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Abstract: We have studied the interaction of 7°(;)f;(1285) by assuming the f,(1285) to be a molecular state of
K*K - K*K. We use a framework in which a 7°() f;(1285) optical potential is obtained and subsequently used as the
kernel of the Lippmann-Schwinger equation, following the standard method for the interaction of particles with nuc-
lei. The optical potential is obtained using the fixed center approximation to the Faddeev equations, in which a
cluster, here the f(1285), remains unchanged during the interaction, as appropriate for the present situation. We
have obtained the scattering matrix for this system, as well as the scattering length, effective range, and correlation
functions. This framework has been previously tested in the study of the pf,(1285) interaction and has been shown to
give results in agreement with recent experimental measurements of the pf(1285) correlation function. On the other
hand, from this interaction we do not obtain clear signals for the ;(1400) or m(1600), nor for the 7,(1855) reson-
ances, which in other approaches have been claimed to arise from the same dynamics. However, we obtain a struc-
ture in the 7°f;(1285) amplitude around 1500 — 1600 MeV and a strong cusp at the 5 £;(1285) threshold of 1833 MeV.
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the conventional ¢g structure of mesons and require at
least four quarks. Nevertheless, different structures are
possible, such as compact tetraquarks or meson-meson
molecules. In Ref. [3], the possibility that the m;(1400)
and 7;(1600) correspond to molecular states of 7n(1295)
and 7n(1440), respectively, was studied, with unfavor-

I. INTRODUCTION

The BESIII Collaboration reported the observation of
a state denoted as 7;(1855), with quantum numbers
I6(JFC) = 0*(17*) [1], which render this state exotic from
the ¢gg perspective. The state was observed in the
J/y — yn1(1855); n1(1855) — ni’ decay and is already lis-

ted in the Particle Data Group (PDG) [2], with only the
BESIII entry. This state may be related to the 7;(1600)
with 17(17*), which, according to the PDG, could also be
the m,(1400), which is also listed there. Theoretical in-
terest in these states is considerable, since they challenge

able conclusions. In Ref. [4], a tetraquark nature is advoc-
ated with different SU(3) classifications. A hybrid nature
for the 7;(1600) is advocated in Refs. [5—7], but different
conclusions are obtained in Ref. [8]. Lattice QCD calcu-
lations have been able to reproduce a (17*) state compat-
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ible with the 7;(1600) [9]. QCD sum rules have also been
applied to obtain a tetraquark compatible with the
m1(1600) in Refs. [10—12]. A very different proposal is
made in Ref. [13], where the 7;(1600) is assumed to be a
three-body molecular state of 7K*K. Review papers on
this issue can be found in Refs. [14, 15].

The discovery of the 7;(1855) state has also attracted
interest in the theoretical community. In Refs. [16—19], it
is obtained as a KK,(1400) molecule. The hybrid picture
is also supported in Refs. [20—23], but in Ref. [24] this
structure is shown to lead to widths that are too large
compared with experiment. A tetraquark structure using
QCD sum rules is advocated in Ref. [25].

A different structure for the m;(1600) and n,(1855)
states is advocated in Ref. [26], where the interaction of 7
with f(1285), together with other coupled channels of a
pseudoscalar meson and an axial-vector meson, gives rise
to the 7,(1600), while the 7f,(1285) interaction, together
with other coupled channels, gives rise to the r,(1855).
The interaction kernel is obtained by treating the axial-
vector mesons as matter fields, which provides the Wein-
berg-Tomozawa interaction of order O(1/f?%), with f be-
ing the pion decay constant. This work partially overlaps
with the one presented here. The difference is that we do
not consider the axial-vector mesons as matter fields, but
rather as molecular states composed of a pseudoscalar
meson and a vector meson [27—29]. We then consider the
interaction of a pseudoscalar meson with a molecular
state, analogous to the interaction of a particle with a nuc-
leus composed of two particles. In this approach, the in-
teraction goes beyond the O(1/f?) approximation, sug-
gesting that different results should be obtained.

