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Quantum Correlations of Neutrinos in the Kerr-Newman Space-time*
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Abstract: Quantum phases establish a connection between gravitation and quantum information, offering a novel
avenue for exploring the properties of space-time. In this paper, we investigate the quantum correlations (QCs) of
neutrinos in the Kerr-Newman space-time for both zero- and nonzero-angular-momentum propagation. The results
show that, for zero-angular-momentum propagation, the oscillation periods of the survival probability and QCs pro-
gressively decrease with propagation distance in the inward direction. In the outward direction, increasing M
lengthens the oscillation periods of P, ,, , entanglement, and the monogamy of nonlocality, whereas increasing the
angular momentum a or charge Q shortens them. For nonzero-angular-momentum propagation, the metric paramet-
ers also generate local profile modulations through additional two-path interference terms, rather than merely rescal-
ing the oscillation period. Furthermore, we find that, despite differences in their ranges of variation, entanglement
and coherence exhibit highly consistent oscillatory behavior in both propagation cases. These findings provide a

comprehensive understanding of neutrino-based relativistic quantum information.
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I. INTRODUCTION

Owing to their extremely weak interactions with mat-
ter, neutrinos are expected to be less susceptible to envir-
onmental decoherence than electrons or photons, making
them promising candidates for quantum information pro-
cessing. In this context, quantum correlations (QCs) in
neutrinos, such as entanglement, coherence, and steering
[1-19] have become active topics in recent years. An im-
portant feature of these QCs is that they can often be ex-
pressed in terms of flavor oscillation probabilities,
thereby connecting quantum-resource measures with
neutrino oscillation observables [20—23].

Among these QC quantities, entanglement and coher-
ence provide two fundamental perspectives for character-
izing three-flavor neutrino oscillations [1, 4, 5, 7-11, 24,
25]. Entanglement captures nonclassical correlations
among different flavor modes. Bipartite entanglement can
be quantified by concurrence [26], negativity [27], and
entanglement of formation [28]. Coherence, on the other
hand, describes the superposition structure of flavor states
and can be quantified by the /;-norm [29, 30]or ex-
amined through the Leggett-Garg inequality as a qualitat-
ive criterion [8]. For multipartite systems such as three-
flavor neutrinos, it is also important to understand how
QCs are distributed among different subsystems [31—-35].
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This distribution is described by monogamy relations,
which express the restricted shareability of quantum cor-
relations. Conventional CKW-type monogamy relations
are mainly formulated in terms of bipartite entanglement
measures and therefore provide only a partial description
of multipartite correlations [36]. To overcome this limita-
tion, Guo and Zhang established a stricter framework for
defining multipartite entanglement measures by introdu-
cing the unification and hierarchy conditions, and they
further proposed complete and tightly complete mono-
gamy relations [37]. These developments provide a more
comprehensive basis for characterizing the distribution of
multipartite entanglement. Consequently, monogamy
properties have been investigated in neutrino oscillations
as a useful way to analyze the multipartite structure of
flavor correlations [17, 38].

Quantum phases may provide a direct route for con-
necting gravitational effects with QCs, offering a novel
avenue for probing the properties of space-time. Colella
et al. observed a gravitationally induced quantum phase
shift in neutron interferometry [39]. Subsequently, Sto-
dolsky developed a semiclassical description of the phase
accumulated by a particle propagating in an external
gravitational field and applied it to matter- and light-wave
interferometry [40]. These phase-based studies indicate
that quantum systems governed by interference can be
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sensitive to gravitational backgrounds. Neutrino flavor
oscillation offers a natural extension of this idea, since a
flavor eigenstate is a coherent superposition of different
mass eigenstates and the oscillation is governed by their
relative propagation phases [41—49]. In curved space-
time, gravitational effects on neutrino oscillations are
therefore encoded in the modification of the phases of
different mass eigenstates [50—56]. A covariant expres-
sion for the neutrino phase in a general curved space-time
was obtained by Fornengo et al. [50], and the WKB ap-
proximation for radial propagation was derived by Vis-
inelli [55]. For non-radial propagation, gravitational lens-
ing further enriches the phase structure by introducing
path-dependent contributions [57—64].

Based on gravitational effects on the neutrino-oscilla-
tion phase, Ettefaghi et al. studied quantum coherence for
two-flavor neutrinos propagating in the Schwarzschild
metric by using both the Leggett-Garg inequality (LGI)
and the /,-norm [30]. They found that gravity can damp
the maximum value of the Leggett-Garg parameter K;
and even remove LGI violation in certain energy inter-
vals, whereas the maximum value of the /;-norm coher-
ence remains unchanged. Wang et al. extended this issue
to three-flavor neutrinos and investigated entanglement,
nonlocality, and their monogamy properties in the
Schwarzschild background [17]. Their results show that,
under specific gravitational parameters, entanglement can
be either enhanced or suppressed, and the effective bound
of the maximum bipartite nonlocality of the neutrino sys-
tem is modified. These works indicate that classical grav-
itational fields can induce nontrivial modifications in the
QCs of neutrinos.

