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Abstract: Timelike orbits constitute a crucial probe for exploring the intrinsic properties of curved spacetimes, and
the accompanying gravitational radiation signals provide a direct window into strong field gravity. In this paper, we
develop a versatile computational framework based on Mathematica and the OpenMP parallel architecture to simu-
late the  rational  orbits  of  timelike  particles  and  their  gravitational  radiation  in  static  spherically  symmetric  space-
times. Specifically, with only the user defined covariant metric as input, this numerical tool can efficiently calculate
rational  orbits  for  various  configurations,  as  well  as  the  corresponding  gravitational  wave  polarization  states  and
characteristic strains. The package presented here provides an efficient and comprehensive tool for investigating the
properties of curved spacetimes and their potential observational signatures. To demonstrate the reliability and cap-
ability of our code, we apply it to the Schwarzschild spacetime as a test case, illustrating its functionality in several
key aspects,  including the effective potential,  stable orbital  regions,  rational  and irrational  orbits,  and gravitational
wave signals. Furthermore, we show that the gravitational waves emitted by an extreme-mass-ratio inspiral system
composed of an intermediate mass black hole and the Galactic Center supermassive black hole could be detected by
future space detectors.
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I.  INTRODUCTION

A∗

From the detection of gravitational wave signals emit-
ted by binary black hole mergers by the Laser Interfero-
meter Gravitational-Wave Observatory (LIGO) [1], to the
successive imaging of the supermassive black holes in the
M87  galaxy  and  at  the  Galactic  Center  (Sgr )  by  the
Event Horizon Telescope (EHT) [2, 3], and further to the
observational testing of Hawking's area law [4], the con-
tinuously  accumulating  evidence  has  made  the  existence
of  black  holes  practically  indisputable.  Consequently,
serving  both  as  natural  sources  of  extreme  gravitational
fields and as crucial building blocks for refining the the-
ory of gravity, black holes have attracted extensive atten-
tion from the scientific community.

Owing  to  the  intense  gravitational  fields  of  black
holes, small celestial bodies can be gravitationally bound
to orbit around them. These orbital motions exhibit a rich
variety  of  patterns,  including  standard  Keplerian  orbits,
precessing  orbits,  chaotic  motions  [5−13],  off-equatorial
motions [14], and extremely accelerated motions in polar
regions [15−17]. Regardless of the specific dynamical be-

(z,w,v)

havior, the  characteristics  of  these  orbits  inherently  en-
code the fundamental properties of the background space-
time,  making  them  a  premier  probe  for  investigating
black holes.  Interestingly,  by  studying  the  geodesic  mo-
tion of timelike particles in black hole spacetimes, Levin
and Perez-Giz established a numerical framework for cal-
culating  strictly  closed  timelike  orbits  [18].  Within  a
complete  orbital  cycle,  the  azimuthal  and  radial  periods
of such orbits exhibit an integer ratio, and hence they are
referred to  as  rational  orbits.  Specifically,  the  configura-
tion  of  a  rational  orbit  can  be  strictly  characterized  by
three integers ,  which makes it  possible to extract
richly structured orbital information within curved space-
times.  Subsequently,  this  methodology  has  been  widely
applied  by  researchers  to  various  modified  theories  of
gravity [19−64], establishing a direct connection between
spacetime parameters and orbital configurations. This ul-
timately provides an extensive theoretical catalog for ob-
serving  timelike  orbits,  refining  theories  of  gravity,  and
constraining spacetime parameters.

It  is  worth  noting  that  rational  orbits  are  not  merely
mathematical constructs; they not only encode spacetime
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information but also play a significant role in orbital res-
onance and nonlinear theories. Therefore, further explor-
ing the  potential  observational  signatures  of  rational  or-
bits  holds  substantial  practical  importance.  Interestingly,
a small celestial body moving on a rational orbit and the
central  black  hole  can  constitute  an  extreme-mass-ratio
inspiral system, whose mass quadrupole moment evolves
with time, thereby generating gravitational radiation. Due
to  the  breakdown of  the  adiabatic  evolution  condition  at
resonances, these  radiation  signals  carry  unique  finger-
print features, providing a crucial means of extracting the
intrinsic  properties  of  spacetime.  More  importantly,  the
gravitational  wave  signals  of  such  systems  typically  fall
within  the  mHz  frequency  window,  making  them  core
scientific targets  for  future  space  gravitational  wave  ob-
servatories, such as LISA [65, 66], TianQin [67−69], and
Taiji [70, 71]. This further underscores the need to estab-
lish  a  library  of  gravitational  wave  signals  from rational
orbits  and  to  utilize  them  as  a  unique  probe  for  testing
gravity in the strong field regime.