The interaction of a particle with a nucleus is most
commonly addressed by defining an optical potential and
then solving the Schrédinger equation (or the Lippmann-
Schwinger equation) [30—33]. For a particle interacting
with a bound state of two particles, this would involve the
construction of an optical potential and the subsequent
solution of the Lippmann-Schwinger equation. This can
be done using the Fixed Center Approximation (FCA) to
the Faddeev equations for the three-body system, in
which the molecular state is considered as a cluster and
the external particle collides with it without breaking it.
This is the basic assumption of the FCA, which is suited
to the present case because the cluster, the molecule, is
identified in both the initial and final states.

The study of particle interactions with axial-vector
mesons has gained renewed interest following the meas-
urement of the proton-f(1285) correlation function re-
ported in Ref. [34]. In anticipation of this experiment, a
calculation was performed in Ref. [35] to obtain the cor-
relation function for this system using the standard FCA,
in which the final step mentioned above, namely solving
the Lippmann-Schwinger equation, was not performed.
Nevertheless, the predicted results for the correlation

function are in qualitative agreement with the recently
measured magnitude.

The work of Ref. [35] spotted a problem in the FCA
method, showing that it did not satisfy elastic unitarity at
the particle-cluster threshold. Although an empirical solu-
tion was proposed in Ref. [35], a formal resolution was
later provided by Ref. [36] in the study of the nD(2317)
interaction. There, the FCA results were understood as a
particle-cluster optical potential, analogous to that in
particle-nucleus interaction, which was unitarized in the
particle-cluster system by solving the Lippmann-
Schwinger equation. Simplified formulas for the general
solution provided in Ref. [36] were found in Ref. [37], in
the study of the correlation functions for the nD,;(2460)
and nD, (2536) systems, where an analytical proof of
elastic unitarity was provided. Further work was carried
out in the study of the super-exotic three-body system
K**D**K**, incorporating some off-shell dependence in-
to the formalism through © (gm.—|7]) factors that ap-
pear in the elementary amplitudes, which are also con-
sidered here. This represents the current state of develop-
ment of the method, which has also been applied to eval-
uate correlation functions of the K f1(1285) system in Ref.
[38] and the KD,(2317) system in Ref. [39].

The reliability of the method for studying the interac-
tion of these systems has been corroborated by the experi-
mental results in Ref. [34] for the correlation function of
pf1(1285), which show good agreement with the updated
results of Ref. [35] presented in Ref. [40]. These updated
results incorporate recent developments implementing
elastic unitarity and were obtained prior to the experi-
mental results of Ref. [34].

The paper proceeds as follows: in Section II, we de-
scribe the formalism used to study the interaction of #°
and n with the fi(1285) resonance; in Section III, we
present the results; in Section IV, we discuss the results
and present our conclusions; and in Section V, we dis-
cuss the uncertainties in our calculations.

Io. FORMALISM

For the Kf(1285) interaction, we closely follow Ref.
[38].

In the molecular picture, using the phase conventions
for the isospin multiplets (K*, K°), (K°, —-K"), (K**, K*?),
and (K*°, —-K*"), the £,(1285) is expressed as [28]

f1(1285) = - \@ (KK~ + KR~ K~ K* — K*K")
= @K K)+ (k°K). (1)

It is necessary to distinguish between the building
blocks and the decay channels. The latter contribute to
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the width of the state because they have available phase
space. Although they can be incorporated as components
of the wave function, their strength is too small to play a
significant role in the formation and mass of the states;
therefore, they can be treated perturbatively. This point
has been discussed in several works, such as those in
Refs. [41, 42]. In particular, from this molecular perspect-
ive, the different decay widths of the fi(1285) have been
evaluated. The decays into ay(980)x, f,(980)r, and KKnx
have been successfully tested in Refs. [43, 44]. Further
supporting evidence has come from studies of various re-
actions, including K p— fi(1285)A [45], J/y —
@£1(1285) [46], BY - J/yfi(1285) [47], T — f,(1285)nv,
[48], and B° — J/y £,(1285) [49].

We study the interaction of n° and #n with the
£1(1285). Since n° and # areidentical to their anti-
particles, the interaction of 7° or # with either of the two
components of Eq. (1) is the same. This allows us to fo-
cus on a single component, namely the interaction of #°
or # with (K*K)"°.