However, these studies of gravitationally affected
neutrino QCs have mainly focused on radial propagation
in Schwarzschild space-time, corresponding to a nonro-
tating source and zero-angular-momentum neutrinos. The
effects of source rotation and gravitational lensing in-
volving nonzero-angular-momentum propagation have
therefore remained largely unexplored. To go beyond this
limitation, we consider the Kerr—Newman space-time,
which provides a more general background characterized
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where ¢;; = cosf;; and s;; =sin6; (i,j=1,2,3). The mass
eigenstate is expressed as follows:

Vi(t, ) = e PJv). 3)

by the mass, angular momentum, and charge of the grav-
itational source. We investigate three-flavor neutrino os-
cillations and analyze QCs, including tripartite entangle-
ment, quantum coherence, and the monogamy property of
nonlocality, in the zero-angular-momentum case. We also
consider nonzero-angular-momentum propagation to il-
lustrate gravitational lensing effects. We examine the in-
fluence of space-time parameters on the oscillation prob-
abilities and demonstrate the properties of QCs beyond
those in Schwarzschild space-time.

The paper is organized as follows: In Sec.2, we de-
rive the neutrino phases for zero- and nonzero-angular-
momentum propagation in Kerr-Newman space-time. In
Sec.3, we calculate and plot the variations in neutrino os-
cillation probabilities and QCs for zero-angular-mo-
mentum propagation. In Sec. 4, we present the results for
nonzero-angular-momentum propagation, including grav-
itational lensing effects. Finally, the conclusions are giv-
en in Sec.5. Throughout the paper, we use units with
G=h=c=1.

II. THE OSCILLATION PROBABILITY OF NEUT-
RINOS IN THE KERR-NEWMAN METRIC

In this section, we derive the oscillation probabilities
of neutrinos in the Kerr-Newman metric within the three-
flavor scenario. We first introduce the oscillation phases
and probabilities in flat space-time and then extend them
to the Kerr-Newman metric.

A. Oscillation probability in flat space-time

A neutrino flavor state |v,) (@ =e,u,7) is a coherent
superposition of the mass eigenstates v, (k =1,2,3), i.e.,

Vo)=Y Usve, ()
k

where U is the Pontecorvo—Maki—Nakagawa—Sakata
(PMNS) matrix [65, 66]. The matrix is parameterized by
three mixing angles, 6;;, and one CP-violating phase,
namely
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For a neutrino produced at point 4 (#4,%,) and detec-
ted at point B (¢, %), the phase in the plane-wave ansatz
is

Dy = Ex(tp—ta) — Pr- (Xp— X4). “4)
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Accordingly, the flavor oscillation probability can be
written as [41]:

2
Poza/j = ‘<V[f | Vo(t5, fB)>|

= Gop =4 _Re(Uy UplUs;Up;) sin® <%)
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where &;; = &, — ;. For relativistic neutrinos, one ob-
tains

Am?,
Y\ = Zal, (6)

P4 = 2,

: 2 _ 0 0
with Amg; = mi —m3.

B. Oscillation probability for zero-angular-momentum
propagation

The neutrino oscillation phase in curved spacetime
can be expressed in the covariant form [40]:

B
(I)k = /
A

where E, = p©, pu(r) = -p®, and Ji = —prk), with-the mo-
mentum

[Ekdt — pi(r)dr— Jkdqﬁ] , @)

vV

dx
ka) = mkguvﬁ . (8)

Here, g,, denotes the metric, ds the line element, x*
the coordinate, and m;, satisfies the mass-shell relation:

1 () (k)
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The line element of the Kerr—Newman metric is giv-
en by

A 2Aasin® 6 ?
ds* = (1 - 7) AP + L;ndmp—%dﬂ—pzdez
p p

a’Asin*0
e

- {az +rh+ } sin® d¢’, (10)

where M, a, and Q denote the mass, specific angular mo-
mentum, and electric charge of the central object, respect-
ively. The auxiliary metric functions are defined as
A=rg— rZQ, A=r’+a*-A, and p?=r?+a*cos?f, with
ry=2M and ry = Q.

In this paper, we consider neutrino propagation in the
equatorial plane, where 6 = /2. Owing to the stationar-
ity and axisymmetry of the Kerr—Newman spacetime, the
covariant momentum components p\ and Pff) are con-
served along the trajectory. Consequently, for zero angu-
lar momentum, the phase is given by

D, = /’B [Ek <:ZF)O—P1¢(V)} dr,

TA

(1)

where the subscript "0" denotes the corresponding quant-
ity for a massless particle [50].
From Egs. (8) and (10), we obtain

2 2
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Since E; = p®, the mass-shell relation in Eq. (9)
yields the following expression:

EXr*+a*rr + atrgr—a? Q?) —mi(r2 + a* — ror + QH)r?

pi(r) =

For relativistic neutrinos, we have

pi(r) =

From Eqgs. (12)—(14) together with Eq. (16), we ob-
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tain:
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(ﬁ) NP +art+drgr-a2Q? (17)
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Using the approximation [41]
Eo~Ep+ K (18)
k— &0 2E0 5
we obtain the phase difference as follows [67]
Am?2 rd
O~ d . (19)
2Ey J,, Nrt+airt+atrgr—atQ?

