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Hernquist dark matter halo: new self-consistent black hole exact
solution of einstein equation, optical and ringing signatures
and thermodynamics
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Abstract: Recent advances in black hole imaging and gravitational-wave observations have intensified interest in
understanding how realistic astrophysical environments modify black hole spacetimes. In this work, we construct an
exact, static, spherically symmetric black hole solution embedded within a Hernquist dark matter halo by solving the
full Einstein field equations. We subsequently investigate how the surrounding halo reshapes the geometry and ob-
servable properties of the black hole. Through an analysis of null geodesics, we demonstrate that the dark matter dis-
tribution significantly alters photon trajectories, displaces circular photon orbits, and distorts the associated gravita-
tional lensing structure. Using the Lyapunov exponent of unstable null geodesics, we further determine the behavior
of massless quasinormal modes in the eikonal regime, revealing explicit halo-induced corrections to the oscillation
frequencies and damping rates. We also examine the thermodynamic behavior of the black hole—halo configuration
by evaluating the conserved mass, temperature, entropy, heat capacity, and Gibbs free energy, thereby enabling a de-
tailed analysis of local and global thermal stability. Our results reveal that the Hernquist dark matter halo reduces
both the photon-sphere radius and the apparent shadow size, while substantially enlarging the region of thermody-
namic stability and producing nontrivial phase structures absent from the Schwarzschild vacuum spacetime. These
findings demonstrate that astrophysical dark matter environments can leave measurable imprints on both optical and
thermodynamic observables, offering a potential avenue for probing halo-induced gravitational effects around black
holes.
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I. INTRODUCTION

In recent years, black holes embedded in astrophysic-
ally realistic dark matter environments have attracted
considerable attention as promising astrophysical sys-
tems for exploring gravitational physics beyond idealized
vacuum spacetimes. In particular, black hole solutions
surrounded by Dehnen-type double power-law dark mat-
ter halos have been extensively investigated across vari-

1
ous halo configurations, including (1,4,0) [1], (1,4,5)

[2], (1,4,1) [3], (L‘h%) [4], (1,4,2) [5], and (1,4,%)
[6, 7]. These studies have revealed that the surrounding
dark matter distribution induces significant and nontrivi-
al physical effects, ranging from modifications of black
hole thermodynamics and phase structure to observable
changes in gravitational lensing and shadow formation.
This growing interest has been driven by remarkable
observational advances in astrophysics. The direct detec-
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tion of gravitational waves by the LIGO/Virgo Collabora-
tion and the imaging of black hole shadows by the Event
Horizon Telescope have provided compelling confirma-
tion of General Relativity in the strong-gravity regime [8,
9]. Nevertheless, on galactic and cosmological scales, ba-
ryonic matter alone remains insufficient to explain the
observed dynamics of galaxies, particularly their nearly
flat rotation curves. This discrepancy has led to the dark
matter paradigm, which posits that dark matter consti-
tutes the dominant mass component of galaxies. Observa-
tional evidence suggests that baryonic matter contributes
only a small fraction of the total galactic mass, whereas
dark matter accounts for nearly 90% of the mass inferred
from stellar dynamics. During the early stages of cosmic
evolution, dark matter is thought to have been more con-
centrated near galactic centers, thereby facilitating
galactic structure and star formation, before gradually
evolving into extended halo distributions. Furthermore,
observations indicate that most massive spiral and ellipt-
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ical galaxies harbor supermassive black holes embedded
within these dense dark matter halos [10]. These consid-
erations render black holes in dark matter environments
crucial astrophysical laboratories for investigating gravit-
ational phenomena, galactic dynamics, and potential sig-
natures of new physics beyond General Relativity.
Among the various phenomenological models used to
characterize dark matter distributions, the double power-
law family provides a particularly versatile analytic
framework for modeling both stellar systems and galactic
halos [11, 12]. The general density profile is given by

o= () (2] o

where the parameters (@,8,y) characterize the sharpness
of the transition region, the asymptotic outer slope, and
the inner logarithmic behavior of the density profile, re-
spectively. Specific choices of these parameters repro-
duce several widely studied dark matter halo models. For
instance, cuspy profiles include the Navarro—Frenk—
White (NFW) model (1,3,1) and the Hernquist profile
(1,4,1), whereas cored distributions include the pseudo-
isothermal profile (2,2,0), the cored Plummer profile
(2,4,0) [13], the cored NFW profile [14], and the Burkert

3
profile <§,3,0) [15].

Recently, several studies have investigated black
holes immersed in Hernquist dark matter halos. An ef-
fective Schwarzschild—Hernquist spacetime was  con-
structed in Ref. [16] using the phenomenological ap-
proach of Ref. [17]; however, this metric was not derived
as an exact solution of the Einstein field equations. Sub-
sequently, self-consistent Hernquist black hole solutions
obtained directly from the Einstein equations were repor-
ted [18?, 19]. These works focused primarily on specific
aspects of the spacetime, such as null geodesics and ther-
modynamic properties. Nevertheless, a comprehensive in-
vestigation combining optical properties, eikonal quas-
inormal modes via the Lyapunov exponent, and the de-
tailed thermodynamic phase structure has not yet been
undertaken.

