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Photon regions, shadow observables and constraints from M87* of a Kerr-
Newman-like black hole in Bumblebee gravity surrounded by plasma*
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Abstract: In this paper, we investigate the photon regions, shadow, and observational constraints of a Kerr-New-
man-like black hole in Bumblebee gravity within a plasma medium. Using a specific non-homogeneous power-law
plasma model to ensure the separability of the Hamilton-Jacobi equation, we derive the null geodesic equations, ana-
lyze the photon regions, and construct the black hole shadow. Furthermore, we introduce two sets of shadow observ-
ables to systematically analyze the distinct effects of each physical parameter (spin a, charge Q,, Lorentz-violating
parameter £, and plasma parameter k) on the shadow geometry. Specifically, we find that @ and ¢ mainly enhance the
distortion of the shadow, whereas Q, and k primarily lead to radial shrinkage. In addition, a brief evaluation of the
energy emission rate shows that increasing these parameters generally suppresses the emission peak. Finally, by
modeling M87* as a charged, rotating black hole in Bumblebee gravity surrounded by plasma, we constrain the
physical parameters using observations from the Event Horizon Telescope (EHT). For a fixed viewing angle of 17°,
the angular diameter 6, = 42 + 3 pas narrows the viable parameter space, while the circularity deviation AC < 0.1 and
axis ratio 1 < D, < 4/3 satisfy the EHT limits. This suggests that the charged, rotating black hole in Bumblebee grav-

ity surrounded by plasma may be a candidate for real astrophysical black holes.
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I. INTRODUCTION

The successful imaging of M87* [1—6] and Sgr A*
[7-9] by the Event Horizon Telescope (EHT) collabora-
tion marks a new era in which black hole astrophysics
enters the realm of testing strong-gravity theories through
direct imaging [10—12]. The black hole shadow, charac-
terized by a central dark region surrounded by a bright
ring, is, in essence, the optical projection of the space-
time geometry near the black hole onto the celestial
sphere of a distant observer. Although current EHT ob-
servations are highly consistent with the predictions of
Kerr black holes in General Relativity (GR) within their
uncertainties [5, 13], they still leave room for exploring
new physics beyond GR within the current observational
precision, such as dark matter [14—16], modified gravity
theories [17—19], and quantum gravity effects [20—22].

Against this backdrop, using black hole shadows to
test potential deviations from GR has become one of the
most important avenues for studying modified gravity
theories [23—28]. Among the various candidate theories,
those involving Lorentz symmetry breaking (LSB) have
attracted considerable attention because of their clear phy-
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sical motivations [29—34]. Although Lorentz symmetry is
a fundamental cornerstone of both quantum field theory
and GR, its strict validity at all energy scales remains an
open question. Various candidate theories of quantum
gravity predict that this symmetry may be broken at high-
energy scales [35, 36], leaving observable effects in low-
energy effective theories [37]. To systematically charac-
terize such LSB effects, Kostelecky et al. [38] developed
the Standard Model Extension, providing a unified frame-
work for describing Lorentz violation. In the gravity sec-
tor, the Einstein-Bumblebee model stands as one of the
simplest implementations of the Standard Model Exten-
sion [35, 39, 40]. It induces spontaneous LSB by introdu-
cing a vector field with a non-zero vacuum expectation
value, thereby generating the Lorentz-violating paramet-
er ¢ in the low-energy effective field theory to character-
ize the strength of this symmetry breaking.

It is worth noting that this Lorentz-violating paramet-
er ¢ hasbeen subject to rigorous observational con-
straints across various astrophysical scales. For instance,
Casana et al. [41] constrained this parameter using clas-
sical Solar System tests. In the strong-field regime, Liang
et al. [42] probed the vector hair of black holes via ex-
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treme-mass-ratio inspirals. Furthermore, Kumar et al.
[43] investigated Lorentz symmetry violation through
strong- and weak-lensing observables of rotating black
holes, while Qi et al. [44] placed bounds on £ by analyz-
ing the orbital precession of the S2 star around the
galactic center. In recent years, Schwarzschild-like [41,
45, 46] and Kerr-like black hole solutions [47—50] have
been derived within this framework and used to investig-
ate horizon structures and photon geodesic properties.
However, most existing studies of bumblebee black hole
shadows are confined to vacuum conditions [51—57],
neglecting the potentially significant effects of realistic
astrophysical environments.

On the other hand, even without invoking corrections
to GR, the interpretation of shadow observations is still
strictly constrained by environmental factors. In realistic
astrophysical scenarios, black holes are surrounded by ac-
cretion flows, jets, or the interstellar medium [58, 59],
which on macroscopic scales can be effectively modeled
as a plasma medium. As noted in previous studies [60,
61], the dispersive properties of plasma modify the
photon dispersion relation, causing their trajectories to
deviate from the standard vacuum null geodesics. In this
context, the pioneering work of Atamurotov et al. [62]
systematically formulated the theoretical framework de-
scribing plasma effects on black hole shadows. Sub-
sequent research [63—68] has shown that, whether the
plasma distribution is homogeneous or non-homogen-
eous, the primary consequence is a systematic reduction
in the shadow's apparent size, accompanied by deforma-
tions in its shape.