Here, E, denotes the energy of a neutrino at infinity.
Equation (19) is evaluated numerically, and the resulting
phase difference is used to calculate the radial oscillation
probability from Eq. (5) in the Kerr—-Newman metric.

C. Oscillation probability for nonzero-angular-mo-
mentum propagation

For non-radial propagation, we must account for an-
gular momentum. The phase in Eq. (7) is written as fol-
lows:

s dt d
(Dkz/ |:Ek (z) —pk(r)—Jk <£) :|dr (20)
ra r7o dr/
The angular momentum can be written as
= EbvY, 1)

where 1™ is the velocity at infinity and b is the impact
parameter [68]. For relativistic neutrinos, we obtain
my

_ VE-mi
2B

(22)
For a given J;, p, obtained from the mass-shell rela-
tion in Eq. (9) is expressed as

Ek vR(r,b) |:1 +
A

where the auxiliary functions R(r,b) and C(r,b) are
defined as

(23)

2C(r,b
i) = mk“)}

2E2R(r,b) )"

R(r,b) = (P +d® —ab)’ - A(a—bY,
C(r,b)=b*(A-a*) +ab (ryr— Q%) -

Substituting P’ = —Ji into Eq. (14) yields the follow-
ing coordinate derivatives along the massless trajectory:

r? (r2+a ) ala—>b) (Q -7 r)
A~R(r,b) ’

—a(Q*—ryr)+b(rr+Q*—ryr)
AVR(.D) '
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Using the results above, the neutrino phase for
propagation with nonzero angular momentum in the
Kerr—Newman spacetime can be written as

24

(25)

2.2

'8 m;r
o, = / I S (26)
" )., 2E,VR(.b)
In the following analysis, the phase is evaluated dir-
ectly using numerical integration.

III. QUANTUM CORRELATIONS FOR ZERO-AN-
GULAR-MOMENTUM PROPAGATION

As discussed above, QCs can be expressed in terms of
oscillation probabilities. We first present the oscillation
probabilities in the Kerr—Newman spacetime and then in-
vestigate the corresponding QCs.

A. Numerical results on oscillation probabilities

Using Egs. (5) and (19), we numerically evaluate the
oscillation probabilities for zero-angular-momentum
neutrinos. We first consider outward propagation. Owing
to frame dragging, the condition Py’ =0 does not imply
d¢ =0 in Boyer—Lindquist coordinates; rather, it corres-
ponds to locally radial propagation as measured by a
zero-angular-momentum observer (ZAMO). Accordingly,
we express the results in terms of the local energy and
proper distance measured in the ZAMO frame. A ZAMO
has the four-velocity u, = a7'(1,0,0,w), where w = —g;/
240 and @ = 1/ +/g" [69]. Thus, the local energy at rp is

loc _ Mmoo EO _ EO \/(rlzg + 02)2 - azA(rB)
ERs) = piz = iy = rs VA(rs) - @7

Because the propagation is locally radial in the
ZAMO frame, the corresponding proper distance for out-
ward propagation is

rB B r
L= | Ve |
{ VA + %m (2r-r,+2 A(r))} "

TA

dr =

(28)

For neutrinos propagating inward toward the gravita-
tional source, we interchange r, and rp to obtain the
proper distance. The same modification is applied to the
phase in Eq. (19) for inward propagation.

To present the numerical results for the oscillation
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probability, we set E(rz) =2x10° GeV. For outward
propagation, we take 74 = 1x10% km and
0<L,<3x10%km. For inward propagation, we take
ra=4x10km and 0<L,<3.5x10°km. The leptonic
mixing parameters are taken as follows [70]:

Am3, =7.49%x107eV?,  Am3; =2.513x107%eV?,
Am?, =2.438x107eV?, 6, = 33.68°,

03 =43.3°, 613 =8.56°,6cp = 212°.

In the numerical calculations, we impose the nonex-
tremal Kerr—Newman horizon condition.

M*—d®-0*>0.

When « is varied, M is held fixed and Q =0.20M,
yielding

Amax = M? - Q2~

Similarly, when Q is varied, M is held fixed and
a=0.20M, yielding

Omax = VM2 —a?.

All other parameter choices also satisfy the horizon
condition. The corresponding parameter values are sum-

—— Flat spacetime —— Schwarzschild —— Kerr-Newman

marized in Table 1. For a Kerr—Newman black hole, the
outer event-horizon radius is

re =M+ \/M?-d>- Q>

Physical consistency further requires that the entire
propagation path satisfy r > r,. For the zero-angular-mo-
mentum radial case, this exterior-path condition is veri-
fied in Appendix A.l, and the minimum path radii and
corresponding outer-horizon radii are summarized in
Table 3.

We show the oscillation probability P, ., in flat,
Schwarzschild, and Kerr—Newman spacetimes in Figs. 1
and 2.