Motivated by these developments, we construct an
exact black hole solution embedded in a Hernquist dark
matter halo by solving the full Einstein field equations
self-consistently. Building upon this exact solution, we
perform a unified analysis of its optical, dynamical, and
thermodynamic properties. Specifically, we investigate
null geodesics, gravitational lensing, and unstable photon
orbits; the associated Lyapunov exponent and eikonal
quasinormal modes; and the conserved mass, entropy,
temperature, heat capacity, Gibbs free energy, and
thermal phase structure.

In the present work, we consider the Hernquist pro-

file, which corresponds to the parameter choice

(@.B,y) = (1,4,1), 2

for which the dark matter density distribution takes the

form
r -1 r -3
oo =00 (2) (1+7) . ®)
Iy ro

where po denotes the characteristic density and ry repres-
ents the characteristic halo radius.

The Hernquist profile exhibits a cuspy inner region,
pocr7! for r < ry, whereas at large distances the density
decreases as pocr ™ for r>ry. Owing to this steep
asymptotic decay, the cumulative mass approaches a fi-
nite value as r — oo, rendering the total halo mass well-
defined. This feature distinguishes the Hernquist profile
from several other phenomenological dark matter models
in which the total mass diverges logarithmically at large
radii. Furthermore, the Hernquist profile has been widely
employed in galactic dynamics because it provides an
analytic description that successfully captures the mass
distribution of elliptical galaxies and dark matter halos
while remaining mathematically tractable.

Understanding the influence of dark matter halos on
black holes is essential for developing realistic descrip-
tions of galactic dynamics and strongly gravitating sys-
tems. In astrophysical environments, supermassive black
holes residing at galactic centers are expected to be sur-
rounded by extended dark matter halos, whose properties
are intimately connected to observed galactic dynamics,
including the nearly flat behavior of galactic rotation
curves. Consequently, black hole—dark matter configura-
tions provide a natural setting to explore the interplay
between compact gravitating objects and their large-scale
environments. Such studies may offer valuable insights
into the relationship between black hole physics, dark
matter phenomenology, and the mechanisms governing
galaxy formation and evolution.

The thermodynamic behavior of black holes provides
an additional important perspective for understanding
these systems. Since the pioneering works of Bekenstein
and Hawking, black holes have been recognized as ther-
modynamic objects possessing an entropy proportional to
the area of the event horizon, which obeys the irrevers-
ible area law in classical processes [20]. At the macro-
scopic level, stationary black holes are remarkably
simple, completely characterized by their mass M, elec-
tric charge O, and angular momentum J [21-25]. Togeth-
er with the Hawking temperature, these quantities form
the basis of black hole thermodynamics and are formal-
ized in the four laws established in the 1970s [20]. More
recently, the development of black hole chemistry has
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substantially enriched this framework by interpreting the
cosmological constant as a thermodynamic pressure,
thereby uncovering intricate phase structures and deep
analogies between black holes and ordinary thermody-
namic systems [26, 27].

The present paper is organized as follows. We first
construct an exact static and spherically symmetric black
hole solution immersed in a Hernquist dark matter halo
by solving the Einstein field equations consistent with the
underlying matter distribution. We then investigate the
properties of null geodesics, analyzing the associated
photon trajectories and orbital structure. We further ex-
amine the stability of unstable circular null orbits via the
Lyapunov exponent, which allows us to determine the
corresponding quasinormal modes in the eikonal regime.
Finally, we study the thermodynamic properties of the
black hole—dark matter system and discuss the influence
of the Hernquist halo on its thermal stability and phase
behavior. Overall, our analysis demonstrates that the sur-
rounding dark matter halo can significantly modify both
the dynamical and thermodynamic characteristics of the
black hole spacetime.

II. BLACK HOLE CONSTRUCTION

To investigate the gravitational influence of a
Hernquist dark matter halo on a central compact object,
we construct a static, spherically symmetric black hole
solution embedded within this dark matter distribution.
The spacetime geometry is described by the metric ansatz

d 2
ds? = —h(r)dP + Wrr) +7 (6P +sin*0dg?),  (4)

where the metric function h(r) encodes the combined
gravitational effects of the black hole and the dark matter
halo.

The energy—momentum tensor is assumed to take the
anisotropic form

Tﬂy = dlag [_pDM(r)’ Pr(r),Pt(r)’Pt(V)} s (5)

where ppm(r) represents the Hernquist dark matter dens-
ity profile, and p,(r) and p,(r) denote the radial and tan-
gential pressures, respectively. These quantities are de-
termined self-consistently from the Einstein field equa-
tions.

For the metric ansatz (4), the Einstein equations re-
duce to

e Temporal component:

h(r)

Gy =——5 [rh'(r)+h(r) = 1] = 8xh(rppm(r),  (6)
.

e Radial component:

pr(r)

1 , B
G, = h) [rh' (r)+ h(r)—1] =8r o (7)
e Angular components:
G(f’(ﬁ rz ” ’ 2
Go=——>-=—=h"(r)+rl'(r) = 8nr p,(r). ()
sin“d 2

Here, primes denote derivatives with respect to the radial
coordinate ». The temporal and radial equations differ
only by an overall sign, thereby implying the relation

pr(r) = —pom(r), )

which is a generic feature of static, spherically symmet-
ric anisotropic matter distributions in Schwarzschild-like
coordinates.

