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Abstract: In this paper, we study a self-dual black hole (BH) in loop quantum gravity (LQG) by analyzing both
timelike and null geodesics. Using observational data from Mercury’s perihelion shift and the orbit of the S2 star
around Sagittarius A* (Sgr A”), we derive constraints on the polymeric function P. We also investigate photon tra-
jectories near the self-dual BH under various scenarios to assess their observational relevance. Finally, we examine
the properties of accretion disks around the self-dual BH in LQG, including their direct and secondary images. We
further study the redshift and observed energy-flux distribution across the accretion disk, as measured by distant ob-
servers at different inclination angles. Our findings provide new insights into the physical nature and accretion prop-
erties of self-dual BHs in LQG and their possible observational consequences.
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I. INTRODUCTION

Although general relativity (GR) remains the most
successful theory of gravity, it faces unresolved prob-
lems and significant challenges. Recent observations, in-
cluding those involving VLBI [1, 2] and the Event Hori-
zon Telescope (EHT) [3, 4], have provided compelling
evidence and opened a qualitatively new era for explor-
ing the properties of astrophysical black holes (BHs).
However, from the theoretical perspective, GR predicts
spacetime singularities [5, 6] and lacks integration with
quantum mechanics [7, 8]. Observationally, it cannot
fully explain dark matter or dark energy. Singularities
arise both in the early universe [9, 10] and inside black
holes [11], where classical physics becomes inapplicable.
These shortcomings motivate the exploration and testing
of modified and quantum gravity theories as candidates
for a more fundamental theory of gravity.

In this context, Loop Quantum Gravity (LQG)
provides a compelling resolution to the classical singular-
ities of BHs and the universe. Within a minisuperspace
framework and using the LQG polymerization procedure,
a regular static metric known as the self-dual spacetime
was studied in Ref. [12]. This geometry is free of

curvature singularities, and its structure is determined by
two intrinsic LQG parameters: the minimal area and the
Barbero—Immirzi parameter. Furthermore, it exhibits a
self-duality analogous to T-duality [13, 14], which motiv-
ates its designation as self-dual spacetime. In recent
years, substantial progress has been made in the study of
BHs in LQG, with detailed discussions provided in
[15-24].

An important question is whether quantum gravity
parameters or LQG effects can produce observable signa-
tures in current or forthcoming data, thereby allowing
these effects on BH spacetimes to be directly tested or
constrained. Motivated by this question, several observa-
tional and phenomenological implications of LQG BH
spacetimes have been investigated over the past decades
in various contexts [14, 25—37]. It should be emphasized
that the impact of LQG on the shadows of rotating BHs
and on gravitational lensing has been investigated, with
observational consequences analyzed in connection with
recent EHT observations of M87" [38, 14]. Furthermore,
observational constraints on the LQG BH parameter, i.e.,
the polymeric parameter, were obtained from solar sys-
tem tests of self-dual spacetimes [34]. It is also note-
worthy that numerous works have extensively examined
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the observational implications and phenomenology of
various loop quantum BH models [39-50].

It is also worth emphasizing that solutions of both GR
and alternative theories of gravity can be probed through
astrophysical processes. In particular, X-ray data [51, 52]
and recent observations of accretion-disk properties
[53—55] provide powerful avenues for probing the nature
of gravity in strong-field regimes. Therefore, accretion
disks around black holes are regarded as key probes of
gravity and spacetime geometry in the strong-field re-
gime, as well as of high-energy processes occurring in
their immediate vicinity [53]. Accretion disks form as
matter spirals inward under gravity, loses angular mo-
mentum, and converts gravitational potential energy into
radiation. Their study is essential for improving our un-
derstanding of high-energy astrophysical phenomena, in-
cluding quasars [56, 57] and X-ray binaries [58—60].

Recent observational advances, particularly those en-
abled by the EHT, have provided important insights into
accretion flows around compact objects. In particular,
Sagittarius A" (Sgr A”) at the Galactic center serves as a
unique laboratory for testing BH accretion physics, prob-
ing the strong-field regime of gravity, and constraining
BH models [61-67]. In recent years, extensive studies of
accretion disks within different gravity models have
provided valuable insights into their behavior and the
fundamental nature of gravitational interactions [68—83].
These studies collectively play a pivotal role in probing
the strong-field regime of gravity and constraining theor-
etical models of BHs. In recent studies, the authors of
Refs. [84—86] derived the radiation properties of accre-
tion disks around quantum-corrected and charged BHs
and discussed how the quantum and charge parameters
affect the radiation properties of the disk. Given the signi-
ficance of both accretion disks and Loop Quantum Grav-
ity (LQGQG), considering a self-dual BH in LQG is particu-
larly relevant, as it can modify test-particle and null
geodesics used to model the accretion disk [87, 88] and
consequently affect observable quantities such as the in-
nermost stable circular orbit (ISCO) and accretion-disk
properties.

From an astrophysical perspective, LQG black holes
differ fundamentally from their classical counterparts and
provide a framework for probing potential quantum-grav-
itational signatures. Motivated by this, in this paper, we
investigate accretion disks around self-dual black holes,
including their images and the redshift and flux of emit-
ted radiation as seen by distant observers. These analyses
provide insights into the physical nature of the self-dual
BH spacetime and its possible observational con-
sequences. The radiation from accretion disks around
LQG black holes is particularly significant because it
may encode deviations from GR caused by quantum cor-
rections arising in LQG.