Despite the extensive research devoted to rational or-
bits in curved spacetimes, a universal and comprehensive
open-source  numerical  tool  capable  of  efficiently  and
conveniently  simulating  these  orbits  and  their  associated
gravitational  wave  signals  has  not  yet  been  available.
This deficiency  implicitly  impedes  further  detailed  ex-
ploration  within  the  field.  To  address  this  gap,  we  have
developed a computational platform based on Mathemat-
ica and the OpenMP computing framework to realize the
aforementioned functionalities,  making  it  seamlessly  ap-
plicable  to  any  static  spherically  symmetric  spacetime.
Specifically,  with  only  the  covariant  metric  defined  by
the user, the code directly returns circular orbits, rational
orbits, irrational orbits, and the specific energy range cor-
responding  to  the  stable  orbital  regions,  alongside  the
gravitational  wave  signals  and  characteristic  strains  for
the designated parameters.

M =G = c = 1

The  remainder  of  this  paper  is  organized  as  follows.
In the next section, we detail the programming logic and
fundamental  formulas of  the open-source code,  mathem-
atically  demonstrating  how  to  derive  rational  orbits,  the
corresponding gravitational  wave  signals,  and  character-
istic  strains  starting  from  a  static  spherically  symmetric
spacetime  line  element.  In  Section  III,  we  adopt  the
Schwarzschild  spacetime  as  a  test  case  to  showcase  the
versatile functionalities  of  the  code,  focusing  on  the  ob-
servational prospects  of  gravitational  wave  signals  emit-
ted  by  an  extreme-mass-ratio  inspiral  system  composed
of  the  Galactic  Center  black  hole  and  a  small  celestial
body.  In  the  final  section,  we  draw  our  conclusions  and
provide a discussion. Throughout the mathematical deriv-
ations  in  this  paper,  we  adopt  geometrized  units,  where
the black hole mass M,  the gravitational constant G,  and
the  speed  of  light c are  all  set  to  unity  ( ).
When  considering  practical  applications,  we  restore  the

relevant quantities to the International System of Units. 

II.  MATHEMATICAL FOUNDATION OF
THE CODE

 

A.    Spacetime model and equations of motion for time-
like particles

xµ = (t,r, θ,φ)
We consider a static spherically symmetric spacetime,

whose  line  element  in  the  coordinates  is
written as 

ds2 = gttdt2+grrdr2+gθθdθ2+gφφdφ2, (1)

gµν f (r) = −gtt

ẋµ = (ṫ, ṙ, θ̇, φ̇) L

where  the covariant metric, with  represent-
ing  the  metric  potential.  We  introduce  the  four-velocity

.  Then,  the  Lagrangian  governing  the
particle motion in the spacetime is written as 

L = 1
2

gµν ẋµ ẋν =
1
2
(
gtt ṫ2+grr ṙ2+gθθθ̇2+gφφφ̇2

)
. (2)

Since the spacetime is static and spherically symmet-
ric,  the  line  element  (1)  does  not  explicitly  depend  on
time t or the azimuthal angle φ, which leads to two con-
served quantities for the particle motion, namely the spe-
cific energy E and the specific angular momentum L. Ac-
cording  to  the  Euler-Lagrange  equations,  the  mapping
between  these  conserved  quantities  and  the  velocities  is
given by 

−E = pt = gtt ṫ, (3)
 

L = pφ = gφφφ̇. (4)

pµHere,  represents the conjugate momentum correspond-
ing to  the  generalized  coordinates  of  the  particle.  Sub-
sequently, we have 

pr = grr ṙ, (5)
 

pθ = gθθθ̇. (6)

Based on the Legendre transformation, we can obtain the
Hamiltonian governing  the  particle  motion  in  the  space-
time as 

H = pµ ẋµ−L =
1
2

gµνpµpν, (7)

gµνwhere  denotes  the  contravariant  metric,  and  in  the

Dan Li, Shiyang Hu, Chen Deng et al. Chin. Phys. C 50, 115102 (2026)

115102-2



gµν = 1/gµν
(t,r, θ,φ)

(pt, pr, pθ, pφ)

spherically  symmetric  case, .  Given the  initial
conditions  of  the  timelike  particle  and