Current research on this problem has primarily pro-
ceeded along two paths: one investigates the impact of
modified gravity theories on black hole shadows, but is
often confined to vacuum conditions [69—73], while the
other analyzes plasma correction effects, but strictly with-
in the framework of GR [74—82]. Consequently, for scen-
arios incorporating both modified gravity effects and real-
istic plasma environments [83—85], systematic analyses
of black hole shadows and their observables within a uni-
fied theoretical framework remain relatively limited.

In this paper, we investigate a Kerr-Newman-like
(KN-like) black hole in Bumblebee gravity, immersed in
a non-homogeneous plasma background. It is worth not-
ing the astrophysical feasibility of the charge parameter
in realistic environments. Specifically, the Wald effect
[86] demonstrates that a rotating black hole immersed in
an external magnetic field naturally acquires a net charge,
while differential accretion of ions and electrons can sim-
ilarly lead to the accumulation of a non-zero net charge
[87]. Inspired by the EHT collaboration [88], which con-
strained the effective charge of M87* by modeling it as a
phenomenological parameter, we adopt a similar ap-
proach to explore the shadow and parameter constraints
of this charged black hole. To ensure computational feas-

ibility while maintaining physical consistency, we adopt a
radial power-law non-homogeneous plasma model that
preserves the separability of the Hamilton-Jacobi equa-
tion. The horizons, null geodesic equations, and photon
region of the black hole are obtained. Within this frame-
work, we systematically calculate the shadow and intro-
duce two sets of shadow observables to characterize the
influence of various physical parameters. Furthermore,
using the EHT observations of M87* — specifically the
angular diameter, axial ratio, and circularity deviation —
we place stringent constraints on the parameter space of
this coupled model. This enables us to test the viability of
the KN-like black hole as an M87* candidate within a
realistic plasma environment. Therefore, the focus of our
work is to combine Bumblebee gravity with a plasma en-
vironment to systematically investigate the black hole
shadow characteristics of this coupled model.

This paper is structured as follows: In Sec. II, we in-
troduce the metric of the KN-like black hole and discuss
its horizons and the allowed parameter range. Sec. III de-
rives the null geodesic equations in the presence of
plasma and subsequently analyzes the corresponding
photon regions to determine the shadow boundary. Sec.
IV presents the black hole shadows and characterizes
how the shadow shape and observables respond to para-
meter variations, while also providing a brief evaluation
of the associated energy emission rate. In Sec. V, we im-
pose constraints on the model parameters by confronting
our theoretical results with the EHT observational data.
Finally, a summary is provided in Sec. VI. Throughout
this paper, unless otherwise specified, we employ geo-
metric units where G=c=M =1 and adopt the metric
signature (—, +, +, +).

II. BLACK HOLE WITHIN THE FRAMEWORK
OF BUMBLEBEE GRAVITY

The black hole solution considered in this paper is
based on Bumblebee gravity theory. In this theory [35,
39, 40], a vector field B, with a non-zero vacuum expect-
ation value is introduced to induce spontaneous Lorentz
symmetry breaking (LSB) in the gravitational interaction.
As a result, a parameter characterizing the symmetry-
breaking strength appears in the low-energy effective
field theory. In this work, we adopt the stationary,
axisymmetric, and charged Kerr-Newman-like (KN-like)
black hole solution recently obtained by Liu et al. [89]. In
Boyer-Lindquist coordinates, the metric is given by

A, . 2
ds’ =——= (dt—a\/l+é’sm29d¢>
P

pz
+(1 +€)A—dr2+p2d(92
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where the relevant metric functions are defined as fol-
lows:

2(1+€)Q(2)
24+¢

p* =1+ (1 +)a* cos* 6. )

A =(1+0a®+r*-2Mr+

Here, M denotes the black hole mass, a represents the
spin parameter, and Q, is the charge parameter. The
Lorentz-violating parameter ¢ characterizes the strength
of the LSB. In the limit £ — 0, the metric reduces to the
Kerr-Newman solution of general relativity. If we further
set Oy — 0, it recovers the standard Kerr black hole solu-
tion.

The horizons of a black hole are determined by the
roots of its radial metric function, which satisfy

201+ 0)Q?
A,=(1+f)a2+r2—2Mr+(T;Q°=o. 3)

This equation admits three types of root structure: two
distinct positive real roots, one double positive root, and
no positive real roots. Specifically, the existence of two
distinct positive real roots corresponds to a black hole
with an event horizon and a Cauchy horizon. When the
two roots coincide, the black hole becomes extremal. Fi-
nally, if no positive real roots exist, the horizon disap-
pears and the spacetime evolves into a naked singularity.
Figure 1 presents the boundaries of the extremal black
hole in the (£,a) and (Qy,a) parameter planes. It is evid-
ent that as the charge parameter Q, or the Lorentz-violat-
ing parameter ¢ increases, the allowed range of the spin
parameter a shrinks.