The FCA includes the diagrams shown in Fig. 1. Ow-
ing to the normalization of the scattering matrix for the
°(m)—£1(1285) interaction, rather than for n°() scatter-
ing with K* or K, we write the amplitudes as

0

—Ip, (2

where M, is the mass of the cluster, i.e., the f(1285)
state. The matrices 7, and #, describe the scattering of the
7 and 5 from the K* and K constituents, respectively. It
should be noted that K*K is coupled to 7 = 0. In this case
(see Ref. [50] for details), one obtains:

a) n° scattering

w(n)
\

7Tl)(m 70y )

, +
/4
K* K
a0 r/

™
K* K K* K
Fig. 1. (color online) Diagrams of the conventional FCA de-
scribing the interaction of 7° or 5 with the K*K component of

the £,(1285).

2 I .
i [=32, 1 g=1n

2 |
= St g e LT ©

h= g ik 3 L' s

where we have used the fact that 7,z and #,x are identical;
b) n scattering

I=1/2 I=1/2 _ I=1/2
5= tnK , h= t,,K - th . (4)

The amplitudes #7/%, #7202, £272, #2072, 42 and
[ <" that appear in t;, &, of Egs. (3) and (4) are evaluated
in the Appendix.

We define the partition matrices T;; corresponding to
the diagrams in Fig. 1 as the sums of diagrams in which
the external particle first interacts with particle i of the
cluster and finally interacts with particle j. The matrix 7

is then defined as
- Tu T
7 . 1 ~12 ’ )
Ty Txn

where the elements T;; are given by

7 d 7 b

"R hGE 2T 1-1hG?

L 11,Go

Ti=Ty = 222, 6
12 21 ]—lltzG% ()

and Goy(+/s) denotes the propagator of the external
particle, modulated by the wave function of the cluster,
and is given by

_ [ 44 F.(q) |
Go(V9= [ o V5 = 0ol §) — (@) + i€ 2we(q)
! A _ @ .
X ch(q)) 0 (qmax ql) 0 (qmax qz) , (7)

with w.(§) = \/m2, +q?*, where m,, denotes the mass of

the external particle (7° or #), and w.(§)= /M2 +§>.
The quantity F.(g) is the cluster form factor, given by

F
Px@=§?,

&p 1
F(q) /‘P|<‘Im1x (271')3 M — Wk (P) U)K(p)

1P~ 1<qmax
1
X 2 = 2
M. —wg(P—q)—wg(P—q)
d 1 2
N=nm=/) ﬂ[ ——
Fl<gme 270 LM = wi-(P) — wg(P)

®)
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The magnitude g, in Eq. (8) is the cutoff that regu-
larizes the G loops of the Bethe-Salpeter series in
t=(1-VG)™'V, where V is the potential, in studies of the
K*K interaction that generates the f£(1285) molecule
[50]. This yields a wave function of the form

() (Qmax - |ﬁ|)
M.~ wi-(P) — wi(P)

¥(p) ~ €

The limits of j in the integral in Eq. (8) ensure its
convergence, and F(g) vanishes for |§|>2gm.x. In Eq.
(7), the values of ¢) and ¢ are the cutoffs used to
regularize the 7°(n)K* and n°()K loops when construct-
ing the corresponding scattering matrices, ¢, and 7,. On
the other hand, ¢} and ¢; are the n°(;;) momenta in the
rest frames of 7°(;))K* and n°(n)K, respectively. These are
obtained by assuming that the transferred momentum is
shared between the initial and final particles of the cluster
[51, 52]. One has

e I me,
q,»=q(1—* ) (10)

2 My, +m;

where m; = mg. and m, = mg.

Elastic unitarity in the #°(n)f(1285) channel is ob-
tained by summing the diagrams shown in Fig. 2. This
yields the matrix Ti’j, for which, as before, one sums over
all diagrams in which the first scattering occurs with
particle i and the final scattering occurs with particle j of
the cluster. The 7’ matrix is defined as

. 7, T
s . 11 . 12 , (1)
75 T'yp

(e) () (9 (h)
Fig. 2.
tion of the external particle and the cluster f£(1285) as a
whole.