,  the particle orbit  can be obtained from the
canonical equations 

ẋµ =
∂H
∂pµ
, ṗµ = −

∂H
∂xµ
. (8)

 

B.    Circular orbits and precessing orbits

θ = π/2
θ̇ = pθ = 0

L = −1/2

We discuss  the  orbital  solutions  of  timelike  particles
in  the  equatorial  plane,  so  we can safely  set  and

,  along  with  the  additional  conserved  quantity
of the particle . Substituting these conditions in-
to the Lagrangian, we obtain 

ṙ2+V2
eff =

−E2

gttgrr
, (9)

Veffwhere  represents  the  particle  effective  potential1),
written as 

Veff =

 
1

grr

Å
1+

L2

gφφ

ã
. (10)

ṙ = 0
For standard circular orbits in the spacetime, the con-

dition  must be satisfied. Specifically, there exist two
types  of  special  circular  orbits  in  the  spacetime,  namely
the innermost  stable  circular  orbit  (ISCO)  and  the  mar-
ginally bound  circular  orbit  (MBO).  The  former  corres-
ponds to the minimum point of the effective potential and
can be determined by solving 

∂Veff

∂r
= 0, (11)

 

∂2Veff

∂r2
= 0, (12)

risco

Lisco

Eisco

gtt = −1/grr Veff risco

to obtain the orbital radius  and the corresponding or-
bital angular momentum . Furthermore, by substitut-
ing  the  roots  of  Eqs.  (11)  and  (12)  into  Eq.  (9),  we  can
obtain  the  specific  energy  corresponding  to  the
ISCO. It is worth pointing out that for metrics of the type

,  the  corresponding  to  is  exactly  the
specific  energy,  which  is  clear  from the  radial  evolution
Eq. (9).

As  for  the  MBO,  it  corresponds  to  the  maximum
point  of  the  effective  potential  and is  therefore  unstable;
any  perturbation  can  cause  a  timelike  particle  on  the

Embo = 1
rmbo Lmbo

MBO to plunge into the black hole or escape to infinity.
Based  on  condition  (11)  and  (9),  with ,  we  can
obtain the orbital radius  and  of the MBO.

Li

(Lisco,Lmbo)

Li

Li

Li

Emax

Emin

Ei (Emin,Emax)
Ei Li

Ei Li

ṙ2 = 0
r2 r1 r0

[r1,r2] r1 r2

r0

For any arbitrary angular momentum  belonging to
the  interval , the  effective  potential  (10)  pos-
sesses both a maximum point and a minimum point, cor-
responding to the unstable circular orbit (UnSCO) and the
stable  circular  orbit  (SCO)  for .  Their  respective  radii
can  be  obtained  by  individually  solving  Eq.  (11)  for  a
given . Subsequently, by substituting the two radii and

 into Eq. (9), we can acquire the specific energies cor-
responding to the UnSCO and the SCO, denoted as 
and ,  respectively.  More  importantly,  by  arbitrarily
selecting  within the interval , the combina-
tion of  and  corresponds to a stable precessing orbit.
In  other  words,  substituting  and  into  the  equation

 yields three real roots. Arranged in descending or-
der  as , ,  and ,  the  orbit  is  confined  to  oscillate
within the range , where  and  correspond to the
periastron and apastron of the orbit, respectively, while 
lacks physical significance and is merely mathematically
valid. 

C.    Rational orbits
Ei

Li

Tφ
Tr

Tφ/Tr = q

It  is  not  difficult  to  find  that  the  combinations  of 
and  are infinite,  and in most  cases,  the corresponding
precessing orbits  are  not  closed.  That  is  to  say,  after  the
timelike  particle  completes  one  period  in  the  azimuthal
direction, its radial coordinate cannot return to the initial
value. As the orbital  evolution time increases,  the envel-
ope of the precessing orbit  eventually forms a circle.  In-
terestingly, within these infinite combinations, there exist
certain  special  cases  where  closed  precessing  orbits
emerge, which are referred to as rational orbits. Specific-
ally,  the period  of  the azimuthal  angle φ of the time-
like particle is exactly proportional to the period  of the
radial coordinate, such as ,  where q is an arbit-
rary rational number.