This paper is structured as follows. In Sec. II, we

briefly introduce the metric of a self-dual BH in LQG,
analyze the motion of massive particles around the BH,
and derive constraints on the quantum correction para-
meter P (polymeric function) using observational data
from Mercury’s perihelion shift and the S2 star around
Sgr A", In Sec. III, we study the effect of P on null
geodesics and photon trajectories near a self-dual BH in
LQG. In Sec. IV, we examine the properties of the accre-
tion disk around the self-dual BH in LQG and its accre-
tion images. We also discuss the redshift and observed ra-
diation flux in the accretion disk relative to the observer,
highlighting the main differences between self-dual and
Schwarzschild BHs. Finally, we present our conclusions
in Sec. V. We use units with ¢=G =M =1 throughout
the paper.

II. A SELF-DUAL BH SPACETIME IN LOOP
QUANTUM GRAVITY AND TIME LIKE
PARTICLE GEODESICS

Here, we consider a self-dual BH spacetime, often re-
ferred to as the quantum-corrected Schwarzschild BH in
LQG (see Ref. [12] for details). This spacetime arises
from a polymer-like quantization procedure in LQG that
introduces a polymeric function P associated with the
polymeric parameter 0 (or &,). In this framework, the
Schwarzschild interior is quantized using two parameters,
6, and 6., which replace the corresponding canonical
variables:

R sin(8,b) and ¢ o sm(é’cc). 0
Op Oc

It should be emphasized that &, and 6. define the
lengths of the paths along which holonomies are con-
structed, thereby setting the scales at which quantum ef-
fects become relevant. In the limit (6,,6.) — 0, the clas-
sical Schwarzschild solution is recovered. However, in
the absence of a complete theory of quantum gravity, no
definitive prescription exists for fixing these parameters.
Consequently, several proposals have been suggested in
the literature, each motivated by distinct physical or
mathematical considerations. The self-dual spacetime
considered in this work is constructed using a particular
choice in which 6, and &, are fixed as constants, corres-
ponding to the up-scheme in LQG [89, 12]. This choice
yields the effective quantum-corrected interior of the
Schwarzschild black hole. By identifying the minimum
area in the solution with the fundamental minimum area
Anin of LQG, the two free parameters can be reduced.
The remaining undetermined constant, §,, represents the
dimensionless polymeric parameter, which must be con-
strained by experiments or observations.

With these choices, the effective self-dual black hole

115103-2



Observable thin accretion disk around a self-dual black hole in loop quantum gravity

Chin. Phys. C 50, 115103 (2026)

spacetime metric in LQG, expressed in Schwarzschild co-
ordinates, can be written as follows [12]:

2

ds® = AL + o1 C()AER +5in2006D),  (2)

B(r)
with
Ar) = (r— V+)(rr4—+r;§(r+ r*)z, 3)
C(r)=r2+%§, (5)

where r, =2/(1+P)*> and r_=2P?/(1+P)*> denote the
two BH horizons, respectively. In addition, r, =2P/
(1+ P)?, where the dimensionless polymeric function P is
given by

Vi+er-1
Vite+1

P (6)

Note that € denotes the product of the Immirzi parameter
y and the polymeric parameter J, i.e., € = dy < 1, while
ay = Apin/87 is defined in terms of the minimum area in
LQG, A, ~ 4y \/§I§L. The parameter q, is therefore of
the order of the Planck area. Since all astrophysical radii
considered here satisfy r>> +/ag, the corrections associ-
ated with ay are negligible, and we set ay =0 in the fol-
lowing analysis. This approximation is valid in the exteri-
or astrophysical region but does not describe the Planck-
scale region r< +fag. In particular, setting ay=0 re-
moves the regularizing core of the full self-dual geo-
metry. Accordingly, the spacetime used below should be
understood as the simplified aq=0 exterior geometry
rather than the complete regular self-dual spacetime.

A. The geodesics of a test particle

The Hamiltonian governing the motion of a particle in
the vicinity of a self-dual BH in LQG is expressed as
[90]:

1

H= Egaﬁpzypﬁ > (7)

where p®=mu® denotes the four-momentum, with
u” = dx”/dr being the particle's four-velocity. In spheric-
al coordinates, the indices o and £ denote the coordinate
components (z,7,6,¢). The Hamiltonian is H = -m?/2 for
a massive particle, whereas for a massless particle (e.g., a

photon), H =0. The corresponding Hamilton equations
are:

dx* OH

= , 8
di  ap, ®)
dp, o0H
di ~ oxe’ ©

where A denotes the affine parameter, which is related to
the proper time 7 by 2 = 7/m.

