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Abstract: We develop a generating-function formulation for the symbolic reduction of multi-loop Feynman integ-
rals. In this framework, integration-by-parts identities are recast as differential equations for sector-wise generating
functions, allowing the reduction problem to be studied within a non-commutative algebra of differential operators
rather  than  solely  through  relations  among  individual  integrals.  This  perspective  yields  an  iterative  algorithm that
generates candidate equations, extracts symbolic reduction rules, updates the active rule set, and verifies complete-
ness  on  the  lattice  of  integral  indices.  We  illustrate  the  method  using  the  sunset  topology,  planar  and  non-planar
massless  double-box topologies,  representative  subsectors,  and a  degenerate  example  in  which the  top sector  con-
tains no master integral. Collectively, these examples demonstrate how symbolic reduction rules, descendant equa-
tions, and completeness criteria can be organized within a single algebraic framework.
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I.  INTRODUCTION

Multi-loop  Feynman  integrals  with  many  external
legs and several kinematic scales remain a central bottle-
neck in state-of-the-art perturbative calculations. Regard-
ing  master-integral evaluation,  the  last  decade  has  wit-
nessed  striking  progress  driven  by  differential-equation
methods, particularly  in  canonical  form,  alongside  in-
creasingly automated  basis  transformations  and  comple-
mentary  numerical  strategies.  These  developments  now
support  genuinely  high-multiplicity  systems:  automated
transformations to  canonical  bases  are  available,  auxili-
ary-mass-flow methods  provide  an  efficient  route  to  nu-
merical  evaluation,  the  complete  reduction  of  two-loop
five-light-parton  amplitudes  has  been  achieved,  all  two-
loop  five-point  one-mass  and  six-point  planar  massless
master integrals are known analytically, and analytic res-

ults have recently reached the three-loop five-point level
[1−10]. However,  for  frontier  calculations,  these  ad-
vances  can  only  be  fully  exploited  if  the  accompanying
reduction problem can be  handled with  comparable  effi-
ciency and transparency.

To obtain  physical  amplitudes,  one  must  first  reduce
the  large  space  of  integrals  generated  by  Feynman  rules
to a  finite  basis  of  master  integrals.  The  modern  frame-
work for this step originated with the integration-by-parts
(IBP)  method  introduced  by  Tkachov  and  Chetyrkin,
while Laporta subsequently transformed IBP identities in-
to a  systematic  elimination  algorithm  suitable  for  com-
puter  implementation  [11−13]. Around  this  core  frame-
work, several  complementary  approaches  have  been  de-
veloped, including dimensional  shifts,  generalized recur-
rence relations, and difference-equation methods [13−15].
In  this  sense,  the  history  of  reduction  is  not  merely  the

        Received 1 June 2026; Accepted 22 July 2026; Accepted manuscript online 23 July 2026
      * Bo Feng is supported by the National Natural Science Foundation of China (NSFC) (12535003, 11935013, 11947301, 12047502). Xiang Li and Yan-Qing Ma are
supported by NSFC (12325503). Yuanche Liu is supported by NSFC (124B1014). Yang Zhang is supported by NSFC (12575078, 12247103), and gratefully acknow-
ledges the Erwin Schrödinger International Institute for Mathematics and Physics (ESI) at the University of Vienna, Austria, for the opportunity to participate in the
Thematic Programme "Amplitudes and Algebraic Geometry" in 2026, where a significant portion of this work was completed, and for their generous support
     † E-mail: fengbo@scnu.edu.cn

Chinese Physics C    Vol. 51, No. 1 (2027)

 Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-
tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP3 and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-
lishing Ltd

-1

CPC
 A

cce
pte

d

http://orcid.org/0009-0008-4604-1306


history of solving larger linear systems; it is also the his-
tory  of  learning  how  to  encode  and  organize  relations
among  integrals  in  a  form  adapted  to  high-loop,  multi-
leg,  and  multi-scale problems.  Even  today,  for  suffi-
ciently complex families, reduction is often the dominant
algebraic bottleneck in the entire calculation [16, 17].
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The practical success of IBP reduction is inseparable
from the development of public software packages. Early
automated  implementations  such  as , ,  and

 established  the  viability  of  large-scale  Laporta-
style reductions, while  emphasized the heuristic
search for symbolic sector reduction rules alongside sym-
metry  detection,  differential  equations,  and  dimensional
recurrences  [18−22].  A  modified  algorithm  from

 appears  in  the  recent  program  [23].
Later generations of software, including  2, ,
and , advanced  the  field  through  distributed  reduc-
tion,  modular  arithmetic,  finite-field methods,  and  im-
proved  equation  management  [24−28].  More  recently,

 and  have  pushed  toward  block-triangu-
lar decompositions and trimmed IBP systems [29−31]. A
concise  recent  snapshot  of  this  software-centered land-
scape  from  the  viewpoint  of  symbolic  reduction  is
provided in Ref. [32], while broader historical overviews
can  be  found  in  Refs.  [16, 17].  At  the  same  time,  these
developments  highlight  a  fundamental  limitation  of  the
traditional  paradigm: in demanding multi-loop,  multi-leg
problems, one still often confronts extremely large sparse
systems  whose  solution  is  expensive  in  both  time  and
memory.

For this reason, recent work has increasingly focused
on reformulating the reduction problem itself  rather than
merely accelerating Laporta  elimination.  One line  of  de-
velopment  constructs  shorter  or  better-adapted IBP  sys-
tems using generalized generators, unitarity cuts, algebra-
ic  geometry,  module  intersections,  small-size IBP  sys-
tems, and transverse integration identities [30, 33−36]. A
second line seeks symbolic rules that remain valid on the
lattice  of  indices,  leading to  syzygy-constrained symbol-
ic  reduction  rules,  diagonalized  or  triangularized  IBP
equations, seedless lowering operators, and covariant-dif-
ferentiation-based  reductions  [37−40]. A  third  line  ex-
plores data-driven strategies, where machine-learning, re-
inforcement-learning,  and  related  heuristic  approaches
are used to optimize equation generation, equation selec-
tion, or even online reduction itself [41−43]. Recently, an
optimized IBP reduction method has been proposed based
on the fundamental filtration structure of Feynman integ-
rals  [44−46].  Alternative  non-IBP  reduction  frameworks
based  on  intersection  theory  [47−56]  are  also  becoming
increasingly practical for multi-leg problems [57]. Taken
together, these developments make clear that the modern
question is not only how to solve the reduction equations
faster,  but  also  how  to  represent  them  in  a  form  where
their hidden structure becomes manifest.

Among these new developments, the generating func-
tion method possesses unique characteristics at both con-
ceptual  and  algorithmic  levels.  Instead  of  treating  each
lattice point of indices separately, one packages an entire
sector  into a  single object,  such that  shifts  of  propagator
powers or numerator degrees become differential operat-
ors,  and  IBP identities  become differential  equations  for
the  generating  function.  Symbolic  recurrence  relations
then  arise  naturally  at  the  operator  level.  This  approach
makes the dependence on indices explicit, suggests com-
pleteness  tests  that  do  not  rely  on manually  chosen seed
sets, and opens the possibility of globally valid lowering
relations.  From  this  viewpoint,  the  generating-function
program sits  naturally  at  the intersection of  the older  re-
currence-relation  tradition  and  the  modern  search  for
seed-independent symbolic reductions [13−15].

The  recent  history  of  this  approach  is  already  rich
enough  to  be  instructive.  The  early  use  of  generating
functions  appeared  in  [58, 59],  where  specific  reduction
tasks were carried out. Generating functions for one-loop
tensor reduction first appeared in [60], after which expli-
cit  closed-form  constructions  were  developed  and  the
method was extended to arbitrary one-loop reduction [61,
62]  and,  more  recently,  to  the  multi-loop  case  [63].  In
parallel,  generating  functions  were  proposed  as  a  means
to  explore  the  linear  space  of  Feynman  integrals  and  to
derive reduction  rules  from  differential  equations  satis-
fied by those generating functions [64]. The next step was
to connect this language directly to IBP relations in a sys-
tematic  one-loop  framework  [65],  then  to  Baikov-space
generating  functions  for  multi-loop reduction  coeffi-
cients [66], and finally to a general proposal for the com-
plete symbolic reduction of multi-loop integrals via gen-
erating  functions  [32].  Closely  related  developments,
such  as  syzygy-constrained  symbolic  rules  and  seedless
constructions  of  lowering  operators,  reinforce  the  same
lesson: reduction may be organized most efficiently at the
level  of  operator  identities  rather  than  by  solving  large
seeded systems case by case [37, 39].

Our  goal  is  to  develop  precisely  such  a  formulation
for sector-wise generating functions. The starting point is
to package all integrals in a given sector into a single gen-
erating function.  In this  language,  IBP identities  become
differential  equations  for  the  generating  function,  while
symbolic reduction rules arise from relations among dif-
ferential  operators.  The  emphasis  therefore  shifts  from
isolated  recurrence  relations  at  specific  lattice  points  to
operator identities that can be generated, simplified, com-
pared, and organized systematically.

This perspective  leads  naturally  to  an  iterative  al-
gorithm. Starting from the differential  equations induced
by  IBP  identities,  we  derive  reduction  rules  for  selected
operator structures  by solving small  linear  systems,  sim-
plify  newly  generated  equations  with  the  rules  already
obtained, and  test  whether  the  remaining  irreducible  lat-
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tice  points  match  the  expected  master-integral  content.
The  resulting  workflow  separates  the  problem  into  four
tightly linked ingredients: the generating-function formal-
ism,  the  operator  algebra  underlying  the  reduction  rules,
the  iterative  procedure  that  constructs  and  updates  those
rules, and a lattice-based completeness criterion.

The  paper  is  organized  as  follows.  In  Section  II,  we
introduce the generating-function description of an integ-
ral  family  and  the  operator-algebra  language  used
throughout the paper. In Section III, we present the iterat-
ive  algorithm  for  generating  and  solving  differential
equations and for checking completeness. The remaining
sections develop a sequence of examples. We begin with
the sunset topology, which serves as the main pedagogic-
al  case,  and  then  turn  to  planar  and  non-planar  double-
box  topologies,  representative  subsectors,  and  finally  a
degenerate topology in which the top sector has no mas-
ter integrals. Taken together, these examples demonstrate
how the same framework handles top sectors, subsectors,
and sector elimination within a unified formulation. 

II.  THE GENERATING FUNCTION
FORMALISM

In this section, we establish the foundational notation
and  terminology  used  throughout  the  paper.  Rather  than
viewing  integral  reduction  as  a  set  of  linear  relations
among individual  Feynman integrals,  we encode  this  in-
formation in generating functions that satisfy differential
equations. Under  this  reformulation,  the  reduction  prob-
lem can be studied directly in terms of differential operat-
ors and their non-commutative algebra.

The central idea is to encapsulate all integrals within a
fixed sector into a single generating function. Integration-
by-parts identities then become differential  equations for
the  generating  function,  and  symbolic  reduction  rules
emerge  from  operator  identities  obtained  from  these
equations. This perspective is advantageous for two reas-
ons. First,  it  clarifies  the  structural  content  of  the  reduc-
tion problem.  Second,  it  provides  the  algebraic  frame-
work required by the iterative algorithm developed in the
subsequent section. 

A.    Generating functions for feynman integrals
An L-loop Feynman integral family with E independ-

ent external momenta can generally be represented by 

I (⃗ν) =
∫ L∏

i=1

dDℓi
iπD/2

D−νNprop+1

Nprop+1 · · ·D−νNN

Dν11 · · ·D
νNprop
Nprop

, (1)

D = 4−2ϵ ℓi
ν⃗ = (ν1, . . . , νN)

where  is  the  spacetime  dimension,  are  the
loop  momenta,  and  is  a  vector  of  integer

Nprop D1, . . . ,DNprop

DNprop+1, . . . ,DN

νi

N = L(L+1)/2+LE

indices. We denote the number of inverse propagators by
;  these  inverse  propagators,  denoted ,

may possess positive or negative powers.  The remaining
denominators, ,  constitute  the  irreducible
scalar  products  (ISPs)  required  for  a  complete  basis  of
scalar  denominators,  and  their  corresponding  powers 
are non-positive integers. The total number of denominat-
ors is .

{Di}
µ⃗ = (µ1, . . . ,µN) µi = 1 Di

µi = 0 µ⃗

Gµ⃗
η⃗ = (η1, . . . ,ηN)

An  integral  family  comprises  multiple  sectors,  each
defined by the presence of a specific subset of denominat-
ors .  We  encode  this  structure  using  a  binary  sector
vector ,  where  if  is a propagator
in  this  sector  and  otherwise1).  For  each  sector ,
we  define  a  generating  function  in  terms  of  a  set  of
formal variables : 

Gµ⃗(η⃗) =
∫ L∏

i=1

dDℓi
iπD/2

e
∑N

j=1
(1−µ j)η j s−1

0 D j 1
N∏

i=1

(Di− s0ηi)µi

. (2)

s0

ηi

Here,  is  an  arbitrary  momentum  scale  introduced  to
render the variables  dimensionless.

Gµ⃗(η⃗) η⃗ = 0⃗

I (⃗ν) Nprop

µi = 1 i = 1, . . . ,Nprop

µ j = 0 j = Nprop+1, . . . ,N

Expanding  in  a  Taylor  series  around  re-
veals the connection to the individual Feynman integrals

.  To illustrate,  consider  a  sector  where  the  first 
denominators  are  propagators  (  for ),
while  the  remaining  terms  appear  in  the  exponential
(  for ). The expansion yields: 

Gµ⃗(η⃗) =
∫ L∏

i=1

dDℓi
iπD/2

∑
n⃗⩾0

Ñ
N∏

j=Nprop+1

1
n j!

é
s
∑Nprop

i=1
ni−
∑N

j=Nprop+1
n j

0

×
DnNprop+1

Nprop+1 · · ·DnN
N

Dn1+1
1 · · ·DnNprop+1

Nprop

η⃗n⃗ ≡
∑
n⃗⩾0

Fµ⃗,⃗nη⃗n⃗, (3)

Fn⃗ ≡ Fµ⃗,⃗n Fµ⃗,⃗n
Within  a  fixed  sector,  we  suppress  the  sector  label  and
write ; the full notation  is retained whenev-
er the sector must be specified.

a⃗ b⃗
For later convenience, we summarize our multi-index

conventions.  For N-dimensional  vectors  and ,  we
define 

η⃗a⃗ ≡
N∏

i=1

ηai
i , ∂⃗

b⃗ ≡
N∏

i=1

∂bi
i , η⃗

a⃗∂⃗b⃗ ≡
N∏

i=1

ηai
i ∂

bi
i . (4)

N = 2 η⃗(a1 ,a2)∂⃗(b1 ,b2) = ηa1
1 η

a2
2 ∂

b1
1 ∂

b2
2

e⃗i

(ei)i = 1

Thus,  these  expressions  are  products  rather  than  sums.
For  example,  when , .  Let

 denote  the ith  standard  basis  vector,  whose  only
nonzero  component  is .  Vector  inequalities  are
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understood componentwise: 

a⃗ ⩾ 0 =⇒∀i ∈ {1, . . . ,N}, ai ⩾ 0

a⃗/⩾0 =⇒∃i ∈ {1, . . . ,N} such that ai < 0. (5)

Fµ⃗,⃗n
I (⃗ν)

By  comparing  the  terms,  we  establish  a  direct  mapping
between the expansion coefficients  and the integrals

: 

Fµ⃗,⃗n =

Ñ
N∏

j=Nprop+1

1
n j!

é
s
∑Nprop

i=1
ni−
∑N

j=Nprop+1
n j

0

× I(n1+1, . . . ,nNprop +1,−nNprop+1, . . . ,−nN). (6)

n⃗ Fn⃗∑N

i=1
ni

This mapping is the foundation of our formalism. It iden-
tifies  Feynman  integrals  with  the  expansion  coefficients
of  the  generating  function,  which  are  indexed  by  lattice
points . We define the degree of the coefficients  (or,
equivalently,  of  the  corresponding  Feynman  integrals I)
as . The reduction problem for Feynman integrals
is  thus  reformulated  as  finding  relations  among  these
coefficients,  induced  by  the  differential  equations  (DEs)
satisfied by the generating function.

2N

µ⃗

2N

Although  there  are  potentially  different generat-
ing  functions  corresponding  to  different  choices  of ,
some sectors vanish identically, allowing the correspond-
ing generating functions to be set to zero from the outset.
Furthermore, if global symmetries relate different sectors,
it is sufficient to compute a single representative generat-
ing function  and  derive  the  others  by  symmetry.  Con-
sequently,  the  number  of  generating  functions  that  must
be explicitly computed is significantly smaller than  in
practice. 

B.    From IBP identities to differential equations

∫
dDℓ . . .

∂

∂ℓµ
(. . . ) = 0

Gµ⃗(η⃗)

ηi ∂i ≡ ∂/∂ηi

η⃗a⃗∂⃗b⃗ ∂1η1∂1

η1∂
2
1+∂1

(a⃗, b⃗)

The  well-known IBP  identities  arise  because  the  in-
tegral of  a  total  derivative  with  respect  to  the  loop  mo-

menta  vanishes;  schematically, .
When applied to the integrand in Eq. (2), these identities
yield  a  system of  linear  partial  differential  equations  for

. The building blocks of these equations are differ-
ential  operators—specifically, polynomials  in  the  vari-
ables  and  the  partial  derivatives .  Using  the
multi-index products defined in Eq. (4), any such operat-
or can be expressed as a linear combination of operators
in standard form, . For example, the operator 
can  be  rewritten  in  standard  form  as .  In  this
form, an operator  is  uniquely specified by a pair  of  vec-
tors , which we call the finer index of the operator.

µ⃗
The general  differential  equations (DEs) for  the gen-

erating  function  of  a  given  sector  encountered  in  this
work take the form 

∑
t

ctÔt Gµ⃗(η⃗) = B. (7)

Ôt

ct

where  are differential operators in standard form, and
the  coefficients  are polynomials  in  the  spacetime  di-
mension D and  the  kinematic  invariants.  The  boundary
term B receives contributions  from  the  generating  func-
tions of subsectors (i.e.,  sectors with fewer propagators),
possibly with  additional  operator  insertions.  When  per-
forming the reduction for a given sector, we assume that
the  reductions  for  all  its  subsectors  are  already  known,
thus treating B as  a  known source term.  We expand this
source as 

B(η⃗) =
∑
n⃗⩾0

B̃n⃗η⃗
n⃗, (8)

B̃n⃗ η⃗n⃗

B̃

where  denotes  the  coefficient  of  following the  re-
quired  subsector  reductions.  When  the  lattice  point  is
clear  from  the  context,  we  abbreviate  this  coefficient  as

.
Ôt = η⃗

a⃗t ∂⃗b⃗t

Gµ⃗(η⃗) =
∑

n⃗
Fn⃗η⃗

n⃗

Applying the operator  to the series expan-
sion  yields:
 

ct(η⃗)η⃗ a⃗t ∂⃗ b⃗t
∑

n⃗

Fn⃗η⃗
n⃗ −→

∑
n⃗

ct(n⃗)

(
N∏

j=1

(n j−at, j+bt, j)!
(n j−at, j)!

)
×Fn⃗−a⃗t+b⃗t

η⃗ n⃗.

(9)

where, for simplicity, we adopt the convention1)
 

Fn⃗ = 0, n⃗ /⩾ 0. (10)

Thus, Eq. (7) yields 

∑
t

ct

(
N∏

j=1

bt, j∏
p=1

(n j−at, j+ p)

)
Fn⃗+b⃗t−a⃗t

= B̃n⃗. (11)

o⃗ ≡ b⃗− a⃗

|o⃗| ≡
N∑

i=1

oi

This  translates  the  differential  Eq.  (7)  into  a recurrence
relation. From (11), it is evident that the role of an oper-
ator in the recurrence relation is largely determined by the
combination ,  which  we  term  the index of  the
operator.  Similarly,  we  define  the degree of  an  operator

as , which corresponds to the degree of the lat-
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tice points via (11). A differential equation is said to have
degree M when  the  highest  degree  among  all  operators
appearing in that equation is M.

Together, (7) and (11) recast integral reduction as an
operator  problem.  Expressing  higher-degree  coefficients
in (3)  in  terms of  lower-degree ones is  equivalent  to  ex-
pressing a higher-degree operator as a linear combination
of  lower-degree  operators  using  the  DEs.  We  refer  to
such  expressions  as  symbolic  reduction  rules,  as  they
generate recurrence relations that reduce the Feynman in-
tegrals. The primary objective of this work is to develop a
systematic  algorithm  to  determine  the  complete  set  of
symbolic reduction rules.

Before proceeding, we emphasize that we do not seek
to solve  the  differential  Eq.  (7)  for  the  generating  func-
tion —that  is,  to  express  the  generating  function  as  an
analytic  function  of  the  external  data  and η's.  Doing  so
would be exceedingly difficult.  As previously noted, our
aim is to solve for the highest-degree operators from a set
of differential equations, which merely requires solving a
system of  linear  equations.  The  number  of  linear  equa-
tions involved is significantly smaller than that in the IBP
system. 

C.    A preview of the sunset reduction
Before developing the operator algebra in full  gener-

ality, we illustrate the main idea using the two-loop sun-
set  family.  This  example  is  revisited  in  detail  in  Section
4;  here,  we  present  only  the  short  chain  from  a  sector
generating function to a symbolic reduction rule.