The authors in [18] point  out  that  the orbital  rational
number q can reflect  the orbital  characteristics  from two
aspects. On one hand, it is defined as 

q = w+
v
z
. (13)

Here, z represents the number of leaves the orbit can ex-
hibit within a complete orbital period, which can also be
understood  as  the  number  of  times  the  timelike  particle
passes through the apastron. w counts the nearly circular
loops the orbit  completes around the black hole near the
periastron.  In  the  equatorial  plane  described  by  the
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and one local minimum). The extension accommodating spacetimes with multiple potential wells is planned to be implemented in future updates of the code.
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(x,y)

v = 0,1,2,3 · · ·z−1
z = 1

(z,w,v)

Cartesian coordinate system , a larger w implies that
there  are  more  intersection  points  between  the  orbit  and
the x-axis  within  a  complete  orbital  period. v is  used  to
indicate  the  direction  of  the  next  apastron  toward  which
the  timelike  particle  heads  after  being  released  from the
current apastron.  Usually,  along the direction of  increas-
ing φ,  the  apastrons  are  sequentially  labeled  as

.  Specifically,  for  a  single  leaf  orbit
( ), v can  take  the  value  of  0  or  1.  Overall,  once

 is  given,  the  orbital  configuration  is  determined
and corresponds to the rational number q.

∆φ

On the other hand, during the process in which the or-
bit  evolves  from  the  apastron  to  the  periastron  and  then
reaches  the  next  adjacent  apastron,  the  accumulation  of
the  azimuthal  angle  is  related to  the  rational  number
q: 

q =
∆φ

2π
−1. (14)

According to the geodesic integration, we have 

∆φ = 2
∫ φ2

φ1

dφ = 2
∫ r2

r1

φ̇

ṙ
dr, (15)

φ1 φ2where  and  represent  the  azimuthal  angles  of  the
periastron and apastron, respectively,  and the derivatives
are written as 

φ̇ =
Li

gφφ
, (16)

 

ṙ =

 
−E2

i

gttgrr
− 1

grr

Å
1+

L2
i

gφφ

ã
. (17)

(z,w,v) Li Ei

By  combining  Eqs.  (14)  and  (15),  we  establish  the
connection  between  the  rational  orbital  configuration

 and  the  constants  of  motion  and . In  addi-
tion, we can obtain the proper time elapsed along the ra-
tional orbit between adjacent periastron and apastron 

∆τ =

∫ r2

r1

1
ṙ
dr. (18)

Tq = 2z∆τ
Then,  the  period  corresponding  to  a  complete  orbit  is
written as .

Lisco

Lmbo Li

(Lisco,Lmbo)

With  the  theoretical  framework  described  above,  the
procedure for simulating rational timelike orbits in spher-
ically  symmetric  spacetimes  is  clear.  First,  based  on  the
conditions for the ISCO and the MBO, we calculate 
and .  Second,  we  select  within  the  open  interval

, use Eq. (11) to calculate the radii of the stable
and unstable circular orbits corresponding to this angular

(Emin,Emax)
Li Ei

(Emin,Emax)
(Li,Ei)

Ei

(z,w,v)

Ei

Ei Li

r1 r2

(t,r, θ,φ) (pt, pr, pθ, pφ)
(z,w,v) (0,r2,π/2,0)

(−Ei,0,0,Li)

Tq

momentum, and obtain the specific energies correspond-
ing to these two radii according to Eq. (9). Thus, we ac-
quire the specific energy range  for stable pre-
cessing orbits for a given . Third, by scanning  with-
in , we calculate the rational number q corres-
ponding  to  according  to  Eq.  (14),  and  obtain  the
mapping relationship between q and . Fourth, given the
configuration  parameters  of  the  target  orbit,  we
utilize  Eq.  (13)  to  calculate  the  corresponding  rational
number q, and employ interpolation methods to obtain .
By substituting  and  into Eq. (9), we obtain the peri-
astron and apastron radii  and . Consequently, the ini-
tial  conditions  and  for the rational
orbit  corresponding  to  are  read  as 
and . Finally,  by utilizing a  numerical  integ-
ration  algorithm  to  integrate  the  canonical  Eqs.  (8)  over
the proper time , we can obtain the evolution of the tar-
get rational orbit within a complete period.