Because the spacetime metric (2) is independent of
the coordinates ¢ and ¢, the corresponding conserved
quantities are the particle's energy, p, = —E, and angular
momentum, p, = L, respectively [90]. Thus, the Hamilto-
nian of the system yields:

H=(g"p;+8"pe+8"E*+g"L%). (10)

N =

For a massive particle with rest mass m, we further re-
strict the motion to the equatorial plane (i.e., 6 =7x/2).
The radial equation of motion is then given by

d 2 "82 o L2 1
( r) Z_M, (11

a 8rr

where &= E/m and £ =L/m denote the specific energy
and angular momentum, respectively. The azimuthal
equation of motion is given by

(sy L )

dr 8o

Combining Eqs. (11) and (12) yields the following tra-
jectory equation:

(;‘;)2 - (30e-sn(1+%)). 03

We now introduce the variable transformation.

du 1 dr
a__ 2= 14
d¢ r? d¢ (4
Under this transformation, the trajectory equation (13)
takes the form

(du>2 _ Bw&  B)

w) “awz g UL 19

where the metric functions are rewritten as
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Alw) =1 -rou)(1—-r_u)(1 +r*1,t)2 s
A-rad-ru
(1 +r.u)?

B(u) = (16)

B. The perihelion shift

Because P is a small parameter, we first expand r,,
r_, and r, to first order in P. This yields

re =2M(1 -2P)+O(P?), r_=O(P),
r. = 2MP+O(P?). (17)

Accordingly, the metric functions become

A(u) = 1 -2Mu+8MPu(1 — Mu) + O(P?),
B(u) = 1 =2Mu+8M?*Pu* + O(P). (18)

Substituting these expressions into Eq. (15) and retaining
terms up to first order in P, we obtain

du\> &-1 2M
(é) 287+T;/L—M2+2MM3
Eu Mi?

e (7

+ Mu4> +O(PY). (19)

Differentiating the above equation with respect to ¢ and
dividing both sides by 2du/d¢, we obtain

du M g(u)

w " e 0
where
8w _ oy o 4M(E +2Mu+4 LM’ ) P .
L L

Using the approach of Ref. [91], the perihelion shift over
one complete revolution can be expressed as

dg(u)
du

T

g @)

M=R

where R =a(1 —¢?) is the semi-latus rectum of the orbit.
Although the conserved specific energy & appears in
gu), the term —-4MPE? is independent of u. Con-
sequently, its derivative vanishes when g(u) is differenti-
ated with respect to u. Thus,

dg(u)

S 6ML2u—8M*P—48M> L2W*P. (22)
u

In the Newtonian approximation, the conserved quantit-
ies & and L are related to the orbital parameters by

M
L*=MR = Ma(l -¢?), 8:1—5. 23)

Substituting Eq. (22) into Eq. (21) and using = 1/R and
L? = MR, we obtain

_6aM  8xMP 487 M>P

A 24
=7 R 2 24
Restoring SI units by replacing
GM GMa(l-é*
mo M p GO o
c c
and defining
GM
= 26
@ ac%(1-e?) (26)
the perihelion shift becomes
Ay = 6ra — 8naP — 487ma’P. 27)

As an application to astronomical observations, we
examine the perihelion shift of Mercury, one of the most
precise Solar System tests of gravitational theories. The
orbital parameters of Mercury are as follows:

2GM,
2

2.95325008 x 10° [m],
c

= 5.7909175x 10" [m],
0.20563069.

S)
|

Y
I

Substituting these values into Eq. (27) yields the periheli-
on shift of Mercury:

Ap=27x(7.98744x 1078~ 1.06499 x 1077P).  (28)

In Eq. (28), the first term represents the prediction of
general relativity, whereas the second term arises from
the correction associated with the quantum correction
parameter (polymeric function) P. For comparison, the
measured perihelion advance of Mercury is given by
[92-95].

Agops = 210 % (7.98734 +0.00037) x 107 rad/rev.  (29)

To determine the upper limit on P, we require the the-
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oretical perihelion advance to remain within the lo- ob-
servational range. Because a positive value of P reduces
the perihelion advance, we compare the theoretical pre-
diction with the lower 1o observational limit. Thus,

7.98744 x 1078 - 1.06499 x 107 P
> (7.98734—0.00037) x 1078, (30)

which gives

P <0.000043. 31)

The influence of spacetime curvature on particle motion
is most pronounced in the vicinity of strong gravitational
sources, such as supermassive BHs. A well-known ex-
ample is the system consisting of the supermassive BH
Sgr A* and its companion star S2 [96]. Since Sgr A* is
approximately 10° times as massive as S2, the S2 star can
be treated as a test particle moving in the strong gravita-
tional field of the BH. According to high-precision astro-
metric measurements, the Sgr A*—S2 system is character-
ized by the following parameters:

ZGCZZWO = 2.95325008 x 10° [m],
Msgar = 4.260x 10°M,,
as, = 970([au],
lau = 1.495978707 x 10" [m],
es; = 0.884649,
Ts; = 16.052[years].

Using the parameters listed above, the perihelion shift of
the S2 star is calculated to be

Ap =48.298—64.474 P| " [year] . (32)

For comparison, the observed perihelion shift of S2's or-
bit around Sgr A” is reported as

Ap=48.298 fip | year], (33)

with fsp =1.10£0.19 [96].
Following the same procedure, we adopt the lower 1o
value, fsp =1.10-0.19 =0.91. Thus,

48.298 —64.474P > 48.298 x 0.91, (34)

which yields

P <0.067419. (35)

This estimate is obtained using the best-fit values for
the mass of Sgr A", the distance to the Galactic center,
and the orbital parameters of the S2 star, without
propagating their uncertainties into the bound on P. In ad-
dition, a possible extended mass distribution within the
S2 orbit could produce an additional precession and
thereby modify the inferred upper limit on P.