The inverse propagators and auxiliary scalar products
are 

D1 = ℓ
2
1 −m2

1,D2 = ℓ
2
2 −m2

2,D3 = (ℓ1+ ℓ2−K)2−m2
3, (12)

 

D4 = ℓ1 ·K,D5 = ℓ2 ·K, (13)

where K denotes  the  external  momentum.  The  non-van-
ishing generating functions required for the top sector and
its subsectors are 

G111, G110, G101, G011. (14)

Using Eq. (2), they are 

G111 =

∫
dDℓ1 dDℓ2
(iπD/2)2

exp
(

s−1
0

∑5

j=4
η jD j

)
3∏

i=1

(Di−ηis0)

, (15)

 

G110 =

∫
dDℓ1 dDℓ2
(iπD/2)2

exp
(

s−1
0

∑5

j=3
η jD j

)
2∏

i=1

(Di−ηis0)

, (16)

 

G011 =

∫
dDℓ1 dDℓ2
(iπD/2)2

exp
(

s−1
0

∑
j∈{1,4,5}

η jD j

)
3∏

i=2

(Di−ηis0)

, (17)

 

G101 =

∫
dDℓ1 dDℓ2
(iπD/2)2

exp
(

s−1
0

∑
j∈{2,4,5}

η jD j

)
∏

i∈{1,3}
(Di−ηis0)

. (18)

For later use, we define 

fabc = am2
1+bm2

2+ cm2
3−K2, a,b,c = ±1. (19)

One of the six fundamental top-sector IBP equations is 

0 =2
∂

∂η5

∂

∂η3
G111−

2m2
1

s0

∂

∂η1
G111−

f+−+
s0

∂

∂η3
G111+ (D−3)G111

+η4
∂

∂η4
G111−2η1

∂

∂η1
G111− (η3+η1−η2)

∂

∂η3
G111. (20)

After the six equations are assembled, Gaussian elimina-
tion isolates a single highest-degree operator in each row.
Schematically, the preceding row yields a rule featuring a
single  highest-degree operator  (classified below as  T1A)
of the form 

∂5∂3G111 = Ô<2G111+B, (21)

Ô<2where  contains  lower-degree  operators  and B de-
notes known subsector terms. At the coefficient level, this
yields 

(n5+1)(n3+1)Fn⃗+e⃗3+e⃗5 = lower-degree coefficients+ B̃n⃗.

(22)

n3,n5 ≥ 1Consequently,  all  lattice  points  satisfying 
are reducible by this rule. A complete sunset analysis de-
rives all six first-round rules, identifies the remaining lat-
tice subsets, and generates descendant equations until the
reduction terminates. 

D.    The operator algebra
The preceding discussion demonstrates that the reduc-

tion  problem is  governed  by  a  non-commutative  algebra
of differential  operators.  To  exploit  this  structure  al-
gorithmically,  we  must  identify  which  properties  of  the
algebra remain stable under simplification and which dic-
tate  the  shifts  on  the  coefficient  lattice.  We  therefore
compile the  operator  properties  that  will  be  used  re-
peatedly in the construction of reduction rules. 
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1.    The Algebra of Zero-Index Operators

(a⃗, a⃗) o⃗ = 0⃗
We first consider a special class of operators, namely,

those with finer index . Since their index is , we
refer to them as zero-index operators. Hereafter, the term
"zero-index operator" may denote either a single such op-
erator  or  a  sum  thereof.  These  operators  exhibit  several
key properties that substantially simplify the algebra.

(A)
[Ô0,a, Ô0,b] = 0

ηk∂k

η̂ ≡ η∂
η̂

 Commutativity: Any  two  zero-index  operators
commute, i.e., .  This  can  be  proved  by
showing that  every operator  of  the form  can be ex-
pressed  as  a  polynomial  in  the  fundamental  operator

.  Since  these  operators  are  all  functions  of  the
single operator , they must mutually commute.

(B) Ô
Ô1

Ô2

 Braiding Property: For any operator  and any
zero-index operator ,  there  exists  a  second zero-index
operator  such that: 

ÔÔ1 = Ô2Ô. (23)

Essentially, a zero-index operator can be "braided," or
moved through any other operator, altering its form while
preserving  its  zero-index  status.  Consequently,  all  zero-
index operators can be collected on one side of an expres-
sion. An analogous property holds when moving an oper-
ator from  right  to  left.  Relation  (23)  will  facilitate  sub-
sequent  simplifications;  its  explicit  construction  is
provided in the following subsubsection. 

2.    Operators with the same index

Equation (11)  shows  that,  within  a  recurrence  rela-
tion, all contributions sharing the same operator index can
be  collected  into  a  single  term.  Expressed  in  operator
notation, the sum of operators with the same index can be
compactly written as 

Ô = Ô0ÔF
o⃗ , (24)

ÔF
o⃗

o⃗ Ô0

where  denotes  the representative  operator associ-
ated with index ,  and  denotes a zero-index operat-
or. The representative operator is defined as follows: 

ÔF
o⃗ ≡ η⃗ o⃗− ∂⃗ o⃗+ , (25)

o⃗+ o⃗
o⃗−

o⃗ = o⃗+− o⃗−
η⃗ a⃗∂⃗ a⃗

a⃗ = 0⃗

where  contains the positive components of  (with the
remaining  components  set  to  zero)  and  contains  the
absolute  values  of  the  negative  components,  such  that

. Zero-index operators are linear combinations
of  operators  of  the form .  The identity  operator  is  a
special  zero-index  operator  with .  For  instance,  the
combination  of  operators  sharing  the  same  index,

Ô = ∂1+η2∂1∂2

Ô0 = (1+η2∂2)
ÔF

o⃗ = ∂1

, can be decomposed into a zero-index op-
erator  and  a  representative  operator

. This decomposition provides an effective meth-
od for handling combinations of operators with the same
index.

Ô1 Ô2î
ÔF

o⃗ , Ô1

ó î
ÔF

o⃗ , Ô1

ó
= ÔaÔF

o⃗

Ôa

Ô0 ÔÔ1− Ô1Ô = ÔaÔ Ô2 = Ô1+ Ôa

Using the decomposition in (24) and (25), we can ex-
plicitly construct the relation between the zero-index op-
erators  and  in (23). First, we compute the commut-
ator .  By  matching  the  operator  indices,  this
commutator  must  take  the  form ,  where

 is  a  zero-index  operator.  Multiplying  both  sides  by
, we obtain , yielding . 

3.    Hierarchy and descendant operators

Q̂2

Q̂1

Ô1

The system  of  differential  equations  exhibits  a  hier-
archy among operators of different degrees. Many operat-
ors  are  not  fundamentally  distinct;  rather,  they  can  be
generated from simpler  ones.  This  motivates  the  follow-
ing definition: an operator  is termed a descendant of
an operator  if there exists another operator (or a com-
bination of operators)  such that 

Ô0Q̂2 = ÔδQ̂1 (26)

Ô0

Q̂1

Q̂2 Ôδ

where  is a zero-index operator (or a sum of such oper-
ators).  According  to  (26),  is  also  referred  to  as  the
mother  of .  Because  may be  the  identity  operator,
an operator can be its own descendant (or mother).

Q̂2 = η⃗
a⃗q ∂⃗ b⃗q

Q̂1 = η⃗
a⃗o ∂⃗ b⃗o

A  necessary  and  sufficient  condition  for 
to be a descendant of  is that 

a⃗q− a⃗o ⩾ 0, b⃗q− b⃗o ⩾ 0 (27)

Ôδ = ηa⃗q−a⃗o ∂⃗ b⃗q−b⃗o Ô0

Ô0

Thus, we define , and  can be read-
ily  solved.  Notably,  contains  the  identity  operator.
This structure  is  fundamental  to  the  algorithm,  as  it  en-
ables  the  simplification  of  newly  generated  differential
equations  by  referencing  a  controlled  set  of  previously
solved "mother" rules.

Ôδ Ô0

To  facilitate  subsequent  discussions,  we  present  the
construction of  and  for two specific cases:

Q̂1 = ∂⃗
b⃗o● Case A: In this case, . It follows that 

Ôδ = ηa⃗q ∂⃗ b⃗q−b⃗o , Ô0 = 1 (28)

Q̂1 = Ô0;m∂⃗
b⃗o Q̂2 = Ô0;dη⃗

a⃗q ∂⃗ b⃗q

Ô0;m Ô0;d

Q̂1 Q̂2

● Case  B: Here,  and ,
where both  and  are  zero-index operators.  Both

 and  are, in fact, combinations of operators with the
same  index  and  are  written  in  the  form  (24).  For  this
more general case, we consider 
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Ô′δ = η
a⃗q ∂⃗b⃗q−b⃗o ,

Now, 

Ô′δQ̂1 = η
a⃗q ∂⃗b⃗q−b⃗o Ô0;m∂⃗

b⃗o = Ô′0;mη
a⃗q ∂⃗b⃗q−b⃗o ∂⃗b⃗o = Ô′0;mη⃗

a⃗q ∂⃗b⃗q

where we have used the  result  (23).  From this  computa-
tion, we obtain 

Ô′δ = Ô0;dη
a⃗q ∂⃗b⃗q−b⃗o , Ô0 = Ô′0;m, (29)

 

E.    The derivation of reduction rules
With  the  operator  algebra  established,  we  can  now

precisely  define  a  symbolic  reduction  rule.  Such  a  rule
isolates  a  highest-degree  operator  or  operator  class  and
expresses it by solving linear equations in terms of lower-
degree  operators  and  possible  boundary  contributions.
Consequently, it is the operator-level analogue of a recur-
rence relation for the coefficients of the generating func-
tion.

n⃗ ⩾ 0
For  the  recurrence  relation  (11)  to  be  applicable  for

all values of  (i.e., the left-hand side is non-zero), the
operator  to  be  solved  for,  termed  a  good  operator,  must
satisfy the following two conditions:

o⃗ = b⃗− a⃗
o⃗ ⩾ 0

1. The index of the target operator, , must be
non-negative (i.e., ).

Ô0ÔF
o⃗ Ô0

2. As discussed in the previous subsection, if a sum of
operators  of  the  same highest  degree  is  evaluated,  it  can
be expressed as . We then require  to contain the
identity operator with a non-zero coefficient.

If an equation does not contain a suitable operator, it
cannot  yield  a  reduction  rule.  With  this  established,  we
classify the  differential  equations  and  their  correspond-
ing rules according to their operator content:

● T1-type  (Type  1): The  equation  contains  a  single
highest-degree operator index. As the simplest case, it en-
ables a  direct  solution  for  this  operator  index.  For  ex-
ample, the toy equation 

∂1∂2Gµ⃗ = ∂1Gµ⃗+B (30)

e⃗1+ e⃗2possesses  the  unique maximal  operator  index  and
is therefore of type T1.

– T1A-type: The equation involves a single operator
of the highest degree, yielding a rule of the form: 

ÔH =
∑

i

ciÔi+B, |o⃗H | > |o⃗i| ∀i. (31)

o⃗

ÔF
o⃗

– T1B-type: The equation  involves  multiple  operat-
ors,  all  sharing  the  same  highest-degree  index .  These
operators can be combined to derive a rule for the repres-
entative operator :
 

Ô0ÔF
o⃗ =

∑
i

ciÔi+B, |o⃗| > |o⃗i| ∀i. (32)

Ô0where  is a zero-index operator.
The  T1-type  reduction  rules  are  perfect  in  that  their

application to  Feynman integrals  always  reduces  the  de-
gree by at least one.

c , 0

● T2-type (Type 2): The equation involves multiple
operator  indices  of  the  same  maximal  degree.  This
presents a more complex scenario, requiring the selection
of which operator index to solve for.  For instance, when

, the toy equation 

(
∂2

1+ c∂1∂2
)

Gµ⃗ = ∂1Gµ⃗+B (33)

2e⃗1 e⃗1+ e⃗2

o⃗1

has two distinct maximal indices,  and , each of
degree two. A global ordering is therefore required to se-
lect the target index. Once a target index (denoted ) is
selected, the resulting rule is further classified:

o⃗1– T2A-type: The  selected  target  index  corres-
ponds to a single operator in the equation: 

Ôo⃗1 =
∑

j

b jÔo⃗ j +
∑

i

ciÔi+B, |o⃗1| = |o⃗ j| > |o⃗i| ∀ j, i. (34)

o⃗1– T2B-type: The  selected  target  index  corres-
ponds to multiple operators within the equation: 

Ô0ÔF
o⃗1
=
∑

j

b jÔo⃗ j +
∑

i

ciÔi+B, |o⃗1|= |o⃗ j|> |o⃗i| ∀ j, i. (35)

Ô0

In both types, the letter A denotes that the selected max-
imal index is carried by a single standard-form monomial,
whereas B indicates  that  several  standard-form monomi-
als  share  this  index  and  combine  to  form  a  zero-index
coefficient  multiplying the representative operator.

Concrete  examples  are  presented  in  the  applications
below. The rows of Eq. (58) yield T1A rules in the sun-
set family, while the coupled rows of Eq. (127) yield T2A
rules  in  the  planar  double  box.  Furthermore,  Eqs.  (129)
and (130) demonstrate how the latter are updated to T1A
rules.

The  T2-type  reduction  rules  are  less  straightforward
because  they  do  not  fully  reduce  the  degree  in  a  single
step. Consequently,  the solution strategy must be chosen
with care: the algorithm requires a global ordering of op-
erator  indices  such  that  higher-priority operators  are  ex-
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pressed  in  terms  of  lower-priority  operators  of  the  same
degree.  Once  this  ordering  is  established,  the  remaining
operators can subsequently be converted into T1-type re-
ductions, ensuring that the degree is eventually reduced in
a controlled manner.

b⃗ = 0⃗

These conditions ensure that our algorithm systemat-
ically  reduces  any integral  with  sufficiently  high powers
to simpler integrals. Importantly, in sectors with no mas-
ter  integrals  (degenerate sectors),  the algorithm naturally
produces  a  reduction  rule  for  the  identity  operator  itself
(i.e., ), thereby proving that all integrals in that sec-
tor either vanish or reduce to subsector contributions. 

1.    Descendant operators of reduction rules

An  important  application  of  the  descendant  concept
arises when the highest-degree operator in a newly gener-
ated equation is  itself  a  descendant of  an operator previ-
ously  resolved  by  one  of  the  aforementioned  reduction
rules. In this case, the previously applied rule can be used
to  eliminate  the  descendant  operator  from  the  equation.
We refer to this process as simplification; its algorithmic
implementation is discussed in Section 3.2.3.

0 = Q̂+ · · · Q̂
Q̂

Consider an equation of the form , where 
is  the  highest-degree  operator.  If  is  a  descendant  of  a
TA-type reduction rule,  such as  (31),  then from (28)  we
immediately obtain 

Q̂ = ÔδÔH =
∑

i

ciÔδÔi+ ÔδB. (36)

Q̂
Q̂

Substituting this result back into the original equation re-
places  the  highest-degree  operator  with  lower-degree
operators. If, instead,  is a descendant of a TB-type re-
duction  rule,  such  as  (32),  then  it  follows  immediately
from (29) that 

Ô0Q̂ = ÔδÔ0ÔF
o⃗ =

∑
i

ciÔδÔi+ ÔδB. (37)

Q̂ Ô0

0 =
∑

i
ciÔδÔi+ ÔδB+ Ô0(· · · )

To  eliminate  from  the  equation,  applying  to  both
sides  yields ,  where  the
highest-degree  operator  is  again  replaced  by  lower-de-
gree structures.  The  same  logic  applies  to  the  descend-
ants of the T2A- and T2B-type reduction rules. 

o⃗ /⩾ 0F.    Operators with index 

o⃗ /⩾ 0

When  solving  differential  equations,  particularly  in
subsectors,  one frequently encounters  highest-degree op-
erators  whose  index  satisfies  (see  (5)).  Although
such operators are not suitable targets for reduction rules,
they  still  affect  the  structure  of  the  equations  in  which
they appear. A practical approach to controlling these op-
erators is to apply the corresponding relations only with-

η2
∂2

∂η2
5

(n5+2)(n5+1)Fn⃗+2e⃗5−e⃗2

n⃗ = (n1,0,n3, . . . )

η2
∂2

∂η2
5

Fn⃗/⩾0 = 0

in  restricted  regions  of  the  lattice  where  the  problematic
terms  vanish  identically.  For  example,  if  the  operator

 appears  in  the  differential  equation,  the  term
 arises in  the  corresponding  recur-

rence relation.  Consequently,  when  applying  this  recur-
rence relation to reduce the lattice point ,

the contribution of  vanishes because .

o⃗/⩾0

n⃗ = (n1,0,n3, . . . )

When  designing  the  solution  order  for  a  T2-type
equation,  operators  with  index  must  therefore  be
handled carefully. To avoid infinite recursion, the reduc-
tion rule derived from such an equation should ideally be
applied  only  to  restricted  lattice  regions  (for  example,

 in the example above), unless the rule is
specifically used to reduce the problematic index itself. In
practice, this requires other reduction rules to first shrink
the  irreducible  set  to  the  appropriate  boundary,  after
which  the  partially  restricted  rule  can  be  applied  safely
and effectively. 

III.  THE ALGORITHM

Having  established  the  generating-function formal-
ism,  we  now  present  the  algorithmic  core  of  this  work.
The algorithm derives a complete set of symbolic reduc-
tion rules  for  a  given  integral  family  by  operating  dir-
ectly on the differential  equations satisfied by the gener-
ating  function.  Conceptually,  the  algorithm  transforms
these equations into a well-defined set of operator identit-
ies that  act  as  recurrence relations  on the coefficient  lat-
tice.

The  overall  workflow  is  iterative.  Starting  from  the
fundamental  IBP-induced differential  equations,  we  ex-
tract  the  immediately  solvable  reduction  rules,  apply
them to  simplify  newly  generated  equations,  and  sub-
sequently  determine  which  regions  of  the  lattice  remain
irreducible. If the resulting rule set is incomplete, the re-
maining  irreducible  structure  dictates  which  descendant
equations  must  be  generated  next.  Equation  generation,
rule  extraction,  and  completeness  checking  are  therefore
tightly coupled.

S U

This  section  is  organized  as  follows.  In  Section  3.1,
we define the geometric  interpretation of  reduction rules
and establish the completeness criterion in terms of redu-
cible  ( )  and  irreducible  ( ) lattice  sets.  We  then  de-
scribe  the  iterative  procedure,  which  consists  of  three
main modules:

● Module I  (Section III.B): Generation of  a  system
of differential equations.

● Module  II  (Section  III.C): Solving these  equa-
tions to derive valid reduction rules.

● Module  III  (Section  III.E): Verifying the  com-
pleteness of the derived rules with respect to the lattice criteria.

The  overall  workflow  is  illustrated  in Fig.  1.  If  the
completeness  check  in  Module  III  fails,  its  output  is  fed
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back  to  Module  I  to  guide  the  subsequent  iteration  of
equation generation. The algorithm is therefore not a one-
pass elimination procedure; rather, it  is a structured loop
in which the remaining irreducible lattice points  determ-
ine the information required for the next step. 

A.    Reduction rules and lattice coverage

o⃗

Before  detailing  the  iterative  steps,  we  first  describe
the  geometric  interpretation  of  a  reduction  rule  on  the
coefficient  lattice.  A  symbolic  reduction  rule  associated
with an operator of index  specifies precisely which lat-
tice points can be mapped to points of lower complexity.
This perspective is valuable because completeness is ulti-
mately a matter of lattice coverage, rather than merely the
existence of formal operator identities.

o⃗
Mathematically, the set of lattice points reducible by a

rule of index  is defined as: 

So⃗ = {m⃗ ∈ ZN | m⃗ ⩾ 0 m⃗− o⃗ ⩾ 0}, (38)

where the inequality is understood componentwise. Con-
versely,  the  lattice  points  that  cannot  be  reduced  by  this
rule constitute the complementary set: 

Uo⃗ = {m⃗ ∈ ZN | m⃗ ⩾ 0 m⃗− o⃗ /⩾ 0}. (39)

{o⃗1, . . . , o⃗k}Our algorithm aims to identify a set of k rules 
such that the intersection of their irreducible sets, 

U(k)
total ≡

k∩
i=1

Uo⃗i , (40)

Utotal

is minimized. In particular, when the number of points in
 equals the number of master integrals (MIs), the re-

duction is complete. 

B.    Module I: equation generation
The first module of each iteration generates the differ-

ential equations that feed the solver. These equations are
derived from two sources: the fundamental IBP identities
and the descendant equations1) generated from rules iden-
tified in  previous  iterations.  This  module  serves  an  ex-
ploratory role: it yields candidate operator structures that
may lead to new reduction rules. 

