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Abstract: We present a joint factorization and resummation study of the energy-energy correlator (EEC) and thrust

in e*e” collisions. An analysis of the joint kinematic distribution reveals five relevant regimes that govern how the

global event shape constrains local energy correlations. In the collinear limit (z — 0), we show that the global thrust

boundary strongly constrains the jet substructure, necessitating a sub-jet refactorization. In the back-to-back limit

(z — 1), the coexistence of SCET; and SCETy; soft scales requires the SCET, framework. We derive the factoriza-
tion theorems for all five regimes and calculate the corresponding differential jet functions at one-loop order. By

cleanly separating the overlapping soft and collinear modes, our framework provides a systematic factorization de-
scription of the EEC under global thrust constraints in the singular limits.
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I. INTRODUCTION

The study of quantum chromodynamics (QCD) at
electron-positron (e*e”) colliders _has  historically
provided an exceptionally clean environment for testing
the dynamics of the strong interaction. In recent years, the
characterization of final-state energy flux through energy
correlators has gained widespread theoretical and experi-
mental attention. This approach represents a modern
renaissance of the "detector operator" formalism, origin-
ally introduced nearly five decades ago by Sterman [1]
through its action on asymptotic states. Revitalized by
profound insights from conformal field theory [2], this
operator-based framework enables a rigorous, first-prin-
ciples definition of jet substructure observables directly in
terms of correlation functions. The fundamental building
block of this framework is the energy flow operator, or
average null energy operator, defined in terms of the
stress-energy tensor as [3—6]
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By measuring the statistical correlations among en-
ergy deposits throughout a detector, one can construct en-
ergy correlators. The k-point correlation function is form-
ally defined as

/ d*xe (0l ()ER)E(R) . .. E(Fu) J(0)[0), 2)

where ¢* =(Q,0,0,0) is the center-of-mass four-mo-
mentum. These observables provide a crucial link
between the perturbative short-distance partonic descrip-
tion and the emergent long-distance hadronic degrees of
freedom. The simplest and most phenomenologically im-
portant observable in this class is the two-point function,
commonly known as the energy-energy correlator (EEC)
[7—10]. It is defined as the energy-weighted cross section
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where z=(1-#;-7;)/2 is related to the relative angle 6;;
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between two detected particles. While fixed-order calcu-
lations [7—13] successfully describe the bulk of this dis-
tribution, they systematically break down at the kinemat-
ic endpoints because of the emergence of large logar-
ithms. In the collinear limit (z — 0), large Inz diver-
gences necessitate resummation through the light-ray op-
erator product expansion (OPE). Conversely, in the back-
to-back limit (z — 1), the extreme sensitivity to soft radi-
ation requires transverse-momentum-dependent (TMD)
resummation to properly control the Sudakov logarithms.
For a comprehensive contemporary review of the EEC,
we refer the reader to Ref. [14].

While the inclusive EEC elegantly characterizes local
correlations from the collinear to the back-to-back limits,
global event-shape variables are required to effectively
isolate events with a distinct jet-like topology. Establish-
ing theoretically reliable predictions for such joint ob-
servables is of immediate importance for ongoing and fu-
ture measurements at Belle II [15, 16], where event-shape
cuts, particularly thrust (7), serve as standard tools for
event selection and resonance-background suppression
[17—-19]. The thrust variable 7T is formally defined as
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where the sum runs over the momenta j; of all final-state
particles, and the unit vector 7 that maximizes this expres-
sion defines the thrust axis. The limit =< 1 strictly se-
lects highly collimated, pencil-like dijet topologies. By
vetoing energetic wide-angle radiation away from the jet
axis, thrust acts as a global probe of ultrasoft emissions
and is primarily sensitive to the overall energy distribu-
tion rather than to transverse recoil. This global con-
straint naturally complements the local internal informa-
tion provided by the EEC, enabling a powerful multidif-
ferential analysis of how global event topologies imprint
themselves on local parton correlations. However, a sys-
tematic theoretical treatment of QCD evolution under
these simultaneous kinematic constraints has remained an
open challenge, requiring a sophisticated factorization
framework.

In this work, we develop a comprehensive joint fac-
torization and resummation framework for the EEC and
thrust using soft-collinear effective theory (SCET)
[20—24]. The factorization structure of this joint observ-
able exhibits a rich dependence on the phase-space hier-
archy, requiring distinct theoretical treatments in both the
collinear and back-to-back limits. In the collinear limit
(z— 0), the observable strictly probes internal jet sub-
structure governed by timelike DGLAP evolution.
However, the parametric competition between the intern-
al correlator angle z and the global boundary 7 induces
additional multiscale dynamics. When the angular separa-

tion is parametrically smaller than the thrust constraint
(V7> +2), a subjet hierarchy emerges that requires a re-
factorization analogous to fragmenting jet functions
(FJFs) in order to explicitly resum large logarithms of
7/z. Conversely, in the back-to-back limit (z — 1), the
EEC resolves the recoil of soft radiation, characteristic of
an SCETy theory involving TMD factorization, whereas
the global thrust constraint acts as a characteristic SCET;
observable. The simultaneous imposition of these two
conflicting constraints naturally necessitates an SCET,
framework [25—30]. Specifically, the scale mismatch
between the SCET] global boundary and the SCETy; local
correlation requires the introduction of intermediate col-
linear-soft modes to rigorously refactorize the cross sec-
tion. By systematically disentangling these overlapping
dynamics in both the collinear and back-to-back regimes,
we establish a consistent factorization description in the
singular limits.