Substituting the Hernquist density profile

/ﬁ’DM(V)ZPo(:O)_1 <1+;>_3, (10)

into the temporal Einstein equation yields
d 2
ar [r(1=h(r)] = =8ar ppm(r). (11)
Integrating both sides with respect to », we obtain
r(1-h(r))=C—-8n / rpom(r)dr, (12)

where C is an integration constant. Imposing the Schwar-
zschild limit in the absence of dark matter fixes this con-
stant as

C=r,=2M. (13)

Here, M denotes the black hole mass. Consequently, the
metric function can be expressed as

s 8 "
hry=1-2 28 o) 2 dr. (14)
r r 0

Substituting the explicit form of the Hernquist profile
yields

/ PDM(V’)V’Zd”/=PO”8/ d dr’ (15)
0 0

(r+rp)?
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The integral can be evaluated analytically as

r 3 1 70
/kr+mfdr_/nkr+my_fr+mﬁ dr

1 140)

=— e 16
r+ry " 2(r+ry)? (16)
Evaluating between 0 and r yields
r 3,2
’ /Zd - Polpr . 17
/0 pom(r')r'=dr 72(’,_’_’,0)2 (17)

Thus, the complete static and spherically symmetric
black-hole solution surrounded by a Hernquist dark mat-
ter halo is given by

ds? = —h(r)d* + dr +r2dQ? (18)
- h(r) >

ry  4mpo r(3) r

r (r+rp)?’

h(ry=1-

(19)

The first contribution to the metric function corres-
ponds to the standard Schwarzschild geometry generated
by the central black hole, while the final term represents
the gravitational correction induced by the surrounding
Hernquist dark matter halo.

III. NULL GEODESICS

We analyze the propagation of photons in the space-
time of a Schwarzschild black hole immersed in a
Hernquist dark matter halo, which is described by the
metric (19). The motion of massless particles is governed
by the Lagrangian

1
L(x;l’x;l) = Eguvxﬂxv

",.2

1 . . .
=3 —h(r)i* + o +720% +rsin’ 04| =0, (20)

where the null condition £ =0 signifies the massless
nature of photon trajectories.

Since the metric is independent of the coordinates ¢
and ¢, the corresponding conjugate momenta are con-
served along the geodesics. These conserved quantities
correspond to the photon energy E and angular mo-
mentum L, respectively,

oL .
Pi= = —h(r)i = -E, 21)
Do = % =r’sin’0¢ = L. (22)

By exploiting the spherical symmetry of the spacetime,
photon motion can be confined, without loss of general-
ity, to the equatorial plane,

0= (23)
which reduces the Lagrangian to
Liid) =1 {—h(r)i2 LA ,z(,;z}
2 h(r)
2 .2 2
i1y v B

The above equation governs the dynamics of photons
in the effective gravitational field generated by both the
black hole and the surrounding dark matter halo. Con-
sequently, it serves as the basis for investigating circular
photon orbits, gravitational lensing, and shadow forma-
tion.

From Eq. (24), the radial equation of motion is ex-
pressed as

2

L
P+ Sh(r) = E, (25)

where the first term represents the radial kinetic compon-
ent, while the second denotes the effective potential gov-
erning photon motion. Introducing the impact parameter

L
b=— 26
= 26)

the effective potential becomes

Vet _ b—zh(r): bj 10 drporyr _
E? 7 72 r (r+ry?

@27

Figure 1 illustrates the effective potential V.y/E? for
photon motion around a Schwarzschild black hole sur-
rounded by a Hernquist dark matter halo. The curves cor-
respond to varying combinations of the halo parameters
po and ry and the photon impact parameter b. The peak of
the effective potential determines the photon sphere radi-
us, which corresponds to unstable circular null geodesics.
Variations in the halo parameters alter both the height and
position of the potential barrier, demonstrating that the
surrounding dark matter distribution significantly affects
photon trajectories and the optical structure of the space-
time.

We now examine circular photon motion in the space-
time of a Schwarzschild black hole surrounded by a
Hernquist dark matter halo. Circular null geodesics play a
fundamental role in determining the optical appearance of
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Fig. 1.

the spacetime. They govern the formation of the photon
sphere and strongly influence gravitational lensing and
black hole shadow observables. In the equatorial plane,
circular photon orbits satisfy the conditions

AVerr

=0,
d dr

0, (28)

where the second condition ensures that the radial force
vanishes at the orbital radius.

From the radial equation of motion (25), the condi-
tion for circular photon motion becomes

Veff _ b2 1 rs

E2 i r

47'rp0r8r
(r+rp)?

=1 (29)

The radius of the circular photon orbit is determined
by the extremum of the effective potential. Differentiat-
ing V. with respect to r yields

dVer b?
drff = =2r+3r,+

Amporar*(r—ro)
(r+n)?

=0.  (30)

To analyze photon trajectories explicitly, we re-ex-
press the radial equation in terms of the azimuthal co-
ordinate ¢. Using

dr

along with the impact parameter definition

b= (32)

L
E,

the radial equation (25) becomes

(color online) Effective potential V.¢/E? for different values of the halo parameters and the impact parameter.