As shown in' Figs. 1 and 2, the metric parameters
primarily affect the phase accumulation and oscillation

29)

Table 1., Metric parameters used for propagation with zero
angular momentum. All values are given in units of 107 km.
Case M a %)

Flat spacetime 0 0 0
Schwarzschild spacetime 4.8 0 0
Kerr—-Newman spacetime 4.8 3.12 3.12

Variation of M 2.0,3.3,4.6 1.0 1.0

Variation of a 4.8 0,2.82,4.47 0.96

Variation of O 4.8 0.96 0,2.82,4.47

—— Flat spacetime —— Schwarzschild —— Kerr-Newman

1.0 1.0
0.8 0.8 A
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Lp (108km) Lp (108 km)
Fig. 1. Neutrino oscillation probability P, ,, for different Kerr-Newman metric parameters. Left panel: outward propagation; right
panel: inward propagation.
- M=20x10"km —— M=33x10km —— M=4.6x10"km —— a/M=0.000 —— ajM=0588 —— a/M=0931 —— QM=0.000 —— QM=0588 —— Q/M=0.931
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—— M=2.0x10"km —— M=3.3x10"km —— M=4.6x10"km —— afM=0.000 —— aiM=0.588 —— a/M=0.931 —— Q/M=0.000 —— Q/M=0.588 —— QiM=0.931
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Fig. 2.
ward propagation, respectively.

Lp (10°km)

20 25 30 35 00 05 10 15 20 25 30 35
Lp (10%km)

Neutrino oscillation probability P, ,, in the Kerr-Newman metric. The top and bottom rows correspond to outward and in-
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period, whereas the overall range of the survival probabil-
ity remains nearly unchanged. For outward propagation,
the oscillation period remains approximately constant
over the propagation range considered. Increasing M
lengthens the oscillation period, whereas increasing either
a or Q shortens it. Consequently, the Kerr—Newman
spacetime exhibits an intermediate oscillation period
compared with the flat and Schwarzschild spacetimes, be-
cause the period-lengthening effect of M is partially
counteracted by the rotation and charge parameters. For
inward propagation of neutrinos, at fixed local energy
E™(rp), the path integral increases while E, decreases as
the endpoint approaches the black hole, causing the phase
to accumulate progressively more rapidly. The oscilla-
tion period therefore decreases with increasing L,, lead-
ing to a gradual separation of the curves. The parameter
dependences are opposite to those found for outward
propagation: increasing M accelerates the reduction in the
oscillation period, whereas increasing a or Q suppresses
it. The denendence on a is comparativelv weak.

B. Entanglement of neutrinos for zero-angular-mo-
mentum propagation

An initial flavor state |v,), after traveling a proper dis-
tance L, in curved spacetime, can be expressed as:

[We(Lp)) = Gee(Lp)|100) + g, (L)|010) + ae-(L,)I001). - (30)

Here, a,4(L,) (B=e,u,7) denotes an oscillation amp-
litude, with P, = la,s(L,)*. To quantify entanglement, we
adopt the tripartite entanglement of formation (EOF),
which is expressed as follows [37]:

=5 [SE0+Sen+Sko]. (D)

where S(p;) = —Tr (p;logp;) denotes the von Neumann en-
tropy of the reduced density matrix p; = Try;(0). There-
fore, according to Egs. (30) and (31), neutrino entangle-
ment can be calculated as [17]:

1
E(ply) = =5 [ PeelLy)10gs PeelLyp) £ (Pee(Ly) + Per(L)) 1085 (Pec(Ly) + Per(Ly))

+ Poy(L) 102, Pou(Ly) + (Puu(Ly) + Poo(Ly)) 108, (Pou(Ly) + Peo(Ly)) (32)
+ Pe‘r(Lp)logz Pe‘r(Lp) + (Pe,u(Lp) + Per(Lp)) logz (Pe,u(Lp) + PE’T(L[J))} .

Using this equation and the aforementioned paramet-
ers to calculate the survival probability P.., we obtain the
numerical results for the tripartite entanglement of neutri-
nos shown in Figs. 3 and 4.

The tripartite entanglement of neutrinos oscillates
between 0 and 1.4, with periodic features similar to those
of the survival probability P,,,, shown in Figs. 1 and 2.
The parameters M, a, and Q primarily modify the oscilla-
tion phase and period without systematically enhancing
or suppressing the entanglement. Because the entangle-
ment is determined by the flavor-transition probabilities,
the absence of systematic enhancement or suppression in
these probabilities leads to the same behavior in the en-
tanglement. This consistent periodic behavior reflects the
intrinsic dependence of neutrino entanglement on the os-

Schwarzschild ~ —— Kerr-Newman

i

—— Flat spacetime
1.4

M i
Ny g

=ooe
o N

entanglement
o
(=]

°
N

o o
> o

0.0+
0.0 0.5 1.0 15 2.0 25 3.0

Lp (10%km)

Fig. 3.
ward propagation.

cillation wavelength.