1.    Initial seed equations from IBP

G(η⃗)

The algorithm begins with a set of seed equations de-
rived by  applying  IBP  identities  to  the  generating  func-
tion , yielding 

0 =
∫ L∏

i=1

dDℓi
iπD/2

∂

∂ℓa


R

e
∑N

j=Nprop+1
η j s−1

0 D j

Nprop∏
i=1

(Di− s0ηi)


, (41)

R = ℓi i = 1, . . . ,L R = p j j = 1, . . . ,E

ηi

where  for  or  for .
These  IBP identities  can be  transformed into  differential
equations in the variables  via the mappings 

s0

(Di− s0ηi)2
→ ∂

∂ηi

1
(Di− s0ηi)

i ⩽ Nprop,

Di

s0
→ ∂

∂ηi
i > Nprop. (42)

The explicit expressions for these IBP identities are as
follows:

R = ℓb b = 1, . . . ,L● For , where , we have 

0 =DδabGµ⃗(η)+
N∑

j=Nprop+1

Ñ
N∑

t=Nprop+1

αt
ab, jη j

∂

∂ηt
Gµ⃗(η)

+

Nprop∑
t=1

αt
ab, j
η j

s0
Gµ⃗−e⃗t (η)|ηt=0η j

(
βab, j

s0
+

Nprop∑
t=1

αt
ab, jηt

)
Gµ⃗(η)

)

−
Nprop∑
i=1

(
αi

ab,i

Å
1+ηi

∂

∂ηi

ã
Gµ⃗(η)+

(
βab,i

s0
+

Nprop∑
t=1,t,i

αt
ab,iηt

)

× ∂
∂ηi

Gµ⃗(η)+
N∑

t=Nprop+1

αt
ab,i
∂

∂ηt

∂

∂ηi
Gµ⃗(η)

+

Nprop∑
t=1,t,i

αt
ab,i
∂

∂ηi
Gµ⃗−e⃗t (η)|ηt=0

)
, (43)

αab,k βab,kwhere  and  are defined by 

ℓb ·
∂Dk

∂ℓa
=

N∑
t=1

αt
ab,kDt +βab,k, k = 1, . . . ,N. (44)

 

Fig. 1.    (color online) The iterative structure of the reduction
algorithm.
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R = pb b = 1, . . . ,E● For , where , we have 

0 =
N∑

j=Nprop+1

Ñ
N∑

t=Nprop+1

α̃t
ab, jη j

∂

∂ηt
Gµ⃗(η)

+

Nprop∑
t=1

α̃t
ab, j
η j

s0
Gµ⃗−⃗et (η)|ηt=0+η j

(
β̃ab, j

s0
+

Nprop∑
t=1

α̃t
ab, jηt

)
Gµ⃗(η)

)

−
Nprop∑
i=1

(
α̃i

ab,i

Å
1+ηi

∂

∂ηi

ã
Gµ⃗(η)+

(
β̃ab,i

s0
+

Nprop∑
t=1,t,i

α̃t
ab,iηt

)

× ∂
∂ηi

Gµ⃗(η)+
N∑

t=Nprop+1

α̃t
ab,i
∂

∂ηt

∂

∂ηi
Gµ⃗(η)

+

Nprop∑
t=1,t,i

α̃t
ab,i
∂

∂ηi
Gµ⃗−e⃗t (η)|ηt=0

)
, (45)

α̃ab,k β̃ab,kwhere  and  are defined by
 

pb ·
∂Dk

∂ℓa
=

N∑
t=1

α̃t
ab,kDt + β̃ab,k, k = 1, . . . ,N. (46)

Based  on  this  derivation,  several  important  observations
can be made regarding the initial seed equations:

1.  They  are  at  most  second-order differential  equa-
tions.

∂i∂ j2. The degree-two operators take the form , where
one index corresponds to a propagator and the other to an
ISP.

∂i3.  The  degree-one  operators  exclusively  involve
propagator indices.

ηk = 0
4.  The  boundary  terms  involve  generating  functions

of the subsectors evaluated at , reflecting a simpler
topology.

These properties are specific to the form of the gener-
ating functions given in (41).  When generalized to other
contexts  involving  different  generating  functions,  they
must be modified accordingly. 

2.    Generating descendant equations

After the initial round, subsequent iterations yield in-
creasingly  complex  equations.  This  is  accomplished  by
differentiating  the  equations  or  reduction  rules  derived
from the previous solving module.

∂i ≡ ∂/∂ηi

∂i

We apply the derivative operators  to the set
of  equations  identified  as  "solvable"  in  the  previous
round  (further  details  in  Section  III.C).  In  principle,  one
could  apply  all  possible  to  all  available  equations.
However, this approach is computationally expensive and
often redundant. We therefore employ a selection strategy
to prune the generation process:

∂a

● Criterion  1  (Efficiency): If  a  reduction  rule  for  a
specific  operator  (e.g., ) has  been  established,  it  fol-

na

∂a

lows that any power of the index  can be reduced. Con-
sequently,  the  application  of  to generate  new  equa-
tions  can  be  excluded,  as  this  case  is  already  accounted
for.

● Criterion 2 (Hierarchy): Equation generation can
be prioritized from a specific subset of existing equations,
such  as  exclusively  from  T1-type  or  degree-one  rules.
The selected subset may be updated during subsequent it-
erations of the algorithm.

M0

M ⩽ M0

M < 0

o⃗ ⩾ 0 M < 0
o⃗ /⩾ 0

● Criterion  3  (Cutoff): To  manage  computational
complexity,  we  introduce  a  cutoff  degree  and  solve
equations only up to degree  after full simplifica-
tion (see  Section  III.B.3).  Furthermore,  equations  of  de-
gree  are  not  solved.  As  discussed in  Section II.E,
the target of a reduction rule must have an operator index

. For , every highest-degree operator necessar-
ily  satisfies ;  thus,  such  equations  serve  solely  as
sources  for  generating  further  equations  rather  than  as
direct reduction rules.

M = 0

o⃗ = 0⃗

n⃗ = 0⃗

For  equations  of  degree ,  the  situation  is
slightly more  subtle  because  the  only  valid  operator  in-
dex is , corresponding to the zero-index operator. If
the equation contains the identity operator as the highest-
degree operator, we can solve it and conclude that the lat-
tice point  reduces to subsectors,  indicating that the
sector  contains  no  master  integrals.  Conversely,  if  the
sector is known to contain nontrivial master integrals, no
valid operator is available, and the equation should not be
solved. Both situations arise in the examples below.

M0 = 2 M0 = 2
M0

The IBP relations naturally suggest an initial value of
.  In  most  practical  examples,  is  sufficient;

however, the algorithm permits  to be increased if ne-
cessary.

In practice,  Criterion  1  is  highly  effective.  If  the  al-
gorithm  stalls  (i.e.,  fails  to  identify  a  complete  set  of
rules), these restrictions should be relaxed to encompass a
broader range of source equations.

0 = 0

Each newly generated equation must be simplified us-
ing the  complete  set  of  currently  known reduction rules.
This is arguably the most critical step of the algorithm, as
it  reveals  the  novel  operator  structures  that  must  be
solved.  If  an  equation  simplifies  to ,  it  is  classified
as a trivial descendant and discarded, as it yields no new
information.  Otherwise,  it  is  classified  as  a  non-trivial
descendant  and  added  to  the  pool  of  equations  to  be
solved in Module II. 

3.    The simplification procedure

∂i

Once  an  equation  has  been  generated,  whether
through the action of  or by linear combination, it must
be simplified using the complete set  of  known reduction
rules. This step is essential because it eliminates operator
content that has already been resolved, isolating only the
genuinely novel structures that remain to be solved.

Bo Feng, Xiang Li, Yuanche Liu et al. Chin. Phys. C 51, (2027)
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RA RB

The simplification strategy relies on two ordered lists
of  reduction  rules:  (TA-type  rules)  and  (TB-type
rules) (see, for example, (31), (32), (34), and (35) in Sub-
section B.5). We prioritize simpler rules to maintain man-
ageable expressions. Thus, we perform the simplification
in two distinct rounds:

RA● First Round: Simplify using only .

RB

● Second Round: Simplify the first-round result  us-
ing .

Within each list,  simpler  reduction rules  from earlier
iterations and T1-type rules are assigned higher priority.

RGiven a  rule  list ,  the  procedure  for  a  single  round
of simplification follows the workflow depicted in Fig. 2.

(a⃗, b⃗) b⃗

Oops = {Ô1, Ô2, . . . }

● Step 1: Extract and Sort Highest-Degree Operat-
ors. Given an equation E,  we identify  all  highest-degree
differential  operators  and  sort  them  to  optimize  the
matching  process.  The  sorting  scheme  is  based  on  the
finer index . Operators with a lower degree in  take
precedence.  For  operators  of  equal  degree,  we  adopt  a
convention, such as prioritizing those involving ISPs over
propagators. Let this sorted list of highest-degree operat-
ors be .

Ôi Oops

R Ôi

R̂ j

Ôi R̂ j

● Step 2: Selection and Matching. For each operat-
or  in , we attempt to match it against the rules in

 based  on  Section  II.D.3.  Given  a  specific  operator 
and a candidate reduction rule for the operator , we de-
termine  whether  is  a descendant of  according  to
the criterion (27):

1.  f  it  is  not  satisfied,  we  continue  checking  other
rules.

Ôi

R̂ j

0 = 0

2.  If  this  condition is  satisfied,  is  a  descendant  of
. Before  finalizing this  match,  we verify  whether  sub-

stituting  this  expression  into  equation E yields  a  trivial
identity ( )1):

(a) If the match is trivial, we discard it and proceed to
evaluate the remaining rules.

(Ôi, R̂ j)

Ôi

(b) If it is non-trivial, we record the pair  as a
valid  simplification  (to  be  applied  later  according  to  the
prescription  specified  in  (36)  or  (37))  and  immediately
terminate the search for .

Oops

● Step 3: Execute the simplification. After evaluat-
ing all operators in , we determine whether any valid
simplification pairs have been identified.

R
1. If no pairs are found, the current set of operators

cannot  be  reduced  further  using  the  list , and  the  pro-
cess terminates for the current iteration.

(Ôi, R̂ j)

2.  If pairs  are  found,  we apply  the  substitutions  for
all recorded pairs as specified in (36) or (37). For T1-type
reduction rules, the substitutions can be performed simul-
taneously.  For  T2-type  reduction  rules,  it  is  advisable  to
apply  the  substitutions  sequentially,  verifying  after  each
step whether the pair  still  appears in the updated

equation.

E′
After completing all substitutions, we obtain the mod-

ified equation .

E′

● Step  4:  Verification  and  Iteration To  ensure  the
robustness  of  the  results,  we  conduct  a  final  verification
of . We determine whether the modified equation con-
tains any remaining highest-degree operators that are can-
didates for reduction.

E← E′
1. If  any  such  operators  remain,  we  update  the  cur-

rent equation  and return to Step 1 to perform an-
other iteration of extraction and matching.

2. If no such operators remain, the process terminates
for this iteration. It should be emphasized that the result-
ing  equation  must  be  assigned  to  the  lower-degree cat-
egory for subsequent simplification.

Ôi

Ôi→ R̂ j

Ôi

In  practice,  the  same high-degree descendant  operat-
or  frequently appears across multiple generated equa-
tions. To  enhance  computational  efficiency,  we  imple-
ment  a  caching  mechanism  that  records  the  mapping
between a descendant operator and its corresponding par-
ent rule, i.e., . When the algorithm encounters an
operator  previously matched  in  an  earlier  simplifica-
tion instance, it retrieves the substitution directly from the
cache, thereby bypassing the redundant search and deriv-
ative construction in Step 2.

RB

Ô0

For  the  second  round  of  simplification  using  rules
from , additional notation beyond the basic logic is re-
quired.  As  noted  in  Section  II.E,  TB-type rules  may  re-
quire  applying  a  zero-index  operator  to  the  entire

 

Fig. 2.    (color online) Flowchart of the simplification.

An algorithm for the symbolic reduction of multi-loop Feynman integrals via generating functions Chin. Phys. C 51, (2027)
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E→ Ô0E
equation E to  isolate  the  target  term,  transforming

 (see  (37)).  Although  rigorous,  this  procedure
increases complexity. In practice, we frequently omit this
global multiplication  during  the  generation  phase,  re-
serving  TB-type  simplifications  for  the  solving  module,
where they are applied strictly as needed.

0 = 0

Upon  completion  of  the  simplification  rounds,  the
resulting system of  equations  is  naturally  filtered.  Equa-
tions  reduced  to  mathematical  identities  ( ) are  dis-
carded, as  they provide no new constraints.  The remain-
ing  set  of  non-trivial  differential  equations  serves  as  the
refined input for the subsequent Module II. 

C.    Module II: equation solving and rule extraction

So⃗

The  primary  input  for  this  module  is  the  simplified
system  of  differential  equations  generated  by  Module  I.
The objective is to decouple this system and extract expli-
cit  reduction  rules.  Whenever  a  suitable  high-degree op-
erator is solved, the corresponding rule enlarges the redu-
cible  region  of  the  lattice.  In  this  sense,  Module  II
serves as  the  stage  where  algebraic  information  is  trans-
lated into geometric progress.

To handle  the  complexity  of  the  system  systematic-
ally,  we organize the equations by their  total  differential
degree.  The  algorithm proceeds  hierarchically,  resolving
the  highest-degree  sector  (typically  degree-2)  before
propagating the results to lower-degree sectors.

For  a  fixed  degree M, the  solution  procedure  com-
prises  two  distinct  steps: Linearization (Sec.  III.C.1),
which  classifies  equations  via  Gaussian  elimination,  and
Operator  Selection (Sec.  III.C.2),  which  applies  logical
criteria  to  determine  reduction  targets.  Finally,  an Up-
date Mechanism (Sec. III.D) ensures that new reduction
rules  are  propagated  globally.  These  three  operations
must be repeated for each set of equations partitioned by
degree and type. 

1.    Step 1: linearization and classification

EM

EM

Let  denote the  subset  of  equations  with  maxim-
um degree M. We aim to isolate the linearly independent
constraints  on  degree-M operators.  Each  equation  in 
can be decomposed as: 

Ei =
∑

a

ci,aÔ0,i,aÔ(M)
o⃗a
+ R̂(<M)

i = 0 , (47)

Ô(M)
o⃗a

o⃗a ÔF
o⃗a

ci,a Ô0,i,a

R̂(<M)

where  denotes the unique operator with a given op-
erator  index  of  degree M (i.e.,  in (24) in the pre-
ceding  section),  are  rational  coefficients,  are
zero-index operators,  and  encapsulates all  terms of

ci,aÔ0,i,adegree strictly less than M. The combinations  are
treated  as  scalars  since  zero-index  operators  commute
with one another.

ci,aÔ0,i,a

We  construct  a  coefficient  matrix C with  entries
 and  perform  Gaussian  elimination1) to  reduce  it

to  row-reduced form. This  linear  algebra step arises  nat-
urally from the input structure and classifies the resulting
rows into three categories:

R̂′(<M) = 0

1. Null  Rows  (Seeds  for  Lower  Degrees): If  a  row
yields  zero  coefficients  for  all  degree-M operators,  the
equation  reduces  to  the  form .  Such  equations
describe constraints entirely within lower-degree sectors.
They are removed from the current degree-M processing
and  transferred  to  the  corresponding  lower-degree sub-
sets only after being fully simplified by the known reduc-
tion rules detailed in III.B.3.

Ôk

2. Type-1  Rows  (Direct  Reductions): A row  con-
taining  exactly  one  non-zero  coefficient  for  a  degree-M
operator  enables immediate reduction: 

ckÔk + R̂′ = 0 . (48)

ÔkThis  unambiguously  establishes  a  reduction  rule  for .
We refer to these equations as T1-type equations.

3. Type-2  Rows  (Coupled  Relations): A row  con-
taining  two  or  more  non-zero  coefficients  defines  a
coupled constraint: 

c1Ôp1 + c2Ôp2 + · · ·+ R̂′ = 0 . (49)

Ôpi

So⃗

Solving  such T2-type equations  requires  selecting
one  operator  to  serve  as  the  reduction  target  (LHS),
expressing it in terms of the remaining operators. This se-
lection is non-trivial and determines the efficiency of the
reduction  on  the  lattice ,  as  detailed  in  the  following
subsection.

Importantly,  the  linear  combinations  (48)  and  (49)
serve as "seeds" that generate non-trivial relations in sub-
sequent steps, as discussed in Section III.B.2. 

2.    Step 2: solving and operator selection strategy

Solving  T1-type  equations  is  straightforward;  they
directly  yield  T1A-type  or  T1B-type  reduction  rules.  In
contrast,  T2-type equations  require  more  careful  treat-
ment.  Specifically,  a  global  priority  ordering  must  be
defined  to  determine  which  operator  is  solved  for  and
placed  on  the  left-hand side.  The  stability  and  conver-
gence of the algorithm strongly depend on this choice.

The solution process is executed iteratively, prioritiz-

Bo Feng, Xiang Li, Yuanche Liu et al. Chin. Phys. C 51, (2027)

mi1) In the massive case, specifically when all  are distinct, there are four master integrals. When the nonzero masses are equal, this number reduces to two upon ex-
ploiting global symmetry. However, because the present analysis relies solely on IBP relations, it yields four master integrals even when the nonzero masses are equal.
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ing  the  simplest  reductions.  We  begin  by  resolving  all
available  T1-type equations.  The resulting rules  are  then
used  to update the  remaining  T2-type equations  (as  de-
scribed in Section 3.4), potentially simplifying some T2-
type  equations  into  new  T1-type  equations.  We  repeat
this cycle until no further T1-type equations remain. Only
then  do  we  select  targets  within  the  remaining  T2-type
equations, according to the following ordered criteria:

o⃗/⩾0
● Criterion  1:  Validity  (Negative-Index Avoid-

ance). Operators with an index  should not be selec-
ted as solution targets.  If  an equation contains only such
operators  as  its  highest-degree terms,  it  should  be  re-
tained  as  a  source  for  subsequent  equation  generation
rather than directly converted into a reduction rule.

Ôi

na

● Criterion 2: Lattice reduction (the "good" oper-
ator). We prioritize solving for an operator  if it lowers
a  specific  lattice  index  such  that  this  reduction  is  not
offset by the competing operators in the same equation.

v⃗i v⃗ j

Ôi Ô j

v⃗i j ≡ v⃗i− v⃗ j

(⃗vi j)a > 0
Ôi

na

Sv⃗i

Formally, let  and  be the lattice shifts associated
with operators  and  (i.e., the indices of  the operat-
ors). We define . If there exists a component a
such  that  for  all  competing  operators j in  the
equation,  then  solving  for  ensures  a  net  reduction  in
the  index .  In  geometric  terms,  the  recurrence  moves
lattice points toward the boundary of .

We  emphasize  that  a  single  equation  may  contain
multiple such "good" operators, each reducing a different
lattice  direction.  Subsequent  criteria  are  applied  only
when  this  ambiguity  remains  unresolved  by  the  desired
reduction flow.

Ôbad

nt = 0

● Crit.  3:  Boundary-aware  hierarchy. In  certain
cases, an equation contains an operator  whose index
has  a  negative  component  along  the t-th  direction.  Such
an  operator  vanishes  identically  on  the  boundary .
This  observation  can  be  exploited  strategically:  one  first
employs other equations to constrain the irreducible set to
this boundary, and subsequently applies the current equa-
tion to derive an additional reduction rule once the prob-
lematic term has become ineffective.

nt ∂/∂ηt

Ôbad

A closely related situation arises when the same equa-
tion  also  contains  a  well-behaved  operator  that  directly
reduces ,  such  as .  Under  these  conditions,  the
equation  can  still  be  applied  safely,  as  the  presence  of

 does not obstruct the reduction of the index that con-
trols its boundary behavior.

● Criterion 4: Empirical hierarchy for variables. If
the  preceding  criteria  remain  insufficient  to  select  a
unique  target,  we  employ  an  empirical  ordering  that  has
proven  effective  in  practice.  For  degree-two  operators,
the suggested precedence is: 

∂i∂a ≻ ∂a∂b ≻ ∂2
a ≻ ∂i∂ j ≻ ∂2

i , (50)

where the indices a and b denote ISP variables and i and j

∂a ≻ ∂i

denote propagators. For degree-1 terms, we adopt the or-
dering . 

D.    Global update mechanism
Once  a  new TA-type reduction  rule  is  derived,  it

must be propagated throughout the system via the simpli-
fication procedure  (see  Section  III.B.3).  This  global  up-
date  ensures  the  consistency  of  the  iterative  process:  it
eliminates solved operators from all remaining equations
and  frequently  reveals  new  T1-type  structures  that  were
previously obscured.

During  this  update,  we  treat  the  unsolved  equations
and the library of previously established rules uniformly.
The procedure is as follows:

LHS−RHS = 0
1. Unification: We first convert all previously solved

reduction rules back into equation form ( )
and combine them with the current set of unsolved equa-
tions.

2. Global Substitution: We apply the newly derived
reduction rules to this unified set of equations to perform
the simplification  procedure  (see  III.B.3).  Each  occur-
rence of the reduced operator is replaced with its corres-
ponding expression. This step eliminates the solved oper-
ator from the entire system, ensuring it does not reappear
as a variable.

Following the global update, the system is effectively
reset.  The updated pool of equations is fed back into the
solver, and the process is repeated until the set of reduc-
tion  rules  no  longer  changes.  At  this  stage,  the  rules  are
maximally decoupled within the chosen strategy.

Note that, for simplicity, the update may be restricted
to  TA-type  reduction  rules;  TB-type  reduction  rules  are
applied solely during the solving step. 

E.    Module III: completeness check

Utotal

Utotal

Once  a  candidate  set  of  reduction  rules  is  obtained,
we must  determine  its  completeness.  This  is  accom-
plished  by  analyzing  the  total  irreducible  set 
defined in Eq. (40). Thus, the completeness check serves
a  dual  role  as  both  a  stopping  criterion  and  a  diagnostic
tool.  If  the  rule  set  is  incomplete,  the  geometry  of 
indicates the type of equations to be generated next.

Utotal

|Utotal|
We  denote  the  number  of  lattice  points  in  by

. Two cases must be distinguished: 

1.    Case 1: Known Number of Master Integrals.

NMIIf the number of master integrals, , is known a pri-
ori (e.g.,  via  geometric  or  algebraic  methods),  the  stop-
ping condition is simply: 

|Utotal| = NMI. (51)

|Utotal| > NMIIf ,  the  rule  set  is  incomplete,  and  the
subsequent iteration must generate additional equations. 

An algorithm for the symbolic reduction of multi-loop Feynman integrals via generating functions Chin. Phys. C 51, (2027)
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2.    Case 2: Unknown Number of Master Integrals.

NMI Utotal

Utotal

Another useful feature of the algorithm is its ability to
determine . Upon obtaining a finite set  without
prior  knowledge  of  the  master-integral  count,  it  remains
necessary  to  verify  the  completeness  of  this  set.  To  this
end,  we  perform a  consistency  test  by  reducing  selected
points  outside  along different  reduction paths  (i.e.,
using different combinations of rules).