() = (- o)

4

_rr s _ 2 r _
T rh(r)_rh(r)(b%(r) 1)' (33)

Figure 2 illustrates representative photon trajectories
for impact parameters in the range 1<b <10 for the
black hole—dark matter configuration characterized by
rs=2, po=0.02, and ro = 0.4. The black disk represents
the event horizon, while the red dashed circle denotes its
boundary at r =1.995. The yellow circle at r=2.993 in-
dicates the unstable photon sphere, separating captured
trajectories from scattered ones.

The figure demonstrates the significant influence of
spacetime curvature on photon propagation. Photons with
sufficiently small impact parameters are inevitably cap-
tured by the black hole, spiraling inward after crossing
the photon sphere. Near the critical impact parameter, tra-
jectories undergo large deflections and can orbit the black
hole multiple times before escaping or plunging into the
horizon. As the impact parameter increases, the deflec-
tion angle decreases, and the trajectories tend toward
straight-line propagation. These features illustrate how
the surrounding Hernquist dark matter halo modifies the
optical structure of the spacetime and alters null geodesic
behavior relative to the vacuum Schwarzschild case.

A. Black hole shadow

The black hole shadow is determined by unstable cir-
cular photon orbits, commonly known as the photon
sphere. These null trajectories define the critical bound-
ary separating photons captured by the black hole from
those escaping to infinity. For equatorial motion, circular
null geodesics satisfy the conditions

dr d?r

=" =0 (34)

dg? 7
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Fig. 2.
black hole embedded in a Hernquist dark matter halo with
parameters r, =2, p,=0.02, and ry=0.4. The black region
represents the event horizon, while the yellow circle denotes

o

(color online) Ray-tracing profile of a Schwarzschild

the unstable photon sphere.

which ensure that both the radial velocity and the radial
acceleration vanish.

Application of the radial geodesic equation to the first
condition implies

dr r
= = — =1, 35
d b2h(r) (35)
while the second condition gives
d*r d ( r? >
— =0 — | —=]=0. 36
g = 4\ (36)

Equation (36) is equivalent to requiring the effective
potential to possess an extremum, which corresponds to
the location of the unstable circular photon orbit. This
condition can alternatively be expressed in the compact
form

2rh(r) — ¥ (r) = 0. (37)

Substituting the explicit metric function into this rela-
tion yields the photon sphere equation.

Amporar*(r—ro) _

2r— =0.
r—3r,+ 107 0 (38)

In the regime where the dark matter contribution is
small (por§ < 1), Eq. (38) can be expanded perturbat-

ively. To leading order, one obtains

2r—3r,—4npery =0, (39)

which yields the approximate photon sphere radius

3
Tps Ers + 27Tp0r8. (40)

In the absence of dark matter (py = 0), the above ex-
pression reduces to the standard Schwarzschild result.

Tps = Ers, (41)

which corresponds to the well-known unstable circular
null orbit.

The critical impact parameter associated with the
photon sphere follows directly from Eq. (35),

2
T

b. = .
h(rps)

(42)

This quantity defines the threshold between captured
and scattered photon trajectories. Photons with b < b, are
captured by the black hole after crossing the photon
sphere, whereas photons with b > b, are gravitationally
deflected and ultimately escape to infinity. Consequently,
the critical impact parameter determines the apparent ra-
dius of the black hole shadow for a distant observer.

Following [28], the shadow radius is thus given by

2

Ro=b \/h(roo)= —2 (43)

h(rps)’

By employing the perturbative expression (40), the
shadow radius in the weak dark matter regime becomes

343

Ry~
2

ry+2\3mpors. (44)

In the vacuum limit, the standard Schwarzschild shad-
ow radius is recovered,

Ry=—"r, (45)

in agreement with the well-known result for Schwarz-
schild black holes [29].

Figure 3 illustrates the dependence of the shadow ra-
dius on the Hernquist dark matter parameters {po,ro} for a
fixed Schwarzschild radius r,=1. The left panel shows
the variation of the photon ring as the dark matter density
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Fig. 3.
Schwarzschild radius r, = 1.

po increases at a fixed ry =2, while the right panel dis-
plays the effect of varying the halo scale radius ry at a
fixed py = 0.01. In both cases, the surrounding dark mat-
ter distribution shifts the location of the photon sphere
and alters the apparent size of the black hole shadow,
demonstrating that the halo environment can leave poten-
tially observable imprints on the optical signatures of
black holes.

B. Weak deflection angle

We investigate the weak gravitational lensing pro-
duced by a Schwarzschild black hole immersed in a
Hernquist dark matter halo. In the weak-field regime, the
deflection of light can be analyzed using the Gauss—Bon-
net theorem applied to the corresponding optical geo-
metry, following the geometric approach developed by
Gibbons and Werner [30, 31]. Unlike the standard
geodesic method, this formalism relates the deflection
angle to the global curvature properties of the optical
manifold, thereby providing an elegant description of
gravitational lensing. Alternative approaches based on el-
liptic integrals and strong-field expansions are discussed
in [32, 33].

In the weak deflection limit, the deflection angle a is
given by [34]

a= /0 /L K +\/gopidrde, (46)

sing

where K denotes the Gaussian curvature of the optical
geometry, and g, is the determinant of the correspond-
ing two-dimensional optical metric.