Figure 2 shows the behavior of the radial metric func-
tion A,(r) as a function of the radial coordinate for differ-
ent parameter combinations. The intersections of the
curves with the r-axis correspond to the horizon posi-
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Fig. 1.

tions, where the left and right intersections represent the
Cauchy horizon and the event horizon, respectively,
whereas the tangent point corresponds to the extremal
black hole case. It can be seen that increasing the spin
parameter a, the charge parameter Q,, or the Lorentz-vi-
olating parameter ¢ causes the Cauchy horizon and the
event horizon to approach each other. Based on the above
analysis, all subsequent calculations of the black hole
shadow are restricted to the parameter region that en-
sures the existence of the event horizon.

III. NULL GEODESICS AND PHOTON REGIONS
IN A PLASMA ENVIRONMENT

To investigate the joint effects of Lorentz symmetry
breaking (LSB) in Bumblebee gravity and the plasma en-
vironment on the shadow structure, it is necessary to
characterize photon propagation and photon regions in
this background. Since the spacetime under considera-
tion is stationary and axisymmetric, the photon motion
problem can be formulated as a Hamiltonian dynamical
system with conserved quantities. In the study of shad-
ows from axisymmetric black holes, the Hamilton-Jacobi
(H-J) equation is widely used because of its variable
separability.

However, the introduction of a plasma medium
causes the photon dispersion relation to deviate signific-
antly from the vacuum case, generally destroying the
separability of the H-J equation. Therefore, it is crucial to
select a plasma model that has clear astrophysical motiva-
tion while preserving the separability of the H-J equation.
This paper employs a specific non-homogeneous power-
law plasma model, derives the null geodesic equations of
photons on this basis, and analyzes the photon regions,
thereby laying the foundation for the subsequent con-
struction of black hole shadows.

In the vacuum background, the motion of photons is
described by the H-J equation:
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(color online) Parameter space of the Bumblebee black hole (M = 1). The boundary curves represent the extremal black hole

condition, corresponding to the degenerate roots of the radial metric function. The region enclosed by the curves denotes the parameter

space in which an event horizon exists, whereas the exterior region corresponds to naked singularities.
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Fig. 2. (color online) Plots of the radial function A,(r) as a function of » for different parameter combinations (M = 1). The columns,
r p

from left to right, show the effects of the spin a, charge Q,, and Lorentz-violating parameter ¢, while the upper and lower rows corres-
pond to positive and negative ¢, respectively. The roots of A,.(r) = 0 represent the Cauchy horizon (left) and event horizon (right), and

tangency indicates an extremal black hole.

1
H(x,p) = 3 ' (x)pupy =0, 4

where g" denotes the inverse metric and p, is the
photon's covariant four-momentum.

For a pressureless, non-magnetized plasma, the
photon Hamiltonian must include a plasma-frequency
term, which takes the form:

1
H(x,p) = 5 (" (X)pupy + w,(x)") =0, (5)

where w, denotes the plasma electron frequency.

In general, an arbitrary spatial distribution of the
plasma frequency tends to break the separability of the H-
J equation. Previous studies [75, 90, 91] have indicated
that variable separation requires the following condition:

Jr(r) + fo(6)

r2+(1+0)a*cos? 6’

(6)

W(r,0) =

where f,(r) and f;(6) are functions of their respective co-
ordinates. This condition, first proposed by Perlick and
Tsupko [65] for Kerr spacetime, has been widely adop-
ted to study the shadows of axisymmetric black holes in
plasma environments.

Given this separable structure, together with the sta-
tionarity and axisymmetry of the spacetime, the photon
energy E and axial angular momentum L, are conserved
quantities, defined as: E = —p,, L, = ps. Accordingly, we

z

adopt the standard separable ansatz for the action S:

S=-Et+Lop+S,.(r)+Sq0), @)
where S, and S, denote the radial and angular parts of
the action, respectively. Substituting this expression into
Eq. (5) allows us to separate the photon motion into inde-
pendent radial and angular equations:

(pZ%)2 =R(r), (pza;;)z = 0(6).

or ®

The resulting separation constant is identified as the gen-
eralized Carter constant K:

e A, (26S,)2+[(r2+a2(1+€))E—a\/1+€Lz]2
T \P oy A,
) 054\’
—(L;—aV1+ClE)Y - f,(r=\p 20

2
- {az(l +OE* - L—z} cos’ 0+ f,(6). ©9)
sin” @

The radial potential R(r) and angular potential ©(6) for a
photon are defined as follows:

[ +a(1 +O)E-avT+L]’
A,
—(L,—aV1+CE) =K - f.(r),

Ay, A
1+f T

R(r) =

A L?
P60 =00) =K + {az(l +OE* - ——
s

(J cos’0— f4(0).
(10)
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Shapiro's study [92] of the accretion environment of Kerr
black holes indicates that, over a substantial radial range,
the plasma density and the associated plasma frequency
follow a power-law distribution: p oc w? oc 7772,
Combining this astrophysical motivation with the
separability condition in Eq. (6), we adopt the following

plasma model [75]:

) =wNr, fi6)=0, (11)

where w, is a constant. Substituting this model into the
radial potential function in Eq. (10) yields a dimension-
less coupling factor:

OEI\J ‘ QSI\J

»
1l

(12)

Here w, denotes the photon frequency measured by an
observer at infinity, and k is a parameter characterizing
the plasma intensity.

Substituting the plasma model into Eq. (10), we ob-
tain explicit expressions for the radial and angular effect-
ive potentials, R(r) and ©(9), respectively:

A L, A (P +a*(1 + O)E —a V1 +£L.]?
Pt =——R(r) =
1+¢ 1+¢ A,

—(L.—aV1+LE)* —K - > \r,p*#* = 0(h)
2

L
=K+ a2(1+£’)E2—,—§9 cos’ . (13)
Sin

To establish the connection between the photon’s orbit
and the shadow observed by a distant observer, it is ne-
cessary to write the explicit geodesic equation for the
photon. From Hamilton’s canonical equations

OH OH
== D, = ——. 14
ap,’ P Ox+ (14)

The first-order geodesic equations for photons are given
by the following:

,. avl +CL[A, — (r* +a*(1 + 0))]
pt=
A,
N P +a*(1+0))’E
A,

P =\/R(r),
p*0=1/0(),

), aV1+CE[(FF +a>(1+0)—A,]
p¢= A

s L.(A, —a*(1 + €)sin® 6)
A, sin’0 '

—a*(1+0)Esin’0,

(15)

Next, two dimensionless impact parameters are intro-
duced:
L, K
==, =, 16
§=4. 1=g (16)

which correspond to the angular momentum normalized
by the energy and the generalized Carter constant normal-
ized by the energy, respectively.

The boundary of the black hole shadow is determined
by unstable spherical photon orbits. The radial motion of
these orbits satisfies the following critical conditions:

R(F)=0, R() =0 (17)

and

0@)>0 as 0e[0,rx]. (18)

By solving these conditions simultaneously, we obtain
explicit expressions for the impact parameters ¢ and #:

_rr+a’(1+0)

av1+¢
A 1
————— | 2r+\/4r2 = =Nk 2], 19
a\/1+€A;< 2 ) (19)
2
A, T
n:(A;)Z <2r+ 4r2—§Arkr ‘/2>
2
1 A 1
B S Y A V.
21+0 | A 2%
—k+r. (20)

Substituting Egs. (19) and (20) into Eq. (18), we obtain
the existence condition for the photon region:

(AX-p*A) <a®(1+0)sin’ 0 [AX> -k Vr(A],  (21)

where

1
X=2r+ \/4r2—5A’rkr“/2. (22)

Unstable spherical null geodesics correspond to the
boundary of the black hole shadow. Therefore, the stabil-
ity of photon motion against radial perturbations at r=r,
must be analyzed. This stability is determined by the sign
of the second derivative of the effective potential R(r).
Using the previously derived Egs. (13), (19), and (20), we
obtain
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RII
E(zr) (M) =4AAX +8r7 (A — A A X
KA )
= G =), (23)

For the vacuum case k =0, with X = 4r, the formula re-
duces to

R"(r)

T (AL = 2rA AL+ (AL =217 A A

24

The condition R”(r,) >0 indicates an unstable spherical
null geodesic, whereas R”(r,,) <0 implies a stable one.
The photon regions of the KN-like black hole in
Bumblebee gravity surrounded by plasma are plotted in
the (,0) plane, as shown in Figs. 3 and 4, where the or-
ange region represents unstable photon orbits and the yel-
low region represents stable photon orbits. According to
Refs. [69, 71, 93], we adopt two different scales along the
r-direction to depict the entire spacetime, with particular
emphasis on the exterior region r > 0. Specifically, the ra-
dial coordinate is scaled as r+ M in the region r >0 and
as Mexp(r/M) in the region r < 0. In this mapped space,

[l unstable photon orbits [ | ergoregion region with g, > 0
stable photon orbits ] region with 4, <0

7} throatatr =10

a=08,0=05/=01,k=0 a=08,00=0.5,7/=0.1,k=0.3

the black hole throat at »=0 is indicated by a black
dashed circle, while the blue (A, <0) and gray (g, > 0)
regions correspond to the event horizon and the ergo-
sphere, respectively.