(color online) Diagrams showing the elastic propaga-

and one obtains 7’ by solving a Bethe-Salpeter equation
in which T;; serves as an optical potential:

T=0-T6] "1, (12)
where
GY 0
GC = ¢ i (13)
0 G?
and
' g [
(i) — (
GO(Vs) 2n) VS —wer(§) — we (@) + i€
1 1 '
*20n@ © (Ghi =5 ) - 14
Zwex(i) 2wc(q’) (qmax 61,) (14)
with [53]

mg q,)
mg-+mg -/’

&q). (15)

Mg« +mg

Fil)(q):Fc<

F®(G)=F. (

The amplitudes # and 7, depend on the invariant
masses +/s; and +/s,, respectively, which are calculated
by assuming that the binding energy of the cluster is ab-
sorbed by each particle in the cluster in proportion to its
mass, as

51T MK) = (Per + pr )’ = m2 + (Emg ) +2Emg- ¢°, (16)

52:(P°(DK) = (per + pr)* = m2, + (Emg)* +2Eme q°,  (17)

where ¢° is the 7° () energy in the cluster rest frame

2 2

0 S_mex_Mc
=—=° 18
q M. (18)

and
M,
&= —. (19)
mg- +mg

The final amplitude for 7°(n) f; scattering is given by [37]
tot ~, f]+t~2+(2GO—G£1)—GE,2))fI fz
r ZZTU: 1-GY7 —G27 — (G- GV GOVE 7,
ij —Uc 1 T Uc 2_( 0~ Yec c)tltz
(20)
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which enables a straightforward proof of elastic unitarity
[37].

A. Scattering length and effective range

Using the relationship between our amplitude and the
standard quantum-mechanical amplitude, f, we have

- I 1 .
8rVs (1) = (M = 4 S~ igen, (1)

where g, is the 7°() momentum in the #°()f, rest
frame. Examining the amplitude near the threshold, it fol-
lows immediately that

T tot

a= 8m/s I’ 22
0 - .

ro = 'L% {M (—Sﬂ\/E (Ttot) 1 +1qu>} th, (23)

where 1 denotes the reduced mass of the 7%(n) f; system.
B. Correlation function
The n°%n)f; correlation function is then given by
Croan(p) =1 +47T/ drr* S 5(r)
0

x{ljo(pr)+ TG - j5(p)}, (24)

where

TG = (T}, +T3,) Gi(Vs,n) + (T1, + T,) Go(Vs,r),  (25)

with

S ()= e R ) (26)

1
(4nR?)*?

where R is the radius of the source and G, G, are given
by

d’q Jogn F(q)
(2”)3 \/E - wex(q)) - wii) +1ie

1 1 )
X > 0] 1(*:1)ax_ T . 27
Y@ 2an) O mm =) @D

Gi(\/g,r)=

III. RESULTS

The first results we present are for the scattering
length a and the effective range r,. We obtain:
a) for the 7°f; system

a=—-0.05fm, (28)

ro = (—47.37—10.49) fm. (29)

This is a special case characterized by a very small
scattering length and a large effective range.
b) for the nf; system

a=(0.29-10.08)fm, (30)

ro = (0.47 +i0.50) fm. (31)

In the latter case, the value of a is approximately half
that for the K f; system, and r, is also approximately half
as large as that for the Kf; system but has the opposite
sign.

Next, we show the results for the total #°f;(1285)
amplitude as a function of +/s in Fig. 3. In Fig. 4, we
show the results for 7 f,(1285) scattering.

In Fig. 3, the n°£,(1285) amplitude exhibits smooth
behavior at and below threshold. However, in the region
1500 - 1600 MeV, a notable structure appears. The amp-
litude exhibits resonance-like behavior with a phase of
n/2, which corresponds to having the roles of the real and
imaginary parts interchanged. The modulus of the real
part displays a peak, whereas the imaginary part re-
sembles the real part of a Breit-Wigner resonance with an
added constant. It is unclear whether this structure is re-
lated to the 7, (1400 — 1600) state reported in the PDG, but
it is noteworthy that a structure in the amplitude emerges
precisely at the energy where the m;(1400-1600) has
been claimed experimentally.