For null trajectories, the optical metric corresponding
to the spacetime line element (19) can be expressed as

— =0
y o — rn=0.8
rn=10
rn=15

PR B R S S S SRS RS S (S S S N S
-2 -1 0 1 2

X (po = 0.01)

(color online) Profiles of the shadow radius R, for various values of the Hernquist dark matter parameters {p,,r,}, with a fixed

dr? r?
2 _ ARy
= e + h(r)d¢ , 47)
from which the determinant follows directly as
2
;
g opt — m (48)

The Gaussian curvature of the optical manifold is de-
rived from the two-dimensional Ricci scalar associated
with the metric (47). A direct computation yields

=Y iy = e
K= |5 W) =hrn' ()] . (49)

Substituting the metric function (19) and expanding in
the weak dark matter regime to leading order in p,r3, we
find that the integrand simplifies to

2rpord(ro—3
K goptz5+7"p°r°(’° L

r? r(r+rp) (50)

Upon performing the integration, the weak-field de-
flection angle is found to be

2 3
2rs  4mpory
b b

a =

(51

In the absence of dark matter (py = 0), the above ex-
pression reduces to

2r,
a= ,
b

(52)

which is precisely the standard Schwarzschild weak de-
flection angle [31].
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Fig. 4. (color online) Variation of the weak deflection angle a as a function of the impact parameter b for various values of r, and

fixed parameters r, = 2 and p, = 0.01.

Figure 4 illustrates the dependence of the deflection
angle a on the impact parameter o for a Schwarzschild
black hole embedded in a Hernquist dark matter halo.
The black hole mass is fixed at r, = 2 and the dark matter
density at po = 0.01, with different curves corresponding
to distinct values of the halo scale radius ry. As expected,
the deflection angle decreases as the impact parameter in-
creases, reflecting the weakening of the gravitational field
at larger distances from the compact object. The figure
further reveals that larger halo scale radii alter the bend-
ing of light and yield observable deviations from the va-
cuum Schwarzschild case. These deviations arise from
the additional gravitational contribution of the surround-
ing dark matter distribution, indicating that halo environ-
ments can imprint measurable signatures on weak gravit-
ational lensing observables.

IV. ORBIT STABILITY AND LYAPUNOV
EXPONENT

As demonstrated in the previous section, circular
photon orbits in the black hole—dark matter spacetime
correspond to extrema of the effective potential. Specific-
ally, the photon sphere is associated with an unstable
maximum of this potential, implying that small orbital
perturbations amplify over time. The Lyapunov exponent
quantifies the rate at which neighboring trajectories di-
verge, yielding a quantitative measure of orbital instabil-
ity. Furthermore, within the eikonal regime, this expo-
nent corresponds directly to the imaginary part of black
hole quasinormal mode frequencies, thereby linking null
geodesics to wave dynamics in curved spacetime.

The dynamics of photons can be conveniently formu-
lated within the Hamiltonian framework. Using the null
Lagrangian (24), the Hamiltonian takes the form

H=r=1 ——2+h(r) 2, Ve
Ead Y e Pr¥ o
1
= Egﬂvpupvs (53)

where E denotes the conserved photon energy, p, de-
notes the radial momentum, and V. denotes the effect-
ive potential associated with angular motion.

For motion restricted to the equatorial plane, the ca-
nonical equations become

oL i . 0H _
Dr= E = %, r= 3pr = h(”)Pr, (54)
o oH 1[5 Vi)
L {h P+ =0
W (r) )
o) (-E*+ veﬂr(r))} . (55)

For a circular photon orbit at r = r., the conditions

Veff(rc) = Ez» Ve/ﬂ(rc) = O’ (56)
hold identically. Expanding about the circular orbit by in-

troducing small perturbations

r=r.+0r,  p,=0p, (57)
and, when only linear contributions are retained, the

equations of motion reduce to

6F = h(r:)6p;, (58)
A
op, = 2 h(r) r. (59)
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The perturbation dynamics can therefore be
pressed in matrix form as

0 h(r.)
d or 3 or
da 5pr B _l Veff”(VC) 0 617,

2 h(ro)
where 1 denotes the affine parameter along the null
geodesic.
The Lyapunov exponent A is determined by the ei-
genvalues of the stability matrix, which satisfy

€X-

)

(60)

0 h(rc)

1 V() ~AIl=0. (6

2 h(ry)
Solving the characteristic equation yields
o Vi) L& (h(n))

2 2.dr2 \ r?
W' (o) 20 (r.) 3h(rc):|

—72|_ _

=L 2r2 * r} ol (62)

The sign of V/i(r.) determines the stability of the cir-
cular orbit. When V/i.(r.) > 0, the Lyapunov exponent be-
comes imaginary, and the orbit is stable under small per-
turbations. Conversely, when V;(r.) <0, the Lyapunov
exponent is real, and the orbit is unstable; this implies
that nearby photon trajectories diverge exponentially over
time. Under these conditions, photons initially near the
circular orbit eventually either escape to infinity or
plunge into the black hole. The magnitude of A thus char-
acterizes the instability timescale of the photon sphere
and provides crucial insight into the dynamical structure
of the spacetime.

