H = J/Y +7y)lnnwo = £0.022 €V at NNLO. Since the
PMC NLO QCD correction term is enhanced while the
PMC NNLO QCD correction is significantly suppressed,
the error of the estimated NNLO result is large, and the
error arising from the unknown NNNLO result is signi-
ficantly reduced. The exact NNLO PMC result is well
within the error bar of the estimated NNLO result based
on the PMC+PAA calculation. Finally, using the total
Higgs width 'y =4.07*30¢MeV provided in Refs. [67,
68] and the PMC results for the scale-independent decay
width, we obtain a precise prediction for the branching
ratio of the H — J/y +y decay process:

B(H — Jy+7y) = 348570122 107°. (30)

IV. SUMMARY

In this paper, we conduct a comprehensive PMC ana-
lysis of the H — J/y+vy decay process. Under conven-
tional scale setting, renormalization scale uncertainty
emerges as a significant source of error for theoretical
pQCD predictions, and the pQCD series shows slow con-
vergence, particularly for the direct channel. The renor-
malization scale also influences the convergence of the
pQCD series. Therefore, it is challenging to determine
whether the slow convergence of the pQCD series is an
intrinsic characteristic or a result of the specific renormal-
ization scale choice. Furthermore, estimating unknown
higher-order QCD contributions by varying the scale
- €10/2,20] provides unreliable results. Specifically,
the NNLO prediction does not coincide with the NLO
results for the H — J/y +7y decay process.

By applying the PMC scale setting, the renormaliza-
tion scale is unambiguously defined by incorporating all
non-conformal terms, leaving only the conformal contri-
butions in the perturbation series. Consequently, the
renormalization scale uncertainty for the H — J/y+vy
process is resolved. The PMC results in the following
scale:

0. =3.29GeV, 31)

which is an order of magnitude smaller than the conven-
tional choice of u, = my/2, reflecting the low virtuality of
the underlying QCD dynamics for the H — J/y +y pro-
cess. The perturbative series obtained using the PMC ex-
hibits improved convergence. The predicted decay width
of the H-J/y+y process is TI'(H—- J/y+y)=
14.183*5247 £0.022 eV, where the first error arises from
the factorization scale u, € [1,2] GeV, and the second er-
ror stems from the estimation of the unknown higher-or-
der terms using the PAA method. Moreover, we obtain a
precise prediction for the branching ratio for the
H — J/y+y process, B(H — J/y+7y) =3.48570132x 1076,
PMC predictions for the H — J/i +vy process can facilit-
ate high-precision measurements at the High-Luminosity
LHC (HL-LHC) and at future colliders such as the Fu-
ture Circular Collider (FCC) and the Circular Electron
Positron Collider (CEPC).
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