Concerning the nf; amplitude, we first note that we
do not observe any structure around 1855 MeV that could

75
50
25

0

=25

Scattering amplitude

=50

-75F 4

1200 1300 1200 1500 1600 1700 1800
V3 (MeV)
Fig. 3.  (color online) The n°f(1285) scattering amplitude

Ty, asa function of +/s.
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150
L 100
=
'8 50
g L
@
g °
o L
3
= =50
(% [ Y / : 3
—100f \/ 7/ i T Re(D) .
——————— ) / P-—- Im(T) i
—150F S/ .~ ------- M, +m, i
I 1 I 1 I | - I 1 I
1200 1400 1600 1800 2000 2200
Vs (MeV)
Fig. 4.  (color online) The 75f,(1285) scattering amplitude

tot 1 )
T,5 as a function of +/s.

be associated with the 7;(1855). We can only state that
we obtain a pronounced cusp structure around the
threshold at 1830 MeV. Second, we observe some struc-
ture around 1500 MeV. However, this is about 330 MeV
below the nf;(1285) threshold, where we are reluctant to
trust our results. We can reasonably trust our results with-
in approximately 150 MeV above and below threshold,
corresponding to the energy range of the correlation func-
tions in Ref. [34]. Thus, we prefer not to make any claim
concerning this structure.

Next, we present the results for the correlation func-
tions. Figure 5 shows the results for the n°f;(1285) correl-
ation function. Figure 6 shows the corresponding results
for the 1£(1285) correlation function. For the n°f; case,
the correlation function has values very close to 1, indic-
ating a weak interaction. The value of the correlation
function decreases with increasing momentum at small
values of p.,. The kink appearing around p.,, ~ 110 MeV
corresponds to the opening of the nK threshold in the 7,
amplitude, as can be seen by applying Eq. (17), which
relates s to s,. This corresponds to /s ~ 1465 MeV and is
also barely visible in Fig. 3 at this energy. There are no
kinks related to the nK* threshold because we use the
convolved G functions for the K*. In the case of the nf
interaction, the expected kink for the nK threshold is
small and not visible in the figures. The trend of the cor-
relation function is similar to that obtained for the
K £1(1285) case [38] but closer to unity, indicating a
weaker interaction than in the K f,(1285) case. The shape
obtained is similar to that observed for pf;(1285) in the
ALICE experiment [34]; however, the strength is much
weaker, with the correlation function closer to unity, than
that observed in the pf;(1285) experiment.

IV. DISCUSSION AND CONCLUSIONS

We have studied the interaction of a #° (or ) with the
f1(1285) resonance, assuming that the f(1285) is a

1.050
.S 1.025
£
8 1.000
&
g
= 0.975
©
©
g 0.950
O F —=— R=0.8fm 1
0.925f =—— R=1.0fm \ 7
r —=- R=12fm \\ ///
0.900 S —" -
I 1 I 1 I 1 I 1 I 1 I 1 I
0 50 100 150 200 250 300 350
Pem (MeV/c)
Fig. 5. (color online) Correlation functions for the

7 £,(1285) system as functions of the momentum p,,, for dif-
ferent values of the source radius R.

T T T T T T T T

Correlation function
(=)
(o)
(=)

0.75
/// —=— R=0.8fm

0 70? /,/ — R=10fm -_
| e e = — P (

0.655 R=12fm J
L I 1 I 1 I 1 I 1 I 1 I 3
0 50 100 150 200 250 300

Pem (MeV/c)
Fig. 6. (color online) Correlation functions for the 7f,(1285)

system as functions of the momentum p,,, for different values
of the source radius R.

K*K — K*K bound state. We have used a framework ana-
logous to calculations of an external particle interacting
with a nucleus, first defining an optical potential and then
constructing the Lippmann-Schwinger equation from it.
In our case, the role of the nucleus is played by the two-
particle cluster, the f1(1285), while the external particle is
either a 7° or an 7. The optical potential is obtained using
the formalism of the fixed center approximation (FCA) to
the three-body Faddeev equations. The main assumption
is that the two-particle cluster remains intact during the
interaction, a situation well suited to the present case,
where the f1(1285) particle appears both at the beginning
and at the end of the interaction.