The remainder of this paper is organized as follows.
In Section II, we present a comprehensive factorization
analysis of the joint (r,z) distribution, identifying five dis-
tinct kinematic regimes that govern the dynamical inter-
play between the global thrust constraint and the local en-
ergy correlations. In Section III, we analyze the numeric-
al results and explore the phenomenological implications
of this multiscale hierarchy. Finally, we summarize our
main findings and outline future applications in Section
IV. The perturbative ingredients and the corresponding
accuracy in each region are summarized in Appendix
Al

II. FACTORIZATION AND RESUMMATION
FRAMEWORK

To establish the theoretical baseline for our joint
framework, we first briefly review the standard factoriza-
tion theorems for the inclusive EEC in its two critical kin-
ematic limits.

In the collinear limit (z — 0), the leading-power fac-
torization theorem developed in Ref. [31] is most natur-
ally expressed in terms of the cumulant of the energy cor-
relator, from which the differential energy correlator is
obtained via

Zx2Q2
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This factorization completely separates the source dy-
namics, encoded in the hard function H, from the meas-
urement dependence, governed by the jet function J. To
account for the partonic channels, both quantities are
treated as vectors in flavor space, with H= {H,,H,}" and
T={J, T}

Conversely, in the back-to-back limit (z — 1), the
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leading-power dynamics are governed by a TMD factor-
ization theorem. Derived within the SCET framework,
this formula reads [32]

dx _O'()

dz 8o
XY er Ty (br, Qo) T (br, o, ) S (br, ). (6)
q

(H(Q,u)/ d(brQ)* Jo(brQ V1 ~2)
0

Here, H denotes the quark color-singlet SCET hard func-
tion, J,; represents the TMD EEC jet functions, which
differ structurally from the collinear jet functions in Eq.
(5), and S is the TMD soft function. The sum )", runs
over all light quark flavors with fractional charge e,. For
the inclusive EEC, resummation has currently been
achieved up to next-to-next-to-leading logarithmic
(NNLL) accuracy in the collinear limit [31] and, follow-
ing extensive recent efforts [33—39], up to N*LL accur-
acy in the back-to-back limit [40]. Correspondingly, re-
cent track-based experimental measurements have suc-
cessfully matched these theoretical precision benchmarks
[41].

Although the inclusive EEC provides a robust theoret-
ical foundation, modern experimental analyses in e*e”
collisions frequently measure multipoint energy correla-
tions subject to global event-shape variables such as
thrust (r=1-T). For example, in studies of light-quark
fragmentation, the Belle Collaboration extensively uses
thrust cuts to isolate specific dijet topologies and effi-
ciently suppress the spherical BB resonance background
[17-19]. Such simultaneous measurements introduce a
nontrivial interplay between the local -angular resolution
of the energy correlator, z, and the global geometric con-
straint, 7. In this work, we develop a comprehensive the-
oretical framework for the joint factorization and resum-
mation of the EEC and thrust in the corresponding re-
gions.

As detailed in Table 1, the parametric competition
between these two kinematic scales partitions the phase
space into five distinct physical regimes. The collinear
limit bifurcates into two subregions governed by the hier-
archy between z and 7, whereas the back-to-back limit ex-
hibits a richer multiscale structure, subdividing into three
distinct modes. In the subsequent subsections, we system-
atically derive the factorized cross sections and resumma-
tion frameworks governing each of these five critical re-
gimes. To clarify the notation, Table 2 summarizes the
main functions appearing in the factorization formulae.

A. Region 1: 7> 2

We begin our analysis in the deep collinear limit, in
which the local angular separation of the energy correlat-
or is parametrically smaller than the global thrust con-
straint; that is, V7> /.

Table 1. Summary of the five kinematic regimes that gov-
ern the joint distribution of the EEC and thrust.
Region Kinematic Scaling Limit
1 VT 2
z—0
2 Vo~ Az
3 Vo> Vl-z~7
4 Vi Vi-z>1 z—1
5 Vi~ AVl-z>7
Table 2. Summary of the main functions used in the factor-
ization formulas.
Notation Name Region
H Hard function Regions 1-5
J= Uy, EEC jet function Region 1
Jq TMD EEC jet function Regions 3 and 4
2l Thrust jet function Regions 1 and 2
N Matching coefficient Region 1
Jrq Collinear thrust-EEC jet function Region 2
Jr1q Back-to-back thrust-EEC jet function Region 5
Spp Thrust-TMD soft function Region 3
St Thrust soft function Regions 1,2, 4, and 5
C, Collinear-soft function Region 4

In the standard factorization theorem for the inclus-
ive EEC [see Eq. (5)], the collinear dynamics are en-
coded entirely in the jet function, J=1{J,.J,}. This func-
tion governs the fragmentation of a parton into the ob-
served pair and evolves via RG equations determined by
the timelike DGLAP anomalous dimensions, which are
completely decoupled from soft radiation and recoil ef-
fects. This physical picture corresponds directly to the
framework of fragmenting jet functions (FJFs) [42—46].
As demonstrated in Refs. [42, 43], the production of a
specific hadron inside a jet can be factorized into a
matching coefficient that captures the macroscopic form-
ation of the jet and a fragmentation function (FF) that
governs its internal microscopic evolution. Recently, this
FJF formalism was successfully extended to the measure-
ment of the EEC inside a reconstructed jet of radius R
[47, 48].