NMI = |Utotal|
● If  all  paths  yield  identical  expressions,  the  reduc-

tion is consistent and .

Utotal

Utotal

●  If  different  paths  yield  inconsistent  expressions,
hidden  relations  (IBP  identities)  must  exist  among  the
points in . These relations must be incorporated into
the system, and  must be further reduced until  con-
sistency is restored. 

IV.  THE TOP SECTOR OF THE SUNSET
DIAGRAM

Having  established  the  general  algorithm  in  Section
III, we now turn to explicit examples. We begin with the
top sector of the sunset diagram because it is the minimal
setting in  which  all  the  main  ingredients  appear.  Al-
though the topology is simple, it exhibits the essential in-
terplay  among  generating  functions,  operator  identities,
descendant  equations,  and  lattice-based  completeness.
Consequently, we treat the sunset example in greater de-
tail  than  the  subsequent  case  studies,  using  it  as  the
primary pedagogical thread of the paper.

G111

The  sunset  kinematics,  the  top-sector  and  subsector
generating  functions,  and  a  representative  fundamental
IBP equation were introduced in the preview provided in
Section II.C. In the remainder of this section, we focus on

 and  present  a  complete  iterative  analysis:  which
equations are generated, how they are simplified, what re-
mains irreducible  after  each  round,  and  how  the  reduc-
tion closes in different kinematic regimes. 

A.    The first iteration of the computation
We begin with the fundamental IBP relations and de-

rive the first layer of reduction rules. This initial iteration
is crucial because it reveals the basic geometry of the re-
duction problem: it identifies which directions in the lat-
tice are  immediately  controlled  and  which  subsets  re-
main  unresolved,  requiring  subsequent  treatment  in  later
rounds.

Generating and organizing the IBP relations
Applying  the  general  formulas  in  Eqs.  (43)  and  (45)

to the sunset topology yields six fundamental differential
equations.  We organize  these  equations  according  to  the
degree of the operators acting on the generating function.
Because the present discussion focuses on the top sector,
we suppress boundary terms involving subsector generat-
ing functions to maintain a transparent operator structure.

fabcThe first relation and the shorthand  were presen-

ted in Eqs. (20) and (19), respectively, as part of the pre-
view. The remaining five differential equations are listed
below: 

0 =−2
∂

∂η4

∂

∂η1
G111−2

∂

∂η5

∂

∂η1
G111−2

∂

∂η4

∂

∂η3
G111

− f−+
s0

∂

∂η1
G111−

f−++
s0

∂

∂η3
G111+η4

∂

∂η5
G111

− (η3−η1−η2)
∂

∂η1
G111− (η3+η2−η1)

∂

∂η3
G111, (52)

 

0 =−2
∂

∂η4

∂

∂η1
G111−2

∂

∂η4

∂

∂η3
G111−2

∂

∂η5

∂

∂η3
G111

+
2K2

s0

∂

∂η3
G111+

K2

s0
η4G111, (53)

 

0 =−2
∂

∂η4

∂

∂η2
G111−2

∂

∂η5

∂

∂η2
G111−2

∂

∂η5

∂

∂η3
G111

− f−+
s0

∂

∂η2
G111−

f+−+
s0

∂

∂η3
G111+η5

∂

∂η4
G111

− (η3−η1−η2)
∂

∂η2
G111− (η3+η1−η2)

∂

∂η3
G111 (54)

 

0 =2
∂

∂η4

∂

∂η3
G111+

−2m2
2

s0

∂

∂η2
G111−

f−++
s0

∂

∂η3
G111

+ (D−3)G111+η5
∂

∂η5
G111−2η2

∂

∂η2
G111

− (η3−η1+η2)
∂

∂η3
G111 (55)

 

0 =−2
∂

∂η5

∂

∂η2
G111−2

∂

∂η4

∂

∂η3
G111−2

∂

∂η5

∂

∂η3
G111

+
2K2

s0

∂

∂η3
G111+

K2

s0
η5G111 (56)

Solving the system of equations
Having established the differential system, we isolate

its  highest-degree part  and  derive  the  associated  reduc-
tion  rules.  In  the  present  case,  all  six  equations  possess
leading operators  of  degree  two;  therefore,  we  first  ana-
lyze the corresponding coefficient matrix: 

∂1∂4 ∂2∂4 ∂3∂4 ∂1∂5 ∂2∂5 ∂3∂5 Source Eq.
2 (20)

−2 −2 −2 (52)

−2 −2 −2 (53)

−2 −2 −2 (54)

2 (55)

−2 −2 −2 (56)


,

(57)
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∂i ≡
∂

∂ηi
where . Applying Gaussian elimination, we trans-
form the matrix into a form in which each row contains a
leading  term  corresponding  to  a  specific  highest-degree
operator: 

∂1∂4 ∂2∂4 ∂3∂4 ∂1∂5 ∂2∂5 ∂3∂5 Linear Comb.
−2 (53)+ (20)+ (55)

−2 (54)− (56)− (55)

2 (55)

−2 (52)− (20)− (53)

−2 (56)+ (20)+ (55)

2 (20)


,

(58)

Each row in (58) is  of type T1A; consequently,  each
directly  yields  a  degree-two  reduction  rule  in  terms  of
lower-degree operators. Thus, we obtain the following six
primary reduction rules: 

2
∂

∂η5

∂

∂η3
G111 =−

2m2
1

s0

∂

∂η1
G111−

f+−+
s0

∂

∂η3
G111G111

+ (D−3)+η4
∂

∂η4
G111−2η1

∂

∂η1
G111

− (η3+η1−η2)
∂

∂η3
G111, (59)

 

2
∂

∂η5

∂

∂η1
G111 =−

f+−+
s0

∂

∂η1
G111−

2m2
3

s0

∂

∂η3
G111+η4

∂

∂η4
G111

+η4
∂

∂η5
G111+ (D−3)G111− (η3+η1−η2)

∂

∂η1
G111−2η3

∂

∂η3
G111−η4

K2

s0
G111, (60)

 

2
∂

∂η4

∂

∂η1
G111 =

2m2
3

s0

∂

∂η3
G111+

2m2
1

s0

∂

∂η1
G111

+
2m2

2

s0

∂

∂η2
G111−2(D−3)G111

−η4
∂

∂η4
G111−η5

∂

∂η5
G111+2η1

∂

∂η1
G111

+2η2
∂

∂η2
G111+2η3

∂

∂η3
G111+η4

K2

s0
G111,

(61)

 

2
∂

∂η4

∂

∂η2
G111 =−

f−++
s0

∂

∂η2
G111−

2m2
3

s0

∂

∂η3
G111+η5

∂

∂η4
G111

+η5
∂

∂η5
G111+ (D−3)G111− (η3−η1+η2)

∂

∂η2
G111−2η3

∂

∂η3
G111−η5

K2

s0
G111, (62)

 

2
∂

∂η4

∂

∂η3
G111 =−2m2

2s−1
0
∂

∂η2
G111

− f−++s−1
0
∂

∂η3
G111+ (D−3)G111,

+η5
∂

∂η5
G111−2η2

∂

∂η2
G111

− (η3−η1+η2)
∂

∂η3
G111, (63)

 

2
∂

∂η5

∂

∂η2
G111 =

2m2
3

s0

∂

∂η3
G111+

2m2
1

s0

∂

∂η1
G111

+
2m2

2

s0

∂

∂η2
G111−2(D−3)G111,

−η4
∂

∂η4
G111−η5

∂

∂η5
G111+2η1

∂

∂η1
G111

+2η2
∂

∂η2
G111+2η3

∂

∂η3
G111+η5

K2

s0
G111.

(64)

The six highest-degree operators on the left-hand side ex-
hibit a distinct pattern: ß

∂

∂η1
,
∂

∂η2
,
∂

∂η3

™
×
ß
∂

∂η4
,
∂

∂η5

™
, (65)

η1,η2,η3

η4,η5

which corresponds to  the  product  of  derivatives  with  re-
spect  to  the  propagator  variables  ( )  and  the  ISP
variables  ( ).  This  is  the  first  concrete  manifestation
of  the  mixed  propagator–ISP  pattern  anticipated  in  the
general formalism.

Completeness check
We now interpret these rules on the coefficient lattice

to determine  what  has  and  has  not  been  reduced.  Trans-
lating  the  differential  equations  into  recurrence  relations
for the Taylor coefficients makes this interpretation expli-
cit. For example, Eq. (59) implies: 

2(n5+1)(n3+1)Fn⃗+e⃗3+e⃗5

= −2
m2

1

s0
(n1+1)Fn⃗+e⃗1 −

f+−+
s0

(n3+1)Fn⃗+e⃗3

+ (D−3+n4−2n1−n3)Fn⃗

− (n3+1)Fn⃗+e⃗3−e⃗1 + (n2+1)Fn⃗+e⃗3−e⃗2 (66)

e⃗i

Fn⃗+e⃗3+e⃗5

(n1,n2,n3,n4,n5) n3 ⩾ 1
n5 ⩾ 1

(n1,n2,0,n4,n5)∪
(n1,n2,n3,n4,0)

where  denotes the unit vector in the i-th direction. The
term on the left-hand side, , has the highest index
sum.  This  relation  allows  us  to  reduce  any  integral  with
the  index ,  provided  that  and

. Consequently,  the  integrals  that  cannot  be  re-
duced  by  this  rule  belong  to  the  set 

.
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By  combining  the  constraints  from  the  six  reduction
rules derived above, we identify the lattice points that re-
main irreducible  at  this  stage.  Following  the  complete-
ness check specified in Eq. (40), we determine the irredu-
cible sets to be: 

U1 = (0,0,0,n4,n5), U2 = (n1,n2,n3,0,0). (67)

U1 U2Since  both  and  still  contain  infinitely  many
lattice points,  the  first  iteration  is  incomplete.  Neverthe-
less,  it  has  already partitioned the  unreduced region into
two  well-defined  components:  one  dominated  by  ISP
powers and the other by propagator powers. This geomet-
ric decomposition  provides  precisely  the  information  re-
quired to guide the subsequent iteration. 

B.    Case study 1: Complete reduction in the massless
case

mi = 0

Before proceeding, it is instructive to separate the dis-
cussion into  two  kinematic  branches.  The  degree  struc-
ture  of  the  descendant  equations  depends  on  the  mass
configuration:  when ,  several  formally  degree-two
equations  degenerate  into  degree-one  equations,  altering
both the available reduction rules and the final master-in-
tegral  count.  We  therefore  discuss  the  massless  and
massive  cases  separately,  beginning  with  the  massless
case where the mechanism of complete reduction is most

transparent.
Generating the descendant equations

∂i i = 1, . . . ,5

6×5 = 30

At this  stage,  no  index  has  yet  been  reduced  to  a  fi-
nite set;  thus,  the  algorithm proceeds  by  generating  des-
cendant  equations.  Applying  for  to  the  six
first-round  rules  in  Eqs.  (59)–(64)  initially  yields

 candidate degree-three equations.
However, not  all  generated  equations  are  independ-

ent or  relevant.  We  simplify  them  according  to  the  des-
cendant  logic  and  integrability  conditions  discussed  in
Section III.B.2.  We  illustrate  this  simplification  proced-
ure with two representative examples:

∂5

∂5∂5∂1

∂5∂1

∂5∂1

1.  Consider  the  action  of  on  the  reduction  rule
(60).  This  action  generates  the  degree-three  operator

,  which  is  a  descendant  of  the  previously  solved
degree-two operator . Substituting the known rule for

 reduces the  equation  identically  to  zero.  Con-
sequently,  this  equation  is  trivially  generated  and  yields
no new information.

∂4

∂4∂5∂1

∂5∂1 ∂4∂1

[∂4,∂5] = 0

2.  Consider  the  action  of  on  the  reduction  rule
(60). This action generates the operator , which has
two  parents:  (from  rule  (60))  and  (from  rule
(61)). Applying rule (60) yields zero. However, applying
rule  (61)  reduces  the  degree-three  operator  to  lower-de-
gree terms. This procedure is equivalent to enforcing the
integrability  condition .  After  simplifying  all
resulting  degree-two  terms  using  the  six  fundamental
rules, we obtain a non-trivial degree-one equation:

 

0 =−η4
∂2

∂η2
4
G111−η5

∂2

∂η2
5
G111−2η4

∂

∂η4

∂

∂η5
G111+

2m2
1(m2

2−m2
3)

s2
0

∂

∂η1
G111+

m2
2 f++−
s2

0

∂

∂η2
G111

− m2
3 f+−+
s2

0

∂

∂η3
G111− (D−2)

∂

∂η4
G111+ (4−2D)

∂

∂η5
G111+

2(m2
2−m2

3)η1+2m2
1(η2−η3)

s0

∂

∂η1
G111

− m2
2(η1+η2−η3)+ f++−η2

s0

∂

∂η2
G111−

f+−+η3+m2
3(η1−η2+η3)
s0

∂

∂η3
G111+

2K2− f−+−
2s0

η4
∂

∂η4
G111

+
2(K2+m2

1)η4− f++−η5

2s0

∂

∂η5
G111+

(D−2)K2− (D−3)(m2
2−m2

3)
s0

G111+2(η2−η3)η1
∂

∂η1
G111+ (η1+η2−η3)

η2
∂

∂η2
G111− (η1−η2+η3)η3

∂

∂η3
G111+

(η1−η2+η3)
2

η4
∂

∂η4
G111+

Å
η1η4−

1
2
η5(η1+η2−η3)

ã
∂

∂η5
G111

+

Å
K2 f−+

2s2
0
η4+

K2m2
2

s2
0
η5− (D−3)(η2−η3)

ã
G111+

Å
K2

s0
η2η5−

K2

2s0
η4(η1+η2−η3)

ã
G111, (68)

∂iwhere the operators  appear as the highest-degree oper-
ators, potentially yielding a new reduction rule.

Of  the  30  generated  equations,  12  are  trivially  zero.
Of the remaining 18, symmetry considerations (in partic-
ular,  the  integrability  conditions)  reveal  that  only  9  are

distinct. A  further  reduction  yields  8  independent  des-
cendant equations. The first is given by Eq. (68), and the
remaining 7 are listed below:

[∂4,∂5] ∂21. Applying  to : we have 
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0 =−η4
∂2

∂η2
4
G111−η5

∂2

∂η2
5
G111−2η5

∂

∂η4

∂

∂η5
G111+

2m2
2(m2

1−m2
3)

s2
0

∂

∂η2
G111+

m2
1 f++−
s2

0

∂

∂η1
G111−

m2
3 f−++
s2

0

∂

∂η3
G111

+ (4−2D)
∂

∂η4
G111+ (2−D)

∂

∂η5
G111+

f++−η1+m2
1(η1+η2−η3)
s0

∂

∂η1
G111−

2m2
2(η1−η3)+2(m2

1−m2
3)η2

s0

∂

∂η2
G111

− f−++η3+m2
3(η2+η3−η1)
s0

∂

∂η3
G111+

2(K2+m2
2)η5− f++−η4

2s0

∂

∂η4
G111+

2K2− f+−
2s0

η5
∂

∂η5
G111

+
(D−2)K2− (D−3)(m2

1−m2
3)

s0
G111+ (η1+η2−η3)η1

∂

∂η1
G111+2(η1−η3)η2

∂

∂η2
G111+ (η1−η2−η3)η3

∂

∂η3
G111

+

Å
η2η5−

1
2

(η1+η2−η3)η4

ã
∂

∂η4
G111+

1
2

(−η1+η2+η3)η5
∂

∂η5
G111+

Å
K2 f−+

2s2
0
η5− (D−3)(η1−η3

ã
+

K2m2
1

s2
0
η4)G111

+

Å
K2

s0
η1η4−

K2

2s0
η5(η1+η2−η3)

ã
G111, (69)

[∂4,∂5] ∂32. Applying  to : we have
 

0 =−η4
∂2

∂η2
4
G111+η5

∂2

∂η2
5
G111+

m2
1 f+−+
s2

0

∂

∂η1
G111−

m2
2 f−++
s2

0

∂

∂η2
G111+

2m2
3(m2

1−m2
2)

s2
0

∂

∂η3
G111

− (D−2)
∂

∂η4
G111+ (D−2)

∂

∂η5
G111+

f+−+η1+m2
1(η1−η2+η3)
s0

∂

∂η1
G111−

m2
2(−η1+η2+η3)+ f−++η2

s0

∂

∂η2
G111

+
2η3(m2

1−m2
2)+2m2

3(η1−η2)
s0

∂

∂η3
G111−

f+−+η4

s0

∂

∂η4
G111+

f−++η5

s0

∂

∂η5
G111− (D−3)

m2
1−m2

2

s0
G111

+ (η1−η2+η3)η1
∂

∂η1
G111+ (η1−η2−η3)η2

∂

∂η2
G111+2(η1−η2)η3

∂

∂η3
G111−

(η1−η2+η3)η4

2
∂

∂η4
G111

− (η1−η2−η3)η5

2
∂

∂η5
G111− (D−3)(η1−η2)G111+

K2

s0
((m2

1+η1)η4− (m2
2+η2)η5)G111, (70)

[∂1,∂2] ∂43. Applying  to : We obtain
 

0 = −2m2
2

s0

∂2

∂η2
2
G111+

f+++
s0

∂

∂η2

∂

∂η1
G111+

2m2
3

s0

∂

∂η3

∂

∂η1
G111+

2m2
3

s0

∂

∂η3

∂

∂η2
G111+ (2D−7)

∂

∂η2
G111+η5

∂

∂η2

∂

∂η5
G111

+η4
∂

∂η2

∂

∂η4
G111−2η3

∂

∂η2

∂

∂η3
G111−2η2

∂2

∂η2
2
G111+ (D−3)

∂

∂η1
G111+η5

∂

∂η1

∂

∂η5
G111+η5

∂

∂η1

∂

∂η4
G111

−2η3
∂

∂η1

∂

∂η3
G111− (η1+η2+η3)

∂

∂η2

∂

∂η1
G111−

K2

s0
η4
∂

∂η2
G111−

K2

s0
η5
∂

∂η1
G111 (71)

[∂1,∂3] ∂44. From the action of  on : we obtain
 

0 =− 2m2
2

s0

∂

∂η3

∂

∂η2
G111+

2m2
2

s0

∂

∂η2

∂

∂η1
G111+

f+++
s0

∂

∂η3

∂

∂η1
G111+

2m2
3

s0

∂2

∂η2
3
G111+η5

∂

∂η3

∂

∂η5
G111+η4

∂

∂η3

∂

∂η4
G111

−2η3
∂2

∂η2
3
G111−2η2

∂

∂η3

∂

∂η2
G111+ (D−3)

∂

∂η1
G111+ (2D−7)

∂

∂η3
G111+η5

∂

∂η1

∂

∂η5
G111

− (η1+η2+η3)
∂

∂η3

∂

∂η1
G111−2η2

∂

∂η2

∂

∂η1
G111−

K2

s0
η4
∂

∂η3
G111 (72)

[∂2,∂3] ∂45. From  acting on : we obtain
 

0 =− 2m2
2

s0

∂2

∂η2
2
G111−

2m2
3

s0

∂2

∂η2
3
G111− (D−4)

∂

∂η3
G111+ (D−4)

∂

∂η2
G111−η5

∂

∂η3

∂

∂η5
G111−η5

∂

∂η3

∂

∂η4
G111

+η5
∂

∂η2

∂

∂η5
G111+2η3

∂2

∂η2
3
G111−2η2

∂2

∂η2
3
G111+

K2

s0
η5G111 (73)
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[∂1,∂2] ∂56. Applying  to : we obtain
 

0 =
2m2

1

s0

∂2

∂η2
1
G111−

f+++
s0

∂

∂η2

∂

∂η1
G111−

2m2
3

s0

∂

∂η3

∂

∂η1
G111−

2m2
3

s0

∂

∂η3

∂

∂η2
G111− (D−3)

∂

∂η2
G111+ (7−2D)

∂

∂η1
G111

−η4
∂

∂η2

∂

∂η5
G111−η4

∂

∂η2

∂

∂η4
G111+2η3

∂

∂η2

∂

∂η3
G111−η5

∂

∂η1

∂

∂η5
G111−η4

∂

∂η1

∂

∂η4
G111+2η3

∂

∂η1

∂

∂η3
G111

+ (η1+η2+η3)
∂

∂η2

∂

∂η1
G111+2η1

∂2

∂η2
1
G111+

K2

s0
η4
∂

∂η2
G111+

K2

s0
η5
∂

∂η1
G111 (74)

[∂1,∂3] ∂57. From the action of  on : we obtain
 

0 =
2m2

1

s0

∂2

∂η2
1
G111−

2m2
3

s0

∂2

∂η2
3
G111+ (D−4)

∂

∂η3
G111− (D−4)

∂

∂η1
G111+η4

∂

∂η3

∂

∂η5
G111

+η4
∂

∂η3

∂

∂η4
G111−η4

∂

∂η1

∂

∂η4
G111+2η1

∂2

∂η2
1
G111−2η3

∂2

∂η2
3
G111+

K2

s0
η4
∂

∂η3
G111 (75)

[∂2,∂3] ∂58. From the action of  on : we obtain
 

0 =
f+++
s0

∂

∂η3

∂

∂η2
G111−

2m2
1

s0

∂

∂η2

∂

∂η1
G111−

2m2
1

s0

∂

∂η3

∂

∂η1
G111−

2m2
3

s0

∂2

∂η2
3
G111+ (7−2D)

∂

∂η3
G111− (D−3)

∂

∂η2
G111−

η5
∂

∂η3

∂

∂η5
G111−η4

∂

∂η3

∂

∂η4
G111+2η3

∂2

∂η2
3
G111−η4

∂

∂η2

∂

∂η4
G111+ (η1+η2+η3)