The study of this interaction becomes more relevant
when compared with other calculations in which the ker-
nel of the 7%) £,(1285) interaction is obtained by treat-
ing the f1(1285) as a matter source and using the Wein-
berg-Tomozawa interaction, which vanishes in these two
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cases. We have shown that, in our case, we go beyond the
O(1/f*) level of the Weinberg-Tomozawa interaction.
Our total amplitudes use as input individual # matrices
that contain terms beyond O(1/f?), obtained from
coupled-channel calculations that implement coupled-
channel unitarity, and these amplitudes do not vanish.

We have calculated the total amplitudes for the
7°(n) £1(1285) interaction and find no clear signals for the
71(1400), 7,(1600), or n,(1855) resonances within our ap-
proach. However, we observe a weak structure around
1500—-1600 MeV in the #°f(1285) amplitude, and a
strong cusp structure in the nf(1285) amplitude at the
nf1(1285) threshold around 1830 MeV.

We should mention that, in Ref. [26], despite the van-
ishing 7°() f1(1285) interaction, the use of coupled chan-
nels involving other pseudoscalar meson—axial-vector
meson channels ultimately leads to the m;(1600) and
n1(1855) states. In our case, such an extension would in
principle be possible; however, rather than dealing with
the overlap of two particles in the framework of Ref.
[26], we would have to deal with the overlap of three
particles in this hypothetical calculation, since the axial-
vector mesons are molecular states in our approach. We
consider this three-body overlap to be more difficult than
in the two-body case. Thus, we do not anticipate a signi-
ficant effect from this hypothetical calculation. This
renders the theoretical explanation of the m;(1600) and
n1(1855) states more challenging than previously as-
sumed.

Regarding Ref. [13], the authors reported obtaining
the m,(1600) from the nf,(1285) interaction using the
FCA. It is unclear whether the structure that we find for
the 7°£(1285) amplitude around 1500— 1600 MeV is re-
lated to the state found in Ref. [13]. There are some dif-
ferences between our approach and that of Ref. [13],
since we use the new formalism that implements elastic
unitarity in the FCA amplitude. As previously discussed,
the standard FCA amplitude does not satisfy unitarity at
threshold; hence, it cannot be reliably used near threshold
and becomes more uncertain further above it. This prob-
lem was already anticipated when comparing the FCA
results with a Faddeev calculation for a state appearing
above threshold, the ¢(2170), where the failure of the
FCA in that case could be observed [54].

In the present work, we have evaluated the scattering
length and effective range for the n°(n) £,(1285) interac-
tion, as well as the corresponding correlation functions.
With the advent of the first experimental measurement of
the correlation function for a proton and the f,(1285), a
door has been opened for future studies of the interaction
of other particles with the f;(1285) and with other reson-
ances. It will be interesting to compare these predictions
with the experimental results. The good agreement
between the predictions obtained using the present form-
alism for the interaction of a proton and the f;(1285) in

Ref. [40] and subsequent experimental results [34] makes
us optimistic about the outcome of these comparisons.

V. UNCERTAINTIES

As shown in Appendix A, the required amplitudes are
obtained using the chiral unitary approach in coupled
channels, with the transition potential derived from chiral
Lagrangians at lowest order. Possible contributions from
higher-order potentials are empirically accommodated
through the choice of g, Which is fitted to scattering
data or to the masses of the generated resonances. For a
single channel, and for simplicity of the argument, one
has r=[V~'-G]™'; hence, changes in ¥ canbe accom-
modated by modifying the G function through the cutoff
gmax 10 the loop integration. We used gp. = 600 MeV to
evaluate the relevant scattering matrices in Appendix A,
and we examine the stability of the results under reason-
able variations of gpy.