By direct analogy, in our joint framework, the global
thrust variable 7 acts as an effective jet radius, imposing a
geometric boundary on the collinear radiation. In the scal-
ing regime +/7> /7, the large hierarchy between the
thrust jet scale, u; ~Q+r, and the internal correlator
scale, pgrc ~ O+z, generates large logarithms of 7/z
within the thrust jet function. To resum these logarithms
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systematically, we refactorize the thrust jet function by
matching it onto the inclusive EEC jet function through a
perturbative matching coefficient. This procedure yields
the refactorized cross section as

d%, oo d [ du

ut, E
dZdT - o dZ %e 7_((Q’I’l)ST (Q’/J>

y—ico

u ! u
XZefIJqT (Q2,,u>/0 dxxz._‘Tiq <x,§,,u>
q.i

><Jl»<1nz)i2Qz,y). ™)

For phenomenological convenience, the observable is
defined to be differential in the thrust variable 7 and cu-
mulative in the energy-correlation angle z. The thrust soft
function S captures wide-angle soft emissions, while qu
denotes the standard thrust jet function for the unmeas-
ured opposite hemisphere. The perturbative matching
coefficients J;,, were derived at one-loop order in Ref.
[43] and subsequently computed to two-loop accuracy in
Ref. [49]. The physical processes defining Region«1 are
illustrated in Fig. 1, and the corresponding factorized mo-
mentum modes are shown in the left panel of Fig. 2. All
known factorized ingredients and their associated anom-
alous dimensions are summarized in Appendix A.1 up to
the highest available perturbative accuracy.

Finally, although the RG evolution of the global
thrust components (H, S, JJ) follows standard multi-
plicative forms, the collinear evolution of the EEC jet
function J is complicated by flavor mixing and the run-
ning of the strong coupling. These evolution equations
can be solved using a standard iterative approach, as de-
tailed in Ref. [31].

B. Region2: \7~ \z
In this intermediate kinematic regime, the local angu-

P \ Region 1
o @ ]
\\\ pz ~ QZ\
D2
.\
o o

p2~72Q;\ P
Q Q p

Fig. 2.

+
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Fig. 1.  (color online) A schematic of the configuration in
Region 1. The black disc denotes the hard interaction H; the
(cyan) jets are described by Jy and 7;,; the (green) soft radi-
ation is contained in S;; and J; denotes the collinear EEC jet
function.

lar separation probed by the energy correlator becomes
comparable to the global thrust constraint. Consequently,
the parametric hierarchy between the correlator scale and
the thrust jet scale collapses (uggc ~ ws). This collapse
precludes’ the appearance of large logarithms of z/t,
thereby eliminating the need for the sub-jet refactoriza-
tion used in Region 1. The factorization theorem there-
fore simplifies naturally, reducing to a form structurally
analogous to the standard inclusive thrust distribution,
given by

d¥, oo d [ du (u )
g e Rl u'r7_[ , S -,
dzdt 0 dz J, e Znie Q.51 (0] K

x> et (éy) JTq(é,/J,Z) (8)

The novel ingredient in this regime is the collinear
thrust-EEC jet function, Jr,, which describes collinear ra-
diation constrained simultaneously by the global thrust
variable 7 and the local energy correlation z. The explicit
one-loop calculation of Jy, is presented in Appendix A.2
and demonstrates that its divergence structure exactly
matches that of the standard thrust jet function.

P \ Region 2
@ @ @
\‘\ 1)2 ~ Qi
N s
Nl
N 2
x
\\ \\\\?@9
e
Q Q p

(color online) Schematic representation of the factorized momentum-scaling modes governing the two collinear kinematic re-

gimes. The hard (gray), collinear (cyan/purple), and soft (pale green) modes are shown. In Region 2, the two collinear sectors exhibit
asymmetric scaling. By contrast, in Region 1, one of the collinear sectors undergoes further refactorization into additional submodes to

properly resolve the 7/z scale hierarchy.
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By solving the standard RG equations and evolving
all functions to the jet scale u;, the resummed cross sec-
tion in Region 2 is given by

du ( /ﬂh du 1-1
—eexp ( - (Q.10)
yeico 271 Hj G
1 u
7),57 (7

xW(Q,uh)eXp<—/ 4 u)>
w M o’
() S () )

©

y+ico

% _ood

dzdr o dz

Here, the natural renormalization scales for the factor-
ized components are determined by the physical kinemat-
ics as

/'thQa #jNQ\/_NQ\/;’ /'ISNQT‘ (10)

C. Region3: VT> VI—z~

Having examined the collinear limit within a single
jet, we now turn to the back-to-back limit, z— 1, in
which the energy correlator probes correlations between
particles in opposite hemispheres. While the inclusive
EEC in this endpoint regime is governed entirely by
standard TMD dynamics, imposing the global thrust con-
straint 7 restricts the soft-radiation phase space and there-
fore necessitates a fundamental modification of the fac-
torization structure.

This joint observable belongs to a class of multiscale
configurations that entangle both SCET; and SCETy
modes, requiring the SCET, formalism originally intro-
duced in Ref. [25]. This framework has been success-
fully applied to the joint resummation of O-jettiness and
transverse momentum [26, 27], and more recently exten-
ded to thrust and transverse momentum [28]. Because the
EEC in the z — 1 limit effectively acts as a TMD meas-
urement, the factorization structure for the joint (r,z) dis-
tribution emerges as a natural, albeit highly nontrivial,
theoretical extension.

As illustrated previously in Fig. 3, the back-to-back
regime subdivides into three distinct scaling regions, dic-
tated by the dynamical interplay among the thrust jet
scale /7Q, the energy-correlation scale V1 -zQ, and the
thrust soft scale 7Q. We begin our analysis with Region
3, defined by the scaling /7 > +1 -z~ 7. This configur-
ation corresponds to an SCETy; scenario in which the loc-
al energy-correlation scale is parametrically commensur-
ate with the global thrust soft scale. The factorization the-
orem in this regime takes the form

Chin. Phys. C 50, (2026)
dx;

+ico
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X H(Q.1)S (br, oY )5(1 —- qQZTz)

(2m)?