(z,w,v)

q = 1+1/2 (2,1,1)
q = 1+1/2+1/200 = 1+101/200

(z,w,v)

It is not difficult to deduce that the key to obtaining a
rational orbit  lies in confirming the precise values of the
orbital  specific  energy  and  specific  angular  momentum
corresponding  to .  If  these  values  deviate,  the
closed nature of the orbit is broken, and the rational orbit
transitions into an irrational orbit. To obtain the irrational
orbit,  one  can  add  a  minute  perturbation  to q. For  in-
stance,  the  corresponding  to  can  be
modified  to .  Then,  the
modified q is subjected  to  the  aforementioned  interpola-
tion procedure to obtain the initial conditions of the irra-
tional orbit. The irrational orbit simulated in this manner
can still exhibit the characteristics of  over a short
evolution time. However, as the evolution time increases,
the envelope of the orbit eventually evolves into a circle. 

D.    Gravitational waves and characteristic strains

104

Under  general  circumstances,  small  celestial  bodies
orbit  around  supermassive  black  holes  at  the  centers  of
galaxies,  and  the  mass  ratio  between  them  can  exceed

.  The  orbits  of  these  small  celestial  bodies  can  be
characterized by  geodesics  and  inherently  encode  space-
time  information.  More  importantly,  the  extreme-mass-
ratio inspiral systems composed of small celestial bodies
and central black holes serve as observational targets for
space  gravitational  wave  projects.  To  this  end,  our  code
further  integrates  the  computation  of  gravitational  wave
waveforms and characteristic strains radiated by precess-
ing orbits, including both rational and irrational orbits.

In  [72],  the  authors  provided  approximate  analytical
formulas for  calculating  the  gravitational  wave  polariza-
tion states of  extreme-mass-ratio inspiral  systems,  which
are  sufficient  to  capture  the  essential  gravitational  wave
features, written as 

h+ = −
2η
DL

GM
c2r

(
1+ cos2 ι

)
cos(2φ+2ζ) , (19)
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h× = −
4η
DL

GM
c2r

cos ιsin(2φ+2ζ) . (20)

η = mM/(m+M)2

DL

Here, η is the symmetric mass ratio parameter of the sys-
tem,  given by ,  where m is  the  mass  of
the small celestial body.  represents the luminosity dis-
tance  from the  extreme-mass-ratio  inspiral  system to  the
Earth. ι and ζ denote the inclination angle and the longit-
ude of the periastron of the orbit,  respectively. After ob-
taining r and φ at any given moment of the orbit, substi-
tuting  them  into  Eqs.  (19)  and  (20)  allows  the  time-do-
main information of the two gravitational wave polariza-
tion states to be obtained directly.

ĥ+ ( f )
ĥ× ( f )

Based  on  the  fast  Fourier  transform,  we  can  convert
the  gravitational  wave  signals  calculated  from  Eqs.  (19)
and  (20)  into  the  frequency-domain,  yielding  and

, where f represents the frequency. Furthermore, by
combining  the  frequency-domain signals  of  the  two  po-
larization states according to [73] 

hc ( f ) = 2 f
»
|ĥ+ ( f ) |2+ |ĥ× ( f ) |2, (21)

hc

hc

we  can  obtain  the  characteristic  strain  of the  gravita-
tional wave. By comparing the  of different orbits with
the sensitivity curves of space gravitational wave detect-
ors, the observational prospects of the orbital gravitation-
al radiation can be thoroughly discussed. 

III.  DEMONSTRATION OF CODE CAPABILIT-
IES IN THE SCHWARZSCHILD SPACETIME

In  geometrized  units,  the  covariant  metric  of  the
Schwarzschild spacetime is written as 

gtt = −
Å

1− 2
r

ã
, grr =

−1
gtt
, gθθ = r2, gφφ = r2 sin2 θ.

(22)

Our  code  requires  only  the  definition  of  the  covariant
metric to operate with full functionality.

risco = 6 rmbo = 4

Lisco = 3.4641 Lmbo = 4
Li

ε ∈ (0,1)

According  to  the  conditions  for  the  ISCO  and  the
MBO,  we  obtain  and  for the  Schwarz-
schild  spacetime,  with  the  corresponding  orbital  angular
momenta  being  and .  To  quantify
the selection of ,  we introduce the angular  momentum
parameter , such that 

Li = Lisco+ε (Lmbo−Lisco) . (23)

ε = 0.5 Li = 3.7321

Veff

We take , which corresponds to , as
an example to illustrate the results. Figure 1 displays the
evolution of the effective potential  with respect to the
radial  coordinate r.  It  can  be  observed  that  the  effective

4.37294 9.55526

Emax = 0.968443 Emin = 0.954626
Li = 3.7321

(Emin,Emax)

potential  curve exhibits  two extremum points,  where the
maximum point corresponds to the unstable circular orbit
and the minimum point corresponds to the stable circular
orbit.  Their  radii  can  be  obtained  by  solving  Eq.  (11),
yielding  and  respectively.  According to
Eq. (9), we further determine the specific energies corres-
ponding  to  the  maximum  and  minimum  values  to  be

 and , respectively. In oth-
er  words,  for ,  there  exists  a  specific  energy
range  that  allows  stable  precessing  orbits  to
exist.