Figure 5 depicts the dependence of A? on the circular
orbit radius for various values of the halo scale radius r,

at a fixed dark matter density po=0.01. The Hernquist
dark matter halo significantly alters the stability proper-
ties of photon orbits relative to the vacuum Schwarz-
schild geometry. Specifically, increasing the halo scale
radius shifts the region where A? <0, thereby enlarging
the domain of orbital stability. These results demonstrate
that extended dark matter distributions can partially sta-
bilize photon motion and modify the dynamical proper-
ties of null geodesics near the black hole.

V. SCALAR QUASINORMAL MODES

Quasinormal modes represent the characteristic
damped oscillations induced by perturbations of a black
hole spacetime. These oscillations encode crucial inform-
ation regarding the geometry and stability of the underly-
ing spacetime and are characterized by complex frequen-
cies. The real part of the frequency determines the oscil-
lation rate, while the imaginary part governs the damping
timescale of the perturbation. In black hole physics, quas-
inormal modes play a pivotal role in gravitational-wave
phenomenology and provide a direct probe of the near-
horizon geometry.

In this work, we consider scalar perturbations
propagating in the spacetime of a Schwarzschild black
hole surrounded by a Hernquist dark matter halo. The dy-
namics of the scalar field are governed by the covariant
Klein—Gordon equation,

[46,1 (v=g8"d,) —mﬂ v =0, (63)

\/__g

where m denotes the mass of the scalar field and g is the
determinant of the spacetime metric.

Exploiting the spherical symmetry of the geometry,
we adopt the separable ansatz

W(t,r,0,¢) = e “'R(r)Y," (6, ¢), (64)

0.0010 r-m-~ -~ 1~~~ 1 1 1 T T Tt T T ]
0.0005 ]

[ — Ip = 0
0.0000

L = 0.8

A2 -0.0005 [ =10

: — Ip = 1.5
-0.0010

r — Ip = 2.0
— p=25
-0.0020LC

re (po = 0.01)

Fig. 5.

(color online) Profile of A? as a function of the circular orbit radius for various values of the Hernquist halo parameters.
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where Y;"(6,¢) are the standard spherical harmonics. Sub-
stituting this decomposition into the Klein—-Gordon equa-
tion reduces the problem to a radial differential equation,

2

8, (h(r)r*o,R(r)) + wzﬁ—l(l+1)—m2r2 R(r)=0. (65)

To analyze the quasinormal spectrum, we consider
the massless case and introduce the tortoise coordinate r*,

defined by

dr

dr' = Wr), (66)
together with the field redefinition
Ry =" (67)

Under these transformations, Eq. (65) assumes the
Schrodinger-like form
d*R()
dr+?

+ [u)2 - V(r)] R =0, (68)

with the effective potential

V(r)= k() [+ 1) +rk (r)]. (69)

72

The effective potential forms a barrier outside the
black hole horizon, and quasinormal modes correspond to
waves that are purely ingoing at the horizon and purely
outgoing at spatial infinity. In the eikonal regime, where
the multipole number satisfies /> 1, the dominant contri-
bution to the potential becomes

2
Vi~ 0 (70)
r
Consequently, the radial equation reduces to
2 *
d R(Z ) L WHRG = 0, (71)
dr*
12
W(r) = W - ﬁveff(r)v (72)

revealing a direct correspondence between scalar quas-
inormal modes and the effective potential governing null
geodesics.

In this high-frequency limit, the quasinormal spec-
trum can be obtained using the WKB approximation de-
veloped by Schutz, Iyer, and Will [35]. The WKB quant-

ization condition is given by

W(ry) . 1
7’—2W(2)(r0) = -1 (I’l+ E) N (73)

where n is the overtone number and

aw
dr+?

W) = (74)

r=rp

The point ry corresponds to the maximum of the ef-
fective potential and coincides with the radius of the un-
stable circular null orbit, i.e., ry = r.. Evaluating the WKB
condition at this maximum yields

l . 1 l szeﬂr
wow ~ 7V Ver(r) =1 (”+ 5) TWa(r) dr?

r=re

(75)
Using

d*Veg

32 = W (ro)Vi(re). (76)

r=re

The quasinormal frequencies can be expressed directly in
terms of the Lyapunov exponent derived in the preceding
section

l 1\ A
WQNM = m vV Ver(re) =1 ("+ 5) |17|’12 vV Ver(re). (77)

This relation establishes a striking geometric corres-
pondence between the quasinormal spectrum and the
properties of unstable photon orbits. The real part of the
frequency is determined by the angular velocity of
photons orbiting the photon sphere, whereas the imagin-
ary part is governed by the Lyapunov exponent, which
quantifies the orbital instability timescale. Consequently,
the quasinormal ringing of the black hole is intrinsically
linked to the dynamics of null geodesics near the photon
sphere.

In the weak dark matter regime, p,r§ < 1, a perturbat-
ive expansion yields

21 167porg
wQNM:3\/§r§{ " 3r2 }
i 2n+1 {r 167Tp0r3}
3 \/§r% ’ 91"5 .