XY r T (br. QN T5(br, Q). (11)
q

Here, the thrust-TMD soft function, denoted by §,,, is a
double-differential function that was originally derived
and evaluated in momentum space in Ref. [26]. A cumu-
lative momentum-space expression suitable for numeric-
al implementation was’ subsequently provided in Ref.
[27]. However, in Appendix A.3, we present a recalcula-
tion of §,, directly in impact-parameter space using a
four-dimensional scheme, yielding a remarkably com-
pact analytic expression that significantly streamlines the
resummation framework.

By solving the associated RG and rapidity renormal-
ization group (RRG) equations and evolving all ingredi-
ents to the characteristic correlation scale py,, the re-
summed cross section becomes

y+ico

dx
3 d(bTQfJo(bTQ«/ a) 2—” e

dzdr

0o

8o

Hh d
X exp (—/ 77;4 H(Q, ﬂ)) H(Q, 1)
Hb

u
XSpp (bTa —Mb Vs) Ze?]jq(bTa Q:/Jba yj)
q

Q

v, 2y, (br pp)
qu(bT’Q’ﬂb,vj) <7) )

J
where the natural renormalization and rapidity scales for
the factorized components are given by

(12)

1
=0, #;=ub=;~QT,
T
1
vi=0, vy b—T (13)

We note that, because the integration contour for the
inverse transform in Eq. (12) inevitably extends into the
nonperturbative regime, an appropriate regularization
prescription must be employed to properly avoid the
Landau pole.

D. Region4: \v> Vi-z>1

As the kinematics transition further into this interme-
diate regime, the hierarchy between the local energy-cor-
relation scale, Q V1 -z, and the global thrust soft scale,
Qrt, becomes parametrically large. This pronounced scale
separation invalidates the fixed-order treatment of the
double-differential soft function §,, used in Region 3.
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Fig. 3. (color online) The modes in the three regions are indicated as follows: hard (gray), collinear (cyan), soft (pea green), and col-

linear-soft (pale cyan). Regions 3—5 correspond to SCETy;, SCET, , and SCET;, respectively.

Consequently, a further refactorization of the underlying
effective theory into an SCET, framework is required.
Specifically, the soft dynamics decouple completely into
the standard global thrust soft function, S, and a pair of
collinear-soft functions, C,;, which describe soft fluctu-
ations strictly localized near the respective jet boundaries.
This structural refactorization is expressed as

Sop (br,g,u,v) 257(5,;1)0,] (by,é,,u,v>

X Cy <b7,é,,u,v> {1 +O(

)

(14)

This factorized separation facilitates the resummation
of large logarithms of the conjugate ratio b%Q?/u*, which
corresponds to the physical parameter 72/(1 -z), through
the coupled renormalization group evolution of the collin-
ear-soft and thrust soft functions. Furthermore, because
the EEC jet function and the collinear-soft function re-
solve the same invariant mass scale in this regime, their
rapidity divergences must cancel exactly against one an-
other, thereby ensuring the mathematical consistency of
the joint factorization.

To systematically disentangle these overlapping dy-

namics, we introduce the power-counting parameter
A=qr/Q~ V1-z. The six relevant momentum modes

governing this SCET, hierarchy are then classified as fol-
lows

e hard: Ph~0(,1,1),

P~ 0%, 1,2),

e n-collinear :

e 7i-collinear: Pi~0(1,22,2),
e n-collinear-soft:  p* ~ O(7,4*/7, 1),
e ii-collinear-soft:  p: ~ Q(1%/7,7, 1),
e soft: P~ 0(T,7,7).

Applying this mode expansion, the factorization the-
orem in this regime takes the following form

’)’+100

ol o [ oo
x?ﬂQ,u)ST(g,u) quejcq (bf, %,u,v)

quwT,Q,y,v)cq(bT, éw)ﬂ;(pr,u,v)

x6<1—z—qQZT2).

By solving the associated evolution equations and
evolving all functions to the characteristic energy correla-
tion scale y,, the fully resummed cross section becomes

dx,
dsz

i ele“lT‘HlT
2ri

(15)

d24 0_0 y+1oo

2 du el’
dzdr 80 J, d(er) Jo(brQV1-2) . oS

xexp(—
o (gn) )sr(Gn)
xexp | — =, Sl = 1y
p( /p,, S \ge) St g
qu:ejcq(br,g,ub,vC>C (br, Q,,ub,vC>
qu(bT,Q,/Jl%Vj)jq(bTaQa/lb’Vj)

2y (br ap
Ve ¥y (b1 i)
X\ — >
vj

where the natural renormalization and rapidity scales as-
sociated with these distinct dynamics are evaluated as

Hlx
/ *n 70, u)) H(Q, 1)

b

(16)

,uh:Q’
Hj=Hc =y = 1/br,
ps=70, v;=0, vc=1/(b770). (17)
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E. Region5: VT~ VI-z>71