C. Monogamy of nonlocality for neutrinos with zero-
angular-momentum propagation

We use monogamy to quantify the nonlocality of a
three-qubit system. This quantification is based on the
maximal violation of the CHSH inequality [71], i.e.,

Y5 = max(B,p)* + max(Bac)’ + max(Bzc)?, (33)

where

max{Bcusn), = max|[Tr(oBeusu)| = 2 1/ M(p), (34)

—— Flat spacetime Schwarzschild —— Kerr-Newman

1.4

1
1.2 v

e =
© o

o

entanglement

e o
>

0.0 0.5 1.0 15 2.0 25 3.0 35
Lp (108km)

Tripartite entanglement of neutrinos in different types of curved spacetime. Left panel: outward propagation; right panel: in-
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—— M=20x10"km —— M=33x10'km —— M=46x10"km
) [T e I 4

— aM=0000 —— a/M=0588 —— a/M=0.931

—— Q/M=0000 —— Q/M=0588 —— Q/M=0931

5
Lp (10%km)

— aM=0000 —— ajM=0588 —— a/M=0.931

L, (10°km)

— Q/M=0000 —— Q/M=0588 —— Q/M=0.931

15 20
Lp (10%km)

0.0 05 10

Fig. 4.
correspond to outward and inward propagation, respectively.

where M(p) = max;{u; + i}, j.k€{1,2,3}, and p; and
are the two largest eigenvalues of the real symmetric mat-
rix T7T. The matrix T has entries #; = Trp (0;®0;) [72].
Bceusy denotes the CHSH operator and is expressed as
follows:

s
Lp (10°km)

20 25 30 35 s 20
Lp (108km)

Tripartite entanglement of neutrinos for different values of the Kerr-Newman metric parameters. The top and bottom rows

BCHSH=A1®B1+A1®B2+A2®B1—A2®B2. (35)

We-consider the initial flavor state |v,). By combin-
ing Eq. (30) with Egs. (33)—(35), we obtain the following
results [72]:

max(B.,) = 2 \/ AP.o(Ly)Pey(Ly) +max [4Po(L,)Pou(Ly). (2Per(L,) - 1)]

max(B’,) =2 \/ 4Po(L,)P.r(L,) + max [4Pee (Lp)Per(Ly), (2P (L)) — 1)2] ,

max(B.,) = 2 \/ APy (Ly)Per(Ly) + max [4Po, (L) Per(Ly), (2Per(Ly) — 1)7].

Substituting Eq. (36) into Eq. (33), we obtain the
monogamy relation for nonlocality. Since the CHSH in-
equality is given by [Tr(oBcusu)| < 2, the quantity X is
bounded by 0 < X; < 12.

Using the same parameter values as in the previous
section, the numerical results are presented in Figs. 5-6.
For neutrinos propagating with zero angular momentum,
the dependence of the nonlocality measure on M, a, and

(36)

[
QO is qualitatively consistent with that of the survival
probability P, ,, and tripartite entanglement. Therefore,
Figs. 5 and 6 present representative results corresponding
only to the minimum and maximum values of each para-
meter. These results show that variations in M, a, and Q
mainly modify the oscillation phase and period, while
leaving the overall range of nonlocality nearly un-
changed.
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columns show variations in M, a, and Q, respectively.
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Monogamy of nonlocality for neutrinos propagating outward in the Kerr—Newman spacetime. The left, middle, and right
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columns show variations in M, a, and Q, respectively.

IV. QUANTUM CORRELATIONS FOR
PROPAGATION WITH NONZERO ANGU-
LAR MOMENTUM

A. Numerical results on oscillation probabilities

For neutrino propagation with nonzero angular  mo-
mentum, two scenarios are considered. In the first, a neut-
rino is produced in a gravitational field and subsequently
propagates outward. In the second, a neutrino emitted
from the source at r, approaches the massive object,
reaches the point of closest approach rq, and then propag-
ates outward to the detector at rz. The latter scenario cor-
responds to gravitational lensing. For the first scenario,
the phase is given by Eq. (26). For the lensing scenario,
the phase accumulated along the two trajectory segments
is

2

B r
/0 \/R(rb /,0 VR(r,b)

The distance of closest approach, ry, is determined by
the turning-point condition.

() e
d¢ 0

T ZaQ -+ (P Q= 1)
It follows that

lens
O™ (b) = 2E0 dr] (37)

=0. (38)

r=ry

r=rg

R(ro,b) = ry— (> —a*)rg + (ryro— QH)(a—b)* =0.  (39)

Neutrino oscillations may arise not only when differ-
ent mass eigenstates propagate along the same path but
also when mass eigenstates propagate along distinct
paths. Therefore, the neutrino flavor state at the detection
point can be expressed as follows [57]:

Woltn )y = N> Uz S exp (=@ ) lvi(ts. ry)). (40)

i path=p.q

L (10% km)

35 0.0 35
L (10% km7

Monogamy of nonlocality for neutrinos during inward propagation in Kerr-Newman spacetime. The left, middle, and right

Here, p and ¢ denote two distinct propagation paths.
The corresponding probability that a neutrino produced in
flavor state a at source point 4 is detected in flavor state S
at'detection point B is given by [57]:

P}fgs = }(Vﬁ | Va(tBsrB)>|2

=INPY UpUsUo iUy > exp (—iAQL),  (41)
ij Pq
where |N|* denotes the normalization constant.
-1
IN|? = <Z|U[,,| > exp (—iady! ) (42)

Neutrino propagation is schematically illustrated in
Fig. 7:

Before evaluating the neutrino oscillation probability
under the gravitational lensing effect in the Kerr—New-
man metric, the impact parameter b, defined by
Ji = Exbv™ in Eq. (21), must first be determined. As
shown in Fig. 7, in the (x,y) coordinate system, the phys-
ical distances from the lens to the neutrino source and de-
tector are denoted by r, and rg, respectively. We further
introduce a rotated coordinate system, x’ = xcosy+ysing
and y’' = —xsinp+ycosgp, in which the x’-axis is parallel
to the incident asymptote. Thus, the incident trajectory
has the constant coordinate y’ = b’ in this system. Accord-
ingly, b’ is introduced as the geometric impact parameter.
Since the asymptotic neutrino momentum is directed
along +x’, we have

Je=(rxp).=xpy =y pe = —Evb.

Comparing with J; = E.bv™ gives

b =—b.
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Schematic diagram of weak lensing of neutrinos in Kerr-Newman spacetime. Neutrinos propagate from the source A4 to the de-

tector B in the exterior of a charged, rotating massive object described by the Kerr-Newman metric.

Thus, for a>0, b <0 denotes the upper retrograde
trajectory, whereas b >0 denotes the lower prograde tra-
jectory. Because the parameter regime considered for
gravitational lensing satisfies the weak-field conditions,
the corresponding signed deflection angle, expressed in
terms of the geometric impact parameter b’, can be ap-
proximated as [73, 74]:

yg—b _AM 4aM  3nQ?

5(b) = — -
e A iy =R

.43

Here, 0 and ¢ are assumed to be extremely small
angles. From Fig. 7, the geometric relation sing =b'/r,
follows. Thus, using Eq. (43), we obtain the following
result:

s (4M | daM _ 370>
b b'xp +b <b’ t e 4b’\b’\)y3+
r'a r'a

l_bﬁ {(4M . 4aM 3nQ?
b/ er 4b/|br|

) Xp +y3} =0. (44

2
U

We assume that the detector follows a circular traject-
ory around the central massive object, with xz = rpcos¢
and yp = rpsing. For each value of ¢, Eq. (44) is solved
separately for the 4’ > 0 and »’ < 0 branches using Brent's
method". This yields two roots that satisfy the weak-
lensing conditions, », >0 and b’ <0. These roots are
then converted into the corresponding impact parameters
using b =-b". For each b, ry is determined from Eq.
(39) as the largest positive real root satisfying
ry <ro <min(rs,rg). The leptonic mixing parameters are
set to the same values as those used for radial propaga-
tion. The remaining parameters are set to rz = 10%km,
ra = 10°rz, and E, = 10MeV. Using Egs. (37), (41), and
(42), we calculate the neutrino oscillation probabilities

with nonzero angular momentum in the Kerr—Newman
space-time as functions of ¢ € [0,0.0035]. Representative
numerical values of the two impact parameters b,, their
corresponding closest-approach radii ry., and the outer
event-horizon radius r, are provided in Appendix A.2 for
all three parameter scans.

For the gravitational-lensing case, the Kerr—Newman
parameters must also satisfy the horizon condition. The
specific parameter settings are summarized in Table 2.

The numerical results for the nonzero-angular-
momentum oscillation probability P, are presented in
Fig. 8.

As shown in Fig. 8, within the parameter ranges con-
sidered, increasing M leads to more closely spaced oscil-
lations, whereas a and Q primarily induce phase shifts.
The overall range of P,,,, remains nearly unchanged.
Furthermore, compared with the zero-angular-mo-
mentum case, the effects of the metric parameters in the
gravitational-lensing case are not limited to rescaling the
oscillation period; they also include local profile modula-
tions.

B. Entanglement of neutrinos for nonzero-angular-mo-
mentum propagation

We employ the same quantification method and ini-
tial neutrino state as those used in the zero-angular-mo-
mentum case, as given in Eq. (32). Using the parameter

Table 2. Metric parameters used in the gravitational-lensing
calculations. All values are expressed in units of 10*km.

Case M a 0
Variation of M 1.0, 4.0, 8.0 0.5 0.5
Variation of a 6.0 0, 3.5875, 5.6802 0.5
Variation of Q 6.0 0.5 0, 3.5875, 5.6802

1) Brent's method is a bracketed one-dimensional root-finding algorithm that combines bisection and inverse quadratic interpolation. See

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.brentq.html.
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Fig. 8. Neutrino oscillation probability P, _,, for propagation with nonzero angular momentum under different metric parameters.

values adopted in Fig. 8, the corresponding results are
presented in Fig. 9.