The upper limits obtained for P are larger than those
derived for Mercury in Ref. [34], whereas the constraints
determined for the S2 star are consistent with those repor-
ted in Refs. [34, 97].

III. NULL GEODESICS AROUND A SELF-DUAL
BH SPACETIME IN LQG

We now consider null geodesics around a self-dual
BH spacetime in LQG. To this end, we first rewrite the
four-momentum of a massless particle (photon) as fol-
lows:

p* =dx¥/dA. (36)

As noted above, we restrict the photon trajectory to the
equatorial plane (6 =x/2). Using Egs. (10) and (36), to-
gether with the null Hamiltonian condition H =0, we ob-
tain the following equations of motion for light propaga-
tion:

dr E

a1~ AGY’ @7
dp L

e 38)
A (dr\® Iz

For simplicity, we apply the transformation A’ = LA and
then rewrite the equations as

dr 1

dv " bAGr)’ (40)
dp 1

v~ 2’ 41)
A(r) ( dr 2_ 1 A -

%(d/l') =y 2 = Ve, (42)
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L -
where b = i denotes the impact parameter, and V.z de-

notes the normalized effective potential.
The radial motion described by Eq. (42) can be writ-
ten in terms of the azimuthal angle ¢ as follows:

A (dr\? 1 A0 -
rB(r) <@) ;@2 et (7). (43)

The photon-sphere radius is determined from the extrem-
um of the normalized effective potential,

dVeff

P =0. (44)

r=rph

Substituting the expression for V.q yields

d/1 A
5(7_ﬂ>:0 = rA(N-24()=0, (45)

b2 72

The numerical solution of this equation yields the photon-
sphere radius r,,. Solving the condition Veﬁ(rph) =0 yields
the critical impact parameter b, :

rph

VAT

Applying the substitution »=1/u to Eq. (43) yields the
following equation:

b. = (46)

du\? B ) _
<@) = AGp —u"B(u) = Gu). 47)

Using Eq. (16), we obtain the following equation:

Schw BH
¥

1

bu* ((P2+P])z * %)4
2
Amplg) |,
7).
[+

The total change in the azimuthal angle ¢ is given by a
piecewise function that depends on the impact parameter:

Gu) =

‘e dy
, b<b,.
o VGu)
p= i dy (49)
> / . b>b,,
o VG

where u, = 1/r, is the inverse of the outermost horizon
radius r,, and wuy, is the smallest positive root of
G(u) =0. Light rays arriving at a BH from an infinitely
distant source are nearly parallel. Figure 1 shows ray-tra-
cing results near a self-dual BH in LQG, demonstrating
how rays are deflected by different angles for different
values of the impact parameter b. In all plots, the colors
denote the following ranges: black for 0 < b < 4.5, red for
4.5 <b<5.5, and orange for values of b greater than 5.5.
For P=0.0, 0.015, and 0.03, the calculated critical im-
pact parameters are b, = 5.196, 4.994, and 4.803, respect-
ively. The corresponding figures show that photons with
these parameters remain within the photosphere, as indic-
ated by the blue dashed rings. As shown in the figure, the
decreasing deflection angles of the red lines indicate a
weakening gravitational field as the quantum correction
parameter P increases.

The photon trajectories produced near the BH can be
divided into three classes: direct, lensed, and photon rings
[98]. The total number of orbits can be determined from
the equation n(b) = ¢(b)/2n. To determine the boundaries
of these three classes, we use the following equation [99]

P=0015 P=003
y y

|
sl =————

——— -
e —— N

-10

L -
-10 -5 0 5 10

Fig. 1.

(color online) Photon trajectories are shown in separate plots for different values of P. In all plots, the colors are assigned as

follows: black for 0 < b < 4.5, red for 4.5 <b < 5.5, and orange for b > 5.5. The blue dashed ring represents the photon sphere.
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_ 2m—1

G m=1230 (50)

n

Here, m is the number of intersection points, i.e., the
number of times the rays cross the equatorial plane when
incident along the polar axis. In Fig. 2, the number m cor-
responds to the number of times a ray crosses the central
vertical axis. For 1/4 <n<3/4, the ray crosses the axis
once (direct). For 3/4 <n<5/4, it crosses twice (lensed).
Finally, for n>5/4, it crosses three or more times
(photon ring).

For different BHs, the limiting values of the impact
parameter b for the direct, lensed, and photon-ring re-
gimes vary. These values are listed in Table 1 and corres-
pond to the intersection points in Fig. 3. The peaks in this
figure represent the critical impact parameter b.. As the
quantum correction parameter P increases, the value of b,
decreases, indicating that the gravitational field weakens.
Figure 3 corresponds to plots 1 and 3 in Fig. 2, and the
same colors are used in both figures to represent the same
ranges of the impact parameter b.

The trajectories can be categorized into three types
[98-99]:

e Direct trajectory: The rays are deflected by an angle
¢ < 3r/2, and the number of orbits satisfies 1/4 <n<3/4
(green rays in Fig. 2).

e [ensed trajectory: The rays are deflected through
an angle in the range 37/2 < ¢ < 57/2 (blue rays).

Schw BH
y

P =0.015

e Photon ring trajectory: the number of orbits satis-
fies > 5/4 (pink rays).