Finally, we consider Region 5, in which the local en-
ergy-correlation scale explicitly matches the thrust collin-
ear scale, V1-z~ /7. As this internal scale hierarchy
collapses, the distinct collinear-soft modes recombine in-
to standard collinear modes. The effective theory there-
fore reduces cleanly to a standard SCET; framework. In
this regime, all collinear dynamics are governed entirely
by the back-to-back thrust-EEC jet function, J7,, which
simultaneously resolves both the jet invariant mass and
the internal energy correlations. The explicit one-loop
calculation of this function is presented in Appendix A.4.
Consequently, the factorization theorem simplifies to

d’br

y+ico du
/ /(2n)2/m 2

X H(Q.)S 1 (g,u) >oe
q

Xqu(Q27bT7 )qu<Q29bT9 )
2)
0/

By solving the standard RG equations to evolve the
hard and soft functions to the common energy-correla-
tion scale y,, we obtain the fully resummed cross section
for Region 5 as

dXs
dzd‘r

ibr-qr+ut

><5<1—z— (18)

dxs
dzdr

0_0 y+ico

=2 d(bTQ> oI [ Mg

o 4 2

Hh d ,
X exp (— / “y[’(Q,m)?ﬂQ,uh)
S H

u u
X exp —/ —, )S =M
X ( " (Q”) T(Q’“‘)

X;ef]jm (é,b]‘,llb> qu(QZ,bT,,Ub) (19)

du
—yir
u

where the characteristic scales governing this configura-
tion are defined as follows:

ph=0, u;j= *~Q\/_ us=0t.  (20)

F. Matching procedure

We conclude this section by detailing the matching
procedure required to combine continuously the predic-
tions obtained in the various kinematic regimes. Because
the collinear and back-to-back limits are governed by dis-
tinct factorization theorems with different relevant scales,
we first consider the back-to-back sector as an illustrat-

ive example.

In this sector, Region 4 exhibits the largest scale hier-
archy and therefore resums the most complete set of large
logarithms. However, the associated power corrections in
Eq. (15) become unsuppressed as the physical boundar-
ies of Regions 3 and 5 are approached. To account for
this, we implement an additive matching scheme gov-
erned by profile scales. Although the practical numerical
implementation of these profile functions is described in
detail in Ref. [27], we outline the underlying methodo-
logy here. We begin with the standard matching of Re-
gion 4 onto fixed-order QCD.

dz, )
dzdt/ |,

Here, the subscript p, denotes evaluation at the natural
scales defined in Section II.D, while upy denotes the
renormalization scale used in the fixed-order perturbative
calculation for d¥go. Deep within Region 4, the fixed-or-
der matching corrections are kinematically suppressed,
and the matched cross section correctly reduces to the re-
summed result dX,/(dzd7)l,. Conversely, as one ap-
proaches the fixed-order limit, the profile functions en-
force the scale variation py — pro, thereby smoothly turn-
ing off the resummation. Through the explicit cancella-
tion of the asymptotic terms within the parentheses, this
additive formula simplifies exactly to the pure fixed-or-
der cross section, dZpg/(dzd )|, -

Generalizing this logic to capture the entire SCET,
hierarchy, the fully matched expression encompassing all
back-to-back regions is given by

dz
dzdr

43|,
~ dzdr |,

(dzm 1)

dzdr

X dxy, +<d23_d24> +<d25_d24>
dzdr ~ dzdr s dzdr  dzdr/ |, dzdr  dzdr/ |,
(dEFO dX;  dXs N dx, )
dzdr dzdr dzdr dzdr ro

(22)

This structure strictly enforces the correct asymptotic
behavior in all limits. For example, when transitioning to-
ward Region 3, the profile-scale convergence p, — p; ef-
fectively deactivates the Region 4 resummation. The first
two terms then merge to yield the expected Region 3 pre-
diction dX;/(dzdr)|,,, while the remaining terms are nat-
urally rendered as dynamically power-suppressed correc-
tions. Furthermore, deep in the regime of validity of
fixed-order perturbation theory, all resummation scales y;
uniformly merge to uro. This leads to an exact cancella-
tion of the singular terms across all bracketed expres-
sions, thereby cleanly recovering the full-theory fixed-or-
der prediction.

An entirely analogous additive matching scheme is
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employed in the collinear sector to smoothly interpolate
between Regions 1 and 2, and is given by

I o=l

X dI,
dzdr ~ dzdr

dx, B dz,
dzdr dzdr

d>ro B dz,
dzdr dzdr

HFO

(23)

Ultimately, combining these piecewise-matched res-
ults guarantees a theoretically robust interpolation across
the corresponding regions of the joint (t,z) phase space.

III. NUMERICAL RESULTS

In this work, our primary focus is to establish the the-
oretical factorization framework for the joint thrust and
EEC measurement. The numerical study in this section is
intended as a qualitative phenomenological illustration of
the kinematic effects induced by the thrust constraint. A
complete numerical implementation of our resummation
formula at high logarithmic accuracy requires careful
treatment of multidimensional profile scales and shape
functions, which we leave for future work. Nevertheless,
to explore the physical effects of this multiscale hier-
archy, we analyze the double-differential cross section
generated by PytHia 8.3 [50]. By incorporating coherent
parton showers and hadronization models, PytHiA
provides a reliable qualitative proxy-for the complex
QCD dynamics in these restricted phase-space regions.

The simulation is performed for e*e™ — y*/Z — ¢g at
Q=912 GeV with five quark flavors. We generated
2x10% accepted events using the default Pyrmia 8.3
shower and hadronization model. Both thrust and the
EEC are evaluated using final-state charged particles. The
two-dimensional distribution in Fig. 4 is globally normal-
ized over the generated sample, and the one-dimensional

Thrust- EEC 2D Distribution

— 5
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) 5
102 =
1-107% el
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= 0 T
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” 05 sl
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w 1072
10~
10-3 1073
104 10
- = 10
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Fig. 4.

charged particles. The left panel shows the globally normalized tw

curves in the right panel are globally normalized projec-

tions in the indicated thrust bins rather than distributions

normalized separately within each bin.