∂

∂η3

∂

∂η2
G111

+2η1
∂

∂η2

∂

∂η1
G111+2η1

∂

∂η3

∂

∂η1
G111+

K2

s0
η5
∂

∂η3
G111 (76)

Solving the system in the massless case

mi = 0

A crucial feature of the new equations is that the coef-
ficients  of  their  highest-degree  operators  depend  on  the
masses.  Consequently,  when ,  several  equations
that are quadratic in the generic massive case become lin-
ear. This reduction is not merely technical; it directly re-
flects the smaller number of master integrals in the mass-

less theory compared to the generic massive case1). In the
massless limit, only a single master integral remains.

mi = 0We  now  set  in  the  equations  derived  above.
Equations (73) and (75) degenerate into linear equations.
Simplifying these using the rules from the previous itera-
tion, we obtain:

 

0 =(D−4)
∂

∂η3
G111− (D−4)

∂

∂η2
G111−2η3

∂2

∂η2
3
G111+2η2

∂2

∂η2
2
G111−2η5η3

∂

∂η3
G111−2η5η1

∂

∂η1
G111−

2η5η2
∂

∂η2
G111+η4η5

∂

∂η4
G111+η

2
5
∂

∂η5
G111+2(D−3)η5G111−

K2

2s0
η2

5G111, (77)

 

0 =(D−4)
∂

∂η3
G111− (D−4)

∂

∂η1
G111−2η3

∂2

∂η2
3
G111+2η1

∂2

∂η2
1
G111−2η4η3

∂

∂η3
G111−2η4η1

∂

∂η1
G111

−2η4η2
∂

∂η2
G111+η4η5

∂

∂η5
G111+η

2
4
∂

∂η4
G111+2(D−3)η4G111−

K2

2s0
η2

4G111. (78)

∂1∂2 ∂1∂3 ∂2∂3

We now solve the system, beginning with the remaining degree-two equations. The coefficient matrix correspond-
ing to the operators , , and  is given by:
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

∂1∂2 ∂1∂3 ∂2∂3 Source Eq.
K2

s0
(71)

K2

s0
(72)

−K2

s0
(74)

−K2

s0
(76)


. (79)

(74)+ (71)Thus, a combination yields a degree-one equation. Simplifying the new degree-one equation, ,  using the
descendant reduction rules yields:
 

0 =(D−4)
∂

∂η2
G111−2η2

∂2

∂η2
2
G111− (D−4)

∂

∂η1
G111+2η1

∂2

∂η2
1
G111+2(D−3)(η4−η5)G111+ (η4−η5)η5

∂

∂η5
G111

+ (η4−η5)η4
∂

∂η4
G111−2(η4−η5)η3

∂

∂η3
G111−2(η4−η5)η2

∂

∂η2
G111−2(η4−η5)η1

∂

∂η1
G111

+
K2(−η2

4+η
2
5)

2s0
G111. (80)

∂1∂2 ∂1∂3

∂2∂3

There remain three degree-two T1A-type equations, which provide reduction rules for the operators , , and
 as

 

−K2

s0

∂

∂η2

∂

∂η1
G111 =−2η2

∂2

∂η2
2
G111−2η3

∂

∂η3

∂

∂η1
G111−2η3

∂

∂η3

∂

∂η2
G111− (η1+η2+η3)

∂

∂η2

∂

∂η1
G111+ (D−3)

∂

∂η1
G111

+ (2D−7)
∂

∂η2
G111−

K2η5

2s0

∂

∂η1
G111−

K2η4

2s0

∂

∂η2
G111+

1
2

(3η1+η2−η3)η5
∂

∂η1
G111

+

Å
2η2η5+

1
2

(η1−η2−η3)η4

ã
∂

∂η2
G111+ (η5−η4)η3

∂

∂η3
G111+ (η4−η5)η5

∂

∂η5
G111+

(D−3)
2

(η4−3η5)G111

+
K2

2s0
(η5−η4)η5G111, (81)

−K2

s0

∂

∂η3

∂

∂η1
G111 =−2η3

∂2

∂η2
3
G111−2η2

∂

∂η3

∂

∂η2
G111−2η2

∂

∂η2

∂

∂η1
G111− (η1+η2+η3)

∂

∂η3

∂

∂η1
G111+ (D−3)

∂

∂η1
G111

+ (2D−7)
∂

∂η3
G111+

K2(η5−η4)
2s0

∂

∂η3
G111+

K2

2s0
η5
∂

∂η1
G111+

(η1−η2−η3)(η4−η5)−2η3η5

2
∂

∂η3
G111

− 3η1−η2+η3

2
η5
∂

∂η1
G111−η2η4

∂

∂η2
G111+η4η5

∂

∂η5
G111+η4η5

∂

∂η4
G111+

(D−3)
2

(η4+2η5)G111

− K2

2s0
η4η5G111, (82)

−K2

s0

∂

∂η3

∂

∂η2
G111 =−2η3

∂2

∂η2
3
G111−2η1

∂

∂η2

∂

∂η1
G111−2η1

∂

∂η3

∂

∂η1
G111− (η1+η2+η3)

∂

∂η3

∂

∂η2
G111+ (D−3)

∂

∂η2
G111

+ (2D−7)
∂

∂η3
G111+

K2(η4−η5)
2s0

∂

∂η3
G111+

K2

2s0
η4
∂

∂η2
G111,+

(η1−η2−η3)(η4−η5)−2η3η4

2
∂

∂η3
G111−

3η2−η1+η3

2
η4
∂

∂η2
G111−η5η1

∂

∂η1
G111+η4η5

∂

∂η5
G111+η4η5

∂

∂η4
G111+

(D−3)
2

(2η4+η5)G111

− K2

2s0
η4η5G111, (83)
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which  enable  the  reduction  of  cross-terms  between
propagators.

Having derived three new reduction rules, we would,
in  principle,  update  the  six  previously  solved  reduction
rules  and  the  remaining  degree-one equations  as  de-
scribed in Section III.D. In the present case, however, no

further updates are required.
Next, we consider the six degree-one equations. Com-

bining the degenerate equations with the results of the de-
gree-two simplification, we construct the coefficient mat-
rix for the single derivatives as
 

 

∂1 ∂2 ∂3 ∂4 ∂5 Source Eq.
−Ô0;4,1 Ô0;5,2 (68)

Ô0;4,2 −Ô0;5,1 (69)

−Ô0;4,1 Ô0;5,1 (70)

Ô0;2,1 −Ô0;3,1 (77)

−Ô0;1,1 Ô0;3,1 (78)

−Ô0;1,1 Ô0;2,1 (80)


, (84)

where, for brevity, we define the following differential operators:
 

Ô0;4,1 = (D−2)+η4
∂

∂η4
, Ô0;4,2 = 4−2D−η4

∂

∂η4
−2η5

∂

∂η5

Ô0;5,1 = (D−2)+η5
∂

∂η5
, Ô0;5,2 = 4−2D−η5

∂

∂η5
−2η4

∂

∂η4

Ô0;i,1 = (D−4)−2ηi
∂

∂ηi
, i = 1,2,3. (85)

Applying Gaussian elimination yields the reduced matrix form:
 

∂1 ∂2 ∂3 ∂4 ∂5 Linear Combination
Ô0;I(68)+ Ô0;−(69)+ Ô0;+(70))

Ô0;I (69)+ (70)

Ô0;I (68)− (70)

Ô0;2,1 −Ô0;3,1 (77)

−Ô0;1,1 Ô0;3,1 (78)

(80)− (77)− (78)


(86)

where
 

O0;I = Ô0;4,2− Ô0;4,1 = Ô0;5,2− Ô0;5,1, (87)

 

O0;± = Ô0;4,1± Ô0;5,2, (88)

We observe that the last row yields a trivial equation,

confirming the redundancy anticipated from integrability
conditions.  The  first  row  yields  a  degree-zero  equation;
however, it lacks a suitable operator to solve for and will
therefore  not  be  utilized  further.  We  thus  focus  on  the
four independent equations represented by rows 2–5.

∂/∂η4 ∂/∂η5

The second and third rows of the reduced matrix de-
couple  from  the  propagator  derivatives,  allowing  us  to
solve explicitly for  and , thereby yielding two
T1B-type reduction rules: 
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−Ô0;I
∂

∂η4
G111 =

K2(D−2)
s0

G111+
K2

s0
η5
∂

∂η5
G111+

K2

s0
(η4+η5)

∂

∂η4
G111+

K2

s0
η3
∂

∂η3
G111

+
K2

s0
η2
∂

∂η2
G111−

2K2

s0
η1
∂

∂η1
G111+ (η2+η3−η1)η5

∂

∂η5
G111+ (η2η5−η1η4)

∂

∂η4
G111

+ (3η1−3η2−η3)η3
∂

∂η3
G111− (η2−3η1+3η3)η2

∂

∂η2
G111+2η2

1
∂

∂η1
G111

+ ((D−3)(η2+η3−2η1)+
(K2)2η5

2s2
0

)G111+
K2(4η1η4− (η1+3η2−η3)η5)

2s0
G111, (89)

 

−Ô0;I
∂

∂η5
G111 =

K2η4

s0

∂

∂η4
G111+

K2(η5+η4)
s0

∂

∂η5
G111+

K2(D−2)
s0

G111+
K2η3

s0

∂

∂η3
G111

− 2K2η2

s0

∂

∂η2
G111+

K2η1

s0

∂

∂η1
G111+ (η1−η2+η3)η4

∂

∂η4
G111+ (η1η4−η2η5)

∂

∂η5
G111

− (3η1−3η2+η3)η3
∂

∂η3
G111+2η2

2
∂

∂η2
G111− (η1−3η2+3η3)η1

∂

∂η1
G111

+ ((D−3)(η1−2η2+η3)− (K2)2η4

2s2
0

)G111+
K2(4η2η5− (3η1+η2−η3)η4)

2s0
G111, (90)

(n4,n5) (0,0)which ensure the exact reduction of any integrals with nonzero indices  to .

η1 η2

The fourth and fifth rows of the matrix relate the derivatives of the propagator variables. By rearranging Eq. (77), we
can solve for the operator involving  and , yielding two T2B-type reduction rules:
 

(D−4)
∂

∂η1
G111−2η1

∂2

∂η2
1
G111 =(D−4)

∂

∂η3
G111−2η3

∂2

∂η2
3
G111−2η4η1

∂

∂η1
G111−2η4η2

∂

∂η2
G111

−2η4η3
∂

∂η3
G111+η

2
4
∂

∂η4
G111+η4η5

∂

∂η5
G111+2(D−3)η4G111−

K2

2s0
η2

4G111, (91)

 

(D−4)
∂

∂η2
G111−2η2

∂2

∂η2
2
G111 =(D−4)

∂

∂η3
G111−2η3

∂2

∂η2
3
G111−2η5η1

∂

∂η1
G111−2η5η2

∂

∂η2
G111

−2η5η3
∂

∂η3
G111+η4η5

∂

∂η4
G111+η

2
5
∂

∂η5
G111+2(D−3)η5G111−

K2

2s0
η2

5G111, (92)

(n1,n2,n3)
(0,0,N) N ⩽ n1+n2+n3

These  relations  enable  the  reduction  of  any  integral
with  indices  to a  linear  combination  of  integ-
rals  with indices ,  where ,  without
increasing the complexity of the integrals.

∂

∂η4
∂

∂η4

∂

∂ηi
i = 1,2,3

Because  all  four  new  reduction  rules  are  of  the  TB
type,  we do not  perform the  update  step.  The reason for
this  is  evident  from the  present  example:  once  the  T1B-

type reduction rule for  in (89) is established, the pre-

viously  derived  degree-two  operators  with
 become  descendants  of  that  rule.  To  preserve

the simpler and more convenient TA-type reduction rules,
we  therefore  exclude  TB-type rules  from  the  global  up-
date.

Completeness check for the massless case
At this  stage,  we have obtained seven new reduction

rules: four degree-one rules, namely (89), (90), (92), and

(90),  along  with  three  degree-two  rules,  namely  (71),
(72), and (76). Applying the four degree-one rules to the
remaining lattice points in (67), we find that the points in
the set 

U3 = {(0,0,n3,0,0)|∀n3 ⩾ 0} (93)

cannot be reduced using these rules.

U3

∂

∂ηi
i = 1,2

Applying  the  three  degree-two  reduction  rules  does
not  resolve  this,  as  the  set  remains  unreduced.  The
reason is that these rules are descendants of the operators

 for . Nevertheless, they remain useful for sim-
plification in the final iteration.

The third iteration: reducing the final sector
n3

∂3

Because  only  has  not  yet  been  fully  reduced,  we
perform  a  third  iteration  by  applying  to the  four  de-
gree-one  equations  derived  in  the  previous  step,  namely
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(89), (90), (92), and (90).
∂3

∂3∂4 η4∂4∂3∂4

η5∂5∂3∂4 ∂3∂4

∂3 η3∂
2
3 η1∂1∂3 η2∂2∂3 η5∂4∂3

First, applying  to Eq. (89) yields an equation con-
taining  three  degree-two  operators: , ,  and

.  All  of  these  descend  from  the  operator .
Upon simplification,  the  new  equation  involves  five  de-
gree-one  operators: , , , ,  and .
These  operators  can  be  simplified  using  (63)  from  the
first iteration, together with (71), (72), and (76) from the
second iteration. The equation then reduces to the follow-
ing T1B-type equation: 

Ô0;II
∂

∂η3
G111 =−

(D−3)(3D−8)
2

G111

+
(5D−16)

2
η3
∂

∂η3
G111

−η2
3
∂2

∂η2
3
G111+ (η1, η2, η4, η5)components,

(94)

with 

Ô0;II =
(D−4)K2

2s0
− K2

s0
η3
∂

∂η3
. (95)

∂3
Ô0;II

U3

n1 = n2 = n4 = n5 = 0

Alternatively,  applying  to  Eq.  (90)  yields  another
T1B-type equation involving the same operator . In-
deed,  when  restricted  to  the  irreducible  set  (where

), this  equation  reduces  to  the  con-
straints in Eq. (94), thereby confirming their consistency.

∂3

∂2
3

η3∂
3
3

Finally,  applying  to  Eqs.  (92)  and  (91)  initially
yields second-degree equations involving the operators 
and . However, Gaussian elimination combines these
two equations into a first-degree relation. Upon simplify-
ing the first-degree terms using existing rules, the result-
ing relation assumes an instructive form: 

(D−3)s0

K2

ßÅ
(4−D)

∂

∂η2
G111+2η2

∂2

∂η2
2
G111

ã
−
Å

(4−D)
∂

∂η1
G111+2η1

∂2

∂η2
1
G111

ã™
, (96)

U3

which is a linear combination of Eqs. (92) and (91),  and
is therefore redundant for the reduction of .

∂3

n3

Applying  one  of  these  T1B-type  equations  yields  a
T1B-type  reduction  rule  for . Consequently,  the  re-
maining  propagator  index  can  be  reduced  to  zero.
Thus,  the only integral  that cannot be reduced by any of
these rules is 

(0,0,0,0,0). (97)

This single point constitutes the master integral basis
for  the  massless  sunset  topology.  The  massless  branch
thus  serves  as  a  complete  example  of  how  the  iterative
procedure  closes:  the  first  round  isolates  the  unreduced
subsets,  the  second  collapses  them  to  a  single  line,  and
the third removes the final propagator tower. 

C.    Case study 2: Complete reduction in the
massive case

K2

Having established  the  massless  case,  we  now  con-
sider  the  fully  massive  sunset  diagram.  In  this  scenario,
the three masses and the external invariant  restore the
generic degree structure of the equations and expand the
final  master-integral  basis.  Nevertheless,  the logic of  the
algorithm remains unchanged: first reduce the ISP direc-
tions, then  constrain  the  propagator  directions,  and  fi-
nally close the remaining unreduced set.

From  the  six  degree-two equations,  the  correspond-
ing matrix is

 



∂2
1 ∂2

2 ∂2
3 ∂1∂2 ∂1∂3 ∂2∂3 Source Eq.

−2m2
2

s0

− f+++
s0

−2m2
3

s0

−2m2
3

s0
(71)

−2m2
3

s0

−2m2
2

s0

− f+++
s0

−2m2
2

s0
(72)

2m2
1

s0

f+++
s0

2m2
3

s0

2m2
3

s0
(74)

2m2
3

s0

2m2
1

s0

2m2
1

s0

f+++
s0

(76)

−2m2
2

s0

2m2
3

s0
(73)

2m2
1

s0

−2m2
3

s0
(75)



, (98)

f±±±where  was previously defined in (19). Using Gaussian elimination, the combination
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((71)+ (74))− ((73)+ (75)) (99)

∂2
1 ∂2

2

is  zero,  leaving  five  independent  T2-type  equations  for
the six degree-two operators. To proceed, we adopt an or-
dering  scheme  in  which  five  operators  (e.g.,  and )

∂2
3are expressed in terms of the sixth (e.g., ). No updates

are required for these five derived reduction rules.
Next, we address the three degree-one equations. The

corresponding matrix contains derivatives with respect to
all five degree-one operators:

 

∂

∂η1

∂

∂η2

∂

∂η3

∂

∂η4

∂

∂η5
Source Eq.

2m2
1(m2

2−m2
3)

s2
0

m2
2 f++−
s2

0
−m2

3 f+−+
s2

0
−Ô0;4,1 Ô0;5,2 (68)

m2
1 f++−
s2

0

2m2
2(m2

1−m2
3)

s2
0

−m2
3 f−++
s2

0
Ô0;4,2 −Ô0;5,1 (69)

m2
1 f+−+
s2

0
−m2

2 f−++
s2

0

2m2
3(m2

1−m2
2)

s2
0

−Ô0;4,1 Ô0;5,1 (70)


. (100)

After Gaussian elimination, the system reduces to
 â ∂

∂η1

∂

∂η2

∂

∂η3

∂

∂η4

∂

∂η5

−Ô0;4,5 Ô0;5,4 (68)− (69)+ (70)

h1 g2,1,3 g3,1,2 Ô0;I (69)+ (70)

g1,2,3 h2 g3,2,1 Ô0;I (68)− (70)

ì
, (101)

where 

hi =
2m2

i (m2
i −K2)

s2
0

, gi jk =
m2

i (−m2
i +3m2

j −3m2
k +K2)

s2
0

,

(102)
 

Ô0;i, j = ηi
∂

∂ηi
−2η j

∂

∂η j
. (103)

∂4

∂5

We  identify  the  last  two  rows  as  T2-type  equations,
which  are  suitable  for  solving  for  the  ISP  operators 
and . Assuming the standard ordering, in which ISP op-
erators take precedence over propagator operators, we de-
rive the following explicit reduction rules: 

Ô0;I
∂

∂η4
G111 =−h1

∂

∂η1
G111−g2,1,3

∂

∂η2
G111−g3,1,2

∂

∂η3
G111

+
f+−η5

s0

∂

∂η5
G111−

(K2−m2
1)η4+ (K2+m2

2)η5

s0

∂

∂η4
G111−

K2(D−2)− (D−3)(2m2
1−m2

2−m2
3)

s0

G111− (
K2( f−+−2m2

2)
2s2

0
η5+2

K2m2
1

s2
0
η4)G111

(104)
 

Ô0;I
∂

∂η5
G111 =−h2

∂

∂η2
G111−g1,2,3

∂

∂η1
G111−g3,2,1

∂

∂η3
G111

+
f−+−η4

s0

∂

∂η4
G111−

(K2+m2
1)η4+(K2−m2

2)η5

s0

∂

∂η5
G111−

K2(D−2)−(D−3)(2m2
2−m2

1−m2
3)

s0

G111− (
K2( f−+−2m2

1)η4

2s2
0

+2
K2m2

2

s2
0
η5)G111

(105)

(0,0,0,n4,n5)
Since these relations will be applied exclusively to the set

,  we  retain  only  the  terms  that  contribute
nontrivially1).

n4 n5

n4 n5

(n1,n2,n3,0,0)

U3

(1,0,0,0,0) (0,1,0,0,0)
n3

At this stage, we have seven new reduction rules, two
of  which  are  degree-one  rules  for  and .  Applying
these to the irreducible set (67) reduces  and  to zero,
yielding the remaining irreducible set . Ap-
plying  the  five  degree-two  propagator  equations  further
constrains the system, rendering this set reducible except
for  in  (93)  along  with  the  two  isolated  points

 and .  The  existence  of  infinitely
many irreducible points in the  direction necessitates a
third iteration.

The third iteration: reducing the final set
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n3

∂/∂η3

(69)+ (70)
∂3

∂3∂4 ∂3∂2

∂3∂1 ∂2
3

∂2
3

Because  only  remains  unreduced,  we  proceed  by
applying  to the existing equations. We focus on the
descendant of the degree-one equation . Apply-
ing  to  the  full  expression  of  this  equation  generates
terms involving degree-two operators, such as , ,

, and . Most of these can be simplified using the re-
duction rules  obtained  in  the  previous  iterations.  Cru-
cially, the  term does not cancel.

After simplification,  the  new  equation  yields  a  rela-
tion involving the following degree-two propagator struc-
ture: 

g3,1,2
∂2

∂η2
3
+g2,1,3

∂

∂η2

∂

∂η3
+h1

∂

∂η1

∂

∂η3
, (106)

hi gi jk

∂2
1 ∂

2
2 ∂

2
3 ∂1∂2 ∂1∂3 ∂2∂3

where  and  are defined in (102). This new equation
is linearly independent of the five T2-type equations from
the system (98). Therefore, we can uniquely solve for all
six degree-two operators , , , , , and ,
yielding six T2A-type reduction rules.

n3 ⩾ 2Consequently,  any  integral  with  can be  re-
duced.  Combined  with  the  previous  steps,  this  ensures
that the set of irreducible integrals is finite and consists of 

{(0,0,0,0,0), (1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0)} .
(107)

These  four  points  represent  the  master  integrals  for
the  generic  massive  sunset  topology,  consistent  with
standard  expectations.  The  contrast  with  the  massless
branch highlights  the  role  of  kinematics:  while  the  same
algorithmic  framework  applies  to  both  cases,  the  degree
structure of the descendant equations determines the rate
at which the irreducible lattice collapses and the number
of surviving master integrals. 