(78)

In the absence of dark matter, the effective potential
reduces to the standard Schwarzschild form,
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vatn =" (124, (79)

r2

for which the unstable circular null orbit lies at r. =3M.
We then obtain

IL| 5

= W’ Ver(re) = W’ (80)

leading to the established Schwarzschild quasinormal fre-

quencies [36],
. < N 1)
1\ n+ <
Schwarzschild __ l 2

QM T3V3M 3V3M

(81)

VI. THERMODYNAMICS

We now consider the thermodynamic properties of
the Schwarzschild black hole immersed in a Hernquist
dark matter halo. The surrounding dark matter distribu-
tion modifies the horizon structure, thereby altering the
thermal behavior of the black hole spacetime. Specific-

0.500

ally, the halo introduces nontrivial corrections to the
Hawking temperature, heat capacity, and Gibbs free en-
ergy, resulting in thermodynamic features absent from the
vacuum Schwarzschild geometry.

The event horizon radius ry is determined from the
condition

8u(ry) = h(ry) =0, (82)
which gives the black hole mass

’;

ry  2mporary

M= 7+A_
2 ro+ry

(83)

Within the framework of black hole chemistry, the
mass parameter is interpreted as the thermodynamic en-
thalpy of the system [37, 38]. The Hawking temperature
follows from the surface gravity evaluated at the event
horizon,

_ W (ry) _ 1 PO”?)

T = - .
A7 drry  2(rg+ry)?

(84)

0.100 | — pp=0
0.050 | po =0.030
T —— po = 0.040
— po = 0.050
0.010F — po = 0.060
0.005 [ — po = 0.065
0 1 2 7 5
I (ro = 2)
0.100 |
— Iy = 0
0.050 |
n= 1.00
T — rp=130
ootolk — Iy = 1.50
— I = 1.60
0.005 [
— rg=1.62

o 1 2

71 (o =0.1)
Fig. 6.
{00, ro}-

(color online) Temperature 7 as a function of the horizon radius ry for different values of the Hernquist halo parameters
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Figure 6 illustrates the Hawking temperature as a
function of the horizon radius for various values of the
halo parameters {p,70}. In the upper panel, the halo scale
radius is fixed at ry =2 and the dark matter density py is
varied; in the lower panel, py = 0.1 is fixed while the halo
scale radius is varied. Compared with the Schwarzschild
case, the dark matter halo significantly modifies the
thermal profile, producing extrema in the temperature
curve for sufficiently large halo parameters. These ex-
trema indicate the emergence of nontrivial thermodynam-
ic phases.

The black hole entropy can be derived from the first
law of thermodynamics,

1 dM A
S =/——drH=7rr2 =— (85)

which reproduces the standard Bekenstein—Hawking area
law. The entropy remains positive and continuous for all
physically admissible values of the horizon radius, indic-
ating that the dark matter halo preserves the fundamental
geometric nature of black hole entropy.

To investigate the local thermodynamic stability of
the system, we compute the heat capacity,

oM
c. =M _ ary _ 2nri(ro+ 1) [(ro+ru)* + 2mporg |
T T T Gorray —dmoniry
ﬁrH

(86)

The variation of the heat capacity is illustrated in
Fig. 7. For a Schwarzschild black hole (corresponding to
po =0), the heat capacity is always negative, reflecting
the well-known thermodynamic instability of asymptotic-
ally flat black holes [39]. The inclusion of the Hernquist
dark matter halo substantially modifies this scenario, pro-
ducing regions where Cy > 0 that correspond to thermo-
dynamically stable black hole phases. Increasing either
the dark matter density p, or the halo scale radius ry ex-
pands the stable region and shifts the divergence points of
the heat capacity.

The divergences of Cy occur at

or

— =0, 87
('3r H ( )
which correspond to extrema of the temperature curve.
Regions where T(ry) exhibits a positive slope are associ-
ated with a positive heat capacity and thus local stability,

— po=0
o = 0.030

Ch 0

-500 -

—— po = 0.040
—— po = 0.050
—— po = 0.060

/\ 1 — po=0.065

rH (ro = 2)

500

CH 0 |

— I’0=0
f'0=1.00

-500 -

— rp=130
— rp=1.50
— rg=1.60
— =162

ry (po = 0.1)
Fig. 7.
{00, 70}

8 10

(color online) The heat capacity Cy as a function of the horizon radius r; for various values of the Hernquist halo parameters
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— po=0
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—— po=0.065
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0 L s s s 1 s s s 1

— =0
ro=1.00
— rp=130
— rp=1.50
— rg=1.60
— rp=162

0 2 4
I (Po = 0.1)
Fig. 8.
meters {pg, ro}-

whereas negative slopes indicate unstable thermodynam-
ic branches. For a sufficiently small dark matter density,
the temperature exhibits no extrema, and no stable phase
emerges.

To analyze the global thermodynamic structure of the
black hole-halo system, we evaluate the Gibbs free en-

crgy,

GoM_Ts < ", TPora(ro+2ry)
4 (ro+7m)?

(88)

Figure 8 presents the Gibbs free energy as a function
of the horizon radius for various halo configurations. The
upper panel corresponds to a fixed ry =2 and varying py,
whereas the lower panel corresponds to a fixed py =0.1
and varying ry. The dark matter halo significantly modi-
fies the global thermodynamic behavior of the spacetime,
expanding the region of positive Gibbs free energy and
thereby indicating an increase in globally unstable config-
urations.