E1 = 0.959 E2 = 0.963 E3 = 0.967

ṙ2

Emin Emax

Ei

ṙ2 = 0

ṙ2 > 0
ṙ2 = 0

We  select , ,  and 
within the specific energy range and plot the variation of

 with  respect  to r,  as  illustrated  in Fig.  2,  where  the
black dash-dotted lines represent  and . We find
that the curves corresponding to the three different specif-
ic energies  are entirely located between the two critic-
al  dash-dotted  lines,  and  they  intersect  the  line 
three times, indicating the existence of precessing orbits.
The  timelike  particles  can  perform  oscillatory  motion
within  the  lobes  of  their  respective  curves  where 
(between  the  two  larger  roots  of ).  This  result  not
only demonstrates the high precision of the code but also
verifies the feasibility of the previously mentioned meth-
od for finding stable precessing orbits.

Emin

Emax

Li

Our  code  also  supports  searching  for  the  conditions
for stable precessing orbits in a broader parameter space.
Figure  3 illustrates  the  evolution  of  (red  solid  line)
and  (blue solid line) with respect to the specific an-
gular momentum . It can be found that both critical val-

 

Veff

Li = 3.7321
Fig. 1.    (color online) Effective potential  as a function of
r in the case of . The red and blue star markers cor-
respond  to  the  maximum  and  minimum  points,  respectively,
representing the locations of the unstable circular orbit and the
stable circular orbit.
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Liues of E increase as  increases, and the region between
them resembles a triangle. Arbitrarily selecting a combin-
ation of  specific  energy and specific  angular  momentum
within the shaded region yields a stable bound orbit.

ε = 0.5

Ei

Ei ∈ (Emin,Emax)
Ei

Emax Ei

∆φ

q = 0.637

q = w+ v/z = 0+1/2

Next, we return to the case of . Figure 4 illus-
trates the evolution of the rational number q with respect
to ,  obtained  by  combining  Eqs.  (14)  and  (15),  where

. It can be observed that the variation of q
initially  exhibits  a  slow  increase  as  grows, and  sub-
sequently experiences a sharp increase when the specific
energy  reaches .  This  occurs  because  when  ap-
proaches its  maximum value,  the  orbit  tends  to  circular-
ize, which naturally leads to a rapid accumulation of .
Furthermore,  we find that  in  this  scenario, q possesses  a
lower  bound  of  approximately  (the left  end-
point  of  the  curve).  Combined  with  the  connection
between q and  the  orbital  configuration  shown  in  Eq.
(13), this phenomenon indicates that the dynamics natur-
ally filter out certain structures; for instance, the configur-
ation  is strictly prohibited.

w = 1
z = 1,2,3,4,5 v = 1 z = 1

v = z−1 z > 1

Fixing ,  we  simulate  the  rational  orbits  for
 for  one  period  each,  where  for ,

and  for .  As  illustrated  in  the  first  row  of
Fig.  5,  the  starting  point  of  each  orbit  is  located  at  the
rightmost apastron. It can be found that the number of or-
bital leaves, namely the number of apastrons, is perfectly

w+1
consistent with z. The process of the orbit evolving from
one  apastron  to  the  adjacent  apastron  produces 
loops  around  the  central  black  hole;  therefore,  as z in-
creases, the structure in the central region of the orbit be-
comes  increasingly  complex.  Subsequently,  we  add  a
minute  quantity  to  the  rational  number q to  observe  the
behavior of irrational orbits. As shown in the second row
of Fig. 5, each orbit is simulated for three times the peri-
od  of  the  original  rational  orbit.  It  can  be  observed  that
the irrational orbits lack strict periodicity and cannot per-
fectly overlap.