In Fig. 3, we fix a=0.8, Q;=0.5, and £=0.1 to in-
vestigate the effect of the plasma parameter & on the
photon regions. We clearly see an exterior photon region
outside the outer horizon. Meanwhile, unstable and stable
photon orbits may also appear in the interior photon re-
gion inside the inner horizon, where they are symmetric
with respect to the equatorial plane. As k increases, the
exterior photon region remains almost unchanged, where-
as the interior photon region gradually diminishes until it
vanishes completely.

It is crucial to clarify the physical distinction between
the exterior and interior photon regions. As shown in Fig.
3, the interior photon regions are localized within the
Cauchy horizon (r <r_). Due to the causal structure of
the spacetime, any photons trapped in or originating from
these interior regions are confined within the event hori-
zon and cannot reach a distant observer. Therefore, the
interior photon regions have no practical relevance for the
observable shadow or for astrophysical emission. The ob-

a=08,00=05,7=0.1,k=0.5 a=08,0=05,7=0.1,k=09

)

@8 ®

Fig. 3.

-4 -2 0 2 4 -4 -2 0 2 4
'e X

(color online) Photon regions of the KN-like black hole in Bumblebee gravity surrounded by plasma in the (r,6) plane. The

parameters are set to a = 0.8, Q, = 0.5, and ¢ = 0.1, with the plasma parameter & varied.

a=05,0=05,/=03,k=03 a=05,0=05,/=0.1,k=03

a=05,0=05,/=0,k=0.3

s

a=05,00=05,7/=-03,k=0.3

2 7 2F
-2 Z —2F
-4 —41
-4 -2 0 2 4 -4 -2 0 2 4
X X
Fig. 4.

(color online) Photon regions of the KN-like black hole in Bumblebee gravity surrounded by plasma in the (r,6) plane. The

parameters are set to a = 0.5, Qy = 0.5, and k = 0.3, with the Lorentz-violating parameter £ varied.
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servable shadow boundary is determined by the unstable
spherical photon orbits in the exterior photon region
(r>ry).

Figure 4 illustrates the influence of the Lorentz-viol-
ating parameter £ on the photon regions, with the back-
ground parameters fixed at a = 0.5, Q, =0.5, and k=0.3.
As ¢ decreases, the exterior unstable photon region (or-
ange area) shrinks. Furthermore, the blue region repres-
enting the event horizon expands, while the gray region
representing the ergosphere closely follows the exterior
of the horizon.

For an observer positioned at infinity ry — co with an
inclination angle 6,, we introduce the celestial coordin-
ates («,B). The mapping relation between these coordin-
ates and the impact parameters (£,7) is given by

&
- , 25
@ sind, 25)
B ==+ /n+a(1+£)cos? 6, — & cot 6. (26)

Consequently, by parameterizing the unstable spherical
photon orbits with the radius r,, this mapping defines a
closed curve on the observer's sky, which corresponds to
the shadow of the Bumblebee black hole surrounded by
plasma. Before proceeding with the shadow calculation,
we first verify whether the radial function A(r) =0 ad-
mits real positive roots for each set of model parameters.
This step ensures that the corresponding spacetime con-
tains an event horizon. Parameter sets that do not satisfy
the event-horizon condition are excluded directly from
the calculation.

IV. THE BLACK HOLE SHADOW AND SHADOW
OBSERVABLES

The shadow of the KN-like black hole in Bumblebee
gravity surrounded by plasma is governed by the com-
bined influence of the plasma parameter £ and the
Lorentz-violating parameter €. In this section, we analyze
the independent effects of these parameters on the shad-
ow and its observables. Subsequently, we briefly discuss
the energy emission rate.

To understand the independent influence of each
physical parameter on the shadow, we examine the re-
sponse to variations in a single parameter while keeping
the others fixed, as illustrated in Fig. 5. The results indic-
ate two main trends. First, increasing the spin parameter a
or the Lorentz-violating parameter ¢ primarily enhances
the left-right asymmetry of the shadow relative to the
a =0 axis, resulting in greater distortion. Second, in-
creasing the charge parameter Q, or the plasma paramet-
er k predominantly reduces the shadow size.

Physically, the Lorentz symmetry-breaking effect

modifies the spacetime structure. Together with the black
hole's rotation, this deformation alters the photon traject-
ories, specifically leading to an increasingly asymmetric
separation between the prograde and retrograde unstable
photon orbits. Consequently, this coupling-induced asym-
metry enhances the distortion of the shadow.

Because these parameters significantly affect the
shadow's shape and size, it is necessary to introduce a set
of observables that can accurately characterize the geo-
metry of the black hole shadow.