D.    Strategies for the application of reduction rules
With both  kinematic  branches  established,  it  is  in-

structive to  consider  the  practical  application  of  the  re-
duction  rules.  The  algorithm  typically  yields  more  valid
relations  than  are  strictly  necessary  for  completeness;
consequently,  an  operational  reduction  strategy  must  be
selected.  For  the  sunset  topology,  two  natural  strategies
emerge.

Strategy I: The minimal basis
The first  approach prioritizes a  minimal set  of  recur-

rence relations  that  remain  valid  across  the  entire  kin-
ematic lattice. A convenient choice consists of the follow-
ing five general relations:

η4 η5● Eqs. (89) and (90) for the ISP directions  and ,
η2

η1

● Eqs. (92) and (91) for the propagator directions 
and ,

η3● Eq. (94) for the final direction .
The reduction flow is  then straightforward.  First,  the

n4 > 0 n5 > 0 n4 = n5 = 0
n2 n1

n3

n3

ISP  relations  are  employed  to  reduce  any  integral  with
 or  to  the  sector  with .  Next,  the

propagator  relations  are  applied  to  reduce  and  to
zero, at the expense of shifting weight to . Finally, the
last relation is applied to reduce the remaining  tower to
the master integral. While this strategy is compact, the in-
dividual equations retain their full algebraic complexity.

Strategy II: The hierarchical approach
The second approach exploits the fact that the bound-

ary  regions  of  the  lattice  satisfy  significantly  simpler
equations. This strategy employs a larger set of rules but
applies them in stages, ensuring that each step is algebra-
ically simpler.

(n1, . . . ,n5)

1. General  reduction. Starting with  the  six  funda-
mental  degree-two  rules  in  Eqs.  (59)–(64),  we  reduce  a
generic  point  to  the  boundary  sets  defined  in
Eq. (67).

(0,0,0,n4,n5) n1 n2 n3

η1 = η2 = η3 = 0

2. ISP  reduction  on  the  boundary. For  the  subset
, terms proportional to , , and  vanish

upon  expansion;  thus,  the  general  ISP  relations  simplify
considerably. Setting  in Eq. (89) yields 

−Ô0;I
∂

∂η4
G111 =

K2(D−2)
s0

G111+
K2

s0
η5
∂

∂η5
G111

+
K2

s0
(η4+η5)

∂

∂η4
G111−

(K2)2η5

2s2
0

G111,

(108)

and setting the same variables to zero in Eq. (90) yields 

−Ô0;I
∂

∂η5
G111 =

K2(D−2)
s0

G111+
K2

s0
η4
∂

∂η4
G111

+
K2

s0
(η5+η4)

∂

∂η5
G111−

(K2)2η4

2s2
0

G111.

(109)

(n1,n2,n3,0,0) η4 = η5 = 0
3. Propagator reduction along the constrained line.

Along  the  line ,  setting  simpli-
fies Eqs. (92) and (91) to 

(D−4)
∂

∂η2
G111−2η2

∂2

∂η2
2
G111

= (D−4)
∂

∂η3
G111−2η3

∂2

∂η2
3
G111, (110)

 

(D−4)
∂

∂η1
G111−2η1

∂2

∂η2
1
G111

= (D−4)
∂

∂η3
G111−2η3

∂2

∂η2
3
G111. (111)

(0,0,n3,0,0)
Likewise,  the specialized relation for the final  subset

, derived from Eq. (94), reduces to 
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Ô0;II
∂

∂η3
G111 =−

(D−3)(3D−8)
2

G111+
(5D−16)

2
η3
∂

∂η3
G111

−η2
3
∂2

∂η2
3
G111. (112)

Of the  two  strategies,  Strategy  II  is  often  computa-
tionally  superior.  Although  it  necessitates  a  larger  rule
set, the individual algebraic manipulations on the bound-
ary  are  substantially  less  demanding,  thereby  preventing
the excessive  growth  of  intermediate  expressions.  Be-
cause the  detailed optimization of  reduction paths  is  im-
plementation-dependent,  we  defer  this  issue  to  future
work.  Nevertheless,  the  sunset  example  illustrates  the
primary  point:  the  framework  inherently  generates  both
globally  valid  rules  and  specialized  boundary  rules,  and
either category can be organized into a consistent reduc-
tion strategy. 

1.    Reducing special lattice points

n1 = n2 = n3 = 0

The rule derived thus far can be applied to reduce in-
tegrals with arbitrary propagator powers and tensor ranks.
In practice, integrals may exhibit special properties, such
as  unit  propagator  powers.  For  the  sunset  integral,  this
corresponds to the lattice point where . At
such specific points, we can use Eqs. (89) and (90) to ef-
ficiently reduce the tensor structures. Explicitly, Eqs. (89)
and (90) simplify to 

−Ô0;I
∂

∂η4
G111 =

K2(D−2)
s0

G111+
K2

s0
η5
∂

∂η5
G111

+
K2

s0
(η4+η5)

∂

∂η4
G111, (113)

and 

−Ô0;I
∂

∂η5
G111 =

K2η4

s0

∂

∂η4
G111+

K2(η5+η4)
s0

∂

∂η5
G111

+
K2(D−2)

s0
G111, (114)

In the literature, syzygy and module-intersection tech-
niques achieve  a  comparable  result,  specifically  concen-
trating the reduction on integrals with unit-power propag-
ators.  This  approach  is  implemented  in  NeatIBP,  a  tool
widely  employed  in  state-of-the-art  computations.  Here,
we show that our algorithm provides an alternative realiz-
ation of this special case (see Eqs. (113) and (114)). 

V.  TOP SECTOR OF THE TWO-LOOP PLANAR
MASSLESS DOUBLE-BOX

Next,  we  consider  the  two-loop  planar  massless
double-box  diagram  shown  in Fig.  3.  Compared  to  the

sunset example, this topology constitutes a more demand-
ing  case:  it  features  more  propagators,  two  independent
kinematic scales, and a substantially larger reduction lat-
tice.  Consequently,  it  serves  as  the  first  rigorous  test  of
whether  the  same  algorithmic  logic  scales  beyond  the
minimal two-loop family.

k1 k2 k3

k4 k2
i = 0∑4

i=1
ki = 0

s = 2k1 · k2 t = 2k2 · k3

In  this  problem,  four  external  momenta, , , ,
and ,  satisfy  the  on-shell  conditions  and mo-
mentum conservation, , leaving two independ-
ent scales,  and . The complete set of
Lorentz scalars is chosen as: 

D1 =ℓ
2
1, D2 = (ℓ1+ k1)2, D3 = (ℓ1+ k1+ k2)2,

D4 =ℓ
2
2, D5 = (ℓ2− ℓ1)2, D6 = (ℓ2+ k1+ k2)2,

D7 =(ℓ2− k4)2, D8 = ℓ1 · k3, D9 = ℓ2 · k1, (115)

D1, . . . ,D7

D8,D9

where  are  the  standard  propagators,  and
 serve as ISPs. The generating function for the top

sector is defined as: 

G1111111(η⃗) =
∫ 2∏

i=1

dDℓi
iπD/2

e
∑9

j=8
η jD j/s0

7∏
i=1

1
Di−ηis0

, (116)

G =G1111111For  simplicity,  we  set  throughout this  sec-
tion. To keep the presentation focused, we explicitly dis-
play  only  the  highest-degree  and  next-to-highest-degree
operator structures, denoting lower-degree terms with el-
lipses. As our emphasis is on the top sector, we also omit
subsector contributions from the displayed equations. 

A.    The first iteration from IBP relations
 

1.    Generating and organizing the IBP relations

∂

∂ℓi
· {k j, ℓk}

For  the  double-box  topology  defined  above,  the

standard derivation via total derivatives  gener-
ates ten  fundamental  IBP  relations.  Applying  these  rela-
tions to the generating function G and extracting the cor-
responding  differential  operators,  we  obtain  the  primary
system of equations: 

 

Fig. 3.    The two-loop planar double-box diagram.
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0 =
s
s0

∂

∂η3
G+ (D−5)G−

3∑
i=1

(η1+ηi)
∂

∂ηi
G

+ (η4−η1−η5)
∂

∂η5
G+η8

∂

∂η8
G , (117)

 

0 = 2
∂

∂η9

∂

∂η5
G− s

s0

∂

∂η3
G+ · · · , (118)

 

0 = 2
∂

∂η9

∂

∂η5
G− s

s0

∂

∂η1
G+ · · · , (119)

 

0 =2
Å
∂

∂η1
+
∂

∂η2
+
∂

∂η3
+
∂

∂η5

ã
∂

∂η8
G− s+ t

s0

∂

∂η2
G

− s
s0

Å
∂

∂η3
+
∂

∂η5

ã
G+ · · · , (120)

 

0 = 2
∂

∂η9

∂

∂η2
G− s

s0

∂

∂η3
G+ · · · , (121)

 

0 =
s
s0

∂

∂η6
G+ (D−5)G−

7∑
i=4

(η4+ηi)
∂

∂ηi
G

+η1
∂

∂η5
G+η9

∂

∂η9
G , (122)

 

0 = 2
∂

∂η8

∂

∂η5
G− s

s0

Å
∂

∂η5
+
∂

∂η6

ã
G+ · · · , (123)

 

0 =2
Å
∂

∂η4
+
∂

∂η5
+
∂

∂η6
+
∂

∂η7

ã
∂

∂η9
G+

s
s0

∂

∂η6
G

− t
s0

∂

∂η7
G+ · · · , (124)

 

0 = 2
∂

∂η8

∂

∂η5
G− s

s0

Å
∂

∂η4
+
∂

∂η5

ã
G+ · · · , (125)

 

0 = 2
∂

∂η8

∂

∂η7
G− s

s0

Å
∂

∂η6
+
∂

∂η7

ã
G+ · · · . (126)

Thus,  the  first  iteration  begins  with  two  degree-one
equations  and  eight  degree-two equations.  The  immedi-
ate  objective  is  to  determine  which  lattice  directions  are
already constrained  by  these  relations  and  which  irredu-
cible subsets remain after the first pass. 

2.    Solving the system of equations

We begin with the degree-two equations because they
govern  the  mixed propagator–ISP directions  that  domin-
ate the first iteration. Gaussian elimination yields:

 

∂2∂9 ∂4∂9 ∂5∂9 ∂6∂9 ∂7∂9 ∂1∂8 ∂2∂8 ∂3∂8 ∂5∂8 ∂7∂8 Linear Comb.
2 (121)

2 2 2 (124)− (118)

2 (118)

2 2 2 (120)− (125)

2 (125)

2 (126)

(118)− (119)

(123)− (125)



. (127)

∂2∂9 ∂5∂9 ∂5∂8 ∂7∂8

∂2∂8

∂7∂9

From  this  reduced  system,  we  derive  four  explicit
T1A-type  reduction  rules  for  the  composite  operators

, , ,  and .  The  two  coupled  rows  yield
two T2A-type reduction rules, such as those for  and

. At  this  stage,  the  operator  structure  remains  suffi-
ciently simple that no additional update step is required.

(118)− (119)
(123)− (125)

Next,  we  combine  the  degree-one  primary  equations
((117) and (122)) with the degree-down combinations de-
rived  in  the  previous  step  (  and

). Gaussian elimination yields: 



∂1 ∂3 ∂4 ∂6 Linear Comb.
s
s0

(117)+ (118)− (119)
s
s0

(117)
s
s0

(122)+ (123)− (125)
s
s0

(122)


.

(128)
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∂1 ∂3 ∂4 ∂6

Thus,  four  T1A-type  reduction  rules  are  derived  for
, , , and . These rules immediately eliminate four

propagator directions  from  the  irreducible  lattice,  sub-
stantially  simplifying  the  geometry  of  the  remaining
problem.

Furthermore,  these  four  degree-one  T1A-type reduc-

∂4∂9 ∂6∂9 ∂1∂8 ∂3∂8

tion rules can be used to construct the degree-two operat-
ors , , ,  and .  Consequently,  the  two
T2A-type  reduction  rules  obtained  in  the  previous  step
can  be  transformed  into  fully  resolved  T1A-type reduc-
tion rules:

 

2
∂

∂η8

∂

∂η2
G =

s+ t
s0

∂

∂η2
G+

s
s0

∂

∂η3
G+

4(D−4)s0

s
∂

∂η8
G+

4s0

s
η8
∂2

∂η2
8
G− 2s0

s
(η1+η3−η4+2η5−η6)

∂

∂η8

∂

∂η5
G

− 2s0

s
(η1+η3)

∂

∂η8

∂

∂η3
G− 2s0

s
(η1+2η2+η3)

∂

∂η8

∂

∂η2
G− 2s0

s
(3η1+η3)

∂

∂η8

∂

∂η1
G+ · · ·, (129)

 

2
∂

∂η9

∂

∂η7
G =

s
s0

∂

∂η6
G+

t
s0

∂

∂η7
G+

4(D−4)s0

s
∂

∂η9
G+

4s0

s
η9
∂2

∂η2
9
G− 2s0

s
(3η4+η6)

∂

∂η9

∂

∂η4
G

+
2s0

s
(η1+η3−η4−2η5−η6)

∂

∂η9

∂

∂η5
G− 2s0

s
(η4+3η6)

∂

∂η9

∂

∂η6
G− 2s0

s
(η4+η6+2η7)

∂

∂η9

∂

∂η7
G+ · · ·. (130)

Although  the  choices  for  intermediate  T2  are  not
unique, the updated equations correspond to the same un-
derlying operator relations. In this sense, the ambiguity is
organizational rather than mathematical. 

3.    Completeness check

To summarize  the  first  round,  we  derived  ten  reduc-
tion rules for the following differential operators: 

Degree one:
ß
∂

∂η1
,
∂

∂η3
,
∂

∂η4
,
∂

∂η6

™
, (131)

 

Degree two:
ß
∂

∂η8
,
∂

∂η9

™
×
ß
∂

∂η2
,
∂

∂η5
,
∂

∂η7

™
. (132)

n1 n3 n4 n6

(0,n2,0,0,n5,0,n7,n8,n9)

We  now  interpret  these  first-iteration  rules  on  the
coefficient  lattice.  The  degree-one relations  in  (131)  re-
duce  any  integral  with  nonzero , , ,  or ; con-
sequently,  all  unreduced  points  are  confined  to  the  five-
parameter subspace . The degree-
two rules in (132) then decouple the ISP indices from the
remaining propagator  indices  whenever  both  appear  to-
gether.  In  this  sense,  the  first  iteration  reproduces,  on  a
larger  lattice,  the  same  mixed-derivative reduction  pat-
tern previously  observed  in  the  sunset  example.  Apply-
ing these rules sequentially forces the indices to decouple
into two distinct irreducible subsets1): 

U1 = (0,n2,0,0,n5,0,n7,0,0), (133)
 

U2 = (0,0,0,0,0,0,0,n8,n9). (134)

The  emergence  of  this  decoupling  pattern  indicates
that the reduction is already organizing into a small num-

U1 U2

ber  of  geometrically  simple  subsets.  However,  because
the indices within  and  remain unbounded, the first
iteration is  incomplete.  The  second  iteration  must  there-
fore probe the internal structure of these two residual sub-
sets. 

B.    The second iteration from descendant equations

U1 U2

i = 1,3,4,6

U1 U2

Before  proceeding  to  the  second  iteration,  we  note
that the remaining irreducible subsets  and  impose
stringent  kinematic  restrictions  on  the  operator  content.
Specifically, any term with a negative component in the i-
th position of its operator index ( ) can be omit-
ted, as its contribution vanishes on the reduced points of

 and . 

1.    Generating the descendant equations

n1 n3 n4 n6

∂i i ∈ {2,5,7,8,9}

Since  the  propagator  indices , , ,  and  are
already  fully  reduced,  derivatives  with  respect  to  these
variables  yield  only  redundant  equations.  We  therefore
generate new equations by applying  for 
to the first-round reduction rules.

[∂a,∂b]O = 0

Applying these  operators  to  the  four  previously  de-
rived  degree-one reduction  rules  yields  only  trivial  de-
gree-two  equations.  Instead,  the  nontrivial  information
arises from applying them to the six degree-two rules and
organizing  the  results  via  integrability  conditions  of  the
form .  After  simplification  using  the  known
descendant  rules,  we  obtain  nine  linearly  independent
equations.

i = 8,9
To express these compactly, we introduce two sets of

zero-index operators. For the ISP parameters ( ), we
define: 

An algorithm for the symbolic reduction of multi-loop Feynman integrals via generating functions Chin. Phys. C 51, (2027)
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Ôup
0;i ≡ (D−4)+ηi

∂

∂ηi
, (i = 8,9). (135)

i = 2,5,7For  the  remaining  propagator  parameters  ( ),  we
define: 

Ôup
0;i ≡

D−6
2
−ηi
∂

∂ηi
, (i = 2,5,7). (136)

U2On the subset , the descendant equations generated for
the ISP are:

[∂8,∂9]∂2 = 01. From : 

0 =
2s0

s
Ôup

0;8
∂

∂η8

∂

∂η9
G+

1
2

Ôup
0;8
∂

∂η8
G

−
Å
η8
∂

∂η8
− 1

2
η9
∂

∂η9

ã
∂

∂η9
G+ · · · , (137)

[∂8,∂9]∂5 = 02. from : 

0 = Ôup
0;8
∂

∂η8
G− Ôup

0;9
∂

∂η9
G+ · · · , (138)

[∂8,∂9]∂7 = 03. from : 

0 =
2s0

s
Ôup

0;9
∂

∂η8

∂

∂η9
G+
Å

Ôup
0;8+η9

∂

∂η9
− 1

2
η8
∂

∂η8

ã
∂

∂η8
G

− 1
2

Ôup
0;9
∂

∂η9
G+ · · · . (139)

U1On  the  subset ,  the  descendant  equations  for  the
propagator are:

[∂2,∂5]∂8 = 01. from : 

0 =
t

2s0

∂

∂η2

∂

∂η5
G+

(D−5)
2

∂

∂η2
G+ (D− 11

2
)
∂

∂η5
G

−η7
∂

∂η7

∂

∂η2
G−η7

∂

∂η7

∂

∂η5
G−η5

∂2

∂η2
5
G

− 2tη2+ s(η2+η5+η7)
2s

∂

∂η2

∂

∂η5
G+ · · · , (140)

[∂2,∂7]∂8 = 02. From : 

0 =
t

2s0

∂

∂η2

∂

∂η7
G+

(D−5)
2

∂

∂η2
G+ (D− 11

2
)
∂

∂η7
G

−η5
∂

∂η5

∂

∂η2
G−η5

∂

∂η7

∂

∂η5
G−η7

∂2

∂η2
7
G

− 1
2

(η2+η5+η7)
∂

∂η2

∂

∂η7
G+ · · · , (141)

[∂7,∂5]∂8 = 03. from : 

0 = Ôup
0;5
∂

∂η5
G− Ôup

0;7
∂

∂η7
G+ · · · , (142)

[∂2,∂5]∂9 = 04. from : 

0 = Ôup
0;2
∂

∂η2
G− Ôup

0;5
∂

∂η5
G+ · · · , (143)

[∂2,∂7]∂9 = 05. From : 

0 =
t

2s0

∂

∂η2

∂

∂η7
G+

(D−5)
2

∂

∂η7
G+
Å

D− 11
2

ã
∂

∂η2
G

−η5
∂

∂η5

∂

∂η7
G−η5

∂

∂η2

∂

∂η5
G

−η2
∂2

∂η2
2
G− 1

2
(η2+η5+η7)

∂

∂η2

∂

∂η7
G+ · · · , (144)

[∂7,∂5]∂9 = 06. from : 

0 =
t

2s0

∂

∂η5

∂

∂η7
G+

(D−5)
2

∂

∂η7
G+ (D− 11

2
)
∂

∂η5
G

−η2
∂

∂η2

∂

∂η7
G−η2

∂

∂η2

∂

∂η5
G−η5

∂2

∂η2
5
G

− 1
2

(η2+η5+η7)
∂

∂η5

∂

∂η7
G+ · · · . (145)

 

2.    Solving the system of equations

Of  these  nine  equations,  exactly  six  contain  degree-
two operators. After Gaussian elimination, we obtain 

∂8∂9 ∂2∂5 ∂2∂7 ∂5∂7 Linear Comb.
2s0

s
Ôup

0;8 (137)
t

2s0
(140)

t
2s0

(141)
t

2s0
(145)

Ôup
0;8(139)− Ôup

0;9(137)

(141)− (144)


,

(146)

∂2∂5

∂2∂7 ∂5∂7 ∂8∂9

which  yields  three  T1A-type  reduction  rules  for ,
, and , one T1B-type reduction rule for , and

two residual degree-one equations: 

0 = −Ôup
0;2
∂

∂η2
G+ Ôup

0;7
∂

∂η7
G+ · · · , (147)
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0 = Ô0;9,1
∂

∂η9
G− Ô0;8,1

∂

∂η8
G+ · · · , (148)

where the zero-index operators are: 

Ô0;9,1 =
1
2

Ôup
0;9

Å
Ôup

0;9−η8
∂

∂η8

ã
, (149)

 

Ô0;8,1 =
1
2

Ôup
0;8

Å
Ôup

0;9+η8
∂

∂η8

ã
. (150)

We now combine the existing and newly derived de-
gree-one  equations.  However,  an  important  subtlety

∂8 ∂9arises: a naive elimination of  and  using Eqs. (138)
and  (148)  would  yield  a  leading  coefficient  proportional
to 

Ô0;9,1Ôup
0;8− Ô0;8,1Ôup

0;9 = −
1
2

(Ôup
0;9+ Ôup

0;8)η8
∂

∂η8
. (151)

η8
∂

∂η8
n8 = 0

Since this operator contains , it vanishes on the
boundary . Consequently, it cannot serve as a glob-
ally valid  leading  coefficient  for  the  reduction.  To  cir-
cumvent this  structural  obstruction,  we modify the elim-
ination strategy and maintain the rules in a form that  re-
mains well-defined on the relevant lattice boundaries:

 

∂8 ∂9 ∂2 ∂5 ∂7

(3−D)η8∂8−η2
8∂

2
8

Ä
Ôup

0;9−η8∂8

ä
(138)+ (148)

Ôup
0;8 −Ôup

0;9 (138)

Ôup
0;2 −Ôup

0;5 (143)

Ôup
0;5 −Ôup

0;7 (142)

(147)+ (142)+ (143)


. (152)

(n2,n5,n7) (0,N5,0) N5 ⩽ n2+n5+n7

(n8,n9) (N8,0) N8 ⩽ n8+n9

n8 ⩾ 2
n8 = 0 n8 = 1

The  rules  in  the  third  and  fourth  rows  reduce
 to , where . The second

row then reduces  to , where . Fi-
nally,  the  first  row  reduces  any  point  with  to  the
cases  or .