π/4

h+ h×

Upon obtaining the  orbits,  we fix ι and ζ to .  By
utilizing  Eqs.  (19)  and  (20),  the  code  returns  the  two
gravitational  wave  polarization  states  and  corres-
ponding to the orbits.  Meanwhile,  since the gravitational
waves  are  potentially  observable,  in  this  step  we  restore
the  geometrized  units  to  the  International  System  of

 

ṙ2

E1 = 0.959 E2 = 0.963
E3 = 0.967

Emax Emin

ṙ2 = 0

ṙ2 = 0

Fig.  2.    (color  online)  as  a  function of r.  The red,  green,
and blue solid lines correspond to , , and

 respectively.  The  upper  and  lower  dash-dotted
lines correspond to  and , respectively.  It  can be ob-
served  that  the  red,  blue,  and  green  lines  intersect  the  line

 three times, indicating the existence of stable orbits, and
the two larger roots correspond to the apastron and periastron
of  the  orbits.  In  contrast,  the  two  dash-dotted  lines  intersect
the line  only twice, corresponding to circular orbits.

 

Emax Emin

Li

Fig. 3.    (color online) Evolution of the maximum specific en-
ergy  and the minimum specific energy  correspond-
ing to  stable  orbits  with  respect  to  the  orbital  angular  mo-
mentum . The shaded region between the two curves repres-
ents the parameter space where stable orbits exist.

 

Ei Ei

Fig.  4.    Rational  number q as a  function of  the  specific  en-
ergy . It is clear that q exhibits a lower limit since  has a
minimum value.
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M ≈ 4×106

M⊙ DL ≈ 8000
m = 100 M⊙

ηGM/(DLc2) ≈ 5.9887×10−16

GM/c3 ≈ 19.7088

τ =4000 ∼ 5000

τ = 5000 ∼ 12000

Units,  which  requires  specifying  the  specific  parameters
of the source. We consider the supermassive black hole at
the  Galactic  Center,  with  a  black  hole  mass 

 and a distance  pc, and assume the mass of
the timelike small celestial body to be  . Then,
the  intensity  scaling  factor  of  the  gravitational  waves  is

,  and  the  time  scaling  factor
is . Figure  6 presents  the  gravitational
wave  polarization  states  corresponding  to  the  orbits  of
various  configurations  in Fig.  5,  where  the  simulation
time for rational orbits (left column) is exactly one orbit-
al  period,  and  that  for  irrational  orbits  is  three  times  the
period of the rational orbits. It is not difficult to find that
the  oscillatory  behaviors  of  the  two  gravitational  wave
polarization  states  are  similar,  and  the  evolution  of  their
amplitudes is  also  close.  The  gravitational  wave  wave-
forms  are  all  composed  of  two  components:  one  is  the
high-frequency oscillatory  component,  such  as  the  seg-
ment where  in panel (a);  the other is the
relatively flat  region  containing  broad  peaks  that  con-
nects  the  high-frequency oscillations,  such  as  the  seg-
ment  where  in  panel  (c).  Some  of  the
authors of this paper pointed out in [74] that the high-fre-
quency oscillatory component originates from the orbital
motion  near  the  periastron,  while  the  flat  region  arises
from the contribution of the motion of the small celestial
body  near  the  apastron.  Therefore,  we  can  observe  that
the  number  of  high-frequency oscillations  in  the  wave-
form perfectly matches the number of orbital leaves z. On
the other hand, we find that the gravitational wave wave-
forms  of  rational  orbits  and  irrational  orbits  are  almost
identical within a relatively short period of time.

Our code  employs  the  fast  Fourier  transform to  pro-
cess the time-domain signals of the gravitational waves to
obtain  frequency-domain  information. Figure  7 displays
the  frequency-domain  signals  of  the  two  gravitational

10−4 ∼ 10−1.5

h×
h+

10−25

10−2

wave polarization states for the rational orbits in the first
row of Fig. 5, where red corresponds to the “plus” polar-
ization state and blue corresponds to the ''cross'' polariza-
tion state. It is found that the signal windows of both po-
larization  states  range  from  Hz,  within
which the signal strength at the mHz level and below re-
mains robust. We also find that the amplitude range of 
is larger than that of , and the former can even drop as
low as  when the frequency f is higher  than the or-
der of  Hz. Furthermore, it is difficult to identify the
orbital  characteristics  using  solely  the  frequency-domain
signals of the gravitational waves.