Following the reference circle method proposed by
Hioki and Maeda [94], we quantify the shadow size and
shape, as illustrated in Fig. 6. By constructing a reference
circle passing through three characteristic points—the top
(7), bottom (B), and rightmost (R) points of the shadow
boundary—we define the equivalent shadow radius and
the distortion parameter as follows [94]:

Rs — (at _ar)2 +ﬂr2 , 55 —
2|e, —

& — ‘QL - (27)
R, R

Figure 7 shows the behavior of the shadow radius R,
and the distortion parameter §, as the physical paramet-
ers vary. The shadow radius R, is primarily reduced by
increasing the plasma parameter £ and the charge para-
meter Q. It exhibits a slight decrease with the Lorentz-
violating parameter £, but remains almost unchanged with
the spin parameter a. In contrast, the distortion parameter
d, 1s significantly enhanced with increasing ¢ and a. Fur-
thermore, while ¢, is practically insensitive to £, it in-
creases slightly for larger values of Q.

However, the Hioki-Maeda observables R, and &,
have inherent limitations: they are based on the assump-
tion of approximate symmetry and typically presume an
equatorial viewing angle (6 = 7r/2). Thus, these geomet-
ric requirements make them less effective for characteriz-
ing highly irregular or distorted shadow shapes. To over-
come these limitations and characterize shadow geomet-
ries with more general shapes, we further introduce two
coordinate-independent observables proposed by Kumar
and Ghosh [95], which do not rely on strict symmetry as-
sumptions: the shadow area 4 and the oblateness D,
defined as:

max

rp d
A:2/ﬁ(rp)da(rp):2/mi“ (ﬂ(rp) a(rp))drp’

dr,

)2

a,—q
D=——. 28
IBt_,Bh ( )

Here, r™ and r** denote the radii of the prograde and
retrograde photon orbits, determined by 7n(r,) = 0. For an
observer in the equatorial plane, the oblateness D [96]
lies in the interval [ V3/2,1]. The upper limit, D = 1, cor-

responds to the spherically symmetric Schwarzschild lim-
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Fig. 5.
fects of variations in the parameters a, ¢, Q,, and &.

it, whereas the lower bound, D = V3/2, characterizes the
extremal Kerr black hole.

From an observational perspective, these two sets of
observables serve distinct purposes. The Hioki-Maeda
parameters R, and &, are theoretical diagnostics for
weakly distorted shadows under idealized conditions. In
contrast, the shadow area 4 and oblateness D are more ro-
bust against observational uncertainties. Specifically, 4
effectively captures the total shadow size through global
integration, while D provides a universal measure of
asymmetry.

Figure 8 illustrates the variation trends of the shadow
area A and the oblateness D under different physical para-
meters. As shown in the upper panels, increasing the
Lorentz-violating parameter £ reduces both the shadow
area A and the oblateness D. Moreover, as the plasma
parameter k increases, the shadow area decreases signific-
antly, whereas the oblateness increases slightly. Con-
versely, the lower panels show the influence of the spin
parameter ¢ and the charge parameter Qp. As the spin
parameter @ increases, the oblateness D decreases

iy . . . .
-6 -4 -2 0 2 4

oL

(color online) Shadows of the KN-like black hole in Bumblebee gravity surrounded by plasma, illustrating the independent ef-

sharply, and the shadow area A decreases slightly. Fur-
thermore, increasing the charge parameter Q, leads to a
significant decrease in the shadow area and a reduction in
the oblateness.

In addition to the geometric shadow properties, the
high-frequency energy emission rate of a black hole in
the geometric optics limit can also reflect the spacetime
structure. As a complement to the shadow analysis above,
we further investigate the high-frequency emission rate of
the KN-like black hole in a plasma background. For an
observer at infinity, the high-frequency energy emission
rate of the black hole can be expressed as:

PE(w)  200%m 4
dodr — ew/Tn—1

29)

Here, w is the photon frequency, and Ty is the Hawking
temperature. oy, denotes the high-frequency absorption
cross-section. In the geometric-optics limit, it approaches
a constant value, which corresponds to the geometric
shadow area of the black hole [97]:
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a=08,0)=05, k=05, 7=0.1,
6 ———

4+

Y I S S Y ) B
2

Fig. 6. (color online) Illustration of the shadow observables
defined by the reference circle method. The solid black curve
represents the black hole shadow, and the dashed blue curve
denotes the reference circle. This circle is constructed to pass
through three characteristic points: the top (7), bottom (B),
and rightmost (R) points of the shadow. Here, L and L’ de-
note the left endpoints of the shadow and the reference circle,
respectively. The parameter D,, is defined as D, = a; —a; -

Tiim ~ TR, (30)

where R; is the black hole shadow radius obtained above.
The Hawking temperature 7y in the KN-like black
hole background is given by:

r.—M
21 (ri +a2(1 +€)) '

Ty= 1)

Figure 9 displays the response of the energy emission
rate to various parameters while the others are held fixed.
The plots in the upper row show that the peak of the en-
ergy emission rate decreases significantly as a or Q in-
creases, and the peak shifts to a lower-frequency region.
In contrast, the plots in the bottom row show that, al-
though increasing k or £ also suppresses the energy emis-
sion rate, the reduction is relatively mild.