Since all four new degree-one reduction rules are TB-
type, we exclude them from the global update step. This
preserves  the  simpler  degree-two  TA-type  rules,  which
remain more convenient for practical reduction. 

3.    Completeness check

n2 n7 n9

n8 0 1
U1 U2

Substituting these newly derived rules into the irredu-
cible subsets reduces , , and  to zero. Additionally,
the index  is  constrained to the values  or . The re-
sidual irreducible set resulting from  and  is there-
fore restricted to 

U2nd = (0,0,0,0,n5,0,0,0,0)∪ (0,0,0,0,0,0,0,1,0).
(153)

n5The subset governed by  retains an infinite tower of
points. A third iteration is therefore required to complete
the reduction. 

C.    The third iteration for reducing the final set
U2ndAt this stage, the residual set  is already so con-

strained  that  most  newly  generated  equations  are  either

∂5 ∂8

trivial or redundant. Consequently, it suffices to focus on
the  essential  operators  and  applied to  selected  de-
gree-one relations from the previous iteration. We present
only the new relations required to eliminate the final irre-
ducible subset.

∂5 (142)First,  we  apply  to  the  degree-one  relation .
After  simplifying  the  result  using  previously  established
reduction rules, we obtain the following degree-two equa-
tion: 

0 =
î
Ôup

0;5−1
ó ∂2

∂η2
5
G+ · · · , (154)

∂2
5

n5 ⩾ 2 n5 = 0, 1

which  is  a  degree-two  T1B-type  reduction  rule  for .
This  allows  us  to  rigorously  reduce  any  integral  with

 to .
∂8 (143)

∂8 ∂5 ∂2

− s+ t
2s0

(143) ∂2

∂8 ∂5

Next, we apply  to the relation . Upon simpli-
fication,  the  resulting  equation  involves , ,  and .
By  combining  this  with ,  the  component
cancels  exactly,  yielding  a  degree-one  T1B-type equa-
tion relating  and : 

0 =
s0

s

î
Ôup

0;8(Ôup
0;8)−1

ó ∂
∂η8

G+
t

2s0
Ôup

0;5
∂

∂η5
G+ · · · , (155)

∂8 ∂5

n8 n8 = 0

which provides a rule to fully express  in terms of .
Using this  relation,  we  can  systematically  and  uncondi-
tionally reduce  to .
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ni i , 5
n5 {0,1}

At  the  conclusion  of  this  third  and  final  iteration,
every index  with  has been reduced to zero, while
the  remaining  propagator  index  is  restricted  to .
Consequently, we obtain two master integrals: 

M = {(0,0,0,0,0,0,0,0,0), (0,0,0,0,1,0,0,0,0)} ,
(156)

which  constitute  the  complete  master-integral  basis  for
the  top  sector.  The  planar  double-box example  thus  ter-
minates  after  three  iterations,  confirming  that  the  same
operator-based strategy remains effective well beyond the
sunset family. 

VI.  TOP SECTOR OF THE TWO-LOOP NON-
PLANAR MASSLESS DOUBLE-BOX

We  next  consider  the  two-loop  non-planar  massless
double-box  diagram  shown  in Fig.  4.  This  example  is
more  complex  than  the  planar  double  box,  as  the  non-
planar routing results in a less transparent organization of
the irreducible  lattice.  Consequently,  it  provides  a  rigor-
ous  test  of  robustness:  if  the  same  iterative  framework
closes cleanly in this context, the method is not restricted
to particularly simple routing structures.

k1 k2 k3 k4 k2
i = 0∑4

i=1
ki = 0

s = 2k1 · k2 t = 2k2 · k3

As  in  the  previous  example,  four  external  momenta
, , , and  satisfy the on-shell conditions  and

momentum  conservation , leaving  two  inde-
pendent  kinematic  scales:  and .  The
complete set of Lorentz scalars is explicitly chosen as: 

D1 = ℓ1
2, D2 = (ℓ1− k1)2, D3 = (ℓ1− k1− k2)2,

D4 = ℓ2
2, D5 = (ℓ2+ k4)2, D6 = (ℓ2− ℓ1+ k1+ k2+ k4)2,

D7 = (ℓ2− ℓ1)2, D8 = ℓ1 · k4, D9 = ℓ2 · k1,

(157)

D1 · · ·D7

D8,D9

where  are the standard propagators defining the
topology, and  serve as ISPs. The generating func-
tion for the top sector is defined as: 

G1111111(η⃗) =
∫ 2∏

i=1

dDℓi
iπD/2

e
∑9

j=8
η jD j/s0

7∏
i=1

1
Di−ηis0

, (158)

G =G1111111For  simplicity,  we  set  throughout the  re-
mainder of this section.

As the  general  workflow  has  been  detailed  in  previ-
ous  examples,  we  streamline  the  present  discussion  by
displaying only the essential relations obtained at each it-
eration,  along  with  the  auxiliary  equations  required  for
the subsequent step. As before, we make only the leading
and  next-to-leading operator  structures  explicit,  absorb-
ing  lower-degree  terms  into  ellipses.  Consequently,  the
emphasis of this section is not on reproducing every inter-
mediate  manipulation,  but  on  demonstrating  how  the
same  iterative  logic  persists  in  a  more  entangled  lattice
geometry. 

A.    The first iteration from IBP relations
Following  the  same  procedure  as  before,  we  begin

with the ten fundamental IBP relations generated by act-
ing with total derivatives on the generating function. The
degree-two operator content of these relations is summar-
ized by the matrix

 

∂1∂8 ∂2∂8 ∂3∂8 ∂4∂8 ∂5∂8 ∂6∂8 ∂7∂8 ∂1∂9 ∂2∂9 ∂3∂9 ∂4∂9 ∂5∂9 ∂6∂9 ∂7∂9

2

2 2

2 2 −2 −2

−2 −2 −2 −2 −2

2 2 2

−2

−2 −2 −2 −2

2 2

2 2

−2 −2



, (159)

 

Fig. 4.    The two-loop non-planar double-box diagram.
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After Gaussian  elimination,  we  first  extract  the  de-
gree-one core of the system. This yields two T1A-type re-
duction rules for the operators. 

∂

∂η3
,
∂

∂η1
, (160)

n1

n3

which  allow  the  reduction  of  the  propagator  indices 
and  to zero.

∂1 ∂3

Returning to the degree-two IBP relations, we update
the operator content with the newly solved descendants of

 and ,  yielding  a  set  of  T1A-type  and  T2A-type re-
duction rules. Six T1A-type rules are derived for the op-
erators 

∂

∂η7

∂

∂η8
,
∂

∂η6

∂

∂η8
,
∂

∂η5

∂

∂η8
,
∂

∂η4

∂

∂η8
,
∂

∂η2

∂

∂η8
,
∂

∂η2

∂

∂η9
,

(161)

and two T2A-type rules for the operators 

∂

∂η6

∂

∂η9
→ ∂

∂η7

∂

∂η9
,
∂

∂η4

∂

∂η9
→ ∂

∂η5

∂

∂η9
. (162)

→
∂

∂η6

∂

∂η9
∂

∂η7

∂

∂η9

Here,  indicates  that  the  reduction  rule  for  is

expressed in terms of .
Using these first-round rules, the lattice reduction can

be organized as follows:
1. Applying the degree-one relations for the operators

n1 ⩾ 1 n3 ⩾ 1
(0,n2,0,n4,n5,n6,n7,n8,n9)

(160) reduces all integrals with  or , yielding
the irreducible subset .

n8 n2 n4 n5 n6

n7 n9 n2 n4 n6 3

2.  Using  the  degree-two operator  relations  (161)  and
(162), we completely decouple  from , , , , and

, and decouple  from , , and , yielding  irre-
ducible subsets: 

U1st
1 = (0,n2,0,n4,n5,n6,n7,0,0), (163)

 

U1st
2 = (0,0,0,0,n5,0,n7,0,n9), (164)

 

U1st
3 = (0,0,0,0,0,0,0,n8,n9). (165)

The  first  iteration  thus  reduces  the  problem  to  three
residual subsets with a significantly simpler structure than
that  of  the  full  nine-dimensional  lattice.  Because  each
subset still  contains infinitely many points,  the reduction
remains incomplete; however, the remaining geometry is
now sufficiently simple to guide the subsequent iteration. 

B.    The second iteration from descendant equations
n1 n3

∂/∂ηi i , 1,3

Since  and  are already fully reduced, the second
iteration need  only  probe  the  remaining  directions.  Con-
sequently,  we  apply  for  to  the  degree-two
rules  established  in  the  first  iteration1).  After  eliminating
trivial descendants,  the integrability conditions yield six-
teen new  equations,  fourteen  of  which  still  contain  de-
gree-two operators.  Their  leading  structure  is  summar-
ized by

 

∂2∂4 ∂2∂5 ∂2∂6 ∂2∂7 ∂4∂5 ∂4∂6 ∂4∂7 ∂5∂6 ∂5∂7 ∂5∂9 ∂6∂7 ∂7∂9 ∂8∂9 ∂8∂8

− s+ t
2s0

− t
2s0

− s+ t
2s0

− t
2s0

−2Ô0;89 Ô0;89
s

2s0 s
2s0 −s

2s0−s
2s0 s

2s0 −s
2s0−t

2s0 −t− s
2s0 −s

2s0

−s
2s0

t
2s0



, (166)

An algorithm for the symbolic reduction of multi-loop Feynman integrals via generating functions Chin. Phys. C 51, (2027)
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where we introduce the zero-index operator 

Ô0;89 =
2(D−4)s0

s
+

s0

s
η8
∂

∂η8
+

s0

s
η9
∂

∂η9
. (167)

∂2∂4 ∂2∂5 ∂2∂6

∂2∂7 ∂4∂5 ∂4∂7 ∂5∂9 ∂5∂6 ∂6∂7 ∂7∂9

∂5∂7→ ∂4∂6

∂8∂9→ ∂8∂8

Gaussian elimination yields ten degree-two T1A-type
equations,  two  degree-two  T2A-type  equations,  and  two
degree-one  equations.  From  these,  we  derive  ten  T1A-
type  reduction  rules  for  the  operators , , ,

, , , , , ,  and 1),  along with
one T2A-type reduction rule, , and one T2B-
type reduction rule, . Applying these new re-
duction  rules  to  simplify  the  two  resulting  degree-one
equations alongside  the  two original  ones  yields  the  fol-
lowing coefficient matrix for the degree-one operators: 

∂2 ∂4 ∂5 ∂6 ∂7

Ôup
0;4 −Ôup

0;6

−Ôup
0;5 Ôup

0;7

Ôup
0;2 −Ôup

0;4 −Ôup
0;5

−Ôup
0;2 Ôup

0;6 Ôup
0;7

 , (168)

where the zero-index operators are defined as 

Ôup
0;i =

D−6
2
−ηi
∂

∂ηi
. (169)

One  linear  combination  reduces  to  degree  zero.  The
remaining  structure  yields  three  degree-one  T2B-type
rules for the operators. 

Ôup
0;2
∂

∂η2
→
Å

Ôup
0;4
∂

∂η4
, Ôup

0;5
∂

∂η5

ã
, Ôup

0;6
∂

∂η6
→ Ôup

0;4
∂

∂η4
,

Ôup
0;7
∂

∂η7
→ Ôup

0;5
∂

∂η5
,

(170)

These newly extracted rules further decompose the ir-
reducible sets as follows:

Ôup
0;2
∂

∂η2

Ôup
0;6
∂

∂η6
Ôup

0;7
∂

∂η7
U1st

1

1. Applying T2B-type rules to the operators ,

, and  reduces the set  to
 

(0,0,0,n4,n5,0,0,0,0). (171)

∂

∂η4

∂

∂η5

Then,  by  applying  the  T1A-type  rule,  the  operator

 can be decomposed into
 

(0,0,0,n4,0,0,0,0,0)∪ (0,0,0,0,n5,0,0,0,0). (172)

∂

∂η5

∂

∂η9
Ôup

0;7
∂

∂η7
U1st

2

2.  Applying  the  T1A-type  rule  for  the  operator

 and  the  T2B-type  rule  for ,  the  set 
fragments into 

(0,0,0,0,n5,0,0,0,0)∪ (0,0,0,0,0,0,0,0,n9). (173)

2Ô0;89
∂

∂η8

∂

∂η9
Ô0;89

∂2

∂η2
8

U1st
3

3. Application of the T2B-type rule to reduce the op-

erator  to  fragments  the  set 
into 

(0,0,0,0,0,0,0,n8,0)∪ (0,0,0,0,0,0,0,0,n9). (174)

After  the  second  iteration,  every  remaining  irreducible
subset is supported on a single nonzero index: 

U2nd
1 = (0,0,0,n4,0,0,0,0,0), (175)

 

U2nd
2 = (0,0,0,0,n5,0,0,0,0), (176)

 

U2nd
3 = (0,0,0,0,0,0,0,n8,0), (177)

 

U2nd
4 = (0,0,0,0,0,0,0,0,n9). (178)

This  already  represents  a  substantial  simplification:
the coupled  subsets  from  the  first  iteration  have  col-
lapsed  to  one-dimensional  towers.  Nevertheless,  a  third
iteration is  required  because  each  of  these  towers  re-
mains infinite. 

C.    The third iteration for reducing the final sets

n2 n6 n7
∂

∂ηi
i = 4,5,8,9

Continuing  the  same  procedure,  and  using  the  fact
that , , and  have been fully reduced, we apply only

 for  to the three degree-one relations estab-
lished in the second iteration. This yields four degree-two
equations involving three degree-two operators: 

∂

∂η4

∂

∂η6

∂2

∂η2
4

∂2

∂η2
5

−Ôup
0;6 Ôup

0;4−1
(D−6)(s+ t)

2t
1− Ôup

0;5

1− Ôup
0;4

1− Ôup
0;5


, (179)
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and  four  valid  degree-one equations  involving  four  de-
gree-one operators: 

∂

∂η4

∂

∂η5

∂

∂η8

∂

∂η9
(s+ t)

2s0
Ôup

0;4 Ô0;89,1

t
2s0

Ôup
0;5 Ô0;89,1

s+ t
2s0

Ôup
0;4

t
2s0

Ôup
0;5 Ô0;89,2

t
2s0

Ôup
0;5 Ô0;89,3 Ô0;89,1


, (180)

∂

∂η4

∂

∂η8

∂

∂η9

After  eliminating  trivially  generated  dependencies,
simplifying via descendant reduction rules, and perform-
ing Gaussian elimination, we first obtain three degree-one

T2B-type rules for the operators , , and :
 

Ôup
0;5
∂

∂η5
→ Ôup

0;4
∂

∂η4
, Ô0;89,1

∂

∂η8
→ Ôup

0;4
∂

∂η4
,

Ô0;89,2
∂

∂η9
→
Å

Ô0;89,3
∂

∂η8
, Ôup

0;4
∂

∂η4

ã
, (181)

Ô0;89,1 Ô0;89,2 Ô0;89,3where  the  zero-index operators , ,  and 
are defined by 

Ô0;89,1 =
(D−5)(2D−9)s0

s
+

(3D−13)η9s0

s
∂

∂η9
+
η2

9s0

s
∂2

∂η2
9

+
(D−5)η8s0

s
∂

∂η8
+
η8η9s0

s
∂

∂η8

∂

∂η9
, (182)

 

Ô0;89,2 =
(D−4)(2D−9)s0

s
+

3(D−4)η9s0

s
∂

∂η9
+
η2

9s0

s
∂2

∂η2
9

+
6(D−4)η8s0

2s
∂

∂η8
+

2η8η9s0

s
∂

∂η8

∂

∂η9
+
η2

8s0

s
∂2

∂η2
8
,

(183)

 

Ô0;89,3 =
(D−6)s0

2s

Å
(2D−9)+η8

∂

∂η8
+η9

∂

∂η9

ã
,

(184)

Ôup
0;4, Ô

up
0;5and  are defined in (169).

η4 η5

Additionally,  we  derive  two crucial  T1B-type reduc-
tion rules for the second-order derivatives associated with

 and : 

(1− Ôup
0;4)
∂2

∂η2
4
G , (1− Ôup

0;5)
∂2

∂η2
5
G . (185)

Under these final rules, the remaining irreducible sets col-

lapse as follows:
∂

∂η5
∂

∂η8

∂

∂η9
n5,n8,

n9

U2nd
2 U2nd

3 U2nd
4

U2nd
1

1. Applying the T2B-type rules to the operators ,

,  and  unconditionally  reduces  the  indices 
and  to zero.  Consequently,  the  infinite  lines  corres-
ponding to the sets , ,  and  are completely
reduced to .

∂2

∂η2
4

U2nd
1

n4 ∈ {0,1}

2. Applying the T1B-type rule for the reduction oper-

ator  ultimately restricts the remaining subset  to
.

At this stage, the infinite towers have been fully elim-
inated, leaving only a finite set of master integrals: 

I1 = (0,0,0,0,0,0,0,0,0), I2 = (0,0,0,1,0,0,0,0,0),

(186)

This  completes  the  reduction  for  the  non-planar  double
box. Although the intermediate operator structure is more
complex and the decoupling pattern less transparent than
in the planar case, the same iterative logic drives the irre-
ducible lattice to a finite master-integral basis. 

VII.  THE SUBSECTOR OF THE SUNSET
DIAGRAM

G110

The  preceding  examples  focused  on  top  sectors.  To
demonstrate that the formalism is not limited to this con-
text,  we  now  consider  the  subsector  of  the  sunset
family. This example is conceptually important because it
illustrates  how  the  same  operator-based  strategy  applies
after  part  of  the  propagator  structure  has  been  removed.
Using the kinematics introduced in Section IV, we again
extract  the  reduction rules  directly  and track their  action
on the remaining lattice. 

A.    Degree-one rules from fundamental IBP relations
From the six fundamental IBP relations, we derive the

coefficient matrix for four equations of degree two: 

∂3∂1 ∂4∂1 ∂5∂1 ∂3∂2 ∂4∂2 ∂5∂2

1 2 2

2

1 2 2

2

 , (187)

and the coefficient matrix of two degree-one equations: Ü
∂1 ∂2

2m2
1/s0

2m2
2/s0

ê
. (188)
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∂/∂η1 ∂/∂η2

Diagonalizing  the  degree-one  system  yields  two  explicit
T1A-type rules for the operators  and : 

2m2
1

s0

∂

∂η1
G110→

Å
(D−2)−2η1

∂

∂η1
+η3

∂

∂η3

+η4
∂

∂η4
+2η3

∂

∂η5

ã
G110+ . . . , (189)

 

2m2
2

s0

∂

∂η2
G110→

Å
(D−2)−2η2

∂

∂η2
+η3

∂

∂η3

+η5
∂

∂η5
+2η3

∂

∂η4

ã
G110+ . . . . (190)

n1

n2

Applying these T1-type rules unconditionally reduces 
and  to zero, leaving only the irreducible set.
 