We first examine the inclusive kinematic distribution.

As the two-dimensional spectrum in the left panel of Fig.

4 shows, most of the cross section naturally lies in highly

collimated configurations (small ) and at extreme angles.
To understand how the global event shape modifies

the local correlations, we slice this distribution into nar-

row thrust bins (7.=1-7), as shown in the right panel.
Using the geometric. mapping z=(1-cos6)/2, the re-
gions cosd — 1 and/cosf® — —1 map directly to the collin-
ear (z — 0) and back-to-back (z — 1) limits.

The global thrust constraint strongly affects these ex-
treme limits. For highly collimated events (small 7, large
7), the tight phase-space restriction produces narrow plat-
eaus in both regions. As 7 increases (and 7 decreases), the
relaxation of the phase-space boundary allows more
wide-angle emissions. We observe that this kinematic in-
terplay is highly asymmetric, with the back-to-back limit
exhibiting much greater sensitivity to the thrust con-
straint than the collinear sector. Because of this asymmet-
ric sensitivity, the back-to-back plateau broadens to span
a much wider angular range. Concurrently, although the
absolute heights of both plateaus decrease, the back-to-
back plateau drops much more rapidly. Driven by this
rapid asymmetric suppression, the distribution at larger ¢
values develops a distinct shoulder structure, visible as a
protrusion just to the right of the distribution minimum.

These dynamical features explain why standard in-
clusive methods fail. An inclusive calculation cannot cap-
ture how a global thrust cut unevenly restricts soft and

collinear radiation, nor can it predict the emergence of

such local structures. Therefore, the joint resummation
framework developed here is required to analytically de-
scribe this complex behavior.

EEC with Thrust

Pythia8.3
ete”

Q = 91.2GeV

7€ [0.02,0.03)
7 € [0.05, 0.06)
7 € [0.08,0.09)
7€ [0.11,0.12
7€ [0.14,0.15
7€ [0.17,0.18
7€ [0.20, 0.
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(color online) Dependence of the EEC on the event shape for ete™ — y*/Z — gg at Q =91.2 GeV, evaluated using final-state

o-dimensional distribution of the joint cross section as a function of ¢

and z. The right panel shows the globally normalized differential cross section as a function of cosd for different thrust bins.
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IV. CONCLUSIONS AND OUTLOOK

In this paper, we established a joint factorization and
resummation framework for the EEC and thrust in e*e”
collisions. Working within the SCET formalism, we re-
solved the factorization structure at the collinear and
back-to-back boundaries of the EEC. By analyzing the in-
terplay between the local angle z and the global event
shape 7, we identified five distinct kinematic regimes that
cover the relevant limits. For each regime, we derived the
corresponding factorization theorems and calculated the
required perturbative components at one-loop order. Most
importantly, we explicitly derived the joint collinear
thrust-EEC jet function, Jr,, and the back-to-back thrust-
EEC jet function, J7,.

We also explored the physical effects of this
multiscale hierarchy using PyTtHiA 8.3 as a qualitative il-
lustration. Our analysis revealed a highly asymmetric kin-
ematic interplay. The back-to-back correlation is much
more sensitive to the global thrust constraint than the col-
linear correlation. As a result of this asymmetric sensitiv-
ity, the back-to-back plateau broadens but its event rate
decreases rapidly as 7 increases. Standard inclusive meth-
ods cannot predict this uneven suppression of soft and
collinear radiation. Therefore, our joint resummation
framework provides the essential theoretical tool for
properly describing these complex features.

Looking ahead, this work opens several avenues for
future study. On the theory side, we plan to implement
the full numerical resummation of the formulas derived
here. To obtain high-precision theoretical predictions, fu-
ture studies must also extend this joint resummation to
higher logarithmic accuracy. This will require computing
Jry and Jr, to two-loop order, together with a careful
treatment of profile scales and nonperturbative paramet-
rizations. On the experimental side, our framework
provides a solid theoretical baseline for measurements at
BESIII, Belle 11, and the future Super-Tau Charm Fact-
ory, where global shape cuts are crucial for isolating spe-
cific jet configurations and suppressing backgrounds. At
fixed-energy e*e facilities, thrust binning can provide an
internal scale scan for EEC measurements, offering com-
plementary input for @, extractions. It also has the poten-
tial to be extended to polarized EECs to probe how spin
correlations evolve under varying radiation patterns. Fi-
nally, the techniques developed here to connect local en-
ergy correlators with global event boundaries can be nat-
urally extended to deep inelastic scattering at the future
EIC or to joint measurements of the EEC and jet mass at
the LHC.
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APPENDIX A: RESUMMATION INGREDIENTS

For a compact representation of the factorization the-
orems, we adopt the following definitions of the Fourier
and Laplace transforms and their respective inverses.

fbr) = / d’qr e f(qr),

00

oo dzb . 00
flar) = / eSS, f) = / dr e f(7),
—e (2m) 0

y+ico

1
fo= i / due™ f(u).
71 y—ico

(AT)

1. Summary of the known perturbative ingredients

o H= {H,H,)" denotes the inclusive hard functions
for the quark and gluon sectors, known to three loops in
the ete™ case [51] and to two loops for many processes at
the LHC [52, 53].

® H(Q,w) is the quark color-singlet SCET hard func-
tion, corresponding to the IR-finite part of the quark form
factors [54—63], and can be derived from the recent res-
ult of Ref. [63] up to four loops.

o J={J,.J;} represents the collinear EEC jet func-
tions, which are known to two-loop order from Ref. [31].