Table 1 shows the classification of light rays moving
around self-dual BHs in LQG and their special case, the
Schwarzschild BH, as a function of the impact parameter
b. In the fourth column (photon ring), the light crosses the
vertical axis at least three times. The central value of the
interval in this column is defined by the critical impact
parameter b.. The number of orbits # approaches infinity
(n — o) as the impact parameter b approaches this critic-
al value (b — b.). Furthermore, if b < b., the light is ab-
sorbed by the BH. In general, as the quantum correction
parameter P increases, the properties of the self-dual BH
in LQG deviate more strongly from those of a Schwarz-
schild BH. This implies that the shadow ring and photon
sphere of the self-dual BH in LQG become smaller. For
example, for a Schwarzschild BH, the critical impact
parameter and photon-ring interval are b.~5.196 and
5.188 < b < 5.228, respectively. For a self-dual BH in
LQG with P=0.03, the corresponding values are
b. ~4.803 and 4.794 < b < 4.835.

Table 2 presents the key quantities of the LQG BH
for different values of the quantum parameter P: the out-
er event horizon, photon sphere, and ISCO radii, as well
as the critical impact parameter. Here, P = 0 corresponds
to the Schwarzschild BH, while the upper limits
P=43x107 and P =0.067 are obtained from the perihe-
lion shift around the Sun and Sgr A*, respectively (see
Subsec. I1.B). For illustrative purposes, a larger value of
the quantum parameter, P = 0.1, is also considered to bet-

n
10 -5

Fig. 2.

L
5 10

(color online) Photon trajectories as a function of b for self-dual black holes in LQG. The green, blue, and purple curves cor-

respond to 1/4 <n<3/4, 3/4<n<5/4,and > 5/4, respectively. The red dashed ring denotes the photon sphere.

Table 1. Classification of photon trajectories according to the impact parameter b.

BHs Direct (1/4 <5 <3/4) Lensed (3/4 <5 <5/4) Photon ring (5 > 5/4) b,
SchwBH 2.848 <b < 5.015 and b > 6.168 5.015<b<5.188 and 5.228 < b < 6.168 5.188 <b <5.228 5.196
P=0.015 2.725 <b<4.816 and b > 5.944 4.816 < b <4.986 and 5.026 < b < 5.944 4.986 < b <5.026 4.994
P=10.020 2.686 <b<4.752 and b > 5.873 4.752 < b <4.921 and 4.961 < b < 5.873 4.921 <b <4.961 4.929
P=0.030 2.610 <b<4.627 and b > 5.733 4.627 <b <4.794 and 4.835<b<5.733 4.794 < b < 4.835 4.803
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250 o ]
2'0; E Photon ring ]
3 1.5:— : ]

S i '
S F " 1
I 1.0r FAN Lensed 1
c i34 AN ]
0.5F .
/4 1
OO j L L L L L L L \i
3 4 5 6 7 8 9 10

b

Fig. 3. (color online) The plot shows the number of photon

orbits, #, as a function of the impact parameter, b. The solid
curve corresponds to the Schwarzschild BH, whereas the
dashed curve represents the case with P = 0.03.

Table 2. Characteristic radii and critical impact parameter of
the LQG black hole for different values of the quantum para-
meter P.

BHs rpuer T'ph b, Tisco
P=0 2 3 5.19615 6
P=43%107° 1.99983 2.99971 5.19556 5.99948
P=0.05 1.81406 2.6932 4.56409 5.45451
P =0.067 1.75671 2.59988 4.37426 5.29237

P=0.1 1.65289 2.43268 4.03711 5.01524

ter understand its effect. The table shows that, as the
quantum parameter P increases, these radii and the critic-
al impact parameter decrease. This indicates that the
gravitational field becomes weaker.

IV. IMAGES AND PHYSICAL PROPERTIES OF
THIN ACCRETION DISK AROUND SELF-
DUAL BH IN LQG

In this section, we investigate the radiative properties
of an accretion disk composed of gas, dust, and plasma
orbiting a self-dual BH in LQG. A widely used theoretic-
al framework for describing such disks is the
Novikov—Thorne model [100, 78], which treats the disk
as optically thick and geometrically thin. In this approx-
imation, the vertical thickness /4 is much smaller than the
radial extent 7, i.e., h < r, and can therefore be neglected
relative to the disk's radial size. Observationally, accre-
tion disks are typically characterized by their electromag-
netic flux, temperature distribution, and luminosity. In
what follows, we analyze in detail the influence of the
quantum-correction parameter P on the image, energy
flux, and redshift.

For the purpose of analyzing the image of a thin ac-
cretion disk, we use an observational coordinate system,

as depicted in Fig. 4. In this setup, the observer is located
at (c0,0,0) in the spherical coordinate system of the BH,
(r,0,¢), whose origin (r = 0) is defined at the center of the
BH.

Assume that, in the observer's coordinate system
O’'x"y” (the camera frame), a photon is emitted from the
point m(b,a) and propagates perpendicular to the camera
plane toward the BH, intersecting the disk at the point
M(r,m/2,¢). According to the principle of optical path re-
versibility, a photon emitted from M(r,7/2,4) on the ac-
cretion disk follows a trajectory that arrives at the image
point m(b,a) in the camera frame. In our analysis, we
consider two types of images. The direct image (by,a) is
generated by photons that propagate directly from the
disk toward the observer's camera. In contrast, the sec-
ondary image (b,,« +n) arises from photons that initially
move in the opposite direction but are bent around the
BH by gravitational lensing before reaching the observer
(see the right panel of Fig. 4).