hc

Utilizing Eq.  (21),  our numerical  tool  further  obtains
the  characteristic  strain  of  the  gravitational  waves  for
each orbit, as shown in Fig. 8, where the black curve rep-
resents  the  sensitivity  curve  of  LISA [65]. It  can  be  ob-
served  that,  although  these  portions  are  relatively  small,
the characteristic strain curves of the gravitational waves
for the five rational orbits exhibit portions that are higher
than  the  LISA  sensitivity  curve.  This  indicates  that  the
gravitational radiation from rational orbits has the poten-
tial to  be  observed.  On  the  other  hand,  our  model  de-
scribes a dynamical system composed of an intermediate
mass  black  hole  and  the  Galactic  Center  supermassive
black hole. The fact that the gravitational wave signals of
this system can be detected by LISA implies that there is
a  theoretical  foundation  for  utilizing  LISA  to  search  for
intermediate mass black holes near the Galactic Center. 

IV.  CONCLUSION AND DISCUSSION

In this  paper,  based  on  Mathematica  and  the  Open-
MP framework, we have developed a numerical code for
solving  rational  orbits  and  irrational  orbits  applicable  to
any  static  spherically  symmetric  spacetime,  which  also
supports the further calculation of gravitational wave sig-

 

z = 1 v = z−1 z > 1 v = 1 z = 1
1/100z w = 1 Tq

Tq

Fig.  5.    Rational  orbits  (first  row)  and irrational  orbits  (second row)  corresponding to  different  orbital  configurations.  From left  to
right, the numbers of orbital leaves are , 2, 3, 4, and 5, and we have  for , while  for . The irrational orbits
are obtained by adding  to q. Here, we fix . The simulated proper time for rational orbits is exactly one orbital period ,
whereas the simulation time for irrational orbits is three times .
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−

nals in the time-domain and frequency-domain, as well as
the  characteristic  strains1).  Users  only  need  to  define  the
covariant metric of the target spacetime and set the para-
meters  of  the  source  to  operate  it  smoothly.  Meanwhile,
our code  exhibits  high  execution  efficiency.  On  a  plat-
form with  an  Intel  i7–14700  processor  and  8  GB RAM,
simulating  and  plotting  the  data  from Figs.  3 8 takes

only 65 seconds. This numerical tool possesses consider-
able  guiding  value  in  the  fields  of  orbital  dynamics  in
curved spacetimes and gravitational wave astronomy.

Utilizing this code, we have demonstrated the ration-
al orbits and irrational orbits of various orbital configura-
tions in the Schwarzschild spacetime and discovered that
the number of high-frequency oscillations in the time-do-

 

h+ h×

Fig.  6.    (color  online)  Time-domain  gravitational  wave  signals  of  rational  orbits  (left  column)  and  irrational  orbits  (right  column).
From top to bottom, z sequentially increases from 1 to 5. In each panel, red and blue correspond to the  and  polarization states, re-
spectively. The left column shows that within one orbital period, the number of high-frequency oscillations in the gravitational wave
signal is consistent with the number of orbital leaves.

Dan Li, Shiyang Hu, Chen Deng et al. Chin. Phys. C 50, 115102 (2026)

1) Our  code  is  now  publicly  available  on  GitHub  at https://github.com/Shiyang-Hu/Rational-Orbits-and-Gravitational-Radiation-in-Spherically-Symmetric-Space-
times.
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main gravitational wave waveforms perfectly matches the

number of  orbital  leaves.  More  importantly,  by  compar-
ing the characteristic strains of the gravitational radiation
from each orbit with the LISA sensitivity curve, we find
that the gravitational waves radiated by extreme-mass-ra-
tio  inspiral  systems  composed  of  an  intermediate  mass
black  hole  and  the  Galactic  Center  supermassive  black
hole  are  promising  targets  for  future  observation.  This
further demonstrates that utilizing LISA to search for in-
termediate  mass  black  holes  near  the  Galactic  Center  is
feasible.

∆φ

Furthermore, it  is worth mentioning that astrophysic-
al  black  holes  often  inherit  the  angular  momentum  of
their  progenitor  stars  and  consequently  possess  spin.
Their spacetimes  are  therefore  predominantly  character-
ized by axisymmetric geometries. Thus, it is necessary to
extend the applicable scope of our code to rotating space-
times.  In  this  procedure,  the  crucial  step  is  to  adapt  the
calculations for the timelike particle radial Eq. (9), the ef-
fective potential (10), and the azimuthal angle accumula-
tion  to  their  counterparts  for  rotating  black  holes.  In
future work, we plan to expand the capability of this code
to automatically search for rational orbits within rotating
spacetimes. 
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