As shown in Fig. 9, for propagation with nonzero an-
gular momentum, the effects of M, a, and Q on the oscil-
latory behavior of tripartite entanglement mirror those ob-
served for P, ,, . Moreover, none of these parameters en-
hances or suppresses the entanglement. The additional
lensed path mainly introduces a relative phase, thereby
redistributing the normalized flavor-transition probabilit-
ies with |¢| while leaving the overall entanglement range
nearly unchanged.

C. Monogamy of nonlocality for neutrinos with
nonzero-angular-momentum propagation

We now evaluate the monogamy of nonlocality for
neutrinos with nonzero angular momentum in Kerr—New-
man space-time. The initial neutrino state and the meth-
od used to quantify nonlocality are the same as those in
the zero-angular-momentum case, as given in Eq. (36).
Using the parameter settings adopted.in Fig. 8, the corres-
ponding results are presented in Fig..10.

As shown in Fig. 10, the variations in nonlocality in-
duced by M, a, and Q for neutrinos with nonzero angular
momentum are qualitatively analogous to those observed
for the survival probability and tripartite entanglement.

—,MoL0x10%m _—— M=40x10%m _—— M=80x10%m

x=000 —— 8/ane =060 —— afana =0.95

To avoid redundancy, Fig. 10 presents only representat-
ive results for the minimum and maximum values of each
parameter.

For comparison; we also calculate the quantum coher-
ence of neutrinos-for propagation with zero and nonzero
angular momentum. The detailed procedure and corres-
ponding results are presented in Appendix B.

V. CONCLUSIONS

In this paper, we investigated the properties of QCs,
including entanglement, monogamy of nonlocality, and
coherence, in the Kerr—Newman spacetime. We ex-
amined the interplay between the metric parameters and
the QCs. Two propagation scenarios were considered:
zero-angular-momentum propagation in both inward and
outward directions, and nonzero-angular-momentum
propagation. For the nonzero-angular-momentum case,
we focused primarily on gravitational lensing effects.

For zero-angular-momentum propagation, the three
QCs exhibit similar oscillatory behavior, whereas their
period evolution depends on the propagation direction.
The oscillation periods remain nearly constant during out-
ward propagation but progressively decrease during in-
ward propagation, with the oscillation periods in
Kerr—Newman spacetime lying between those in flat and
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210
EDB

02

02

Nl ‘ ”WW%
g:; |

T

%000 0.0005 0.0010 00015 00020 0.0025 0.0030 0.0035

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035

141

00 00005 00010 00015 00020 00025 00030 0.0035
19l

Fig. 9. Tripartite entanglement of neutrinos propagating with nonzero angular momentum under different metric parameters.
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Schwarzschild spacetimes. The parameters M, a, and Q
primarily modify the oscillation phase and period without
producing a systematic enhancement or suppression of
the QCs. For outward propagation, increasing M
lengthens the period, whereas increasing a or Q shortens
it. These dependencies are reversed for inward propaga-
tion: increasing M accelerates the period reduction,
whereas increasing a or O weakens this reduction, with
the influence of a being comparatively weak. As a result,
the oscillation curves corresponding to different values of
the selected parameter gradually separate as L, increases
during inward propagation. The same trends are ob-
served in P, ,, , reflecting the intrinsic dependence of the
QCs on the neutrino oscillation wavelength. These res-
ults provide a theoretical basis for understanding how the
electric charge and angular momentum of massive celes-
tial bodies affect neutrino oscillations and their QCs.

For nonzero-angular-momentum propagation under
gravitational lensing, the metric parameters significantly
modify the oscillation patterns of P, _,, and the three
QCs. Increasing M produces denser oscillations, whereas
a and Q primarily induce phase shifts. As in the zero-an-
gular-momentum case, none of these parameters  pro-
duces a systematic enhancement or suppression of the
QCs. The key distinction is that their effects are not lim-
ited to rescaling the oscillation period but also include
local profile modulations. This additional structure arises
from the interference terms associated with the two
lensed trajectories, which generate additional path-de-
pendent phase differences that vary with |¢| and the met-
ric parameters, thereby modifying the local oscillation
pattern.

Overall, our work provides a comprehensive under-
standing of the influence of compact celestial objects on
neutrino oscillation probabilities and QCs. In addition, by
extending the investigation to nonzero-angular-mo-
mentum propagation of neutrinos, this study offers a new
perspective for exploring other QCs of neutrinos.
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A. Verification That the Propagation Paths Remain
Outside the Outer Horizon

A.l.

For each parameter scan, the labels "scan 1," "scan 2,"
and "scan 3" denote the three parameter values listed in
Table 1, ordered from smallest to largest. For outward
propagation, the minimum radius is simply the initial ra-
dius, r4 = 1 X 108km. For inward propagation, the minim-
um radius is the final radius, rz, which is obtained by nu-
merically inverting the proper-distance relation in Eq.