By applying the sine theorem for spherical triangles
to AMyy and AMxx’, we obtain the following relations:

i 21—9)
S (2

sisin((z)) T i) Gb
T Ve

sin (,_90) sin (f—a/>

sir%(e) - sir%(ﬁ) ' (52)

Using the relations above, together with @+ o’ = 371/2, the
deflection angle ¢ can be expressed as follows:

o= g +arctan(tan fsin ). (53)

The angular deflections associated with the formation of
the nh-order image, denoted by ¢,, are given by [101]

Yn =

2271 +(=1)" {% + arctan(tan @sin a)} , for n even,

2

n+1

2+ (—1) {g + arctan(tan@sina)} , formodd,
(54)

where n=0 and n =1 correspond to the direct and sec-
ondary images, respectively. Suppose that a photon is
emitted from the camera plane at infinity, with coordin-
ates (b,a), and reaches a circular orbit of radius 7 in the
black hole accretion disk. In this case, the total deflection
angle of the photon along its trajectory can be expressed
as
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Fig. 4.

(b) = / Tl (55)
=) ewm

(b)=2 / R S / Tl (56)
=) New S Vew -

Figure 5 illustrates the dependence of the photon de-
flection angle ¢ on the impact parameter b. The left pan-
el shows the integral curves ¢; and ¢, for different val-
ues of the quantum correction parameter P. The peaks
correspond to the critical values b, of the impact paramet-
er. It is evident that b. decreases significantly as P in-
creases. Interestingly, as P increases, the impact paramet-
er b decreases more significantly in the n > 1 region than
in the n =0 region, indicating that the decrease rate for
secondary images is slightly larger than that for direct im-
ages. It should be noted that the curve for P =0 corres-
ponds to the Schwarzschild BH case. In the right panel of

20 ]
— P=00
— P=005
15 — P=0.1 ]
)
> 10
5
0
6 8 10
b
Fig. 5.

o' and o/ + 7 plane arctan(tanfsino)

o and o/ + 7 line{

by o' B

(color online) Schematic representation of the coordinate system used to construct the image of the accretion disk.

Fig. 5, the blue dashed curve corresponds to the photon
deflection angle ¢; at the periastron (i.e., the point of
closest approach to the BH for a given trajectory), which
is determined by

Umin 1
ws3(b) = /0 Wdu’ (57)

Note that the blue dashed curve asymptotically ap-
proaches the line ¢ = 7/2, below which the curves corres-
pond to ¢;, whereas above it they correspond to ¢,. The
intersection point of the curves corresponding to ¢;, ¢,,
and @3 gives the maximum impact parameter by, . As the
radius R increases, b, increases accordingly. The
colored regions demarcate the boundaries of the direct
(n=0) and n"-order images. The accretion disk extends
from Risco to its outer edge. For light from larger disk
radii (R =10,15,20) to reach the observer, the rays must
have correspondingly larger impact parameters, as shown

..... Toh
8 n=2 — Risco
— R=10
6F — R=15
< — R=20
S n=1
4 N, - periastron | {
S
2t n=0 /' R At T
asymp. ¢ s
‘—' [}
0
0 5 10 15 20

(color online) Image formation diagrams for various values of the quantum correction parameter P at fixed radius R = 10 (left

panel) and for various values of the radius R at fixed P = 0.05 (right panel). The innermost stable circular orbit is at Risco = 5.455, cor-

responding to the solid red curve.
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in the right panel of Fig. 4. We find that the maximum
impact parameters for these radii are b,,,, = 10.96, 15.90,
and 20.88, respectively. We also observe that the second-
ary (n> 1) images of rays originating from various radii
remain almost unchanged compared with the direct im-
age (n=0).

In this work, we use a semi-analytic ray-tracing al-
gorithm based on the optical path reversibility principle
to obtain accretion disk images. The numerical integra-
tions were performed with an accuracy of 107!°. The im-
age order is determined by the number of times the
photon crosses the plane of the accretion disk before
reaching the observer. If a photon reaches the event hori-

P=0.00, 8.=17°

P=0.05, 8=17°

zon, it is considered to be captured by the BH, and the
ray-tracing calculation is terminated. If the photon
reaches a turning point, its radial direction reverses, and it
continues propagating away from the BH.

After numerically solving Egs. (54), (55), and (56) for
the primary and secondary images, we obtain the coordin-
ates (b,a) of the accretion disk in the observer's plane
[69, 81]. In Fig. 6, the direct and secondary images of
stable circular orbits around a self-dual BH in LQG, as
observed by a distant observer, are shown for different in-
clination angles. From Fig. 6, it is evident that increasing
the quantum correction parameter P (from left to right
along each row) reduces the size of both the primary and

P=0.10, 6 =17°

P=0.00,

P=0.05,

0=53° P=0.10,

T
,
N

20

P=0.00, 6 = 85°

P=0.05,

0 10

0=85° P=0.10,

Fig. 6.