U1 = (0,0,n3,n4,n5). (191)

 

B.    Updating degree-two operators and final reduction
At this stage, it is more efficient to update the remain-

ing degree-two relations  of  the  original  IBP system than
to  generate  numerous  new  descendants.  Substituting  the
newly solved degree-one relations, Eqs. (189) and (190),
reduces the problem to a degree-one system with a coeffi-
cient matrix

 

∂3 ∂4 ∂5 η3∂
2
5 η3∂5∂4 η3∂

2
4

Ôs;34,1 2Ôs;34,1+
s0

m2
1
η3∂3

2s0

m2
1

Ôs;34,1
s0

m2
1

Ôs;35,2 2Ôs;35,2+
s0

m2
2
η3∂3

2s0

m2
2

Ôs;35,2
s0

m2
2


. (192)

∂

∂η3

∂

∂η4

∂

∂η5

Applying Gaussian  elimination  to  this  updated  sys-
tem  yields  four  new  degree-one  equations.  From  these
equations, we derive three key reduction rules for the op-

erators , , and :
 

Ôs;34,1
∂

∂η3
→
Å

(2Ôs;34+
s0

m2
1
η3
∂

∂η3
)
∂

∂η5
,η3
∂2

∂η2
5

ã
,

(193)

 

Ôs;34,1
∂

∂η4
→ η3

∂

∂η5

∂

∂η4
, (194)

 

Ôs;35,2
∂

∂η5
→ η3

∂

∂η5

∂

∂η4
, (195)

where we introduce the respective zero-index coefficient
operators: 

Ôs;i j,k =
s0

2m2
k

Å
(D−1)+ηi

∂

∂ηi
+η j

∂

∂η j

ã
. (196)

Using these updated equations,  the remaining irredu-
cible  set  is  resolved  in  a  straightforward  hierarchical
manner:

Ôs;34,1
∂

∂η3
1.  We  first  apply  the  rule  for  (Eq.  (193)),

which  has  the  highest  priority.  Although  the  right-hand

η3
∂2

∂η2
5

n3 η3

n3 = 1
n3 = 1 n3 = 0 U1

side contains an operator with a negative index compon-

ent, namely , this poses no difficulty for the reduc-
tion  of .  The  factor  implies  that  the  corresponding
contribution begins only at ,  so it  does not impede
the reduction from  to .  The set  is there-
fore reduced to 

U2 = (0,0,0,n4,n5). (197)

n3 = 0
η3

∂

∂η4

∂

∂η5

2.  When ,  every  term  containing  an  explicit
factor of  vanishes identically. Consequently, the right-
hand  sides  of  Eq.  (194)  and  Eq.  (195)  vanish,  and  these

two relations reduce to T1A-type rules for  and .
Applying  these  rules  reduces  the  residual  set  to  a  single
master integral with all indices equal to zero: 

I = (0,0,0,0,0). (198)

In summary,  the  sunset  subsector  closes  without  re-
quiring  a  separate  descendant-equation  analysis  beyond
the  updated  IBP system.  This  example  complements  the
top-sector  discussion  by  demonstrating  that  the  same
framework naturally  handles  lower  sectors  and  consist-
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ently yields a finite master-integral basis—in this case, a
single master integral. 

VIII.  THE SUBSECTOR OF TWO-LOOP MASS-
LESS NON-PLANAR BOX

D2

We conclude the sequence of worked examples with a
nontrivial  subsector  of  the two-loop massless  non-planar
box.  Employing  the  kinematics  introduced  in  Section  6,
we  consider  the  subsector  in  which  is  treated  as  an
ISP. This example is not redundant with respect to the top

non-planar sector; rather, it demonstrates that the method
remains  applicable  when  the  sector  structure  changes
while the non-planar geometry is preserved. To maintain
a  focused  presentation,  we  omit  lengthy  intermediate
matrices that do not contribute conceptually and focus on
the key reduction rules.
 

A.    The first iteration from fundamental IBP relations
The  original  ten  fundamental  IBP  relations  yield  the

coefficient matrix of the degree-two equations as:

 

∂2∂1 ∂2∂3 ∂2∂6 ∂2∂7 ∂1∂8 ∂3∂8 ∂4∂8 ∂5∂8 ∂6∂8 ∂7∂8 ∂4∂9 ∂5∂9 ∂6∂9 ∂7∂9

2

2 2

1 1 1 1 2 2

−1 −1 −1 −1 2 2 −2 −2

2 2

−2 −2

−2

−1 −1 −2 −2 −2 −2

1 1 −2 −2 −2 −2 2 2 2 2

2 2



. (199)

∂i∂8

i = 4,5,6,7

After  Gaussian  elimination,  we  derive  four  degree-
two  T1A-type  reduction  rules  for  the  operators 
( ),  along  with  two  explicit  degree-one  T1A-
type scaling rules for the operators 

∂

∂η1
,
∂

∂η3
. (200)

n1 n3Applying these T1-type rules reduces  and  to zero.

∂/∂η1 ∂/∂η3

∂/∂η1 ∂/∂η8 ∂/∂η3 ∂/∂η8

These initial  rules  yield  an  important  strategic  con-
sequence: once  and  are resolved, the remain-
ing degree-two relations  can  be  updated  to  reveal  a  new
degree-one  reduction  rule.  In  particular,  updating  the
equations  involving  and ,  and
subsequently performing Gaussian elimination, yields the
key T1B-type rule. 

Ôa
0;8
∂

∂η8
, (201)

where the zero-index operator is given by: 

Ôa
0;8 =

s0

s

Å
2(D−4)+η9

∂

∂η9
+η8

∂

∂η8
+η2

∂

∂η2

ã
. (202)

n8Applying this rule reduces the index  to zero.

∂

∂η2

∂

∂η6

∂

∂η4

∂

∂η9

Furthermore,  we  present  two  T2A-type  reduction

rules  for  the  degree-two  operators  and ,
namely 

∂

∂η2

∂

∂η6
→
Å
∂

∂η2

∂

∂η7
,
∂

∂η6

∂

∂η9
,
∂

∂η7

∂

∂η9

ã
, (203)

 

∂

∂η4

∂

∂η9
→ ∂

∂η5

∂

∂η9
. (204)

n2 n6

n4 n9

Applying these rules decouples the index  from 
and  from , thereby fragmenting the irreducible set as
follows:

∂

∂η1
∂

∂η3
Ô0;a,8

∂

∂η8

1.  Applying  degree-one  rules  to  the  operators ,

, and , we obtain an irreducible set:
 

(0,η2,0,η4,η5,η6,η7,0,η9). (205)

2.  Using  the  degree-two  rules  for  the  operators
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∂

∂η2

∂

∂η6

∂

∂η4

∂

∂η9
 and ,  we  decompose  the  irreducible  set

into four irreducible subsets: 

U1st
1 = (0,n2,0,n4,n5,0,n7,0,0), (206)

 

U1st
2 = (0,0,0,n4,n5,n6,n7,0,0), (207)

 

U1st
3 = (0,0,0,n4,n5,0,n7,0,n9), (208)

 

U1st
4 = (0,0,0,0,n5,n6,n7,0,n9). (209)

Since  infinitely  many  lattice  points  remain  unreduced,  a
second iteration is required. 

B.    The second iteration from descendant equations

n2 n4 n5 n6 n7 n9

∂/∂ηi i = 2,4,5,6,7,9

After the first iteration, the remaining unreduced set is
spanned  by , , , , ,  and . The  second  itera-
tion  therefore  considers  only  these  directions.  Following
the general  algorithm,  we  apply  the  remaining  derivat-
ives  for  to the equations established
in the first step. Particular attention is given to the degree-
zero relation, as it can generate structurally novel degree-
one constraints.

After updating the newly generated equations with the
previously  established  reduction  rules,  we  obtain  twelve
degree-one equations and seven degree-two equations. To
achieve  full  reduction,  the  degree-one  equations  suffice;
their coefficient matrix is:

 

∂2 ∂4 ∂5 ∂6 ∂7 ∂8 ∂9 η2∂6∂9 η2∂7∂9 η2∂8∂9 η2∂9∂9 η9∂2∂8

Ôb
0;2 −Ôc

0;2 2Ôc
0;2 − t

2s
Ôb

0;4

Ôb
0;5

Ôb
0;6 2

Ôb
0;7 2

− t
2s

Ôc
0;9 Ôb

0;9 −1 2

Ôe
0;4

Ôe
0;5

Ôe
0;6 −1

Ôe
0;7 −1

Ôup
0;4 Ôup

0;6

Ôup
0;5 Ôup

0;7



. (210)

where the zero-index operators are defined as
 

Ôb
0;4 =Ôb

0;5 = 1− η9

2
∂

∂η9
−η7

∂

∂η7
−η6

∂

∂η6

+η5
∂

∂η5
+η4

∂

∂η4
+
η2

2
∂

∂η2
, (211)

 

Ôb
0;6 =Ôb

0;7 = −1− η9

2
∂

∂η9
−η7

∂

∂η7
−η6

∂

∂η6

+η5
∂

∂η5
+η4

∂

∂η4
+
η2

2
∂

∂η2
, (212)

 

Ôe
0;4 =

4−D
2
+η6

∂

∂η6
−η5

∂

∂η5
− η2

2
∂

∂η2
, (213)

 

Ôe
0;5 =

D−6
2
+η6

∂

∂η6
−η5

∂

∂η5
+
η9

2
∂

∂η9
, (214)

 

Ôe
0;6 =

−D+6
2
+η6

∂

∂η6
−η5

∂

∂η5
− η2

2
∂

∂η2
, (215)

 

Ôe
0;7 =

−4+D
2
+η6

∂

∂η6
−η5

∂

∂η5
+
η9

2
∂

∂η9
, (216)

 

Ôb
0;2 =

1
2
− η9

2
∂

∂η9
−η7

∂

∂η7
−η6

∂

∂η6
+η5

∂

∂η5

+η4
∂

∂η4
+
η2

2
∂

∂η2
, (217)

 

Ôb
0;9 = Ôb

0;2−1, (218)
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Ôc
0;i = 1+ηi

∂

∂ηi
, (219)

Ôup
0;iand the operators  are defined in (169).

Through Gaussian  elimination  and  simplification  us-
ing the existing rules,  we derive four T1B-type rules for
the degree-one operators: 

Ôb
0;4
∂

∂η4
, Ôb

0;5
∂

∂η5
,
Ä

Ôb
0;6+2Ôe

0;6

ä ∂
∂η6
,Ä

Ôb
0;7+2Ôe

0;7

ä ∂
∂η7
. (220)

Additionally, we extract two T2B-type rules, namely 

Ôa
0;8Ôb

0;2
∂

∂η2
→
Å

Ôa
0;8Ôc

0;2
∂

∂η8
, Ôa

0;8Ôc
0;2
∂

∂η9

ã
, (221)

 

Ôb
0;9
∂

∂η9
→
Å

Ôc
0;9
∂

∂η8
,η2
∂

∂η8

∂

∂η9
,η2
∂2

∂η9

ã
, (222)

Ôa
0;8

η9
∂

∂η2

∂

∂η8

where the previously defined operator  is applied be-
cause  we  employ  the  T1B-type  reduction  rule  (201)  to

update the operator .
These newly derived rules reduce the irreducible sets

as follows:

U1st
1 (0,n2,0,0,0,0,0,0,0) U1st

2 (0,0,0,0,0,0,0,0,0)
U1st

3 U1st
4 (0,0,0,0,0,0,0,0,n9)

1.  By  applying  the  four  T1B-type  rules,  we  reduce
 to ,  to ,

and both  and  to .
Ôa

0;8Ôb
0;2
∂

∂η2
(0,n2,0,0,0,0,0,0,0) (0,0,0,0,0,0,0,
n8,n9) (0,0,0,0,0,0,0,
0,n9)

2.  Applying  the  reduction  rule  for  to
 maps  this  set  to 

,  which already contains  the  subset 
.

n2 = 0 Ôb
0;9
∂

∂η9
3. At the bound , the reduction rule for 

simplifies to 

Ôb
0;9
∂

∂η9
→ Ôc

0;9
∂

∂η8
. (223)

(0,0,0,0,0,0,0,n8,n9) (0,0,0,0,0,0,0,
0,0)

Thus,  together  with  the  reduction  rule  (201),  the  set
 can  be  reduced  to 

.

∂

∂ηi

Following  the  second  iteration,  we  have  derived  a

complete  set  of  reduction  rules  for  each . Con-
sequently,  any  integral  in  this  subsector  reduces  to  the
unique master integral, 

I = (0,0,0,0,0,0,0,0,0). (224)

 

VIIII.  DEGENERATE TOPOLOGY: ELIMINA-
TION OF THE TOP SECTOR

In  this  section,  we  examine  a  qualitatively  different
scenario: a family whose top sector is degenerate, mean-
ing it  contains  no  master  integrals  and  reduces  com-
pletely to subsectors. This example is significant because
it  demonstrates  that  the  formalism  extends  beyond  the
construction of finite master-integral bases. Furthermore,
it  can identify  cases  where  the  top sector  itself  is  absent
as  an  independent  component  of  the  reduction  problem.
We consider the topology defined by the integral family 

I(ai) =
∫ 2∏

j=1

dDℓ j

iπD/2

1
5∏

i=1

Dai
i

, (225)

with the conventional two-loop configuration: 

D1 = ℓ
2
1 , D2 = (ℓ1−K)2 , D3 = ℓ

2
2 ,

D4 = (ℓ2−K)2 , D5 = (ℓ1− ℓ2)2 . (226)

L = 2 E = 1
N = 5

Since  and , the number of complete basis in-
variants is exactly . Consequently, there are no Irre-
ducible  Numerator  Parts  (ISPs).  The generating function
for the top sector is explicitly given by: 

G =
∫ 2∏

j=1

dDℓ j

iπD/2

1∏5
i=1(Di− s0ηi)

. (227)

η1 = 0

To concisely  describe  the  reduction  to  lower  topologies,
we introduce a compact notation for the subsector gener-
ating functions. For example, the boundary function cor-
responding  to  the  contraction  of  the  first  propagator
( ) is denoted by: 

B1 ≡G(η1 = 0,η2,η3,η4,η5) , (228)

B2 B3 B4 B5with analogous definitions for , , , and . 

A.    IBP generation and degree-zero constraints
Applying  the  standard  IBP  differential  operators,  we

obtain six fundamental  relations.  In the absence of  ISPs,
this initial system consists solely of degree-one operators
acting on G, offset by subsector terms: 

0 =
s
s0

∂

∂η2
G+
ï
(D−4)+ (−η1+η3−η5)

∂

∂η5

−(η1+η2)
∂

∂η2
−2η1

∂

∂η1

ò
G−
ï
∂

∂η5
+
∂

∂η2

ò
B1+

∂

∂η5
B3,

(229)
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0 =
s
s0

∂

∂η2
G−
ï

(η1−η3+η5)
∂

∂η5
+ (η1+η4−η5)

∂

∂η2
+ (η1+η3+η5)

∂

∂η1

ò
G−
ï
∂

∂η5
+
∂

∂η2

ò
B1

+

ï
∂

∂η5
− ∂
∂η1

ò
B3−

∂

∂η2
B4+

ï
∂

∂η2
+
∂

∂η1

ò
B5, (230)

 

0 =
s
s0

ï
∂

∂η2
− ∂
∂η1

ò
G+
ï

(−η1+η2)
ï
∂

∂η5
+
∂

∂η2
+
∂

∂η1

ò
+ (η3−η4)

∂

∂η5

ò
G−
ï
∂

∂η5
+
∂

∂η2

ò
B1

+

ï
∂

∂η5
+
∂

∂η1

ò
B2+

∂

∂η5
B3−

∂

∂η5
B4, (231)

 

0 =
s
s0

∂

∂η4
G+
ï

(η1−η3+η5)
∂

∂η5
− (η2+η3−η5)

∂

∂η4
− (η1+η3−η5)

∂

∂η3

ò
G+
ï
∂

∂η5
− ∂
∂η3

ò
B1

−
ï
∂

∂η5
+
∂

∂η4

ò
B3−

∂

∂η4
B2+

ï
∂

∂η4
+
∂

∂η3

ò
B5, (232)

 

0 =
s
s0

∂

∂η4
G+
ï

(D−4)+ (η1−η3−η5)
∂

∂η5
− (η3+η4)

∂

∂η4
−2η3

∂

∂η3

ò
G+

∂

∂η5
B1−
ï
∂

∂η5
+
∂

∂η4

ò
B3, (233)

 

0 =
s
s0

ï
∂

∂η4
− ∂
∂η3

ò
G+
ï

(η1−η2)
∂

∂η5
+ (−η3+η4)

ï
∂

∂η5
+
∂

∂η4
+
∂

∂η3

òò
G+

∂

∂η5
B1−

∂

∂η5
B2

−
ï
∂

∂η5
+
∂

∂η4

ò
B3+

ï
∂

∂η5
+
∂

∂η3

ò
B4. (234)

{ ∂
∂η1
,
∂

∂η2
,
∂

∂η3
,
∂

∂η4
}

(0,0,0,0,n5)

Consequently,  there  are  six  equations  but  only  four
independent degree-one operators governing the top-sec-

tor  system,  namely .  Diagonalizing
the  corresponding  coefficient  matrix  yields  four  T1A-
type  reduction  rules,  reducing  any  top-sector  integral  to
the subset .  More importantly,  the remaining
two  independent  linear  combinations  contain  no  degree-
one  terms,  yielding  pure  degree-zero  constraints.  These
degree-zero equations serve as a key indicator that the top
sector may be degenerate.

Specifically, the combination of Eqs. (229) and (230)
evaluates to: 

0 =
ï

(D−4)−2η5
∂

∂η5
+ (−η2+η4−η5)

∂

∂η2

+(−η1+η3−η5)
∂

∂η1

ò
G+
ï
∂

∂η2
B4−

∂

∂η2
B5

+
∂

∂η1
B3−

∂

∂η1
B5

ò
, (235)

while the combination of (233)–(232) yields: 

0 =
ï

(D−4)−2η5
∂

∂η5
+ (η2−η4−η5)

∂

∂η4

+(η1−η3−η5)
∂

∂η3

ò
G+
ï
∂

∂η4
B2−

∂

∂η4
B5

+
∂

∂η3
B1−

∂

∂η3
B5

ò
. (236)

These degree-zero constraints constitute the defining fea-

ture of this degenerate topology.
 

B.    Update the degree-zero equations

(0,0,0,0,n5)

To exploit  these constraints,  we apply the four  T1A-
type reduction rules to the degree-zero equations. On the
restricted subset , Eq. (235) simplifies to
 

0 =
ï
(D−4)−2η5

∂

∂η5

ò
G+

2s0

s
η5

ï
(D−4)−η5

∂

∂η5

ò
G

+

ï
∂

∂η2
B4−

∂

∂η2
B5+

∂

∂η1
B3−

∂

∂η1
B5

ò
+

s0

s
η5

×
ïï
∂

∂η2
+
∂

∂η5

ò
B1−
ï
∂

∂η5
+
∂

∂η1

ò
B2−

∂

∂η5
B3+

∂

∂η5
B4

ò
,

(237)

and Eq. (236) simplifies to
 

0 =
ï
(D−4)−2η5

∂

∂η5

ò
G+

2s0

s
η5

ï
(D−4)+η5

∂

∂η5

ò
G

+

ï
∂

∂η4
B2−

∂

∂η4
B5+

∂

∂η3
B1−

∂

∂η3
B5

ò
+

s0

s
η5

×
ï
∂

∂η5
B1+

∂

∂η5
B2−
ï
∂

∂η5
+
∂

∂η4

ò
B3−
ï
∂

∂η5
+
∂

∂η3

ò
B4

ò
.

(238)

We  now  observe  that  both  (237)  and  (238)  are  T1-type
equations for the zero-index operator.
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Ô0;1 ≡ (D−4)−2η5
∂

∂η5
. (239)

Using  this  operator,  we  reduce  all  remaining  top-sector
integrals to  subsector  contributions.  This  result  is  there-
fore  stronger  than  ordinary  completeness:  the  top  sector
itself contains no master integrals.

Furthermore,  subtracting  (237)  from  (238)  yields  a
nontrivial relation among subsectors,  indicating that  cer-
tain  subsectors  are  not  independent.  We  do  not  pursue
this point  further here.  This example highlights a further
strength of the framework: the same operator-based ana-
lysis  can  certify  the  elimination  of  a  top  sector,  rather
than merely reducing it to a finite basis. 

X.  CONCLUSION

In this paper, we reformulated the reduction of multi-
loop  Feynman integrals  in  terms  of  generating  functions
and differential  operators.  Within  this  framework,  integ-
ration-by-parts identities  are  recast  as  differential  equa-
tions, while symbolic reduction rules emerge as operator
identities  acting  on  the  lattice  of  expansion  coefficients.
This  perspective  enables  the  treatment  of  reduction  not
merely  as  a  computational  task,  but  also  as  a  structured
algebraic problem.

Building upon this formalism, we introduced an iter-
ative algorithm that generates differential equations, sim-
plifies them using previously derived rules,  extracts new
reduction  rules  by  solving  linear  systems,  and  verifies
completeness  through the  geometry  of  irreducible  lattice
subsets. The  worked  examples  demonstrate  that  this  lo-
gic  applies  across  qualitatively distinct  scenarios:  simple
top sectors, higher-point two-loop topologies, subsectors,
and a  degenerate  case in  which the top sector  is  entirely
eliminated.

Several  aspects  of  the  present  work  are  intentionally
conservative. We have prioritized the structural formula-
tion of the method and explicit examples over implement-
ation-level  optimization  or  exhaustive  comparisons  with
alternative reduction strategies. These areas represent nat-
ural directions for future research. In particular, it  would
be  valuable  to  investigate  automated  operator-selection
strategies, a  more  systematic  incorporation  of  symmet-
ries,  and  the  application  of  this  framework  to  broader
classes of multi-loop families.

N = L(L+1)/2+LE

The examples  presented  here  do  not  establish  a  uni-
versal  scaling  advantage  for  higher-loop  families  over
families with more external legs.  In fact,  both the sunset
and  double-box  examples  are  two-loop  systems.  At  a
fixed  loop  order,  increasing  the  number  of  independent
external  momenta  expands  the  scalar  product  basis

;  however,  increasing  the  loop  order
also  expands  this  basis.  In  practice,  the  computational
cost also depends on the number of sectors, the rank and
sparsity of the operator systems, the number of master in-
tegrals, coefficient  growth,  and  the  number  of  descend-
ant  rounds.  A  quantitative  scaling  comparison  therefore
necessitates a broader set of examples and a common im-
plementation benchmark.

Overall, the generating function viewpoint provides a
unified language in which symbolic reduction rules, des-
cendant  equations,  and  completeness  conditions  can  be
treated on an equal footing. We anticipate that this formu-
lation will prove useful both for conceptual studies of IBP
reduction  and  for  the  development  of  practical  symbolic
reduction algorithms. 
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