Zero-Angular-Momentum Propagation

Table 3. Minimum radii of zero-angular-momentum

propagation paths and the corresponding outer-horizon radii.
Case o rin e

Schwarzschild 10.00 13.35 9.60
Kerr—-Newman 10.00 12.53 6.69
M scan 1 10.00 8.64 341
M scan 2 10.00 10.85 6.28
M scan 3 10.00 12.95 8.98
ascan 1 10.00 13.31 9.50
ascan 2 10.00 12.98 8.56
ascan 3 10.00 12.47 6.27
QO scan'l 10.00 13.31 9.50
Q scan 2 10.00 12.98 8.56
QO'scan 3 10.00 12.47 6.27

(28). All radii are expressed in units of 107 km.

A.2. Nonzero-Angular-Momentum Lensing Propaga-
tion
The representative detector angles ¢ = 0, 0.00175, and
0.0035 correspond to the beginning, midpoint, and end of
the plotted interval, respectively. In all three tables, M, a,
0, and r, are given in units of 10*km, whereas b, and ry.
are given in units of 10°km.

B. Quantum coherence of neutrinos in the Kerr-
Newman space-time
To quantify coherence, we use the /;-norm, defined as
the sum of the absolute values of the off-diagonal ele-

ments p;; of the corresponding density matrix p [11],
namely,

Cl) =Y lpyjl>0.

i#]

(45)

Considering the initial flavor state |v,), the coherence
is calculated as follows [29]:

Ce = 2( \/Pee(Lp)Pep(Lp)"' \/Pee(Lp)PeT(L11)+

V Pe;l(Lp)PeT(L]?))'

(46)

The parameter settings used above are adopted for
both propagation cases. As shown in Figs. 3, 4, 9, and
11-13, apart from differences in oscillation range, the os-
cillation patterns of entanglement and coherence are
nearly identical. This similarity indicates a close underly-
ing connection between entanglement and coherence.
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Table 4. Representative physical lensing solutions for the M-scan with a = Q = 0.5 x 10*km.

M Iy I’} b_ b, To- To+
1.0000 1.7071 0.0000 —2.0018 1.9967 1.9916 1.9867
1.0000 1.7071 0.00175 —2.0911 1.9110 2.0810 1.9010
1.0000 1.7071 0.0035 —2.1842 1.8291 2.1741 1.8191
4.0000 7.9370 0.0000 —4.0023 3.9973 3.9616 3.9568
4.0000 7.9370 0.00175 —4.0907 3.9107 4.0500 3.8702
4.0000 7.9370 0.0035 —4.1810 3.8260 4.1403 3.7855
8.0000 15.9687 0.0000 —5.6592 5.6542 5.5773 5.5726
8.0000 15.9687 0.00175 —5.7474 5.5674 5.6655 5.4857
8.0000 15.9687 0.0035 —5.8368 5.4818 5.7550 5.4002

Table 5. Representative physical lensing solutions for the a-scan with M =6.0x10km and Q=0.5x10"km. Here,
Amax = VMZ - Q2 =5.9791 x 104km

a/dmax a ry ¢ b b, ro- Tos

0.0000 0.0000 11.9791 0.0000 —4.8988 4.8988 4.8377 4.8377
0.0000 0.0000 11.9791 0.00175 —4.9871 4.8121 4.9260 4.7510
0.0000 0.0000 11.9791 0.0035 —5.0769 4.7269 5.0158 4.6658
0.6000 3.5875 10.7833 0.0000 —4.9167 4.8808 4.8545 4.8204
0.6000 3.5875 10.7833 0.00175 —5.0046 4.7937 4.9425 4.7334
0.6000 3.5875 10.7833 0.0035 —5.0942 4.7083 5.0321 4.6479
0.9500 5.6802 7.8670 0.0000 -4.9270 4.8702 4.8641 4.8101
0.9500 5.6802 7.8670 0.00175 —5.0148 4.7829 4.9519 4.7229
0.9500 5.6802 7.8670 0.0035 —5.1041 4.6972 5.0413 4.6372

Table 6. Representative physical lensing solutions from the Q scan, with M =6.0x10*km and a=0.5x10*km. Here,
Omax = VM? —a? = 5.9791 x 10*km.

O/ Omax 0 T+ @ b_ b, To- Tor

0.0000 0.0000 11.9791 0.0000 —4.9015 4.8965 4.8402 4.8354
0.0000 0.0000 11.9791 0.00175 —4.9897 4.8097 4.9284 4.7487
0.0000 0.0000 11.9791 0.0035 —5.0795 4.7245 5.0182 4.6634
0.6000 3.5875 10.7833 0.0000 —4.8951 4.8901 4.8340 4.8292
0.6000 3.5875 10.7833 0.00175 —4.9835 4.8032 4.9224 4.7423
0.6000 3.5875 10.7833 0.0035 —5.0734 4.7179 5.0123 4.6570
0.9500 5.6802 7.8670 0.0000 —4.8856 4.8805 4.8246 4.8198
0.9500 5.6802 7.8670 0.00175 —4.9741 4.7935 49132 4.7328
0.9500 5.6802 7.8670 0.0035 —5.0642 4.7080 5.0033 4.6473

Similar conclusions have also been reported in Ref. [9],
where a natural relationship between the [;-norm and
concurrence was identified. Therefore, our calculations relationship between entanglement and coherence.

provide a more general theoretical basis for exploring the
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