30 20 10 10 20

(color online) Direct and secondary images of the thin accretion disk around a self-dual BH in LQG. From top to bottom, the

rows represent inclination angles of 17°, 53°, and 85°; from left to right, the columns correspond to P values of 0.0, 0.05, and 0.10.
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secondary images. This implies that, as P increases, a
smaller impact parameter b is required for photons to
reach the same stationary circular orbit, indicating a
weakening of the gravitational field.

The emitting matter moves on circular geodesic or-
bits in the equatorial plane, with four-velocity u? =
u'(1,0,0,Q) normalized by g.zu”v” = -1, where Q is giv-
en by Eq. (61). The quantities £ and L in Egs. (59)—(60)
follow from this normalization. The distant observer is
static at infinity, with u% = (1,0,0,0).

The surface radiative energy flux is given by
[102—-104]

MoQ, '

P === —ary /,_

(E-QL)L,dr,  (58)

where M, denotes the mass accretion rate, g is the de-
terminant of the spacetime metric, and E, L, and Q de-
note the energy, angular momentum, and angular velo-
city, respectively, of a particle in a circular orbit. For a
particle in a circular orbit around a static, spherically
symmetric BH, these quantities are defined as follows
[105, 106]:

E=-——-9%" (59)
vV —8u —g¢¢Q2
L= 8wl (60)
Vv —8n— 8o <2
=Y _ [ 8 1)
d 8o

The expressions for £, L, and Q are written in terms
of the metric functions g, and g4, of the self-dual BH
metric. The full metric has g4 = C(r)sin’6, where
C(r)=r*+a/r*. Since ay « 3, is negligibly small, we set
ay =0 (Sec. 2), which restores C(r) = 7> and justifies the
use of the standard disk formulae. Accordingly, =g =
r*sin@VA(r)/B(r) at 8 =n/2. The accretion rate is set to
M, =1 throughout; thus, the flux profiles F(r) are ex-
pressed in geometrized units, and this normalization does
not affect the qualitative comparison with the Schwarz-
schild case.

Table 3 summarizes the main quantities of the accre-
tion disk around the BH in LQG for several values of the
quantum parameter P. The table lists the ISCO radius, the
specific energy, and the corresponding radiative effi-
ciency, 7. Increasing P causes the ISCO radius to shift
inward, whereas the specific energy, Eisco, increases. The
radiative efficiency, calculated as 5. = 1 — Eigco, 1s shown
in the last column. Thus, higher values of the quantum
parameter lead to lower radiative efficiency.

Figure 7 shows the energy flux F(r) of a self-dual BH
in LQG as a function of the radius » for different values
of the quantum correction parameter P. The figure indic-
ates that increasing P enhances the peak of the energy
flux F(r) and shifts it toward smaller radii.

At infinity, the observed radiation flux is affected by
both gravitational redshift and Doppler effects. As shown
in Ref. [107], it is given by:

F(r)
obs = P 62
b= T2 (62)
The photon four-momentum pf, satisfies P =- ph

and Pgh = Lyn, with impact parameter b = Ly /E, (Egs.
(37) and (38)). The redshift factor is generally defined as
_(pghua)em
_( Ir’thua obs

city and tﬁe geometric relation between the impact para-
meter b and the local photon propagation direction at the
emission point—obtained from the observer angles 6,«,
as specified at the beginning of Sec. IV (see Fig. 4)—we
obtain the following expression [108]:

l+z= . Substituting the emitter's four-velo-

1+ Qbsinfcosa

\/ —8n _g¢¢QZ .

The flux F(r) in Eq. (58) follows the standard
Novikov-Thorne formalism for a thin, optically thick

l+z= (63)

Table 3.  Characteristic quantities of the accretion disk
around a BH in LQG for different values of the quantum para-
meter P.

BHs rsco Eisco Tef

P=0 6 0.943 5.72%
P =0.05 5.45451 0.948 5.19%
P=0.1 5.01524 0.953 4.66%

6 8 10 12 14 16 18 20

Fig. 7.

(color online) Energy flux F(r) as a function of the
radius r for different values of the quantum correction para-
meter P.
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disk radiating as a local blackbody and is derived from
conservation laws with constant M,. It is not a full radiat-
ive-transfer calculation. Thus, F(r) and F, are theoretic-
al diagnostic quantities.

We apply the same method as in Fig. 6 to orbits from
Riseo to R =25. Assigning colors to the observed flux Fps
and the redshift factor z corresponding to each (b,a)
yields their distributions across the accretion disk of a
self-dual BH in LQG (see Fig. 8 and Fig. 9). Figure 8
shows the distribution of F,, for various inclination
angles and values of P. The figure indicates that a self-
dual BH in LQG and a Schwarzschild BH (P = 0) exhibit
similar Fg, distributions. The key distinction is that the
self-dual BH appears smaller and brighter than the
Schwarzschild case. If the observed energy flux Fg,, of
the self-dual BH in LQG at P =0.1 and 6 = 85° is normal-
ized to 100%, then the observed energy flux of the
Schwarzschild BH at the same inclination is about 80%,
as shown in the bottom row of Fig. 8.

Figure 9 shows the redshift distribution of the accre-
tion disk for different inclination angles. If only gravita-

P=0.00, 6 = 85°

-20 -10 0 10 20

Fig. 8.
tion angles of 17°, 53°, and 85°.