The same considerations that apply to the scattering
matrices #; and #, also apply to the wave function of the
cluster in Eq. (9). In Ref. [28], the value of gy, used to
generate the different axial-vector resonances was
gmax = 1000 MeV, and the mass of the fi(1285) was pre-
dicted to be quite close to the physical value. Here, by
tuning gn. to reproduce the exact mass of the f;(1285),
we obtain g = 971.5 MeV. We then test the stability of
the results by varying g¢m.x upward and downward by
10%. The resulting changes in the scattering length and
effective range of n°f,(1285) are well below 1%. The
changes are larger for the nf;(1285) system: approxim-
ately 2% for the scattering length and up to 15% for the
effective range. The changes in the correlation functions
for both systems are very small and are much smaller
than those induced by varying gn,.x in the evaluation of #
and 1,, as shown below.

The large value of ry in the #°f(1285) system, ap-
proximately 47 fm, appears abnormally large. One might
expect this value to change if the width of the f(1285),
which has been neglected thus far, is included. We can
include this width by performing a convolution of the res-
ults with the spectral function of the fi(1285) resonance,

1 1
N Minv =—-I "
(Min) = =7 M2 M2 M, T,
K f1(1285) system [38]. The changes in @ and r, for the
n'£1(1285) system are small. The values obtained after

the convolution are

, as in the study of the

a=-0.05 fm, (32)

ro = (=50.38—i0.34) fm. (33)
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Thus, a remains unchanged, whereas r, changes by
6%. This indicates that the convolution with the f;(1285)
width does not alter the large value of the effective range.
To understand the large value of ry, we refer to Eq. (21)
and Fig. 3. Numerically, the structure found above
threshold requires a small value of @ and a large value of
ro to be reproduced.

We also find that the changes in the amplitude and
correlation function of 7°f(1285) induced by the convo-
lution are small, and are much smaller than those gener-
ated by variations of g, in #; and #,, as shown below.

The changes in the 7/;(1285) observables are larger
than those found previously. We now obtain

a=(0.30-i0.10) fm, (34)

7o = (=1.46 +10.57) fm. (35)

A comparison with the results of Egs. (30) and (31)
shows that the changes in a are moderate; however, the
value of ry changes substantially and even changes sign.
It is also informative to examine how the scattering amp-
litude and the correlation function change. We show these
effects in Fig. 7 for the three-body amplitude and in Fig.
8 for the correlation function. The changes are moderate,
but the amplitude softens at threshold, and the correla-
tion function exhibits small changes at very small values
of pem.

The largest changes, which remain moderate, arise
from varying gn.x in the 7K amplitudes. Following Ref.
[55], we assume that a 10% change in the 7K potential
can be compensated by a corresponding 10% increase or
decrease in g, (starting from g, = 600 MeV) in order
to keep the K;(700) position fixed. We then obtain a band
of values
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Fig. 7. (color online) Changes in the scattering amplitude in-

duced by the convolution accounting for the f;(1285) width.
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Fig. 8. (color online) Changes in the correlation function in-
duced by convolution with the f;(1285) width.

i) 70 (1285):

a € [-0.04,-0.05] fm,

ro € [-45.63-10.62,-47.14 —i0.41] fm; (36)

i) n£(1285):

a €10.27-10.08, 0.32 —i0.07] fm,

ro € [0.37+10.47,0.65+10.53] fm. 37

In Figs. 9-12, we show the bands of values obtained
for the three-body amplitude and the correlation function
for the n¥f(1285) and 7nf,(1285) systems. The bands ex-
hibit larger uncertainties than those from the sources dis-
cussed previously, but they remain moderate and do not
alter the basic structure or characteristics of the calcu-

Scattering amplitude

—60F

....... M, + My =

L 1 s 1 s 1 s 1 s 1 s 1 1
1300 1400 1500 1600 1700 1800
Vs (MeV)

Fig. 9. (color online) Range of values for the n°f(1285)
three-body amplitudes arising from uncertainties in the 7K

amplitude.
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lated observables.

APPENDIX A: 7, t7’] «» AMPLITUDES

A. o

7K™

For the n°f(1285) system, we require the amplitudes
(2302 22232 and 113)%, which appear in #, 1, of Eq.
3).

We first evaluate the amplitudes for n°K scattering.
Owing to charge conjugation symmetry, the 7K interac-
tion is equivalent to the 7K interaction.