V. CONSTRAINTS FROM EHT OBSERVATIONS
ON M87*

The shadow image of the supermassive black hole
MS87* captured by the EHT collaboration reveals a dis-
tinct crescent-shaped emission ring structure. In particu-
lar, based on the estimated inclination angle for the M87*
observation, 6, =17°, the EHT collaboration extracted
key geometric constraints from this image [1, 4, 5], in-

cluding the circularity deviation AC 0.1, axis ratio
1<D, s g, and angular diameter 6, = 42 + 3 pas.

In this section, we consider the M87* black hole as a
Kerr-Newman-like (KN-like) black hole surrounded by
plasma within the framework of Bumblebee gravity. We
then use the aforementioned EHT observational con-
straints to restrict the model parameters, thereby identify-
ing the physically feasible regions of the model.

In the celestial observer's plane, the shadow can be
represented in polar coordinates (R(¢),¢), with the origin
at the shadow center (a¢,Bc). Next, we present the ex-
pressions for AC, D,, and 6,. First, define the shadow
center point:

ag+ap,
C:O’ ac = >
p 2

(32)

where ar and «a; denote the a coordinates of the right and
left edges of the shadow, respectively. Next, we repres-
ent the shadow boundary in polar coordinates:

R(p) = \/(@—ac)* +(B—Bc)
@ =tan™' <L> . (33)

@ —Qc

Define the average radius [98] as:
_ 1 2r
R=L / Ro(g)d. (34)
27 ),

The circularity deviation is then defined as [99]:

1 2r

1 -
AC=% o | (R()—R)* dg. (35)

The axial ratio is defined as the ratio of the shadow’s ver-
tical diameter to its horizontal diameter [100]:

p,=Ph (36)

a,—aq;

The angular diameter is given by the following formula

[101]:
6,= R p= /2, 37)
d b8

where d is the distance from Earth to M&87*, R, is the
shadow areal radius, and A4 is the shadow area.

Next, we model the supermassive black hole M87* as
a KN-like black hole within the framework of Bumble-
bee gravity, immersed in a non-homogeneous power-law
plasma. By setting the mass M = 6.5 x 10°M,, and the dis-
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Fig. 9.
ers (a, Qo,k,0).

tance d = 16.8Mpc, we can determine the theoretical ob-
servables of our model. Furthermore, we adopt an inclin-
ation angle of 6,=17° for M87*, which is estimated
based on the orientation of the relativistic jet [102].
Figure 10 compares the theoretical shadow predic-
tions of our black hole model with the EHT observation-
al constraints for M87* at 6, = 17° in the (a, Qy) paramet-
er plane. The two solid black curves represent the con-
stant angular diameters 6, =39uas and 6, =45pas, re-
spectively. The region between them denotes the para-
meter space consistent with the EHT constraints. More
specifically, when £ =0.3 and ¢=0.1, the EHT observa-
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(color online) High-frequency energy emission rate as a function of frequency w for different values of the physical paramet-

tion 6, =42 +3pas excludes part of the parameter space,
including regions corresponding to low spin and charge
(@<0.06,0,<0.04) and to high charge Q,>0.77. By
contrast, the EHT observational constraints on the circu-
larity deviation AC < 0.1 and axis ratio 1 <D, <4/3 are
satisfied throughout all considered parameter regions,
which implies that the circularity deviation and axis ratio
alone are insufficient to constrain the parameters of the
KN-like black hole.

The density plots in the (£,k) parameter plane are
presented in Fig. 11 for a =0.5 and Q, =0.3. On the one
hand, all parameter regions satisfy the constraints

k=03,7=0.1

k=03,7=0.1

k=03,7=0.1

0.8
10175

1.0150
0.6 4 2
1.0125
=
| 1.0100 S \ 40
1.0075 04y

1.0050

L0025 0.2

0.0,

a

Fig. 10.
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(color online) Density plots of the circular deviation AC, axial ratio D,, and angular diameter 6, in the (a, Q,) parameter

plane for 6, = 17°. The parameter plane includes only values for which an event horizon exists.
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AC 50.1 and 1< D, $4/3, indicating consistency with
the EHT observations. On the other hand, the solid black
curve corresponds to the angular diameter 6, =45 pas in
the density plot. The region with 0<k<0.3 and
—1 < ¢<-0.85 is therefore excluded by the EHT angular
diameter constraint.

It should be emphasized that the aforementioned para-
meter constraints are highly contingent upon our specific
astrophysical assumptions, including the assumed inclina-
tion angle (6, = 17°), the estimated black hole mass and
distance, and the chosen non-homogeneous plasma mod-
el. Therefore, it is important to clarify that our results do
not definitively "verify" Bumblebee gravity, but rather
demonstrate that certain parameter ranges within this
framework are consistent with the current EHT con-
straints. In other words, within the allowed parameter
space, current EHT observations are insufficient to rule

a=05,00=03

a=105,0,=03

out Bumblebee gravity as a viable effective framework.