® J,(br,0,u,v) denotes the TMD quark EEC jet
function, which is known up to three-loop order [38].

® S(br,u,v) is the TMD soft function, known up to
three loops, as reported in [64].

e The jet function J; (u/Q%.11) and the soft function
St (u/Q,u) for thrust (2-jettiness) are currently known to
three-loop accuracy [65, 66]. Recent progress toward the
four-loop level has been reported in [67].

e The two-loop matching coefficients J;; are given in
[49].

e The one-loop double-differential thrust-TMD col-
linear-soft function is given in [26].

e The cusp anomalous dimension has been computed
through four loops in [68—71], and an approximate five-
loop expression was reported in [72].

® The five-loop beta function is given in [73, 74].

e The four-loop rapidity anomalous dimension is giv-
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en in [40, 75].

® The three-loop timelike DGLAP anomalous dimen-
sions are given in [76—78], and progress at four loops can
be found in [68, 69, 79-90].

For the joint EEC-thrust observable, the resummation
accuracy supported by the currently available ingredients
is as follows. Region 1 can be systematically matched to
N°LL accuracy. Regions 2, 4, and 5 currently achieve
NNLL accuracy, since the newly introduced functions
Jrq, C4, and Jr, are computed to one loop in this work.
Region 3 is similarly limited to NNLL accuracy by the
thrust-TMD soft function S ,,, which is also evaluated at
one loop here. Improving these results requires higher-or-
der calculations of the corresponding boundary functions.
Specifically, extending J7,, C,, Jr4, and S,, to two
loops would promote Regions 25 to N3LL accuracy.

2. Collinear thrust-EEC jet function
In this subsection, we present the calculation of the
bare one-loop collinear thrust-EEC jet function, J3*. The
relevant Feynman diagrams are shown in Fig. Al. The
diagrams arising from the perturbative expansion of the
Wilson lines vanish because we work in light-cone gauge:
Notably, although diagrams (b) and (c) vanish as scale-
less integrals in the standard inclusive EEC calculation,
the additional constraint imposed by thrust introduces an
explicit physical scale and therefore makes these integ-
rals non-vanishing. Consequently, the complete bare one-

loop result requires summing all three diagrams:
e u 67E 2 ‘
e (gom) =S a0 ()

<[/

x (k%6 (5 —(I- y)>

Ok Whec

(2 )dl

X pq,’(y,aexp( Qz) (A2)

where d =4-2¢, the index i€ {q,g} runs over the final-
state partons after the splitting, and the sum over
D €{(a),(b),(c)} accounts for the three relevant diagrams.

Here, y denotes the energy fraction carried by the quark,
and s =k%/(y(1—y)) is the invariant mass of the collinear
pair. The diagram-specific EEC measurement weights are

given by
s )
k=p=/’

WEEC =2y(1-y)@ (Z_

(b)

Wege =(1 = }’)2,
(c)

WERG =Y’ (A3)

To parameterize the kinematics, we introduce two
light-like reference = vectors, n»*=(1,0,0,1) and "=
(1,0,0,-1), in'Minkowski space, such that any four-mo-
mentum can be decomposed as k= (n-k,i-kK)) =
(k*,k™,K}). For quark-initiated splittings, the relevant bare
splitting kernels are

+ 2
Y _e(1-y)],
-y

Pl (v, €) =2Cr

©)

Pyg (A4)

.6 =pi)(1-y.e).

For diagrams (b) and (c), the evaluation is straightfor-
ward and yields

are u 3 3
LA (@M) =Cr {—2—6 L —3} : (AS)
((cpbare [ U _ 4 15+8L, 15L,
JTq (@,,U) =Cp {? + e + )
2. 2
+2Li+16—%} , (A6)

where L, =In (ue’*y?/Q?). Evaluating diagram (a) re-
quires the explicit insertion of the phase-space constraint
O(z—s/k p7) and a symmetry factor of 2, as in Eq. (A3).
This yields

];_lq),(a),bare(

3
u,z7) =Cp |—— +3L, + j'(u,2) |, (A7)
€

LD

Fig. Al.
tions of the EEC operators.

(color online) Representative one-loop diagrams for the collinear thrust-EEC jet function, where the red dots denote inser-
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where L. =In(zQ?/u*). The finite term j9(u,z) contains
nontrivial kinematic dependence

7 uz)
1,1;2, -5 ——
( 2" 4

uz 3
—10+/me™ 4 (uz) 2erfi (g)

3uz
q - F
J1(u,2) 102 2

1
1914 (ag)
uzg

where erfi(x) denotes the imaginary error function. Sum-
ming the contributions from all three diagrams, we ob-
tain the bare one-loop collinear thrust-EEC jet function as

u 4
<@’”’Z) -ce[ 5+
2

2
+16—§ +ju,2)] .

3+4L,

](l),bare

To +6L,+2L2+3L.

(A9)

Crucially, the divergent terms in this result exactly
match those of the standard inclusive thrust jet function,
ensuring that the RG consistency condition is satisfied.
We perform renormalization in the MS scheme, which is
used throughout the remainder of this work. The renor-
malized jet function Jr, is related to the bare function by
Jrg =2 JJ‘;?;S, where the renormalization constant Z; ab-
sorbs the 1/e poles. The renormalized collinear thrust-
EEC jet function therefore obeys the evolution equation:

d u u u
H=—Jrq(—5.14.2) = Y ( ,#) Jry(

du”"" Q2 2 2
<ésﬂ) = 2l—‘cusp(as)Lu + yj(a's) s

WM, 2),

(A10)

J1q
Yu

where y,;(a,) denotes the non-cusp anomalous dimension,
which is given in Ref. [67] up to four-loop order. Physic-
ally, diagrams (b) and (c) represent self-correlations in
which both detectors probe the same parton. At strictly
zero relative angle, their combined contributions are nat-
urally independent of z. Furthermore, in the limit uz — 0
in Region 1, diagram (a) alone reproduces the collinear
quark EEC jet function in Eq. (5).