We adopt the framework developed in Ref. [55],
which considers the interactions among the 7~ K*, n°K°,
and nK° coupled channels. In this approach, the corres-
ponding transition potentials V;; are summarized in Ta-
ble Al, where f =93 MeV. Subsequently, the scattering
matrix is evaluated by solving the Bethe—Salpeter equa-
tion in coupled channels,

, amplitudes

T=[1-VGI"V, (A1)

where G denotes the diagonal meson—meson loop func-
tion, G = diag[G;], with G; given by

65) / &g (@) +w) @)
ils) = i), i),
d1<ame. 2T 200(§) 0Y()
1
X _ (i) = (i) = 2 .0
s—[w(§)+wy (@) +1€

(A2)

where @}(7) = 672+m;l)2 (j=1,2) denotes the energy
of the two mesons in channel i, and g, is the three-mo-
mentum cutoff, taken to be gn.x = 600 MeV as in Ref.
[55].

Using the isospin phase conventions (-n*, n% 77) and
(K*, K%, we have

7K, [=1/2,1;=-1/2) = % |n°K®) - \@yn-K+>,
K, 1=3/2,1;=-1/2) = \@|n°1(°> + % |7 K*). (A3)

Consequently, the corresponding isospin-projected
amplitudes are expressed as

~ 1 22
=12
tg ! = 3 0K 20K + 3 LK+, n K+ — 3 Logo -+, (A4)
2 1 2V2
=32 il
ik = 3 In0K0 20K0 3 Lo+ ak+ T oo ke (AS)

For nK* scattering, we note that the vector meson K*
has the same isospin multiplet structure as the K meson.
Therefore, the Clebsch—Gordan coefficients for the 7K*
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Table Al. The transition potentials V;; for the 7~ K*, x°K°, and nK° channels.

Kt 2OK0 nK°
K* 6_712 ;S ; (m3 mK)z} %Zfz [%Y—mﬁ—m%c—M] 2\%;‘7 [%S—% ﬁ—lmi—énﬁﬁ%(mﬁ—mi) (m%—mi)}
e - [-;+mz+ma—7(’"ﬁ‘m”2} T 2 ey 5 5 (=) (o =)
S

coupled channels are identical to those of the 7K system.
This allows us to evaluate the isospin amplitudes by dir-
ectly replacing K with K* in Eqgs. (A4), (AS5), and in the
potentials V;; of Table A1, yielding

P 22

1=1/2

tﬂK*/ = g TR0k g0 K0 + g Lkt Ko+ — T 1700 - K=+, (A6)
Ly 2 V2
1=3/2

t,,K*/ = 3 0K 0.A0K + 3 In-g n k= T 3 Logo k. (AT)

The ¢ matrices for 7K* are obtained from the poten-
tial in Table A1, with the replacement K — K*. An addi-
tional factor, €-€’, accounts for the polarizations of the
initial and final K* mesons. This factor can be omitted in
the calculations because it equals 1 for spin-allowed
transitions. We use a convolved G function for the 7K*

loop to account for the width of the K*, as in Ref. [56].

B. t,’7 «» amplitudes

For the nfi(1285) system, the amplitudes t,lﬁ(l/z and
f,],;]*/z, which enter 7, 1, in Eq. (4), are required.

To calculate the nK scattering amplitude, we use the
same coupled-channel unitary approach. The transition
potentials for the nK system are evaluated in Ref. [55] to-
gether with the 7K channels. Therefore, the scattering
matrix is obtained by solving the Bethe-Salpeter equa-
tion with the corresponding kinematics. Since the 7
meson is an isoscalar (I = 0), the 7K system couples only
to the I = 1/2 sector,

1=1/2
1% = tygo ko, (A8)

For the nK* system, which has the same isospin mul-
tiplet structure, the amplitude is obtained by applying the
substitution K — K*,

I=1/2
fxe

= tnK*O,nK*U’ (A9)

The same comment made for the #K* ¢ matrix also
applies to the K* polarization. As for the 7K and nK*
amplitudes, we use gm.x =600 MeV. For the K* amp-
litudes, we use the convolved G function to account for
the K* width.
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