Figure 9 illustrates the thermodynamic profiles of the
Gibbs free energy, entropy, and heat capacity as func-
tions of temperature for a fixed halo radius of r, =2. The

(color online) The Gibbs free energy G as a function of the horizon radius ry for different values of the Hernquist halo para-

critical points are determined from the conditions

G &G

At the critical temperature, the Gibbs free energy and
its first derivative remain continuous, whereas the second
derivative becomes singular. This singularity manifests as
a divergence in the heat capacity, indicating an infinite
thermodynamic response to infinitesimal temperature
variations. In contrast, the entropy remains continuous
throughout the transition.

The phase transition occurs at the inflection point of
the entropy curve, where

3—; — 00, (90)

and vanishes in the absence of such an inflection point.
Although the Gibbs free energy may develop swallowtail-
like structures for certain halo parameters, the continuity
of the entropy precludes latent heat, thereby ruling out a
first-order phase transition. Instead, the divergence of the
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Fig. 9.
Hernquist halo parameters, with r, = 2 held fixed.

heat capacity indicates a second-order phase transition
within the Ehrenfest classification, wherein first derivat-
ives of the Gibbs free energy remain continuous whereas
second derivatives become singular. In the Schwarz-
schild limit p, =0, no such transition occurs, consistent
with the standard thermodynamic behavior of vacuum
black holes.

VII. SUMMARY

In this work, we constructed an exact, static, spheric-
ally symmetric black hole solution immersed in a

(color online) Profiles of the Gibbs free energy G(T), entropy S(T), and heat capacity Cy(T) for various values of the

Hernquist dark matter halo by directly solving the Ein-
stein field equations. Unlike previous treatments in which
the metric fails to consistently reproduce the prescribed
matter distribution at the level of the Einstein tensor, our
construction ensures full compatibility between the
spacetime geometry and the underlying dark matter
source. This yields a self-consistent gravitational realiza-
tion of a black hole embedded in a Hernquist halo, en-
abling a systematic investigation of its optical, dynamical,
and thermodynamic properties.

We first examined photon propagation in the black
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hole—halo spacetime by analyzing null geodesics and
their associated effective potential. The surrounding dark
matter distribution modifies photon trajectories and shifts
the circular null orbit away from its Schwarzschild value.
As the halo parameters p, and ry increase, both the
photon sphere radius and the critical impact parameter
decrease, resulting in a smaller apparent shadow radius.
The weak deflection angle is similarly affected by the
halo environment; light bending weakens for more exten-
ded dark matter distributions. These results demonstrate
that dark matter can imprint observable signatures on
gravitational lensing phenomena and black hole shadow
structures.

We further investigated the stability of circular
photon orbits by deriving the Lyapunov exponent for ra-
dial perturbations. Because unstable null geodesics gov-
ern the eikonal behavior of quasinormal modes, this ana-
lysis establishes a direct connection between the photon
sphere's geometric structure and the spacetime's dynamic-
al response to perturbations. In the eikonal regime, we
showed that quasinormal mode frequencies acquire expli-
cit corrections induced by the dark matter halo. For di-
lute halo configurations, increasing either p, or ry, en-
hances both the real and imaginary parts of the quasinor-
mal frequencies, indicating higher oscillation frequencies
and faster perturbation damping.

We then explored the thermodynamic properties of
the black hole—halo system via the Hawking temperature,
entropy, heat capacity, and Gibbs free energy. The en-
tropy continues to satisfy the standard Bekenstein—Hawk-
ing area law, remaining positive and continuous across
the physical parameter range. In contrast, the dark matter
environment strongly modifies the temperature profile,

which may develop extrema absent in the Schwarzschild
case. These extrema generate heat capacity divergences,
signaling transitions between thermodynamically stable
and unstable branches. While the Schwarzschild black
hole possesses negative heat capacity for all horizon radii,
including the Hernquist halo introduces regions of posit-
ive heat capacity, thereby enlarging the domain of local
thermodynamic stability.

We analyzed the global thermodynamic structure via
the Gibbs free energy. Increasing the halo density or scale
radius enlarges the region where the Gibbs free energy is
positive, indicating enhanced global instability of the
black hole configuration. By examining the behavior of
G(T), S(T), and Cy(T), we identified critical points char-
acterized by heat capacity divergences alongside continu-
ous Gibbs free energy and entropy. This behavior indic-
ates a second-order phase transition within the Ehrenfest
classification. Although swallow-tail-like structures may
emerge in the Gibbs free energy for certain halo paramet-
ers, the continuity of the entropy excludes latent heat,
thereby ruling out a first-order transition. In the limit
po — 0, all results smoothly reduce to those of the stand-
ard Schwarzschild black hole.

Overall, our analysis demonstrates that realistic dark
matter environments can substantially modify both the
optical and thermodynamic behavior of black holes. The
Hernquist halo not only alters photon motion and quas-
inormal spectra but also generates nontrivial thermody-
namic phases absent in vacuum geometries. These ef-
fects may yield potentially observable signatures of halo-
induced gravitational physics and offer new insights into
the interplay between black holes, dark matter, and
galactic environments.
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