Therefore, we conclude that EHT observations of the
MS87* black hole shadow cannot rule out the existence of
a KN-like black hole in Bumblebee gravity surrounded
by plasma. To further constrain the spin parameter ¢ and
the Lorentz-violating parameter ¢, the 1o~ and 20~ confid-
ence intervals are plotted based on the aforementioned
angular diameter density maps. Figure 12 shows that the
adopted mass M = 6.5x 10°M,, falls within the 1o band,
indicating that our setup is consistent with the EHT con-
straints. For Oy =0.3, k=0.3, £{=0.1, the 10 bound on
mass is 5.72x10°M, <M <7.18x10°M,, and the 20
bound is 5.29x10°M, <M <7.66x10°M,; while for
a=0.5, 0y=0.3, k=0.3, the 1o bound on mass is
5.62x10°M, < M < 6.94x10°M,,, and the 20 bound is
520x10°My < M < 7.41 x10°M,,.
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(color online) Density plots of the circular deviation AC, axial ratio D,, and angular diameter 6, in the (¢,k) parameter plane

for 6, = 17°. The parameter plane includes only parameter values for which an event horizon exists.
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VI. CONCLUSION

To summarize, in this work, we investigated the shad-
ow of a charged rotating black hole within the frame-
work of Bumblebee gravity, immersed in a non-homo-
geneous power-law plasma model. To analyze the shad-
ow characteristics under the combined effects of Lorentz
symmetry breaking (LSB) and the plasma medium, we
studied the black hole shadow and its associated observ-
ables. Furthermore, we used the latest EHT observations
to constrain the model parameters.

First, we examined the influence of the Lorentz-viol-
ating parameter ¢ and the charge parameter Q, on the
event horizon through an analysis of the parameter space
and spacetime structure. As shown in Fig. 1, as ¢ and Q,
increase, the allowed range of the spin parameter a is sig-
nificantly reduced, and the spacetime structure shows a
strong tendency toward an extremal black hole. This fun-
damental geometric analysis not only established the
physical bounds for subsequent simulations but also in-
dicates that LSB provides a non-trivial correction to the
properties of the strong gravitational field.

Building on this, we derived the null geodesic equa-
tions for photons in a plasma model using the separable
Hamilton-Jacobi equation. Along with the analysis of the
photon regions, we numerically calculated the black hole
shadow. By systematically comparing the effects of the
individual parameters on the shadow and its observables,
we categorized the roles of the four physical parameters
into two distinct physical effects: the spin a and the
Lorentz-violating parameter € mainly produce a left-right
asymmetry in the shadow relative to the o = 0 axis, there-
by dominating the drag distortion of the shadow, where-
as the charge parameter Q, and the plasma parameter k
dominate the radial contraction of the shadow size.

Finally, we mapped three key observables of the
MS87* black hole — the angular diameter, axial ratio, and
circularity deviation — onto our theoretical model. Figs.

10 and 11 demonstrate that, although the current observa-
tional precision is insufficient to completely rule out the
Bumblebee gravity model, we successfully excluded part
of the parameter space characterized by low values of the
Lorentz-violating parameter and low plasma density. As
shown in Fig. 12, the confidence interval analysis demon-
strates that our proposed model is self-consistent under
the EHT constraints. While this result does not definit-
ively verify Bumblebee gravity, it demonstrates the feas-
ibility of using black hole images to constrain fundament-
al physics under specific astrophysical priors (such as the
assumed black hole mass, inclination angle, and plasma
model). Consequently, it provides a theoretical reference
for future, higher-precision gravitational tests.

Building on previous shadow studies, the main exten-
sions of our work are reflected in three aspects. First, we
provide a comprehensive analysis of the photon regions,
distinguishing the observational relevance of the interior
and exterior orbits. Second, by analyzing the shadow ob-
servables, we identify two distinct physical effects among
the parameters: the spin a and the Lorentz-violating para-
meter ¢ dominate the shadow distortion, whereas the
charge Q, and plasma parameter k govern its radial
shrinkage. Finally, using two sets of observables, we con-
strain this coupled model with EHT observations of
M&7* by plotting the viable parameter spaces and their
1o and 20 confidence intervals, thereby evaluating its as-
trophysical feasibility.

Furthermore, it should be emphasized that our theor-
etical model relies on certain idealized analytical approx-
imations. Specifically, the selected non-homogeneous
power-law plasma profile should be regarded as an ana-
lytically tractable approximation rather than a highly real-
istic accretion-flow model. Although realistic accretion
flows are undoubtedly more complex, the adopted plasma
model provides a necessary and valuable theoretical
baseline for evaluating plasma effects on the black hole
shadow.
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