3. Thrust-TMD soft function

In this subsection, we detail the calculation of the
bare one-loop thrust-TMD soft function, S%4°. Because a
soft gluon can be emitted into either of the two thrust
hemispheres, the complete one-loop soft integral is twice
the single-hemisphere contribution.

)c
1 ibp-ky —kTu —
x@(ko)ﬁeb kre k0@ (k™ —k*) . (All)

d’k

e)’E'uZ
F Wé (k)

4

(1),bare __ 2
S Orbare =8(4m) (

Here, the step function @(k~ —k*) restricts the phase
space to a single hemisphere, wherein the smaller light-
cone component k* determines the contribution to the
thrust observable.

Following Ref. [28], this one-loop result can be con-
veniently decomposed into the standard TMD soft func-
tion, S{:2 and a remainder term, AS(", which repres-
ents the finite correction induced by the thrust constraint.

(i

The standard bare TMD soft function is given by

(1),bare
S pp

are u
= Siip < (br,p1,v) + AS P (br,é) :
(A12)

o)

are 4 qu 2 1
SO ) =cF(Ez+4(mV2_n) (L+n)
2
—ﬂg—%i) , (A13)

where L, = 2In(e”*byu/2). Since all ultraviolet and rapid-
ity divergences are fully captured by the standard TMD
soft function, the remaining correction AS® is mani-
festly finite. We can explicitly isolate this finite contribu-
tion by partitioning the phase-space integrand using the
following algebraic identity

eibrkr@ (k— _k+) e—k*u/Q :eibr-k7® (k— —k+)

+e"THQ (k- k") (1 +e72).
(A14)

Integration of the first term reproduces the standard
TMD soft function. Evaluating the second term directly
in four dimensions yields the following compact analytic
result:

AS™D (br,é> =8C; [VI+ @ —c+lne—In(1+ VIt )],
(A15)

where we have defined the dimensionless scaling vari-
able ¢=b;Q/u. Finally, the renormalized thrust-TMD
soft function satisfies the corresponding RG and RRG
equations as

d u u
M@Spp (bT9 §9ﬂ3y) = )’z (ll,v)Spp <bT, a,ﬂs V> )
(A16)
u

u
é»#,v> )
(A17)

7»/J,V> = yf(bTaﬂ)Spp (bT»

d
Vaspp (b]‘, Q
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4
7}3 (ﬂa V) = _4rcusp(as)1n; + Vs (CYS), (Al 8)

-2 l—‘cusp(as)Lb + )/v(as) s (A19)

75 (b T’,u) =
where ys(a;) denotes the soft non-cusp anomalous di-
mension given in Ref. [64] up to three-loop order, and the

four-loop rapidity anomalous dimension 7y, (@) is
provided in Refs. [40, 75].

4. TMD thrust-EEC jet function

In this subsection, we present the calculation of the
one-loop bare TMD thrust-EEC jet function, [J74°. The
one-loop integral is given by

1
j;‘;bm(Qz,bT, =Z /0 dyy ./ (br,y). (A20)
where
1 e)’E
(1),bare __ 2 0 2
I, _7(471) /(2 = -O(k")o(k)
k™ 0 ibr-kr/y su
x5 (5—(1 ) 100, exp )

Crucially, because the divergence structure of this in-
tegral exactly matches that of the standard inclusive
thrust jet function, we can employ the same subtraction
scheme used in the previous section (Appendix A.3). By
subtracting the standard thrust jet function at the integ-
rand level, the remaining finite term can be evaluated dir-
ectly in four dimensions. This procedure yields the com-
plete one-loop expression:

e 4 1
N (Qz,bT, >=Cp {g+g(3+4Lu)+3LM

2

2
+202+7 - % +iv@|, (A22)

where a = b%Q?/(4u). The nontrivial kinematic depend-
ence is encoded in the finite function jy(a), which is giv-

en by
-3G33 | a

+3a- 21n2(a) —4ygIn(a) — 2)/% -,
where G}/ denotes the Meijer G-function. Notably, the
one-loop TMD thrust-EEC jet function is identical to the
standard thrust jet function, up to a shift by the finite term
Jo(a). Furthermore, in the asymptotic limit @ — co (which
corresponds to the pronounced scale hierarchy of Region
4), this double-differential jet function refactorizes ex-
actly: At one loop, this appears additively as the sum of
the standard EEC jet function and the thrust-TMD collin-

ear-soft function,
br,— SHV )
( 0

(A24)

0,1

. 31 1,2
Jo(@) =4Gy; | a 0

2,2,0

s Vs

(A23)

Tty (Qz,br u) = 3" (br.un) +C

The collinear-soft function C, that emerges in this
limit is identical to the one that decouples from the
double-differential soft function in Eq. (14). This con-
firms the universality of the collinear-soft mode and
demonstrates the consistency of our factorization frame-
work. The renormalized TMD thrust-EEC jet function
satisfies the corresponding RG equations as

M%qu(QZ’bT’ >:YY(Q2’#>qu<Q2,bT, >,
(A25)

y/‘;] (é ,ﬂ) = 2rcusp(CZs)Lu + YJ(aS) . (A26)
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