P=0.05, 6 = 85°

tional redshift were present, the redshift (z > 0) distribu-
tion would be symmetric. However, disk rotation intro-
duces a Doppler contribution, making the distribution
asymmetric. On the side rotating toward the observer, the
redshift is reduced and may even become a blueshift
(z < 0), whereas on the opposite side the redshift is ampli-
fied. The black line on the color bar indicates the maxim-
um redshift for each disk. For P =0.0, 8 = 85°, the values
Zmax = 1.12 and zpin = —0.29 are obtained. These corres-
pond to the most extreme values among all cases. The
viewing angle also affects the distribution, with stronger
redshift effects appearing at higher inclinations. These
results indicate that the redshift patterns of the self-dual
BH in LQG and the Schwarzschild BH (P = 0) are simil-
ar, although the effects are slightly weaker for the self-
dual BH case. Such differences could serve as potential
observational signatures for distinguishing BH geomet-
ries.

We also note that the present analysis is restricted to
the static, nonrotating self-dual BH in LQG. Since realist-
ic astrophysical BHs have non-negligible spin, extending

P=0.10, 6 = 85°

10 20 -20 -10 0 10 20

(color online) Distribution of the observed flux F,, in the direct and secondary images of a self-dual BH in LQG for inclina-
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P=0.00, 8 = 17° z

P=0.05,0 = 17° z

P=0.10,6 = 17° z

-20

051
0.41
031

z P=0.05, 8 = 53° Z

10 20 -20 -10 0 10 20

P=0.10, 8 = 53° z

P=0.00, 8 = 85° z

P=0.05, 6 = 85° z

P=0.10, 6 = 85° z

-20 -20

-20 -10 [ 10 20 -20 -10

Fig. 9.
shown for inclination angles of 17°, 53°, and 85°.

this study to a rotating self-dual BH would be necessary
for a more direct comparison with observations, and we
leave this for future work.

The accretion-disk images, flux, and redshift profiles
presented in this section constitute theoretical predictions
for the image morphology and disk observables of the
self-dual BH in LQG, rather than direct observational
constraints. This work does not include image fitting or
plasma radiative-transfer modeling, and no direct com-
parison with observational data (e.g., from EHT) has been
carried out.

V. CONCLUSION

From an astrophysical perspective, LQG BHs differ
from their classical counterparts and provide a frame-
work for probing quantum-gravitational signatures; their
background geometries remain one of the most in-
triguing challenges in astrophysics. Motivated by this, in
this work, we considered a self-dual BH in LQG and ex-
amined its spacetime geometry and the theoretical proper-
ties of its accretion disk images and radiation, including

10 20 -20 -10 0 10 20

(color online) The distributions of the redshift factor z for the direct and secondary images of a self-dual BH in LQG are

their direct and secondary images, as well as the redshift
and flux of emitted radiation measured by distant observ-
ers at infinity. First, we investigated the motion of
massive and massless particles around the self-dual BH in
LQG. From the study of timelike particle motion, we de-
rived constraints on the quantum correction parameter P
using observational data from the perihelion precession of
Mercury and the orbit of the S2 star around Sgr A", These
constraints were found to be P <0.000043 for Mercury
and P < 0.067419 for the S2 star.

For massless particle motion, photon trajectories
around the self-dual BH in LQG were plotted and com-
pared with those around a Schwarzschild BH (see Figs. 1
and 2). Our results show that the critical impact paramet-
er b. corresponding to the photon sphere is b, = 5.196 for
the Schwarzschild BH and b, = 4.803 for the self-dual BH
(P =0.03). Moreover, light is less deflected around the
self-dual BH than around its Schwarzschild counterpart,
indicating a weakening of the gravitational field as the
quantum correction parameter P increases. This behavior
was further supported by the analysis of photon trajector-
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ies in various cases, as summarized in Table 1.

We further examined the angular deflection respons-
ible for the formation of direct and higher-order images.
It was shown that higher-order images in the region n > 1
shrink slightly faster than direct images as the quantum
correction parameter P increases for a fixed accretion
disk radius. However, the higher-order images of rays
emitted from different radii remain nearly unchanged
compared with the direct images n=0 (see Fig. 5). To
explore the accretion disk properties, we employed the
Novikov—Thorne model for a thin accretion disk. Images
of the disk at different inclination angles and for various
values of P reveal that the self-dual BH in LQG appears
smaller than its Schwarzschild counterpart, consistent
with the weakening of the gravitational field as P in-
creases (see Fig. 6).

Finally, we examined the distributions of the ob-
served energy flux Fs and the redshift factor z on the ac-

cretion disk. The observed energy flux distribution across
the accretion disk shows that the self-dual BH appears
brighter than the Schwarzschild BH. At an inclination
angle of 85°, the observed flux of the Schwarzschild BH
is approximately 80% of that of the self-dual BH with
P =0.1; see Figs. 7 and 8. Although the redshift distribu-
tions of the two BHs appear nearly identical, the Schwar-
zschild BH exhibits a larger redshift factor than the self-
dual BH in LQG. At an inclination angle of 6 = 85°, the
redshift factor is z=~1.12 for the Schwarzschild case,
compared with z ~0.95 for the self-dual BH with P =0.1
(see Fig. 9).

Overall, our findings highlight the key differences
between the self-dual BH in LQG and the Schwarzschild
BH, suggesting that these distinctions may provide new
insights into the physical nature and accretion properties
of self-dual BHs and their observable signatures in future
observations.
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